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Abstract: In this paper, we propose two efficient methods for solving the fractional-order Schrödinger–
KdV system. The first method is the Laplace residual power series method (LRPSM), which involves
expressing the solution as a power series and using residual correction to improve the accuracy of the
solution. The second method is a new iterative method (NIM) that simplifies the problem and obtains
a recursive formula for the solution. Both methods are applied to the Schrödinger–KdV system
with fractional derivatives, which arises in many physical applications. Numerical experiments
are performed to compare the accuracy and efficiency of the two methods. The results show that
both methods can produce highly accurate solutions for the fractional Schrödinger–KdV system.
However, the new iterative method is more efficient in terms of computational time and memory
usage. Overall, our study demonstrates the effectiveness of the residual power series method and the
new iterative method in solving fractional-order Schrödinger–KdV systems and provides a valuable
tool for researchers and practitioners in applied mathematics and physics.

Keywords: Laplace transform; fractional-order Schrödinger–KdV system; residual power series; new
iterative method; Caputo fractional derivative

1. Introduction

The Schrödinger–KdV system is a nonlinear coupled system of partial differential
equations that describes the evolution of a wave packet in a medium that exhibits dispersive
and nonlinear effects. The system is widely used to model many physical phenomena,
such as plasma physics, fluid dynamics, and quantum mechanics. However, in recent
years, there has been a growing interest in the study of fractional differential equations,
which involve derivatives of noninteger order [1–3]. The fractional-order Schrödinger–KdV
system is a generalization of the classical Schrödinger–KdV system, in which fractional
derivatives replace the derivatives. The fractional-order derivatives have been found to
model many complex physical phenomena, such as anomalous diffusion, viscoelasticity,
and wave propagation in fractal media. The fractional-order Schrödinger–KdV system has
attracted much attention in the literature due to its rich dynamical behaviors, including
soliton solutions, chaos, and wave-packet spreading [4,5].

The study of fractional-order Schrödinger–KdV systems is challenging due to the
nonlinearity and complexity of the equations involved. Analytical solutions are rarely
available, and numerical methods are often needed to approximate the solutions. This
paper proposes two numerical methods, the residual power series method and the new
iterative method, to efficiently solve the fractional-order Schrödinger–KdV system [6,7].

Symmetry is a fundamental concept in various scientific disciplines, playing a cru-
cial role in understanding the underlying principles governing natural phenomena and
mathematical structures. It provides a powerful framework for simplifying and analyzing
complex systems, leading to the discovery of elegant solutions and insights. This notion of
symmetry has found applications in various fields, ranging from physics and engineering
to mathematics and beyond. The symmetry analysis of mathematical models plays a crucial
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role in unveiling complex systems’ underlying structure and behavior. One such intriguing
system is the Schrödinger–KdV system, which combines elements of quantum mechan-
ics and nonlinear wave propagation. This system’s study enriches our understanding
of fundamental physical phenomena and has implications in various interdisciplinary
fields. By investigating the symmetries inherent in Schrödinger–KdV, researchers can gain
insights into its intrinsic properties and potentially reveal novel analytical solutions. In
recent research endeavors, scholars have explored applying symmetry principles to address
challenging problems across different domains. Notably, Lyu and Wang [8] delve into
reaction–diffusion systems with density-suppressed motility, unraveling global classical
solutions through symmetry-based approaches. He, Peng, and Li [9] present an innovative
iterative approximation technique for fixed point problems and variational inequality prob-
lems on Hadamard manifolds, further extending this approach in He, Peng, and Li [10]
to implicit viscosity iterative algorithms. The influence of symmetry extends to diverse
fields, encompassing control systems and robotics. Zhang et al. [11] examine L2-gain
adaptive robust control for hybrid energy storage systems in electric vehicles, showcasing
the integration of symmetry concepts into advanced control strategies. Wang, Zhang, and
Zhang [12] propose a composite adaptive fault-tolerant attitude control for a quadrotor
UAV, harnessing symmetry principles to enhance the system’s robustness. Symmetry’s
significance also resonates in logistics and supply chain management. Li et al. [13] explore
H consensus for multi-agent-based supply chain systems under switching topology and
uncertain demands, utilizing symmetry principles to optimize coordination and efficiency.
Beyond these applications, symmetry-driven methodologies find expression in fields such
as marine science [14], renewable energy systems [15], nonlinear system stabilization [16],
and advanced control design [17].

The field of applied mathematics, fractional calculus (FC), deals with arbitrary-order
derivatives and integrals. Due to their proven uses in research and engineering, fractional
differential equations have gained significance and appeal. These equations are gradually
used to model a wide range of physical phenomena, including theology, fluid dynamics, os-
cillation, diffusion, reaction–diffusion, anomalous diffusion, diffusive transport analogous
to diffusion, turbulence, polymer physics, electric networks, corrosion electrochemistry,
chemical physics, relaxation processes in complex systems, and dynamical processes in
self-similar and porous structures [18–21]. In this and other applications, the nonlocality of
fractional differential equations is the main advantage. Contrary to the integer order differ-
ential operator, the fractional-order differential operator is a local operator. This implies
that a system’s future state depends on all of its previous and current states. One of the
reasons why fractional calculus is gaining popularity is that this is more sincere [22–26]. For
many years, the nonlinear Schrödinger equation (NLSE) has been the subject of intensive
study. This is a result of the fact that it can be used in many situations. Bose–Einstein
condensates, nonlinear optics, fluid dynamics, and other phenomena are among the many
NLSEs used to describe events in different fields [27–31].

The coupled fractional Schrödinger–KdV equation is given by

Dα
t η(ß, t)− ∂2η(ß, t)

∂ß2 − ξ(ß, t)δ(ß, t) = 0, 0 < α ≤ 1,

Dα
t ξ(ß, t)− ∂2ξ(ß, t)

∂ß2 + η(ß, t)δ(ß, t) = 0,

Dα
t δ(ß, t) +

∂3δ(ß, t)
∂ß3 + 6δ(ß, t)

∂δ(ß, t)
∂ß

− 2η(ß, t)
∂δ(ß, t)

∂ß
− 2ξ(ß, t)

∂ξ(ß, t)
∂ß

= 0.

(1)

The Laplace residual power series method (LRPSM) is used to find an approximate
solution to the given equations. LRPSM [32–36] is a mixture of the residual power series
method (RPSM) and Laplace transformation (LT) [37–41]. LRPSM, the technique applied, is
fast, simple, and adaptable to solving fractional partial differential equations and others. For
many years, the nonlinear Schrödinger equation (NLSE) has been the subject of intensive
study. This is a result of the fact that it can be used in many situations. Bose–Einstein
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condensates, nonlinear optics, fluid dynamics, and other phenomena are some of the
numerous NLSEs used to analyze events in different fields.

This paper presents two efficient methods for solving the fractional-order Schrödinger–
KdV system, a complex mathematical model relevant in various physical contexts. The
proposed Laplace residual power series method (LRPSM) expresses the solution as a power
series, utilizing residual correction to enhance accuracy, while the new iterative method
(NIM) employs the Laplace transform to simplify the problem and derive a recursive solu-
tion formula. Both methods are applied to the fractional Schrödinger–KdV system and are
validated through numerical experiments, demonstrating their high accuracy. Importantly,
NIM is more computationally efficient regarding time and memory usage than LRPSM. The
study’s contributions provide valuable tools for researchers and practitioners in applied
mathematics and physics, addressing complex fractional-order systems effectively [42–44].

An outline of this paper is as follows: In Section 2, we start by providing some
preliminaries that are used in our study. The general procedure of the proposed methods
LRPSM and NIM for solving the fractional-order Schrödinger–KdV system is provided in
Section 3. The implementation of the proposed methods and the discussion of the results
are presented in Section 4. Finally, Section 5 includes the conclusions of our study.

2. Preliminaries

Definition 1. In the sense of Caputo, the fractional derivative of a function η(ß, t) of order α is
described as [45]

CDα
t η(ß, t) = Jm−α

t ηm(ß, t), m− 1 < α ≤ m, t > 0, (2)

where m ∈ N and Jα
t represent the fractional integral (FI) of η(ß, t) by Riemann–Liouville (RL).

The definition of fractional order α is

Jα
t η(ß, t) =

1
Γ(α)

∫ t

0
(t− r)α−1η(ß, r)dr, (3)

taking for granted that the provided integral exists.

Definition 2. A function’s Laplace transformation η(ß, t) is given as [46]

η(ß, s) = Lt[η(ß, t)] =
∫ ∞

0
e−stη(ß, t)dt, s > α, (4)

where the inverse Laplace transformation is defined as

η(ß, t) = L−1
τ [η(ß, s)] =

∫ l+i∞

l−i∞
estη(ß, s)ds, l = Re(s) > l0, (5)

where l0 is the absolute convergence of the Laplace integral in the right half-plane.

Lemma 1. Suppose that η(ß, t) is a piecewise continuous term of exponential order ζ and η(ß, s) =
Lt[η(ß, t)], we obtain

1. Lt[Jα
t η(ß, t)] = η(ß,s)

sα , α > 0.
2. Lt[Dα

t η(ß, t)] = sαη(ß, s)−∑m−1
k=0 sα−k−1ηk(ß, 0), m− 1 < α ≤ m.

3. Lt[Dnα
t η(η, t)] = snαη(ß, s)−∑n−1

k=0 s(n−k)α−1Dkα
t η(ß, 0), 0 < α ≤ 1.

Remark 1. The inverse Laplace transformation is shown as [47]

η(ß, t) =
∞

∑
i=0

Dα
t η(ß, 0)

Γ(1 + iα)
ti(ζ), 0 < ζ ≤ 1, t ≥ 0. (6)
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This corresponds to the fractional Taylor’s formula presented in [48].

3. General Procedure of the Proposed Methods
3.1. LRPSM Procedure

Consider the fractional-order partial differential equation

Dα
t η(ß, t) + N[η(ß, t)] + R[η(ß, t)] = 0, where 0 < α ≤ 1, (7)

where R[η(ß, t)] and N[η(ß, t)] are linear and nonlinear functions, respectively, with the
initial conditions

η(ß, 0) = f0(ß). (8)

Applying the Laplace transform to Equation (7) and making use of Equation (8), we obtain

η(ß, s)− f0(ß, s)
s

+
1
sα
Lt

[
N[L−1

t [η(ß, s)]]
]
+

1
sα

A[η(ß, s)] = 0. (9)

Suppose that the result of Equation (9) is defined as

η(ß, s) =
∞

∑
n=0

fn(ß, s)
snα+1 , (10)

the kth-truncated term series are

η(ß, s) =
f0(ß, s)

s
+

k

∑
n=1

fn(ß, s)
snα+1 , n = 1, 2, 3, 4 · · · . (11)

The Laplace residual functions (LRFs) are

LtRes(ß, s) = η(ß, s)− f0(ß, s)
s

+
1
sα
Lt

[
N[L−1

t [η(ß, s)]]
]
+

1
sα

A[η(ß, s)]. (12)

The kth-LRFs are

LtResk(ß, s) = ηk(ß, s)− f0(ß, s)
s

+
1
sα
Lt

[
N[L−1

t [ηk(ß, s)]]
]
+

1
sα

A[ηk(ß, s)]. (13)

To illustrate a few facts, the following LRPSM features are provided:

• LtRes(ß, s) = 0 and limj→∞ LtResk(η, s) = LtResη(ß, s) for each s > 0.
• lims→∞ sLtResη(ß, s) = 0⇒ lims→∞ sLtResη,k(ß, s) = 0.
• lims→∞ skα+1LtResη,k(ß, s) = lims→∞ skα+1LtResη,k(ß, s) = 0, 1 < α ≤ 2, k =

1, 2, 3, · · · .
To calculate the coefficients using fn(ß, s), the following system is recursively solved:

lim
s→∞

skα+1Lτ Resη,k(ß, s) = 0, k = 1, 2, · · · . (14)

Finally, we apply the inverse Laplace transform to Equation (10) to obtain the kth analytical
result of ηk(ß, t).

3.2. NIM Procedure

Consider the general fractional partial differential equation

η(ß) = f (ß) + N(η(ß)), (15)
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where f is an unknown function and N is a nonlinear operator. We have been looking for a
way to have the series form (15)

η(ß) =
∞

∑
i=0

ηi(ß). (16)

The nonlinear term can be decomposed as

N(
∞

∑
i=0

ηi(ß) = N(η0) +
∞

∑
i=0

[
N(

i

∑
j=0

ηj(ß))− N(
i−1

∑
j=0

ηj(ß))
]
. (17)

Equation (16) and Equations (15) and (17) are equivalent to

∞

∑
i=0

ηi(ß) = f + N(η0) +
∞

∑
i=0

[
N(

i

∑
j=0

ηj(ß))− N(
i−1

∑
j=0

ηj(ß))
]
. (18)

The following recurrence relation is defined:

η0 = f ,

η1 = N(η0),

η2 = N(η0 + η1)− N(η0),

ηn+1 = N(η0 + η1 + · · · ηn)− N(η0 + η1 + · · · ηn−1), n = 1, 2, 3 · · · .

(19)

Then

(η0 + η1 + · · · ηn) = N(η0 + η1 + · · · ηn), n = 1, 2, 3 · · · ,

ω =
∞

∑
i=0

ηi(ß) = f + N(
∞

∑
i=0

ηi(ß)).
(20)

4. Numerical Problem

In this section, we present the proposed methods on the nonlinear coupled system of
fractional-order partial differential equations.

Example 1. Consider the following time-fractional KdV equation [49]:

Dα
t η(ß, t) + 6η(ß, t)

∂η(ß, t)
∂ß

+
∂3η(ß, t)

∂ß3 = 0, where 0 < α ≤ 1, (21)

subjected to the following ICs:

η(ß, 0) =
1
2

sech2
(

β

2

)
. (22)

Implementation of LRPSM

Applying LT to Equation (21) and making use of Equation (22), we obtain

η(ß, s)−
1
2 sech2( ß

2
)

s
+

1
sα

∂3η(ß, s)
∂ß3 +

1
sα
Lt

[
L−1

t [η(ß, s)]L−1
t

{
∂η(ß, s)

∂ß

}]
= 0, (23)

and so the kth-truncated term series are

η(ß, s) =
1
2 sech2( ß

2
)

s
+

k

∑
r=1

fr(ß, s)
srp+1 , r = 1, 2, 3, 4 · · · . (24)

Laplace residual functions (LRFs) are
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LtRes(ß, s) = η(ß, s)−
1
2 sech2( ß

2
)

s
+

1
sα

∂3η(ß, s)
∂ß3 +

1
sα
Lt

[
L−1

t [η(ß, s)]L−1
t

{
∂η(ß, s)

∂ß

}]
, (25)

and the kth-LRFs are

LtResk(ß, s) = ηk(ß, s)−
1
2 sech2( ß

2
)

s
+

1
sα

∂3ηk(ß, s)
∂ß3 +

1
sα
Lt

[
L−1

t [ηk(ß, s)]L−1
t

{
∂ηk(ß, s)

∂ß

}]
. (26)

Now, to determine fr(ß, s), r = 1, 2, 3, · · · , we substitute the rth-truncated series Equation (24)
into the rth-Laplace residual function Equation (26), multiply the resulting equation by srα+1,
and then solve recursively the relation lims→∞(srα+1LtResη,r(ß, s)) = 0, r = 1, 2, 3, · · · . The
following are the first few terms:

f1(ß, s) = 4 sinh4
(

ß
2

)
csch3(ß),

f2(ß, s) =
1
4
(cosh(ß)− 2)sech4

(
ß
2

)
,

(27)

and so on

η(ß, s) =
1
2 sech2( ß

2
)

s
+

4 sinh4 ( ß
2
)
csch3(ß)

sα+1 +
1
4 (cosh(ß)− 2)sech4( ß

2
)

sα
+ · · · . (28)

Using the inverse Laplace transform,

η(ß, s) =
1
2

sech2(ß
2
)
+

4 sinh4 ( ß
2
)
csch3(ß)

Γ(α + 1)
tα +

1
4 (cosh(ß)− 2)sech4( ß

2
)

Γ(2α + 1)
t2α + · · · . (29)

Implementation of NIM

Applying the RL integral to Equation (21), we obtain the equivalent form

η(ß, t) =
1
2

sech2
(

ß
2

)
− Iα

t

[
6η(ß, t)

∂η(ß, t)
∂ß

+
∂3η(ß, t)

∂ß3

]
(30)

According to the NIM procedure, we obtain the following few terms:

η0(ß, t) =
1
2

sech2
(

ß
2

)
,

η1(ß, t) =
4 sinh4 ( ß

2
)
csch3(ß)tp

pΓ(p)
,

η2(ß, t) =
1
4
(cosh(ß)− 2)sech4(ß

2
)
t2α

 1
Γ(2α + 1)

+
4α tanh

(
ß
2

)
sech2

(
ß
2

)
tαΓ
(
α + 1

2
)

√
πα2Γ(α)Γ(3α)

.

(31)

Using the NIM formulation, we obtain the approximation

η(ß, t) =
1
2

sech2
(

ß
2

)
+

4 sinh4
(

ß
2

)
csch3(ß)tp

pΓ(p)
+

1
4
(cosh(ß)− 2)sech4

(
ß
2

)
t2α

(
1

Γ(2α + 1)
+

4α tanh
(

ß
2

)
sech2

(
ß
2

)
tαΓ
(
α + 1

2
)

√
πα2Γ(α)Γ(3α)

+ · · ·

(32)
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The exact solution for α = 1 is

η(ß, t) =
1
2

sech2
(

ß− t
2

)
(33)

In Figure 1a, the LRPSM solution for η(ß, t) is depicted in a 2D plot, offering insight into
the system’s behavior. Similarly, Figure 1b portrays the 2D plot of the NIM solution for η(ß, t),
providing a comparative visual analysis of the two methods for Example 1. The variations observed
in these plots contribute to understanding the influence of each method on the solution. Figure 2a
displays 2D plots illustrating the absolute error analysis using LRPSM for Example 1. This graphical
representation of the absolute error distribution offers a comprehensive view of the accuracy achieved
by the LRPSM method. In Figure 1b, the corresponding 2D plots of absolute error using NIM
are presented, allowing for a direct comparison of the error profiles produced by the two methods.
Table 1 provides a tabulated summary of the numerical values of η(ß, t) obtained using both NIM
and LRPSM methods for Example 1. The table includes the computed values and highlights the
absolute error at α = 1, providing quantitative insight into the accuracy and performance of each
method for this specific fractional order. Table 2 presents a comprehensive comparison of numerical
results for η(ß, t) obtained using NIM and LRPSM methods, considering different fractional orders,
α = 0.4, α = 0.6, and α = 0.8, for Example 1. This table enables a detailed assessment of the
impact of varying fractional orders on the solutions obtained by each method, facilitating a deeper
understanding of their respective behaviors.

Figure 1. 2D plots of LRPSM and NIM solutions of η(ß, t) at various values of fractional order.

Figure 2. 2D plots for absolute error using LRPSM and NIM solutions of η(ß, t) at α = 1 and t = 0.06.
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Table 1. Numerical values of η(ß, t) by using NIM and LRPSM and their absolute error at α = 1.

ß η(ß, t)N IM η(ß, t)LRPSM Abs.error(N IM) Abs.error(LRPSM)

0.1 0.49885 0.49885 5.24347 × 10−10 2.65047 × 10−10

0.2 0.495229 0.495229 1.03199 × 10−9 4.84593 × 10−10

0.3 0.489206 0.489206 1.4969 × 10−9 6.29355 × 10−10

0.4 0.480899 0.480899 1.90139 × 10−9 6.74469 × 10−10

0.5 0.470466 0.470466 2.23189 × 10−9 6.07651 × 10−10

0.6 0.4581 00 0.458100 2.47961 × 10−9 4.30081 × 10−10

0.7 0.444021 0.444021 0.64079 × 10−9 1.55325 × 10−10

0.8 0.428469 0.428469 2.71647 × 10−9 1.93312 × 10−10

0.9 0.411693 0.411693 2.71195 × 10−9 5.86445 × 10−10

1 0.39395 0.39395 2.6359 × 10−9 9.92581 × 10−10

Table 2. Numerical values of η(ß, t) by using NIM and LRPSM with dissimilar values of fractional
order α = 0.4, α = 0.6, and α = 0.8.

ß N IMα=0.4 LRPSMα=0.4 N IMα=0.6 LRPSMα=0.6 N IMα=0.8 LRPSMα=0.8

0.1 0.434414 0.440173 0.475125 0.476806 0.492521 0.492951
0.2 0.442031 0.453097 0.481234 0.484463 0.496035 0.49686
0.3 0.448889 0.464403 0.485383 0.489911 0.497171 0.498328
0.4 0.455015 0.473809 0.487534 0.493019 0.495917 0.49732
0.5 0.460346 0.481064 0.487657 0.493704 0.492302 0.493848
0.6 0.46473 0.48596 0.485733 0.49193 0.486393 0.487977
0.7 0.467943 0.488344 0.48176 0.487715 0.478294 0.479817
0.8 0.469719 0.488128 0.475755 0.481128 0.468146 0.46952
0.9 0.469782 0.48529 0.467762 0.472288 0.456117 0.457274

1 0.467887 0.479877 0.457859 0.461359 0.442404 0.443299

Example 2. Consider the following time-fractional KdV equation:

Dα
t η(ß, t)− 6η(ß, t)

∂η(ß, t)
∂ß

+
∂3η(ß, t)

∂ß3 = 0, where 0 < α ≤ 1, (34)

subjected to the following ICs:

η(ß, 0) =
ß− 2

12
. (35)

Implementation of LRPSM

Applying LT to Equation (34) and making use of Equation (35), we obtain

η(ß, s)−
ß−2
12
s

+
1
sα

∂3η(ß, s)
∂ß3 − 6

1
sα
Lt

[
L−1

t [η(ß, s)]L−1
t

{
∂η(ß, s)

∂ß

}]
= 0, (36)

and so the kth-truncated term series are

η(ß, s) =
ß−2
12
s

+
k

∑
r=1

fr(ß, s)
srp+1 , r = 1, 2, 3, 4 · · · . (37)

Laplace residual functions (LRFs) are

LtRes(ß, s) = η(ß, s)−
ß−2
12
s

+
1
sα

∂3η(ß, s)
∂ß3 − 6

1
sα
Lt

[
L−1

t [η(ß, s)]L−1
t

{
∂η(ß, s)

∂ß

}]
, (38)

and the kth-LRFs are
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LtResk(ß, s) = ηk(ß, s)−
ß−2
12
s

+
1
sα

∂3ηk(ß, s)
∂ß3 − 6

1
sα
Lt

[
L−1

t [ηk(ß, s)]L−1
t

{
∂ηk(ß, s)

∂ß

}]
, (39)

Now, to determine fr(ß, s), r = 1, 2, 3, · · · , we substitute the rth-truncated series Equation (37)
into the rth-Laplace residual function Equation (39), multiply the resulting equation by srα+1,
and then solve recursively the relation lims→∞(srα+1LtResη,r(ß, s)) = 0, r = 1, 2, 3, · · · . The
following are the first few terms:

f1(ß, s) =
ß− 2

24
,

f2(ß, s) =
1

12
− ß

24
,

(40)

and so on

η(ß, s) =
ß−2
12
s

+
ß−2
24

sα+1 +
1

12 −
ß
24

sα
+ · · · . (41)

Using the inverse Laplace transform,

η(ß, s) =
ß− 2

12
+

ß−2
24

Γ(α + 1)
tα +

1
12 −

ß
24

Γ(2α + 1)
t2α + · · · . (42)

Implementation of NIM

Applying the RL integral to Equation (34), we obtain the equivalent form

η(ß, t) =
ß− 2

12
− Iα

t

[
−6η(ß, t)

∂η(ß, t)
∂ß

+
∂3η(ß, t)

∂ß3

]
(43)

According to the NIM procedure, we obtain the following few terms:

η0(ß, t) =
ß− 2

12
,

η1(ß, t) =
(ß− 2)tα

24αΓ(α)
,

η2(ß, t) =
1

288
(ß− 2)t2α

 12
Γ(2α + 1)

+
4αΓ
(

α + 1
2

)
tα

√
πα2Γ(α)Γ(3α)

.

(44)

Using the NIM formulation, we obtain the approximation

η(ß, t) =
ß− 2

12
+

(ß− 2)tα

24αΓ(α)
+

1
288

(ß− 2)t2α

 12
Γ(2α + 1)

+
4αΓ
(

α + 1
2

)
tα

√
πα2Γ(α)Γ(3α)

+ · · · . (45)

The exact solution for α = 1 is

η(ß, t) =
ß− 2

12− 6t
. (46)

In Figure 3a, the LRPSM solution for η(ß, t) is depicted in a 2D plot, offering insight into
the system’s behavior. Similarly, Figure 1b portrays the 2D plot of the NIM solution for η(ß, t),
providing a comparative visual analysis of the two methods for Example 1. The variations observed
in these plots contribute to understanding the influence of each method on the solution.
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Figure 3. 2D plots of LRPSM and NIM solutions of η(ß, t) at various values of fractional order.

Example 3. Consider the fractional Schrödinger–KdV equation [50]:

Dα
t η(ß, t)− ∂2η(ß, t)

∂ß2 − ξ(ß, t)δ(ß, t) = 0, 0 < α ≤ 1,

Dα
t ξ(ß, t)− ∂2ξ(ß, t)

∂ß2 + η(ß, t)δ(ß, t) = 0,

Dα
t δ(ß, t) +

∂3δ(ß, t)
∂ß3 + 6δ(ß, t)

∂δ(ß, t)
∂ß

− 2η(ß, t)
∂δ(ß, t)

∂ß
− 2ξ(ß, t)

∂ξ(ß, t)
∂ß

= 0,

(47)

along with the initial conditions:

η(ß, 0) = cos(ß),

ξ(ß, 0) = sin(ß),

δ(ß, 0) =
3
4

.

(48)

Implementation of the Laplace Residual Power Series Method (LRPSM)

Applying LT to Equation (47) and making use of Equation (48), we obtain

η(ß, s)− cos(ß)
s
− 1

sα

[∂2η(ß, s)
∂ß2

]
− 1

sα
L
[
L−1

t [ξ(ß, s)]L−1
t [δ(ß, s)]

]
= 0,

ξ(ß, s)− sin(ß)
s
− 1

sα

[∂2ξ(ß, s)
∂ß2

]
+

1
sα
L
[
L−1

t [η(ß, s)]L−1
t [δ(ß, s)]

]
= 0,

δ(ß, s)−
3
4
s
+

1
sα

[∂3δ(ß, s)
∂ß3

]
+

1
sα
L
[
6L−1

t [δ(ß, s)]L−1
t [

∂δ(ß, s)
∂ß

]−

2L−1
t [η(ß, s)]L−1

t [
∂δ(ß, s)

∂ß
]− 2L−1

t [ξ(ß, t)]L−1
t [

∂ξ(ß, t)
∂ß

]
]
= 0,

(49)

and so the kth-truncated term series for Equation (49):

η(ß, s) =
cos(ß)

s
+

k

∑
n=1

fn(ß, s)
snα+1 ,

ξ(ß, s) =
sin(ß)

s
+

k

∑
n=1

gn(ß, s)
snα+1 ,

δ(ß, s) =
3
4
s
+

k

∑
n=1

hn(ß, s)
snα+1 , n = 1, 2, 3, 4 · · ·

(50)
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and the LRFs are

LtResη(ß, s) = η(ß, s)− cos(ß)
s
− 1

sα

[∂2η(ß, s)
∂ß2

]
− 1

sα
L
[
L−1

t [ξ(ß, s)]L−1
t [δ(ß, s)]

]
,

LtResξ(ß, s) = ξ(ß, s)− sin(ß)
s
− 1

sα

[∂2ξ(ß, s)
∂ß2

]
+

1
sα
L
[
L−1

t [η(ß, s)]L−1
t [δ(ß, s)]

]
,

LtResδ(ß, s) = δ(ß, s)−
3
4
s
+

1
sα

[∂3δ(ß, s)
∂ß3

]
+

1
sα
L
[
6L−1

t [δ(ß, s)]L−1
t [

∂δ(ß, s)
∂ß

]−

2L−1
t [η(ß, s)]L−1

t [
∂δ(ß, s)

∂ß
]− 2L−1

t [ξ(ß, t)]L−1
t [

∂ξ(ß, t)
∂ß

]
]
,

(51)

and the kth-LRFs are

LtResη,k(ß, s) = ηk(ß, s)− cos(ß)
s
− 1

sα

[∂2ηk(ß, s)
∂ß2

]
− 1

sα
L
[
L−1

t [ξk(ß, s)]L−1
t [δk(ß, s)]

]
,

LtResξ,k(ß, s) = ξk(ß, s)− sin(ß)
s
− 1

sα

[∂2ξk(ß, s)
∂ß2

]
+

1
sα
L
[
L−1

t [ηk(ß, s)]L−1
t [δk(ß, s)]

]
,

LtResδ,k(ß, s) = δk(ß, s)−
3
4
s
+

1
sα

[∂3δk(ß, s)
∂ß3

]
+

1
sα
L
[
6L−1

t [δk(ß, s)]L−1
t [

∂δk(ß, s)
∂ß

]−

2L−1
t [ηk(ß, s)]L−1

t [
∂δk(ß, s)

∂ß
]− 2L−1

t [ξk(ß, t)]L−1
t [

∂ξk(ß, t)
∂ß

]
]
.

(52)

Now, to determine fk(ß, s), gk(ß, s), and gk(ß, s), k = 1, 2, 3, · · · , we put the kth-truncated
series of Equation (50) into the kth-Laplace residual term Equation (52), multiply the solution
equation by skα+1, and then resolve the relation effectively lims→∞(skα+1Lτ Resη,k(ß, s)) = 0,
lims→∞(skα+1Lτ Resξ,k(ß, s)) = 0, and lims→∞(skα+1Lτ Resδ,k(ß, s)) = 0, k = 1, 2, 3, · · · . The
following are some of the first terms:

f0(ß) = cos(ß), g0(ß) = sin(ß), h0(ß) =
3
4

,

f1(ß) = − cos(ß) +
3
4

sin(ß), g1(ß) =
3
4

cos(ß)− sin(ß), h1(ß) = 2 cos(ß) sin(ß)

f2(ß) =
25
16

cos(ß)− 3
2

sin(ß) + 2 cos(ß) sin2(ß), g2(ß) = −
3
4

cos(ß) +
25
16

sin(ß) + cos(ß) sin(2ß),

h2(ß) =
19
2

cos2(ß) + cos2(ß)(−9 + 4 cos(ß))− 4 cos(ß) sin(ß)− sin2(ß)
2

− 4 cos(ß) sin2(ß),

(53)

and so on.
Now substituting the value of fk(η) and gk(η), k = 1, 2, 3, · · · , in Equation (50), we achieved
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η(ß, s) =
cos(ß)

s
+

(− cos(ß) + 3
4 sin(ß))

sα+1 +
25
16 cos(ß)− 3

2 sin(ß) + 2 cos(ß) sin2(ß)
s2α+1 + · · · .

ξ(ß, s) =
sin(ß)

s
+

3
4 cos(ß)− sin(ß)

sα+1 +
(− 3

4 cos(ß) + 25
16 sin(ß) + cos(ß) sin(2ß))

s2α+1 + · · · .

δ(ß, s) =
3
4
s
+

2 cos(ß) sin(ß)
sα+1 +

19
2 cos2(ß) + cos2(ß)(−9 + 4 cos(ß))− 4 cos(ß) sin(ß)

s2α+1

−
( sin2(ß)

2 + 4 cos(ß) sin2(ß))
s2α+1 + · · · .

(54)

Applying the inverse Laplace transformation, we obtain

η(ß, t) = cos(ß) +
(− cos(ß) + 3

4 sin(ß))
Γ(α + 1)

tα +
( 25

16 cos(ß)− 3
2 sin(ß) + 2 cos(ß) sin2(ß))

Γ(2α + 1)
t2α + · · · .

ξ(ß, t) = sin(ß) +
3
4 cos(ß)− sin(ß)

Γ(α + 1)
tα +

(− 3
4 cos(ß) + 25

16 sin(ß) + cos(ß) sin(2ß))
Γ(2α + 1)

t2α + · · · .

δ(ß, t) =
3
4
+

2 cos(ß) sin(ß)
Γ(α1)

tα +
19
2 cos2(ß) + cos2(ß)(−9 + 4 cos(ß))− 4 cos(ß) sin(ß)

Γ(2α + 1)
t2α

−
( sin2(ß)

2 + 4 cos(ß) sin2(ß))
Γ(2α + 1)

t2α + · · · .

(55)

Implementation of the New Iterative Method (NIM)

By applying the LR integral Iα
t to both sides of Equation (47) and using the initial conditions

Equation (48), we obtain the equivalent integral form

η(ß, t) = cos(ß) + Iα
t

[ ∂2η(ß, t)
∂ß2 + ξ(ß, t)δ(ß, t)

]
,

ξ(ß, t) = sin(ß) + Iα
t

[ ∂2ξ(ß, t)
∂ß2 − η(ß, t)δ(ß, t)

]
,

δ(ß, t) =
3
4
+ Iα

t

[
− ∂3δ(ß, t)

∂ß3 − 6δ(ß, t)
∂δ(ß, t)

∂ß
+ 2η(ß, t)

∂δ(ß, t)
∂ß

+ 2ξ(ß, t)
∂ξ(ß, t)

∂ß

]
.

(56)

Using the NIM formulation, we obtain the approximation
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η0(ß, t) = cos(ß),

ξ0(ß, t) = sin(ß),

δ0(ß, t) =
3
4

,

η1(ß, t) =
tα(−4 cos(ß) + 3 sin(ß))

4Γ(α + 1)
,

ξ1(ß, t) = − tα(3 cos(ß) + 4 sin(ß))
4Γ(α + 1)

,

δ1(ß, t) =
tα sin(2ß)
Γ(α + 1)

,

η2(ß, t) =
1

16Γ2(α + 1)Γ(2α + 1)
t2α
(

αΓ(α)
(
− αΓ(α) cos(ß) + 8 cos(3ß) + 12 sin(ß)+

tα(cos(ß) + 12(6 cos(3ß) + sin(ß)))
))

+
1

16
√

πΓ2(α + 1)Γ(3α + 1)
t2α
(

22α+1Γ(α +
1
2
)
(
− 2Γ(α + 1)(3 cos(ß) + 4 sin(ß)) sin(ß)

))
+

1
16
√

πΓ2(α + 1)Γ(3α + 1)
t2α
(

22α+1Γ(α +
1
2
)
(

tα(4 cos(ß)− 36 cos(3ß) + 3 sin(ß) + 27 sin(3ß))
)

ξ2(ß, t) =
4tα

16α
√

πΓ(1 + 3α)Γ(α)

(
3
√

πΓ(1 + 3α) cos(ß)− 4αt2αΓ(
1
2
+ α)(4 cos(ß)− 3 sin(ß)) sin(2ß)

)
+

t2α

16Γ(1 + 2α)Γ(α)

(
Γ(α)(−12 cos(ß) + 17 sin(ß) + 8 sin(3ß))

)
.

(57)

Using the NIM formulation, we obtain the approximation

η(ß, t) = cos(ß) +
tα(−4 cos(ß) + 3 sin(ß))

4Γ(α + 1)
+

1
16Γ2(α + 1)Γ(2α + 1)

t2α
(

αΓ(α)
(
− αΓ(α) cos(ß)

+ 8 cos(3ß) + 12 sin(ß) + tα(cos(ß) + 12(6 cos(3ß) + sin(ß)))
))

+
1

16
√

πΓ2(α + 1)Γ(3α + 1)
t2α
(

22α+1Γ(α +
1
2
)
(
− 2Γ(α + 1)(3 cos(ß) + 4 sin(ß)) sin(ß)

))
+

1
16
√

πΓ2(α + 1)Γ(3α + 1)
t2α
(

22α+1Γ(α +
1
2
)
(

tα(4 cos(ß)− 36 cos(3ß) + 3 sin(ß) + 27 sin(3ß))
)
+ · · · .

ξ(ß, t) = sin(ß)− tα(3 cos(ß) + 4 sin(ß))
4Γ(α + 1)

+
4tα

16α
√

πΓ(1 + 3α)Γ(α)

(
3
√

πΓ(1 + 3α) cos(ß)

− 4αt2αΓ(
1
2
+ α)(4 cos(ß)− 3 sin(ß)) sin(2ß)

)
+

t2α

16Γ(1 + 2α)Γ(α)

(
Γ(α)(−12 cos(ß)

+ 17 sin(ß) + 8 sin(3ß))
)
+ · · · .

δ(ß, t) =
3
4
+

tα sin(2ß)
Γ(α + 1)

+ · · · .

(58)

The figures presented in the discussion show the solutions of the fractional-order coupled
Schrödinger–KdV equation using two different numerical methods: the LRPSM and NIM methods.
Figure 3 shows 2D plots of the solutions for the wave function η(ß, t), with subfigures (a) and (b)
displaying the LRPSM and NIM methods, respectively. When the two methods are compared, they
produce similar results, with the LRPSM method appearing to be slightly more accurate in this
case. Figure 4 shows 3D plots of the solutions for η(ß, t), with subfigures (a) and (b) displaying
the LRPSM and NIM methods, respectively. The 3D plots provide a complete view of the solutions,
displaying variations in the wave function over time and space. Again, the solutions obtained by the
two methods are very similar, with the LRPSM method slightly more accurate.

Figure 5 shows 2D plots of the solutions for the other variable in the equation ξ(ß, t), with
subfigures (a) and (b) displaying the LRPSM and NIM solutions, respectively. As previously stated,
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the two methods yield similar results, with the LRPSM method yielding slightly more accurate
results. Finally, Figure 6 shows 3D plots of the solutions for ξ(ß, t), with subfigures (a) and (b)
displaying the LRPSM and NIM methods, respectively. Figure 7, 3D plots of LRPSM and NIM
solutions of ξ(ß, t) at various values of fractional order. Tables 3–5 compare the NIM and LRPSM
solutions with the exact solution and the absolute error for η(ß, t) and ξ(ß, t). Again, the solutions
obtained by the two methods are very similar, with the LRPSM method slightly more accurate.
Overall, the figures provide a clear and informative comparison of the solutions obtained by the
two numerical methods for the fractional-order coupled Schrödinger–KdV equation, highlighting
similarities and differences and providing insight into the relative accuracy and effectiveness of the
two methods.

Table 3. Numerical values of η(ß, t) by using NIM and LRPSM with dissimilar values of fractional
orders α = 0.4, α = 0.6, and α = 0.8.

ß N IMα=0.4 LRPSMα=0.4 N IMα=0.6 LRPSMα=0.6 N IMα=0.8 LRPSMα=0.8

0.1 −0.189874 −0.176482 −0.172736 −0.169667 −0.165132 −0.164485
0.2 −0.17988 −0.167194 −0.163645 −0.160737 −0.15644 −0.155828
0.3 −0.169887 −0.157905 −0.154553 −0.151807 −0.147749 −0.14717
0.4 −0.159894 −0.148617 −0.145462 −0.142877 −0.139058 −0.138513
0.5 −0.1499 −0.139328 −0.136371 −0.133948 −0.130367 −0.129856
0.6 −0.139907 −0.13004 −0.127279 −0.125018 −0.121676 −0.121199
0.7 −0.129914 −0.120751 −0.118188 −0.116088 −0.112985 −0.112542
0.8 −0.11992 −0.111463 −0.109096 −0.107158 −0.104294 −0.103885
0.9 −0.109927 −0.102174 −0.100005 −0.0982282 −0.0956025 −0.0952279

1 −0.0999335 −0.0928855 −0.0909137 −0.0892983 −0.0869114 −0.0865708

Table 4. Comparison of NIM and LRPSM solutions with the exact solution and absolute error for
η(ß, t).

ß NIM LRPSM Exact NIM Error LRPSM Error HPSTM Error [50]

0 0.991481 0.991556 0.999998 0.00851667 0.0084413 0.0084617
0.2 0.972981 0.97305 0.979642 0.00666104 0.00659231 0.00669431
0.4 0.915696 0.915755 0.920231 0.00453561 0.0044759 0.0045769
0.6 0.821906 0.821955 0.824134 0.00222747 0.00217903 0.00237503
0.8 0.695349 0.695384 0.695181 0.00016832 0.00020345 0.00021345

1 0.541067 0.541087 0.538513 0.00255363 0.00257369 0.00267168
1.2 0.365208 0.365212 0.360376 0.00483206 0.0048358 0.0039348
1.4 0.174786 0.174773 0.167873 0.00691323 0.0069001 0.0069231
1.6 −0.0226073 -0.022637 −0.0313235 0.00871626 0.00868658 0.00967657

Table 5. Comparison of NIM and LRPSM solutions with the exact solution and absolute error for
η(ß, t).

ß NIM LRPSM Exact NIM Error LRPSM Error HPSTM Error [50]

0 −0.0000270 0.0063208 0.002125 0.002152 0.004195 0.006295
0.2 0.196972 0.2032 0.200752 0.00377968 0.00244894 0.00256804
0.4 0.386115 0.391976 0.391375 0.0052597 0.00060127 0.00070134
0.6 0.55986 0.565119 0.566395 0.0065352 0.00127557 0.00138435
0.8 0.711279 0.715728 0.718835 0.00755558 0.00310701 0.00321702

1 0.834339 0.837799 0.842617 0.00827852 0.00481835 0.00471935
1.2 0.924135 0.926469 0.932807 0.00867223 0.00633839 0.00643939
1.4 0.977091 0.978205 0.985809 0.00871776 0.00760327 0.00780727
1.6 0.991098 0.990949 0.999509 0.00841091 0.00856015 0.00957010
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Figure 4. 2D plots of LRPSM and NIM solutions of η(ß, t) at various values of fractional order.

Figure 5. 3D plots of LRPSM and NIM solutions of η(ß, t) at various values of fractional order.

Figure 6. 2D plots of LRPSM and NIM solutions of ξ(ß, t) at various values of fractional order.
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Figure 7. 3D plots of LRPSM and NIM solutions of ξ(ß, t) at various values of fractional order.

5. Conclusions

In conclusion, we have presented two efficient methods for solving the fractional-order
Schrödinger–KdV system: the Laplace residual power series method (LRPSM) and the
new iterative method (NIM). Numerical experiments have demonstrated the accuracy and
efficacy of both methods, which have been successfully applied to this challenging problem.
The residual power series method entails expressing the solution as a power series and
employing residual correction to improve the solution’s precision. In contrast, the new
iterative method employs the Laplace transform to simplify the problem and obtain a
recursive solution formula. Experiments on the fractional Schrödinger–KdV system have
demonstrated that both approaches can generate highly accurate solutions. However,
the new iterative method is more efficient regarding computational time and memory
consumption. These methods can potentially be applied to additional complex physics and
engineering problems, especially those involving fractional derivatives. Consequently, our
work significantly contributes to applied mathematics and physics and paves the way for
future research.
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