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Abstract: This research paper is about the new three wave, periodic wave and other analytical wave
solutions of (2+1)-Dimensional Burgers equations by utilizing Hirota bilinear and extended sinh-
Gordon equation expansion (EShGEE) schemes. Achieved solutions are verified and demonstrated
by different plots with the use of Mathematica 11.01 software. Some of the achieved solutions are
also described graphically by two-dimensional, three-dimensional and contour plots. The gained
solutions are helpful for the future study of concerned models. Finally, these two schemes are simple,
fruitful and reliable to handle the nonlinear PDEs.

Keywords: (2+1)-dimensional Burgers equations; Hirota bilinear scheme; extended sinh-Gordon
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1. Introduction

Symmetry is used in real life to simplify calculations and solve problems more eas-
ily. Symmetry also offers human beings an additional extension to their capabilities.
Applications of symmetry are determining the orbital overlap for molecular orbital, un-
derstanding the spectroscopic properties of molecules and identifying chiral molecular
species, etc. Symmetry is a frequently recurring theme in mathematics, nature, science, etc.
In mathematics, its most familiar manifestation appears in geometry [1,2].

The nonlinear partial differential equations (NLPDESs) arise in various types of physical
problems such as fluid dynamics, plasma physics, quantum field theory, etc.
The system of nonlinear partial differential Equations has been observed in chemical,
biological, engineering and other areas of applied sciences. A lot of research has been
performed in these areas to find the numerical and analytical results of NLPDEs. Vari-
ous schemes have been developed for this purpose. For example, the auxiliary rational
method [3], Kudryashov technique [4], two variable (G’ /G, 1/G)-expansion technique [5],
mapping method [6], generalized auxiliary equation method [7], modified F-expansion
technique [8], unified method [9], modified extended tanh expansion method [10], modi-
fied simplest equation technique [11], extended Jacobi elliptic function scheme [12], He’s
semi-inverse and Riccati equation mapping schemes [13], the tanh-coth technique [14],
exp(—¢(u))-expansion scheme [15], etc.

Except for these schemes, there are two other simple, useful, and significant schemes:
the Hirota bilinear scheme and the extended sinh-Gordon equation expansion scheme.
The Hirota bilinear method can be used to search for new integrable evolution equations.
Solutions obtained through the Hirota bilinear method have distinct structures, but all of
them have emerged under the banner of the same scheme. This scheme solves solutions
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without setting solutions, and calculates transformations without making logarithmic trans-
formations. The extended sinh-Gordon equation expansion scheme is a powerful scheme
for solving non-linear partial differential equations. It is widely used in various areas of
physics, engineering and mathematics. In the literature, there are many applications of
these two schemes. For example, by using the Hirota bilinear method three-wave solutions
of the (3+1)-dimensional Boiti-Leon-Manna-Pempinelli model have been gained [16], and
new periodic wave solutions of the (2+1)-dimensional breaking soliton equation [17]. Some
optical solitons of the new Hamiltonian Amplitude model have been achieved by applying
the extended sinh-Gordon equation expansion scheme in [18]. New types of optical wave
solutions of the Biswas—Arshed equation have been gained by the EShGEE scheme [19].
Our study model is a nonlinear (2+1)-dimensional Burgers equations given as [20]:

8t = 88y + ahgx + bgyy + abgxx.

1
o M)

where g = g(x,y,t) and h = h(x,y,t) denote the wave profiles, while a and b are the constants.
Equation (1) has been studied by many researchers, e.g., Solitary, periodic and rational
wave solutions have been gained by utilizing the new Riccati equation rational expansion
method. Lump, rogue wave and interaction wave solutions have been gained by Hirota
bilinear scheme [21]. Non-trivial wave solutions are achieved with by utilizing auxiliary
equation method [22].

The main motivation of this research is to explore the new three wave, periodic wave
and other analytical solitons of the non-linear (2+1)-dimensional Burgers equations based
on the Hirota bilinear scheme and the extended sinh-Gordon equation expansion scheme.
Our research model’s Burgers equations are a fundamental partial differential equation
from fluid mechanics. They occur in many fields of applied mathematics such as modeling
of gas dynamics, traffic flow, etc. The schemes that are used in this research have never
been applied to this model before, and the obtained results are newer than the existing
results of this model in the literature. The diverse graphical analyses for the presented
solutions show that the solutions are reliable for the further development in the model, and
also in other areas of mathematical physics and engineering.

This paper is organized as follows. In Section 1; we brief the Hirota bilinear scheme,
we apply the Hirota bilinear scheme to obtain the new periodic and three wave solutions to
the (2+1)-dimensional Burgers equations. In Section 3; we give the details of the extended
sinh-Gordon equation expansion scheme, and we apply the extended sinh-Gordon scheme
to find out the exact solutions. In Section we apply the EShGEE scheme to gain the
analytical wave solutions to the (2+1)-dimensional Burgers equations. In Section 4; we
demonstrate some solutions with the help of different kinds of plots. In Section 5: we give
the, conclusion.

2. Hirota Bilinear Scheme and Its Application
2.1. The Bilinear Form Polynomials

According to the [23], let us assume { = {(x1,x2,...,xy,) is a C* function is shown
below

_ n;
Ynlxl,...,njx/(g) = Ynl,...,n/ (gslxl,...,ij/-> =e gaﬁi ce ax]]-eér (2)

along binary Bell polynomials (BBPs) as below

S Sj — . . p—
gslxln-vijj = axll ajég, goxi = é, S1 — o,.. .,nl,...,sj = 0,...,1’1]',

and we have

Y1(Q) = Cx, Y2(Q) = Qox + 23, Y3(0) = {ax +30xlox + 03, T =10(x,1),

Yu () = Cap + 0xtr Yor () = Cout + Coxlt + 20uslx + L301 -- . 3)
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The multi-D BBPs may be represented as in the below

anxl n] ](A B) Ynl,‘..,n]-(g)‘ _ Aslxll---/ijj’ Sl + So + e + S]‘, iS Odd (4)
Osyny 7 lexl,...,s]-x]'r S1+sy+...+ S, is even.

We have the conditions given as follows:
Yo(A) = Ay, Z0y(A,B) = By + A2, Zyi(A,B) = Byy + AyAs, ... 5)

Proposition 1. Consider
A=In(G/A), B=In(GA), (6)

then the connection between BBPs and Hirota D-operator can be written the below

_ —1pn nj
Sy ey, (A, B) ]AZ]H(Q/A), snon = (@) 'Di .. DYOn, %
with Hirota formula
j . i 79 9 \" , .
[[Dsig.n= H — =] O(x1,...,x)A(xy, ..., x)) . (8)
il dx;  ox! j
=1 ! x1=x], ]:x;
Proposition 2. Take
=) 6PBsixy,5 = 0,A =In(@/A), B=1In(0A), )
i
we have
Zi 51iYﬂ1X1,...,anj (A/ B) - 0/ (10)
Zi 5liY51xl,...,ijj(A/ B) - 0/
with below conditions
R, V) = RN) —RN) =R(B+A) —R(B—A) =0. (11)
The generalized Bell polynomials Y, T (&) is
A)'D{!...DYOA =% (A B 12
(©8)" Dy, 5© g (A )’A:In(G/A), B=In(©A) (12)
= T, (A, A +7) ’A:In(®/A), 7=In(®A)
g o n;
=) .. ZH( >‘J3k1x1 i (VY (g ke ), (1) (A)-
kq kj i
The Cole-Hopf transformation becomes
fn X1, X
Yklxl,...,ij]'(A = ll'l(f)) - lf ! ]/ (13)
—1pym 1
(©A)71DM .. .Dxf®A‘A:exp('y/2), o/ (14)

]

o j
2 ; U ( )mklxl,..‘,kdxd (’)/)f(l’ll —kl)xl,...,(nd—kd)xd/

k1
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with

Yi(4) =24 o4, B) = e+ 2 L o

f! f f f f

Let us assume the following transformations to obtain the Hirota bilinear form of Equation (1).

_ Yoxfy n 23y fx

’ YZx,y(ArB) - (15)

g(x,y,t) =2b(Inf)y +go, h(x,y,t) =2b(In f)x + ho. (16)
By using Equation (16) into Equations (1), we obtain

2ab? fuxfy — 2ab* f iy + 2abho fr fyy — 2abfho fy + 262 fy fyy — 20* f fiyyy + 2680 fy2 —2bfgofyy — 2bfify +2bff = 0. (17)

2.2. New Three-Wave Solutions

We assume the transformation given as to gain the new three-wave results [16].
Fx,y,t) = koe™ O+t s sin(azx 4 by + dat) + k1 cos(aax 4 byy + dat) + ¢~ (mxtbiy+drt) (18)

Substituting Equation (18) into Equation (17), we gain a system of equations by sum-
ming up coefficients of every power of e®1¥+b1wy+dit o= (@xtbiy+dit) sin(asx + bay + dst)
and cos(axx + byy + dat) and putting them equal to 0. We gain the solution sets by solving
the system given as follows:

Set 1:

R
{ay = —%,LI;; = 7%,611 = aarhy + b1go, d2 = bago — \/El’lo\/ —aa% — b% — b%,

d3 = bsgo — \/ahoR,R = \/ —aa} — b} — b3, H = |/ —aa? — b3 — b3} (19)

g(x,y,t) = 2b((b1(—exp(—t(aathg + b1g0) — a1x — byy)) + bixz exp(t(aarhg + b1go) + a1x + byy)
—boxy sin(t(bago — VahoH) — % + boy) + byks cos(t(bsgo — vahoR) — % +b3y))/
(exp(—t(aarhg + b1go) — a1x — biy) + kp exp(t(aayhg + b1go) + a1x + biy) + k3 sin(t(b3go — v/ahoR)
*% + b3y) + K1 COS(t(bzgo — \/ahoH) - % + bzy))) + 90
h(x,y,t) = 2b((a1(— exp(—t(aarho + b1go) — a1x — biy)) + ayxz exp(t(aayhg + bi1go) + a1x + byry)
x1H sin(t(byg0—+/ahoH) — */L +boy) B K3RCOS(f(b3g0*\/ﬁhoR)*xf1§+b3y))/
NG NG (21)
(eXp(—f(tltllho + blgO) —a1x — bly) + K2 eXp(t(ﬂﬂlho + blgO) +a1x + bly)
+x3 sin(t(b3g0 — \/;l]’loR) — % + b3y> + K1 COS(t(bng — \/ﬁhoH) — % + bzy))) + hy

Set 2:
{a, = —%,ﬂa = R d) = aayhg + b1go, dr = bago — /ahoH,ds = \/ahoR + bsgo,

a’
(22)
H=/—aa? — b3 —b3,R = \/—aa? — b7 — b3}

g(x,y,t) = 2b((b1(— exp(—t(aathg + b1go) — a1x — byy)) + bixz exp(t(aarho + b1go) + arx + bry) — boxy
sin(t(bgo — /ahoH) — % + bay) + baxz cos(t(v/ahoR + b3go) + ijE +b3y))/
(exp(—t(aalho + blgO) —a1x — bly) + K7 exp(t(ua1h0 + blgO) +a1x + bly) + K3 Sin(t(\/ahoR + b3go)
+2R 4 bay) + K cos(t(bago — VahoH) — L+ bay))) + go
h(x,y,t) = 2b((a1(— exp(—t(aarthy + b1go) — a1x — biy)) + ayxa exp(t(aarhg + bi1go) + a1x + bry)+
Klein(f(bzgo—ﬁhoH)—%H’zy) KsRCOS(f(\/ﬁhoR+b3go)+%+b3y)

v M Vi ) (24)

(exp(—t(aarhg + bigo) — arx — bry) + rpe! (M0 FMITOY 4 o5 sin (¢(\/ahoR + bsgo)+

xj% + b3y) + x1 cos(t(bago — /ahoH) — % +bay))) +ho

(20)

(23)
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Set 3:

'

d3 = bsgo — v/ahoR, H = \/ —aa? — b3 — b3, R = |/ —aa? — b3 — b3}

{a, = %,% =R 4y = aa1hy + b1go,d2 = /ahoH + bygo,
(25)

g(x,y,t) = 2b((b1(— exp(—t(aahg + b1go) — a1x — bry)) + b1z exp(t(aarhg + b1go) + a1x + bry) — bary
sin(t(\/EhOH + bggo) + % + bzy) + b3x3 COS(t(b3go — \/EhoR) — X7RE + b3y))/
(exp(ft(aalho + blgO) —a1x — bly) + K exp(t(aa1h0 + blgO) +a1x + b1y) (26)
+x3 sin(t(bsgo — ahoR) — ’% + b3y) + K1 cos(t(v/ahg\/ —aa? — b2 — b3 + bygo)
+32+ boy))) + 8o

h(x,y,t) = 2b((a1(— exp(—t(aaihy + b1go) — a1x — byy)) + arxa exp(t(aarhg + b1go) + a1 x + byy)
K1HSin(f(\/ﬁhoH+bzgo)+%+bzy) 3R COS(f(bsgo—\/ﬁhoR)—%+h3y)
- Vi Vi )/

i _
(exp(—t(aarhg + b1go) — a1x — b1y) + ko exp(t(aarhg + b1go) + a1x + bry) + k3 sin(t(b3go — v/ahoR)
_% + b3y) + 1 cos(t(y/ahoH + bago) + % +bay))) + ho

(27)

Set 4:
{ay = Ja03 = %,lh = aarhy + b1go, d2 = /ahoH + by8o,d3 = \/ahoR + b3go, 28)
H=/—aa? — b2 —b3,R = \/—aa? — b? — b3}

g(x,y,t) = 2b((b1(— exp(—t(aarhy + b1go) — a1x — bry)) + bixz exp(t(aarhg + b1go) + a1x + bry) — bary
sin(t(v/ahoH + bygo) + 272 + bay) + baws cos(t(v/ahoR + bsgo) + 7% + bay)) /

(exp(—t(aarhg + b1go) — a1x — bry) + xp exp(t(aarho + bi1go) + a1x + bry) + K3 sin(t(v/ahoR + bsgo) @
+2% + bay) + K1 cos(t(v/ahoH + b2g0) + X + b2y))) + g0
h(x,y,t) = 2b((a1(— exp(—t(aarthg + b1go) — a1x — b1y)) + arxz exp(t(aarho + b1go) + a1x + byy)
s Hsin(t(VahoH+bygo) + U1 +bay) k3R cos(H(v/ahgR-+b3go)+ 2 +bay) /

g + 7 ) 30

a
(exp(—t(aarhg + b1go) — a1x — bry) + rp exp(t(aarhg + b1go) + a1x + bry) + 3 sin(t(v/ahoR + bsgo) +
2R 4 bay) + ey cos(t(v/aloH + b2g0) + X +bay))) + ho

2.3. New Periodic Wave Solutions

Consider the following transformation [17]:
fx,y,t) = rpemdttaxtayta o o=(asttaxtaytas) 4 ) cos(p(bst 4 b1x + boy + by)) + k3 cosh(cat + c1x 4 coy +¢4) + x4 (31)

Inserting Equation (31) into Equation (17), we obtain a system of equations by sum-
ming up coefficients of every power of e®itavtaytas  p—(sttaxtayta) s
(p(bst + byx + byy + by)), cosh(cat + c1x + coy + c4) and putting them equal to 0. We ob-
tain the solution sets by solving the system given as follows:
Set 1:
i012 . ibz iCz
Ay = ——=,a3 = a>Qo — in/aarhy, by = ——=, —,
{ 1 7z 280 — iv/aazho, by N Ja
g(x,y,t) = 2b((—byrap sin(p(t(bago — iv/abyhg) — ib—\zf; + byy + by)) — icaxs sin(it(cago — iv/aczhg) + % +icoy
+icy) + agky exp(H(ago — iv/aazho) — "5 + agy + aq) + az(— exp(—t(axgo — ivaazho) + "5 — ay — a4)))/ (k2
cos(p(t(bago — iv/abohg) — '% +bay + by)) + x5 cos(it(eago — iv/acaho) + G5 +icay + ica) + K1 exp(t(azg0 — iv/aazho)
— 15+ gy + ag) + exp(—t(aago — iv/aazho) + % — aay — as) +x4)) + Qo

by = bygo — iv/abahg, 01 = — €3 = 280 — i\/ﬁczho} (32)

(33)
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h(x,y,t) = Zb((lbi}(zp sin(p(t(bago — iv/abaho) — lf’/zf +bay + by)) — <2 sin(it (280 — iv/aczho) + i}f +icoy + icy)
(iaz1c1 ) exp(t(azgo—iv/aazhg)— 1\[ +ayy+ay) (iaz) exp(—t(azgo—iv/aazhg)+ f —apy—ay)

- Vi + Va )/

(12 cos(p(t(bago — in/abaho) — "B2 + bay + ba)) + K3 cos(it(cago — iv/acoho) + 2 +icay + icy) + k1 exp(H(a280

—iy/aazhy) — lfzfx + azy + ag) +exp(—t(azgo — iv/aazho) + %*ﬂzy*ﬂ4)+’f4))+ho
Set 2:

ia . ib .
{ﬂl = *7%,@3 = a0 — iv/aazho, by = \fz b3 = bygo — iv/abyhg, c1 = f ,€3 = €280 + lﬁczho}
g(x,y,t) = 2b((—barap sin(p(t(bago — iv/abrho) — Ib%x +bay + b)) + icor sin(—it(cago + ivacaho) + S5
—icoy — icy) + azky exp(t(azgo — iv/aazhg) — ’f}x + azy + ag) + ax(— exp(—t(azgo — iv/aaxho) + % —agy —ay)))
/ (2 cos(p(t(bago — iv/abahg) — 'i’zfx + boy + by)) + k3 cos(—it(cago + iv/acohg) + % —icpy —icq) + K1 exp(t(a290
—iy/aayhg) — ’“j,—j‘ + azy +ag) +exp(—t(azgo — iv/aazho) + % — a2y —ay) +x4)) + 8o
h(x,y,t) = Zb((ibz% sin(p(t(bago — iv/abaho) — l%x +bay + by)) — L sin(—it(cago +iv/aczho) + S5
—icoy —icy) — ’”\7; exp(t(axgo — ivaashy) — ”:}x +ay +ay) + '“725 exp(—t(axg0 — ivaazhy) + % —ayy —ay))
/(12 cos(p(t(bago — i/abahg) — 'f}f +bay + by)) + K3 cos(—it(cago + iv/acohg) + % —icoy — icy) + K1 exp(t(a280
—iv/aazhg) — “\Z/Z} +azy +ay) + exp(—t(azgo — iv/aazhg) + % —ay —ay) +x4)) +ho
Set 3:

{111 = Z\[,ll3 = ap80 — iv/aazho, by = \/f;,bs = bygo +iv/abaho, c1 = \[,63 =280 — l\fczho}

g(x,y,t) = 2b((—barzp sin(p(t(bago + iv/abho) + lb%x +bay + by)) — icokz sin(it(c2g0 — iv/acohg) + 6\2/5 +icoy +icy)
+ax exp(t(azgo — iv/aazhy) — % +agy + ag) + ax(— exp(—t(azgo — iv/aaxhg) + % —ay —ay)))/ (k2
cos(p(t(bago + iv/abahg) + ’%‘ +bay + b)) + K3 cos(it(cago — iv/acaho) + L + icay + ica) + K1 exp(t(azgo — iv/aazho)

_dapx

NG +azy + ag) +exp(—t(azgo — iv/aazhg) + %—azy—a4)+m))+go

h(x,y,t) = 2b((% sin(p(t(bago + iv/abahg) + % +by+by)) — % sin(it(cpgo — iv/acahp) + iz/’f +icy
’ﬂzx

i ia2K1exp(t(azgofi\/ﬁazhg)fw+a2y+a4) iay exp(—H(axgo—iv/aaho)+ =% —ayy—as)
+icy) — a + 7 )/

) Va
(2 cos(p(t(bago + iv/abaho) + l% +bay + b)) + x5 cos(it(cag0 — iv/acoho) + S5 Hicay +ica) + 1 exp(F(aago
—iv/aagho) — "5 + agy + ag) + exp(—t(azgo — iv/aazho) + % — gy — ag) +x4)) + ho
Set 4:

ia . iby
{th = —7%,'13 = a0 — iv/aazho, by = 7 ,b3 = bygo + iv/abyho, ¢y = \[2 €3 =280 + l\fczho}

2(x,y,t) = 2b((—baxap sin(p(t(bago + iv/abahg) + ’i’/zf + boy + by)) + icoxs sin(—it(cago + iv/acohg) + C\;’f
—icy — icq) + agxy exp(F(azgo — iv/aazho) — "5 + agy + ag) + az(— exp(—H(axgo — ivaazho) + lf}x

—agy —ag)))/ (xa cos(p(t(bago + iv/abaho) + lbfx +bay + by)) + x3 cos(—it(eago + iv/aczho) + G —icay —icy)
+x1 exp(t(a280 — iv/aazhg) — lf}x + ay + ag) + exp(—t(axgo — iv/aazho) + % —agy — a4) +x4)) + 8o

h(x,y,t) = 217(‘(&\/;2]0 sin(p(t(bago + iﬁbzhp) + l%f +boy + by)) — L sin(—it(cago +iv/acaho) + %2

—icoy —icy) — % exp(t(azg0 — i\/ﬁa;ho) - % +ayy +ay) + 17» exp(—t(axg0 — iv/aayhg) + zfzfx ay

—ay))/ (2 cos(p(t(bago + iv/abaho) + l%x +bay + by)) + x3 cos(—it(eago + iv/acaho) + G —icay —ica)

+1x1 exp(t(az2go — iv/aaxhg) — 'f/zf + a2y + ay) + exp(—t(axgo — iv/aasho) + % —ay —ag) +x4)) +ho
Set 5:

ia , ib ) ic .
{m = 7%,&3 = apgo +ivaazho, by = —72&,173 = bago — iv/abyho, c1 = —725/% =280 — Z\/5‘32’10}

(34)

(35)

(36)

(37)

(38)

(39)

(40)

(41)

(42)

(43)

(44)
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<(x,y,t) = 2b((—baipp sin(p(t(bago — iv/abahg) — lb—\zfx + boy + by)) — icpxs sin(it(cago — iv/acohg) + %Jr
icoy + icy) + arxy exp(t(azgo + iv/aazhg) + lfzfx + agy + ag) + az(— exp(—t(azgo + iv/aazhg) — “\szx a2y
—ay)))/ (2 cos(p(t(bago — iv/abahg) — lfff + bay + by)) + K3 cos(it(c280 — iv/acohg) + C\}{ +icoy +icy)

+1x1 exp(t(azgo + iv/aazho) + % +agy + ay) + exp(—t(azgo + iv/aazhg) — % —axy —ag) +x4)) + go

h(x,y,t) = 2b((lhiﬁp sin(p(t(bago — iv/abahg) — ’l\? +byy +by)) — % sin(it(cago — iv/acahg) + i;’f +icoy +icy)
+if}§l exp(t(azgo + iv/aazhy) + lf}x +agy +ag) — %2 exp(—t(azgo + iv/aazhy) — % —ay —ay))/ (x2

cos(p(t(bago — ir/abahg) — ;\]2/‘ + boy + by)) + K3 cos(it(cago — iv/acohy) + 35 icoy + icy) + %1 exp(t(axg0 + iv/aazhg)
+lf/zf + agy + ay) + exp(—t(azgo + iv/aazho) — % —agy —ag) +x4)) +ho

Set 6:

ia . ib . )
{ﬂl = 7%,113 = 1280 + iv/anghy, by = ——*, by = bygo — iv/abyhg, ¢ = €3 =280 + 1\/552}10}

1(:72

Va Va'

g(x,y,t) = 2((—barapsin(p(t(bago — iv/abahg) — 'b%x +bay + by)) + icoia sin(—it (80 + iv/acaho) + S5
—icyy —icy) + apxy exp(t(aago +iv/aaxhg) + lf/zf + a2y + as) + ax(— exp(—t(azgo + iv/aazho) — % — gy
—a4)))/ (k2 cos(p(t(bago — iv/aboho) — ll%x +bay + b)) + K3 cos(—it(cago + iv/acaho) + T — iy —icy)
+i1 exp(t(ango + iv/aazhg) + lfzf" +ayy + ay) + exp(—t(argo + ir/aashg) — % —apy —ay) +x4)) + 80

h(x,y, t) = 2b((lbiﬁp sin p( (b2g0 — i\[bzh()) — 11)7\/2»3( + b2y+ b4) — C\Z/Kf Sln(*lt(CZg() + Z\[Czl’lo) 3{

—icy —ieq) + F3 exp(t(ago + iv/aazho) + lf}x +axy +aq) + 7\}%2 exp(—t(azgo + iv/aahg) — lf}’( azy

—ay))/ (Kkz cos(p(t(bago — ir/abrhg) — 15/23‘ +bay + by)) + K3 cos(—it(cago +iv/acahg) + % —icoy — icy)

+x1 exp(t(azgo + iv/aazhg) + lf}f +azy +ay) +exp(—t(azgo + iv/aaxhg) — % — a2y —ay) +x4)) +ho
Set 7:

{ﬂ1 = %,ﬂa = apgo + ivaazhg, by = l%,bs = bygo + ivabohg, ¢ = *%,Cs =280 — iﬁczho}
g(x,y,t) = 2b((—baxap sin(p(t(bago + iv/aboho) + lbf\}x +bay + by)) — icorz sin(it(cago — iv/acoho) + G +icay
+icy) + axxy exp(t(axgo + iv/aazho) + f’}x + a2y + ag) + az(— exp(—t(azg0 + iv/aazhg) — % —ayy —ag)))/ (k2
cos(p(t(bago + iv/abaho) + ’%C +bay + by)) + x5 cos(it(cago — iv/acaho) + 5 +icay +ica) + k1 exp(t(azgo + iv/aazho)
+'f/23‘ + a2y + as) + exp(—t(axgo + iv/aazhg) — % —ay —ag) +x4)) + 8o

h(x,y,t) = 2b((— lbiﬁp sin(p(t(bago + iv/abaho) + l%x +bay + by)) — 25 sinit(cago — ivacaho) + S5 +icay

+icy) + B exp(F(aago + iv/aazho) + lf/zf +ay +ag) — \/23 exp(—t(azgo + iv/aashg) — % —ayy —ag))/ (x2
cos(p(t(bago + iv/abohg) + % + boy + by)) + K3 cos(it(cago — iv/acahg) + 35 +icoy +icy) + K1 exp(t(azgo + iv/aazho)
+l:’2/x +aoy + ay) + exp(—t(argo + iv/aashg) — % —ayy —ay) +x4)) + ho

Set 8:

{ﬂl = l%,ﬂs = aygo + iv/aazhg, by = l%,bs = bygo + ivabahg, ¢ = %,
g(x,y,t) = 2b((—barap sin(p(t(bago + iv/abrho) + l\b/zf + boy + by)) + icoxs sin(—it(c280 + iv/acohg) + 7 —icyy
—icy) + azxy exp(t(azgo + iv/aazhg) + lfzf + azy +ay) + ax(— exp(—t(azgo + iv/aazhg) — % —ayy —ay)))/ (x2
cos(p(t(bago + iv/abyhg) + ’% +bay + b)) + K3 cos(—it(cago + iv/acaho) + G — icay — ica) + Ky exp(H(a2g0
+iv/aagho) + "5 + agy + ag) + exp(—t(aago +iv/aazho) — % —ayy —ag) +x4)) + 8o

c3 =280+ i\/ﬁczho}

h(x,y,t) = 2b((L\/;fzp sin(p(t(bago + iv/abahg) + if/zi‘ +by+by)) - f sin(—it(cag0 + iv/acoho) + 0\75
—icoy —icy) + ’%1 exp(t(axgo + iv/aaxhg) + ”\1/23‘ +apy +ay) — Texp( t(axgo + iv/aashy) — % — ayy
—ay))/ (rz cos(p(t(bago + iv/aboho) + ll%x +bay + ba)) + 3 cos(—it(eag0 + ivacaho) + F —icay —ica) + 11
exp(t(a280 + iv/aazhg) + ’”\fo + ayy + a4) + exp(—t(argo + iv/aarhg) — % —apy — ag) +xy)) + hoendarray

(45)

(46)

(47)

(48)

(49)

(50)

(1)

(52)

(53)

(54)

(55)
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Set 9:
{as = ago + aayhg, by = —%, = bago — M 0= —%103 = 0280 — VahoB, 56)
kg =0A= \/—aal —a3 —b3p?, B = \/ua%—l—a%—c%}
oy, = 20((—baropsin(p(t(bag 0 — YERA) — ZA 4 by + by) + eoxs sinh((eago — v/ahoB)
,7 + oy + c4) + axiey exp(t (a2g0 + aaihg) + alx + apy + ag) + ax(— exp(—t(a2g0 + aaiho) 57)
+a1(=x) = @y — ay)))/ (xz cos(p(t(bago — Y44) — A 1 byy + by)) + 3 cosh(t(cago — v/ahoB)
—’% + 0oy + c4) + K1 exp(t(a280 + aarhg) + a1x + agy + ag) + exp(—t(azgo + aarhy) — a1x — azy — a4))) + go
Ko Asin(p(t(bago— ‘ﬁ'OA) +b2y+bs))  K3Bsinh(t(cag0—+/ahoB)—2E +cay+cs)
h(x,y,t):zb(( 2 2 \/E \/’n 2 4 _ 3 250 \/E[) Ja 2 4
+ayxy exp(t(ango + aahg) + ayx + a2y +ay) + a1 (— exp(—t(az2g0 + aarho) +a1(—x) —ayy —aq)))/ (58)
(12 cos(p(t(bago — ﬁZOA) - \/p +bay + by)) + K3 cosh(t(cago — v/ahoB) — Z + cay +c4) +
i1 exp(t(axgo + aarhg) + a1x + axy + ay) + exp(—t(axgo + aarhy) — a1x — azy —ag))) + hy
Set 10:
{az = axgo + aarhy, by = — \/% ,b3 = brgo — \NloA ,0] = %,Cg = \/ahyB + c280, 59)

ks =0,A= \/faal — a3 —b3p?%, B = \/dﬂ%‘l’ﬂ%*(ﬁ%}

§(x,y,t) = 2b((—baxop sin(p(t(b2go — @) +b1x + boy + by)) + coxz sinh(¢(\/aho
B+ cp0) + x\/—% + oy + c4) + agxy exp(t(axgo + aarhg) + ayx + ay + ay)

a2 (— exp(—(azgo + aarho) — arx — @y — a)))/ (k2 cos(p(t(bago — Y04 + byx + byy (60)
+by)) + K3 cosh(t(v/ahoB + c280) + f/% + coy + c4) + K1 exp(t(azgo + aarho) + a1x
+agy + ag) + exp(—t(axgo +aarhg) + a1(—x) — axy —as))) + Qo

h(x,y,t) = 2b((—bixap sin(p(t(b2go — M) +byx +bay +by)) + “}2
sinh(t(v/ahoB + c290) + i‘/—% + oy + c4) + agxg exp(t (a2g0 +amhy) + ayx + ay + ay)
+ay (— exp(—t(azgo + aarhg) — a1x — azy — a4)))/ (12 cos(p(t(bago — L4) + byx + by (61)
+by)) + K3 cosh(t(v/ahoB + c280) + ’\‘7% + 2y + c4) + K1 exp(t(azgo + aaihg) + a1x
+acy + ag) + exp(—t(azgo + aarhy) — ayx —axy —ay))) +ho
Set 11:

{613 =280 + aa1hg,bp = i ,by = @ +b2g0, 62)
€= f%,% = 080 — V/ahoB,xy = 0,A = \/—aa} — a5 — b%pz B = \/aa3 + a3 — 3}
g(x,y,t) = 2b((—barap Sin(P( (ﬁh[’A + bago) + b1x + bay + ba)) + caxs sinh(¢(cago
—y/ahyB) — X2 —|— oy + C4) + apxy exp(t(axgo + aarhg) + a1x + ay + ay)
+a(— exp(—t(azgo + aarhg) — a1 x — ﬂzy —a4)))/ (2 cos(p(t (@ +b280) + b1x + boy + bs)) (63)
+ix3 cosh(t(cogo — VahgB) — ’\‘/—BE + oy + ca) + 11 exp(t(axgo + aarhg) + ayx + ay + ay)
+exp(—t(azgo + aarhy) — ayx — axy —ag))) + o

h(x,y,t) = 2b((—byxap sin(p(t(@ +byg0) + bix + by + by)) — % sinh(#(ca80 — v/ahoB)

f% + coy + cq) + ayxy exp(t(azgo + aarho) + a1x + axy + ay) + a1 (— exp(—+t(axgo + aarhy)

—ayx — agy — as)))/ (1 cos(p(H(Y94 + bgo) + by x + bay + bs)) + 13 cosh(t(cago — v/ahoB)

*XT% + oy + ca) + 11 exp(t(axgo + aarhg) + ayx + axy + ag) + exp(—t(azg0 + aarhy) — a1x — axy —ag))) + ho

Set 12:

(64)

{as = apg0 + aarhy, by = %p b3 ‘fh”A + bago, €1 = \/ﬁ’

c3 = \/ahgB + 280, k4 = 0, A = y/—aa3 — a3 — b3p?, B = \/aa? + a3 — 3}

(65)
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g(x,y,t) = 2b((=barapsin(p(( LA + bygo) + 4 + byy + by))
+cpxs sinh(t(y/ahgB + ¢290) + f/—% + oy + c4) + agxy exp(t(axgo + aarhyp)
)
)

Fayx + azy + aq) + ax(— exp(—t(azgo + aarhg) — a1x —azy —ay)))/ (x2 cos(p(t( ﬁ',?UA + b2g0

+\’}7Ap + boy 4 by)) + K3 cosh(t(v/ahoB + c280) + % +ey+oy
+x1 exp(t(azgo + aarhy) + ar1x + azy + ag) + exp(—t(ax8o + aarhy) — a1x — azy —ag))) + 8o

h(x,y,t) = 2b((—x2 A Sin(P(f(@ + bago) + \%‘p + boy + ba)) + k3Bsinh(t(y/ahoB + c280)

+x7% + coy + ¢4) + Vaarky exp(t(axgo + aarhg) + ayx + axy + ag) + /aay (— exp(—t(azgo + aarhp)

—ayx — agy — a3)))/ (Va(Ra cos(p(H( LA 1 bygo) + VB gy )t

#3 cosh(t(v/ahgB + cag0) + % + ooy + cg) + 11 exp(t(ango + aarhg) + ayx + asy + ag) + exp(—t(axg0 + aarhy)

—a1x —ayy —ag)))) + ho

3. Analytical Solitons
Assume the wave transformation given below.
8y, t) =G(0); hlxyt)=H(D), {=1t(x+Qy+Ah).
By using Equation (68) into Equation (1), we obtain:

—AG' 4+ QGG +aHG' + btO2G" 4+ ab1G" = 0.
G =QH'.

After integrating and taking integration constant zero, we obtain:

—20AG + (Q% +a)G? +2(b1Q° + abQ1) G’ = 0.

3.1. EShGEE Scheme

The main points of this scheme are given as:
Step 1:
Consider a non-linear PDE:

V(h/ hz/ hzh)(/ hyl hyy/ hXX/ hxy/ hxt/ .. ) - O,

where h = h(x,y,t) denotes the wave function.
Assuming the traveling wave transformation:

h(x,y,t) = H(E), ¢ =x—vy+«t.

Putting Equation (72) into Equation (71), we gain the nonlinear ODE:

V(H(E),H*@)H (&),H'(8),...) =0.

Step 2:
Assuming the results of Equation (73) in the series form:

m

F(p) = a0 + ;(,Bi sinh(p) + a; cosh(p))’,

(66)

(67)

(68)

(69)

(70)

1)

(72)

(73)

(74)

where ag, ;, B; (i =1,2,3,..., m) are unknowns. Consider a function p of ¢ that satisfy the given

equation:
dp .
a - sinh(p).

(75)

Natural number m can be attain with the use of homogeneous balance approach. Equation (75)

is gained from sinh-Gordon equation shown as:

gxt = xsinh(v).

(76)
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By [24], we obtain the solutions of Equation (76) shown as:
sinhp(¢) = £cesch(¢) or  coshp(g) = £ coth(¢), (77)

and
sinhp(§) = tisech(¢) or cosh p(¢) = £tanh({), (78)

2=-1.

Step 3:

Putting Equation (74), along with Equation (75), into Equation (73), we achieve the algebraic
equations having p’¥(¢) sinh p(&) cosh™ p(&) (k =0,1; 1 =0,1; m =0,1,2,...). Putting the every
coefficient of p*(¢) sinh! p(Z) cosh™ p(Z) equal to 0, to achieve system of algebraic equations having
v,k,a0,a; and B;(i =1,2,3,...,m).

Step 4:

Solving the gained system of algebraic equations, we attain the value of v, x, g, &; and ;.
Step 5:

By achieved solutions for Equations (77) and (78), we obtain the wave solitons of Equation (71)
shown as:

F(&) =wap+ ﬁ(iﬁi csch(§) £ a; coth(f,))i. (79)

i=1

and .
F(§) = wo + Y (F1pisech(§) + a; tanh(&))’. (80)

i=1
By this technique, we can obtain the sech, csch, tanh and coth functions involving solutions.

3.2. Application of EShGEE Scheme
For m =1, Equations (74), (79) and (80) change into:

G(0) = ag £ By csch({) £ aq coth(Q). (81)
G() = ag £ 1B1sech({) + aq tanh(Q). (82)
G() = ag + By sinh(p) + aq cosh(p). (83)

where g, a1 and B are undetermined. Utilizing Equation (83) into Equation (70), we attain algebraic
equations containing «, #1, B1 and other parameters. By using Mathematica software, we obtain sets:
Set 1:

{0 = ~2670,01 = ~2670, 1 = 0,1 = ~2br(a + %) } (84)
g1(x,,1) = =267O(1 + coth(t(x + Qy — 2b7(a + O2)1)) (85)
$2(x,y,1) = 26701 + tanh(v(x + Qy — 2b7(a + 02)1))) (86)
M (x,y,1) = ~2b7(1 % coth(t(x + Qy — 2b7(a + O?) 1)) 87
ha(x,y,1) = ~2b7(1 % tanh(t(x + Qy — 2b7 (2 + O?) 1)) (89)
Set 2:

{zxo = 2b70), 0y = —267Q), By = 0, A = 2bt <a n QZ)} (89)
¢1(x,,1) = 26TQ(1 F coth(t(x + Qy + 2bt (u + 02) 1)) (90)
2 (x,y,t) =2btQ(1 F tanh(7t(x + Qu + 2bT (u + 02> £))) 91)

hi(x,y,t) = 2bt(1 F coth(t(x + Qy + 2bT <a + Qz) 1)) (92)

hy(x,y,t) = 2bt(1 F tanh(t(x + Qy + 2bT (a + Q2> £)) (93)
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Set 3:
{ao = bt a; = —b1Q), By = bTQ, A = —br(a + 02)} (94)

1(x,y,t) = beQ((licsch(r(ernybT(aJer)t ) £ coth(t(x + Qy — b’c(aJer) ))) (95)
(x,yt) = beQ((litsech(r(x+0yfbr(a+Qz)t )) &+ tanh(t x+0y7br(a+02)t))) (96)
hi(x,y,t) = =bt((1 £ csch(t(x + Qy — bt (u + Qz) t))) £ coth(t(x + Qy — bt (a + QZ) ) (97)

ha(x,y,t) = —bt((1+ ssech(t(x + Qy — bt (a + Qz)t))) + tanh(7(x + Qy — br(a + 02)t))) (98)

Set 4:
{oco = b1, 0y = —bTQ, B = —bTQ, A = bT(u + QZ)} 99)
g1(x,y,t) = btQ((1 F esch(t(x + Qy + bt <a + Qz) t))) F coth(t(x + Qy + bt (a + Qz> £))) (100)
@ (x,y,t) = brQ((1 F sech(t(x + Qy + br(a + 02> £))) ¥ tanh (7 (x + Qu + br(a + 02) 1)) (101)

hy(x,y,t) = bt((1 F csch(t(x + Qy + bt (a + 02> 1)) F coth(t(x + Qy + bt (a + Q2> £))) (102)

ha(x,y,t) = br((1F 1sech(t(x + Qy + bt (a + 02) 1)) F tanh(t(x + Qy + br(a + QZ> 1)) (103)

Set 5:
{ao = bTO, 01 = —bTQ), By = bTQ, A = br(a + QZ>} (104)

g1(x,y,t) =b1Q((1 iCSCh(T(X+Qy+bT<ﬂ+QZ)t )) F coth(t X+Qy+b’[<ﬂ+02>t))) (105)
(xyt) = bTQ((lizsech(r(x+0y+b7(a+02>t )) F tanh(T x+0y+br(ﬂ+02>t))) (106)
hi(x,y,t) = bt((1 £ csch(t(x + Qy + bt (a + Qz) £))) F coth(t(x + Qy + bt (a + QZ> t))) (107)

ha (%, ) = br((1+ ssech(t(x + Qy + bt (u + QZ) ) F tanh(t(x + Qy + bt (a + 02) 1)) (108)

Set 6:
{ao = bt a; = —b1Q), By = —bTO A = —bT(u + 02)} (109)

)
)

@2(x,y, 1) = —btQ(1 £ sech(t(x + Qy — bt (a + 02) ) + tanh(7(x + Qy — br(a +02)1)) (111)

g1(x,y,t) = —btQ(1 £ coth(t(x + Qy — bt (a + QZ) t)) £ esch(t(x + Qy — b‘t(a +02)t))) (110)

hy(x,y,t) = =bt(1 £ coth(t(x + Qy — bt (a + Qz) t)) £ esch(t(x +Qy — bt (a + (22)1?))) (112)
ha(x,y,t) = —=bt(1 £ sech(t(x + Qy — bt (/1 + Qz> t)) £ tanh(t(x + Qy — bt (a + QZ) t))) (113)

4. Graphical Representation of Solutions

In this section, some suitable numerical values of parameters selected for our analytical three
wave solitons and periodic wave solutions are represented in the following Figures. In Figure 1, we
gave graphs for new three wave solution (20), with suitable values of parameters, (a) iny = —2,
(b)iny =0and (c)iny =2witha = 1,41 = 1,00 = 1,53 = —2,x1 = 1,by = 1L,bp =1,b3 =1,
go=1Lh=1x=1b=1 -10<t<10and —10 < x < 10. In Figure 2, we gave graphs for new
three wave solution (20), with suitable values of parameters, (a) in x = —2, (b) in x = 0 and (c) in
x =2 witha = 1,[11 = 1,[12 = 1,K3 = —2,1(1 = 1,b1 = 1,b2 = 1,b3 = 1,g0 = 1,]’10 = 1,K2 = 1,b =1
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—10 < t <10and —10 < Y < 10. In Figure 3, we gave graphs for new three wave solution (20), with

suitable values of parameters, (a)int = —2, (b)int =0and (c)int =2 witha =1,a; =1,ap =1,
x3 = =2,k = 1,00 = 1,bp = 1,b3 = 1,g0 =1,h =1k =1b=1 =10 < x < 10 and
—10 < y < 10. In Figure 4, we gave graphs for new three wave solution (21), with suitable
values of parameters, (a)iny = =2, (b)iny = 0and (¢)iny = 2witha = 1,41 = L,ap = 1,
K3 = =2,k = 1,bp = 1,bp = 1,b3 = 1,90 = Lhp = 1,xp = 1,b =1 -10 < t < 10 and
—10 < x < 10. In Figure 5, we gave graphs for new three wave solution (21), with suitable
values of parameters, (a) in x = =2, (b)inx = 0and (¢) in x = 2 witha = 1,47 = 1,ap = 1,

k3 = 2,651 = 1,b1 = 1,bp = 1,b3 = 1,g0 =1h =1x =1b=1 —-10 < t < 10 and
—10 < Y < 10. In Figure 6, we gave graphs for new three wave solution (21), with suitable values
of parameters, (a) int = =2, (b)int = 0and (c)int = 2 witha = 1,4y = 1,ap = 1,x3 = -2,
x1=1,b1 =1,bp =1,b3 = 1,g0 =1Lh=1Lx=1b=1 -10<x <10and —10 < y < 10. In
Figure 7, we gave graphs for new periodic solution (33), with suitable values of parameters, (a) in
y=-2,()iny=0and (c)iny =2witha =1,a; = 1,00 = L,k3 = =2,61 = 1,by = 1,bp =1,
by = 1,g0 =1,hy =1k =1,b=1,x4 = 1,c4 =2,a4 =2,c0 = 1,p =1 -30 <t < 30and
—30 < x < 30. In Figure 8, we gave graphs for new periodic solution (33), with suitable values
of parameters, (a)inx = =2, (b)inx = 0and (¢)inx = 2witha = 1,47 = 1,00 = 1,53 = -2,
K1 = 1,b1 = 1,b2 = 1,b3 = 1,g0 = 1,h0 = 1,K2 = 1,b = 1,K4 = 1,C4 = 2,(14 = 2,C2 = 1,p =1
—20 <t <20and —20 <Y < 20. In Figure 9, we gave graphs for new periodic solution (33), with
suitable values of parameters, (a)int = —2, (b)int =0and (c)int =2 witha =1,a; =1,ap =1,
K3z = —2,1(1 = 1,b1 = 1,b2 = 1,b3 = 1,g0 = 1,h0 = 1,K2 = 1,b = 1,K4 = 1,C4 = 2,(14 = 2,
cp=1p=1-10<x < 10and —10 <y < 10. In Figure 10, we gave graphs for solution (84), with
suitable values of parameters, a 3D graph shown in (a) withQ =1,b =1,7 =0.1,a =05,y =0
—5<x<5and -5 <t <5anda 2D graph shownin (b) withQ=1,b=1,7=0.1,a =05,y =0
—10 < x <10and —1 <t < 1. In Figure 11, we gave graphs for solution (95), with suitable values
of parameters, a 3D graph shown in (a) with 3 =2.3,b =14,7=01,4 =05,y =0 —5 < x < 5and
—5 <t < 5and a 2D graph shown in (b) withQ =23,b =14,71=0.1,2=05y=0 -10 <x <10
and -1 <t <1

wyo

EITT I 1o glyn b
0 Y

Figure 1. In this graph shows three wave behavior with different fix values of y in (a) y = —2, in
(b) y = 0 and in (c¢) y = 2 contour surfaces representation of (20).

(b) x=0 (c) x=2

Figure 2. In this graph shows three wave behavior with different fix values of x in (a) x = —2, in
(b) x = 0 and in (c) x = 2 contour surfaces representation of (20).
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Figure 3. In this graph shows three wave behavior with different fix values of tin (a) t = —2, in
(b) t = 0 and in (c) ¢ = 2 contour surfaces representation of (20).
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Figure 4. In this graph shows three wave behavior with different fix values of y in (a) y = —2, in
(b) y = 0 and in (c¢) y = 2 contour surfaces representation of (21).
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5
hx,y,t)
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Figure 5. In this graph shows three wave behavior with different fix values of x in (a) x = -2, in
(b) x = 0 and in (c) x = 2 contour surfaces representation of (21).

(Qt=2

Figure 6. In this graph shows three wave behavior with different fix values of tin (a) t = —2, in
(b) t = 0 and in (c) ¢ = 2 contour surfaces representation of (21).
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Figure 7. In this graph shows periodic wave behavior with different fix values of y in (a) y = —2, in
(b) y = 0 and in (c) y = 2 contour surfaces representation of (33).
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Figure 8. In this graph shows periodic wave behavior with different fix values of x in (a) x = —2, in
(b) x = 0 and in (c) x = 2 contour surfaces representation of (33).
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Figure 9. In this graph shows periodic wave behavior with different fix values of tin (a) t = —2, in
(b) t = 0 and in (c) ¢t = 2 contour surfaces representation of (33).

Figure 10. In this graph shows wave behavior 3D in (a) and 2D in (b) surfaces representation of (84).
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Figure 11. In this figure graph shows wave behavior 3D in (a) and 2D in (b) surfaces representation
of (95).

5. Conclusions

In this paper, we succeed to obtain the new three wave, periodic wave and other exact
wave solutions to the (2+1)-dimensional Burgers equations by utilizing the Hirota bilinear and
EShGEE schemes. Achieved solutions are verified and demonstrated by different plots with the
use of Mathematica software. Some of the achieved solutions are also described graphically by
two-dimensional, three-dimensional and contour plots. Our research model Burgers equation is a
fundamental partial differential equation from fluid mechanics. It occurs in many fields of applied
mathematics such as modeling of gas dynamics, traffic flow, etc. The schemes that are used in this
research have never been applied to this model before, and the obtained results are newer than
the existing results of this model in the literature. The diverse graphical analyses for the presented
solutions show that the solutions are reliable for the further development in the model, and also in
other areas of mathematical physics and engineering; for example, in communication, optical comput-
ing, optical switching, etc. Finally, these two schemes are simple, fruitful and reliable to handle the
nonlinear PDEs.
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