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Abstract: In order to achieve the synthesis of contracted graphs (CGs) automatically by given
associated linkages (ALs), a new feature description method is proposed and a software is constructed.
First of all, a connection method substring (CMS) is proposed and the related guidelines are given.
The combination of characteristic strings (CSs) and CMSs can accurately describe the type, number,
and connection relationship between the basic links in a CG. Secondly, a synthesis software by
computer aided design (CAD) is constructed, and the interface of the software and the main functions
of the compiled programs are explained. Finally, the software operation is carried out, and the
effectiveness and complexity of the implemented algorithms are proved. Taking typical ALs 1Q1T3P
and 1Q6T as examples, the feature description is generated and the CGs are drawn automatically.
The research results of this paper achieve one-to-one correspondence between a CG and its feature
description and draws the CGs by given ALs automatically, which avoids the omission and repetition
of the CGs during the synthesis process.
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1. Introduction

In graph theory, a graph is generally defined as a set of spatial points (vertices) and
curves (edges) connecting these points. A graph is defined as an even pair G = (V, E), where
V represents the set of vertices, denoted as V(G); E represents the set of edges, denoted
as E(G). In recent years, the application of graph theory in diverse areas of science and
engineering has become increasingly widespread. Huang [1] conducted research on the
chemical structure of anticancer drugs and computed ST-polynomials based on status dis-
tance of the chemical graphs of these medications. Numerous topological indices (TI) were
constructed by applying these polynomials. Additionally, the TIs are used in the creation
of the Quantitative Structure–Property models to estimate some of the physicochemical
characteristics of these medications. Wang [2] predicted the multiple chemical and physical
properties of organic compounds by using linear regression and QSPR analysis based on
graph theory. Ullah [3] studied the chemical structure of Naphtalenic nanosheet by using
some important degree-based topological indices as a chemical network for Quantitative
Structure–Activity/ Quantitative Structure–Property (QSAR/QSPR) analysis, which may
open new perspectives for a more accurate and reliable topological characterization of this
nanosheet. In the field of institutional science, type synthesis of mechanisms has always
been the focus and difficulty of the research for scientists in various countries. Especially
after graph theory [4–9] was introduced into mechanisms to represent the topological
structure of kinematic chains, the research of mechanism structure has made great progress,
and scholars from all countries have also made great achievements. As early as 1987,
Johnson [5] used the decision tree logic method to solve for the Als used for the synthesis of
planar closed-loop mechanisms, laying the foundation for the research of the theory of ALs
in mechanisms. Later, Lu and Leinonen [10] provided a detailed discussion on the theory
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of ALs, starting from the degree of freedom formula, discussing what type and how many
components are combined to form a reasonable associated linkage (AL). Tsai [11], Yang,
Gogu, Moon, Zhou, and others developed the topological graph (TG) theory of planar
mechanisms from different perspectives. Based on the units of single opened chain limb,
Yang [12] proposed a systematic method for the structural synthesis of three degree of
freedom (3DOF) translational parallel mechanisms. Gogu [13] studied type synthesis of
parallel mechanisms (PMs) by morphological and evolutionary approaches. Moon [14]
used dual-vector algebra to present a methodology of combining basic building blocks
to generate alternate mechanism concepts. The methodology presented was restricted to
single-degree of freedom function generation mechanisms. Zhou [15] introduced the span-
ning tree theory to the topological synthesis of compliant mechanisms. The mathematical
models studied above are relatively complex and not easy to implement on computers.
Yan and Kang and Yan and Kuo [16,17] studied the configuration synthesis of mechanisms
through changing types and orientations of kinematic joints.

With the development of computer technology, the integration of advanced computer
technology and institutional theory to form digital institutional theory has become a
new trend in institutional research. Martin and Alberto [18,19] proposed an automatic
synthesis method for planar linkage mechanisms based on the isomorphism judgment
principle of existing mechanisms and constraint subgraphs. Ding and his team [20,21]
systematically studied the digital configuration synthesis of planar mechanisms using
the digital configuration synthesis theory and established a configuration graph library
for various planar mechanisms, achieving automatic classification and storage of a large
number of configuration results. Saura [22] studied planar multibody systems with low and
high pairs and proposed a computerized configuration synthesis method. So far, scholars
have conducted in-depth research on the topological structure synthesis theory of planar
mechanisms, especially the topological graph theory of planar mechanisms, and have
achieved significant results. Cao [23] established a configuration database for 3DOF, 4DOF,
and 5DOF branches based on screw theory, proposed a digital configuration synthesis
method for parallel mechanisms, and derived nine constraint modes for symmetric and
asymmetric parallel mechanisms with few degrees of freedom.

However, for the topological structures of spatial closed-loop and parallel mechanisms,
due to their multi loop structural characteristics and the large number of graphs, the process
of isomorphism judgment is complex, and systematic synthesis has not yet been achieved.
The main method used is manual enumeration. In particular, there is less research on
contracted graphs (CGs). If the second degree points (vertices only associated with two
edges) in the graph are removed, then the CG of the original graph is obtained. CGs are
usually important methods for constructing TGs and the mechanisms; however many CGs
of mechanisms are symmetrical or repetitive, when they are added with binary links, they
will correspond to the same TG or mechanism. This is an isomorphic judgment problem
of CGs. Sun [24] presented an automatic method to synthesize CGs of non-fractionated
kinematic chains. Ding [25] proposed a method to judge the isomorphism of CGs of
mechanisms using path array based on the classical theory of adjacency matrix. Before
making a judgment, this method needs to first calculate the path number matrix between
any vertex in the graph, and the mathematical model structure is relatively complex.
Lu [26] proposed a method for synthesizing CGs using CSs based on the analysis of the
basic structure of CGs and demonstrated the effectiveness of this method through examples.
However, one of the more important problems in this method has not been solved very
well, that is, when the CS is used for synthesis of CGs, the relationship between the CS and
the CG is not one-to-one, but one to many, which makes it easy to miss or duplicate the
CGs in the process of synthesis.

The CG reflects the primary topology of kinematic chains, and the synthesis of CGs is
the foundation for the structural synthesis of kinematic chains. In the configuration synthe-
sis method based on topology of kinematic chains, for some mechanisms with the same AL,
the isomorphism between mechanisms can be directly determined without identifying the
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isomorphic CG. The process is complex and the results vary. If the topology synthesis and
configuration synthesis of mechanisms are unified, isomorphic and unreasonable mech-
anisms can be identified in a timely manner at each evolution stage, thereby effectively
avoiding the study of a large number of isomorphic and unreasonable mechanisms. Espe-
cially with the increasing complexity of the ALs, more different CGs will inevitably evolve.
If a large number of isomorphic and unreasonable CGs are completely identified manually,
it is not only time-consuming and laborious, but also prone to errors. The development of
computer programs to automatically draw and identify isomorphic and unreasonable CGs
is of great significance.

The remainder of this paper is organized as follows. The structural model and math-
ematical model of the CGs are given in Section 2. Section 3 uses CSs and CMSs as the
main means to describe the CG of closed-loop mechanisms, and the automatic synthesis of
CGs is studied. The automatic synthesis software by CAD for CGs is detailed in Section 4.
Section 5 describes how we carried out the software to automatically generate effective
feature description and draw CGs by examples. Finally, Section 6 contains a summary of
this paper.

2. CGs and Feature Descriptions
2.1. The Structure of CGs and Related Definitions

The basic links that make up a kinematic chain can be divided into binary, ternary, qua-
ternary, pentagonal, and hexagonal links according to the number of connecting branches,
and they are represented by B, T, Q, P, and H.

The associated linkage is a combination of different basic links, which can be repre-
sented by n6Hn5Pn4Qn3Tn2B, where ni (I = 2, . . ., 6) is the number of basic links B, T, Q, P,
and H in the AL. However, a CG of a kinematic chain does not contain a second degree
point, that is, n2 = 0 and its corresponding AL can be represented by n6Hn5Pn4Qn3T.

Based on graph theory, a CG of a kinematic chain can be composed of a base circle,
n vertices representing different basic links, and ne curves. The two parameters, n and ne,
satisfy the following formula [14]:

n = n3 + n4 + n5 + n6, ne = (3n3 + 4n4 + 5n5 + 6n6)/2 (1)

The number of curves that can be connected by the vertices representing different
basic links is different and is the same as the corresponding member element number of
the basic link. For example, a vertex representing H, P, Q, T and other vertices must be
connected to a total of 6, 5, 4, and 3 curves. As shown in Figure 1, 9 simple CGs with
1H1P1Q1T containing 4 vertices and 9 curves, which meets the structural requirements
of the CG. The difference is the arrangement of the 4 vertices on the base circle and the
connection between the various vertices.
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Figure 1. The 9 simple CGs with 1H1P1Q1T.

Therefore, for a CG, as long as we can accurately describe the number of vertices it
contains, the number of connection curves for each vertex, and the connection method
between each vertex, the CG can be uniquely determined.
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2.2. Characteristic String Description for CGs

A characteristic string (CS) is an array of n strings. Each string corresponds to a vertex
of the CG and includes a series of digits that represent the connection mode of the basic
link represented, called connection strings. Each string of digits consists of one or more
digits, where each digit represents the number of curves connected by two vertices [14,15].
Table 1 shows the CSs that describe the 9 CGs in Figure 1.

Table 1. The CSs for describing the 9 simple CGs in Figure 1.

CGs Basic Link Arrangement CSs

1 HPQT {213, 32, 211, 12}
2 HPQT {114, 41, 112, 21}
3 HPQT {123, 311, 121, 111}
4 HQPT {123, 31, 122, 21}
5 HQPT {222, 22, 221, 12}
6 HQPT {132, 211, 131, 111}
7 HPTQ {33, 32, 21, 13}
8 HPTQ {24, 41, 12, 22}
9 HPTQ {213, 311, 111, 112}

In the table, {213, 32, 211, 12} is used to describe CG 1 in Figure 1, which consists of
4 strings. The first string includes a string of digits 213 corresponding to the H vertex,
indicating that the basic link H and T, Q, P are connected to each other by 2, 1, and 3 curves,
respectively; Similarly, the second string, the third string, and the fourth string indicate
that the basic link P and H, T, Q are connected by 3, 0, and 2 curves, respectively. The basic
link Q and P, H, T are connected by 2, 1, and 1 curves, respectively. The basic link T and
Q, P, H are connected by 1, 0, and 2 curves, respectively. It can be seen that a CG can be
described by a CS.

There are 6 CSs for describing the CGs with 1H6T (see Table 2), which can be used to
synthesize the corresponding CGs, as shown in Figure 2.

Table 2. The CSs for describing simple CGs with 1H6T.

No. H T T T T T T

1 2112 21 12 21 111 111 12
2 2112 21 111 12 21 111 12
3 2112 21 111 111 111 111 12
4 21111 12 21 111 111 111 12
5 21111 111 111 111 111 111 12
6 111111 111 111 111 111 111 111
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Through observation, it is found that {2112, 21, 111, 111, 111, 111, 111, 12} with a
sequence number of 3 in Table 2 can simultaneously describe the CG 3/1, CG 3/2, and
CG 3/2i (where CG 3/2i is isomorphic to CG 3/2, which can be directly determined by
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observation); {111111, 111, 111, 111, 111, 111, 111, 111} with a sequence number of 5 can
describe CG 5/1, CG 5/2, and CG 5/3 at the same time. There is a case where a CS describes
multiple CGs.

This is mainly due to the complexity of the connection method of non-adjacent basic
links described by {2112, 21, 111, 111, 111, 111, 111, 12} and {21111, 111, 111, 111, 111, 12}.
The connection method of the middle bit of a CS with more than three digits cannot be
described and explained in the CS. In order to ensure the unique correspondence between
the CG of a kinematic chain and its feature description, it is necessary to find a more
standardized description method.

3. Standardized Description of CGs
3.1. Component Sequence String and Component Number

According to Section 2, each CG can be described by a CS, but each CS does not
only describe one CG. The main reason is that it is not possible to accurately describe the
connection methods of all basic links in a CG through only CSs.

In order to facilitate the correspondence with CSs, it is common to start from the vertex
at the top of the base circle and sequentially number all vertices on the base circle in a
counterclockwise direction. The constructed string is called a component sequence string
(CSS), and each digit therein is called a component number (CN). The CSS describing the
CG with 1H6T is {1,2,3,4,5,6,7}, as shown in CG 1 in Figure 2. The CSS contains a total of
seven CNs, which correspond sequentially to each string of the CS.

3.2. Connection Method Substring of CGs

The connection method substring (CMS) is an array of m (m ≤ n) strings, each string
corresponding to the CN of two mutually connected nonadjacent vertices in a CG, that is,
each string in the CMS includes two numbers.

The CMS is used to describe the connection relationship between nonadjacent links
in a CG. It can represent the connection relationship between the middle digits of a string
with a median of three or more characters in a CS. Taking the CS {2112, 21, 111, 111, 111,
111, 12} in Table 2 as an example, the CS contains a total of seven strings, including a string
{2112} with four digits and a string {111} with three digits. According to the nature of the
CS [14], the first and last bits of each string in the CS are connected to adjacent links, while
the intermediate bit cannot be reconnected to its adjacent links. So, there are three ways to
connect intermediate bits, as shown in Table 3, which correspond to the CG 3/1, CG 3/2,
and CG 3/2i shown in Figure 2.

Table 3. The connection method of intermediate bit in a CS.

CSs Connection Method of Intermediate Bit

{2112, 21, 111, 111, 111, 111, 12}
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Similarly, the CS {21111, 111, 111, 111, 111, 111, 111, 12} describes three connection
methods for basic links, corresponding to the CG 5/1 to CG 5/3 shown in Figure 2.

Based on the concept of CMS, a CMS describing the CG with 1H6T shown in Figure 2
can be written, as shown in Table 4.

Table 4. The CMS describing the CG with 1H6T.

No. CMS

CG 1 {15, 16}
CG 2 {13, 16}

CG 3/1 {14, 15, 36}
CG 3/2 {14, 16, 35}
CG 3/2i {13, 15, 46}

CG 4 {14, 15, 16}
CG 5/1 {13, 14, 16, 25}
CG 5/2 {13, 15, 16, 24}
CG 5/3 {13, 14, 15, 26}

CG 6 {13, 14, 15, 16, 27}

3.3. Standardized Description and Determination of CGs

In the process of CGs synthesis, it is very important to choose a suitable feature
description method. A CS can describe the number, type, and connection relationship
between two adjacent links in a CG, while CMSs describe the connection relationship
between two nonadjacent links in a CG. It can be seen that the combination of CSs and
CMSs can accurately describe the type, number, and connection relationship between basic
links in a CG. As long as the valid CGs are described in terms of the ALs, all the valid CGs
corresponding to the ALs can be synthesized.

Steps to determine the standardized description of the CGs are as follows:
Step 1: Determine the basic links arrangement based on the ALs.
Step 2: Determine the CS that describes the CG of the kinematic chain. The determina-

tion criteria are as follows [14,15]:

(1) The number of strings contained in each CS is the same as the number of basic links
in the AL, both of which are n.

(2) According to the basic links arrangement, in a CS, write out the string representing
the connection method of each basic link from left to right.

(3) Each string in the CS includes one or several digits, and the number of digits in any
string is smaller than n, that is, the number of basic links in an AL.

(4) Each digit of a string representing the number of curves connected by two basic links
connected to each other. The sum of the digits is equal to the number of curves that
the link needs to connect. The sum of digits representing the connection method of
basic links H, P, Q, and T is 6, 5, 4 and 3, respectively.

(5) In a CS, the last digit of the ith (i < n) string is the same as the first digit of the (i + 1)th
string, and the first digit of the first string is the same as the last digit of the nth string.

(6) The sum of all the digits in the n strings of a CS is equal to 2ne.
(7) The sum of the same digits in each string of a CS must be an even number.

Step 3: Determine the corresponding CMS based on the generated CS. The process of
determining the CMS is as follows:

(1) Number all strings in the CS sequentially to obtain a CSS;
(2) Remove the first and last digits of each CS to form a new character string. Where the

original bit of digits is two, it is indicated by “-”;
(3) Connect the digits in the new string generated in step (2). In order to ensure that the

generated CMS can draw a CG, and that the drawn CG is different but not isomorphic,
the following criteria need to be satisfied:

(a) The difference between the CNs of two interconnected links is greater than 1;
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(b) The head and tail links cannot be connected to each other, that is, the two links
with CN 1 and n cannot be connected;

(c) The number of curves connected to each other by two interconnected links is
equal, that is, the corresponding digits in the new string generated in step (2)
are the same, and different digits cannot be connected to each other;

(d) In the generated CMSs, if the respective strings in the two CMSs correspond to
the same without considering the sequence of the respective strings, only one
is retained, and the others need to be deleted;

(e) In the generated CMS, when the CNs of the two connected links repeatedly
appear, the generated CMS needs to be deleted, as well as the corresponding
CSs.

Since the CMS is used to describe the interconnections of digits between strings with a
median of greater than or equal to 3, excluding the first and last digits, it is used to describe
the connection relationship of nonadjacent basic links in the CGs of the mechanism, so
conditions (a) and (b) need to be satisfied.

Since the CMS is used to describe the connection relationship of nonadjacent links in a
CG, and when links are connected to each other, the corresponding connection curves must
be the same, so condition (c) needs to be satisfied.

In Table 2, {2112, 21, 12, 21, 111, 111, 12} is a valid CS description of HTTTTTT, and
its CMS can be described with {15, 16} and {16, 15}. However, CG 1 in Figure 2 is the CG
they describe. Therefore, when determining the CMS, condition (d) needs to be satisfied,
otherwise a large number of identical CGs will be generated.

{2111, 1112, 2111, 111, 112} and {221, 1112, 221, 111, 112} can both describe CG 1 in
Figure 3. They are both valid CSs for PPPTQ, but their corresponding CMSs are {13, 13, 24,
25} and {13, 24, 25}, respectively. The difference is that in the CMS of {2111, 1112, 2111, 111,
112}, the string {13} appears twice, indicating that the links with CN 1 and CN 3 need to
connect two one-bar curves. In the CMS of {221, 1112, 221, 111, 112}, the string {13} only
appears once, indicating that the links with CN 1 and CN 3 need to connect one two-bar
curve. Therefore, in order to avoid synthesizing the same CG, condition (e) needs to be
satisfied. Here, we call the CS {2111, 1112, 2111, 111, 112} an isomorphic CS of {221, 1112,
221, 111, 112}.
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Using the above criteria as programming conditions, it is easy to generate all valid
CMSs from a CS through a computer. Taking {2112, 21, 111, 111, 111, 12} as an example,
follow the steps to determine the CMS, and sequentially obtain the CSS as {1, 2, 3, 4, 5, 6, 7}.
After removing the first and last bits of each string, obtain a new string {11, -, 1, 1, 1, 1, -}.
Finally, it is determined that the CMS satisfying the criteria (a)~(e) is {13,15,46}, {14,15,36},
{14,16,35}.

3.4. An Example for Synthesizing CGs

According to the theory of AL for closed mechanisms [17], 1Q1T3P is one of the ALs
when the complexity of the mechanism µ is 6. Now, the corresponding effective CGs of the
mechanism are synthesized. The comprehensive process is as follows:

Step 1: Determine the arrangement of the basic links in 1Q1T3P. In this step, it is
necessary to delete the cyclic isomorphism arrangement and then obtain two effective
arrangements: PPPTQ and PPTPQ, as shown in Table 5.

Table 5. Standardized description of the CGs (including description of identical CGs marked with
horizontal lines) with 1Q1T3P.

Basic Links Arrangement No. CSs CMSs

PPPTQ

1 {32, 23, 32, 21, 13} ——
2 {212, 23, 311, 12, 22} {13}
3 {311, 14, 41, 111, 13} {14}
4 {23, 32, 212, 21, 112} {35}
5 {14, 41, 122, 21, 121} {35}
6 {311, 113, 311, 111, 13} {13, 24}
7 {212, 212, 212, 21, 112} {13, 25}
8 {122, 221, 122, 21, 121} {13, 25}
9 {122, 212, 221, 12, 211} {13, 25}

10 {113, 32, 2111, 12, 211} {13, 35}
11 {212, 23, 311, 111, 112} {14, 35}
12 {113, 32, 221, 111, 121} {14, 35}
13 {2111, 113, 311, 111, 112} {13, 14, 25}
14 {1211, 122, 221, 111, 121} {13, 14, 25}
15 {221, 1112, 221, 111, 112} {13, 24, 25}
16 {131, 1211, 131, 111, 121} {13, 25, 24}
17 {212, 212, 2111, 111, 112} {13, 24, 35}
18 {113, 311, 1211, 111, 121} {13, 24, 35}
19 {113, 311, 1112, 21, 1111} {13, 25, 35}

20 {1112, 212, 2111, 111,
1111} {13, 14, 25, 35}

21 {122, 2111, 1211, 111,
1111} {13, 24, 25, 35}

22 {14, 41, 1112, 21, 1111} {35, 35}
23 {1112, 221, 1112, 21, 121} {13, 13, 25}
24 {1112, 212, 2111, 12, 211} {13, 13, 25}
25 {113, 32, 2111, 111, 1111} {14, 35, 35}
26 {2111, 1112, 2111, 111, 112} {13, 13, 24, 25}
27 {1211, 1211, 1211, 111, 121} {13, 13, 25, 24}
28 {1211, 1112, 221, 111, 1111} {13, 14, 25, 25}
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Table 5. Cont.

Basic Links Arrangement No. CSs CMSs

PPTPQ

29 {14, 41, 12, 23, 31} ——
30 {113, 32, 21, 113, 31} {14}
31 {32, 221, 12, 221, 13} {24}
32 {23, 311, 12, 212, 22} {24}
33 {311, 131, 111, 131, 13} {13, 24}
34 {212, 221, 111, 122, 22} {13, 24}
35 {113, 311, 111, 113, 31} {13, 24}
36 {311, 122, 21, 1211, 13} {14, 24}
37 {212, 212, 21, 1112, 22} {14, 24}
38 {131, 122, 21, 131, 121} {14, 25}
39 {122, 221, 12, 221, 121} {14, 25}
40 {122, 212, 21, 122, 211} {14, 25}
41 {113, 311, 12, 212, 211} {14, 25}
42 {221, 1112, 21, 1211, 112} {14, 24, 25}
43 {212, 2111, 12, 2111, 112} {14, 24, 25}
44 {212, 221, 111, 1211, 112} {14, 24, 35}
45 {113, 311, 111, 1112, 211} {14, 24, 35}

46 {2111, 1211, 111, 1211,
112} {13, 14, 24, 25}

47 {1211, 1211, 111, 1211,
121} {14, 13, 25, 24}

48 {1112, 2111, 111, 1112,
211} {13, 14, 24, 25}

49 {122, 2111, 111, 1211,
1111} {14, 24, 25, 35}

Step 2: Determine the corresponding CSs for the two different basic linkage arrange-
ments obtained above. Using the method, it is obtained that there are 28 and 21 sets of CSs
for PPPTQ and PPTPQ, as shown in Table 5.

Step 3: Determine the corresponding CMS from each CS determined above according
to the criteria (a) to (d), as shown in Table 5.

Step 4: Check the generated CMSs and delete the CSs and CMSs that describe the
same CG according to criterion (e). In Table 5, under the basic link arrangement PPPTQ,
the CSs and CMSs with No. 22 to No. 28 need to be deleted to avoid generating the same
CG, which is marked with “—” in the table.

Step 5: Draw a CG of the mechanism from valid CSs and CMSs. Note that each string
in a CMS only represents the link number to be connected, and the specific number of curves
to be connected needs to be determined based on the numerical size at the corresponding
position of the corresponding CS. Figure 3 shows all the valid CGs synthesized by 1Q1T3P,
with a total of 42.

The CGs drawn from the CMs and CMSs numbered 22 to 28 in Table 5 are shown in
Figure 4. By comparing them with Figure 3, it is found that they are identical to the CGs
drawn from the standardized descriptions numbered 5, 8, 9, 12, 15, 16, and 14, respectively.
Therefore, when determining the standardized description, it can be directly deleted,
reducing the workload of subsequent judgment of pattern isomorphism.
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4. Automatic Synthesis of CGs by CAD
4.1. Establishment of Functional Modules and Interface

A software for automatic synthesis of CGs is created, and the design flow chart is
shown in Figure 5. It has three main functions as follows:

(1) Generation of basic link arrangement.
(2) Generation of standardized description of CGs.
(3) Automatic Drawing of CGs.
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As shown in Figure 6, the main interface of the software is mainly composed of four
text boxes, two list boxes, and three buttons.
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Only one of the four text boxes is an input box for entering an AL. The others are
display text boxes that can display the number of basic links contained in the AL, the type
of links, and the digital representation of the basic link arrangement. One of the list boxes
is for displaying the basic link arrangement, and the other for displaying all valid CSs of
the specified basic link arrangement. Three buttons are used to control whether to execute
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three commands: calculating the basic link arrangement, displaying valid CSs under a
specific arrangement, drawing and displaying CGs.

4.2. Algorithm of Programs in Software
4.2.1. Generating the Basic Links Arrangement

Using selective insertion method [22], the basic links arrangement of a given AL can
be generated.

4.2.2. Generating the Valid CSs

According to the proposed guidelines of determining the CSs in Section 3, the CSs of
an AL with certain basic links arrangement can be automatically generated.

1. Numeric string representation for basic links arrangement

The main function of this subroutine is to obtain the number of elements of the
basic link represented by the given symbol (such as H, P, Q or T), which is a numeric
representation, and store the results in an array value_bar. Figure 7 shows the flowchart for
implementing the program.
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2. Connection strings of different basic links

The recursive approach is adopted, and the main function of this subroutine is to
decompose the specified number into a string with the sum of each number as the value.

Assuming that the number of elements of a basic link is n and denoted as n-element
links, all possible connection modes are denoted as set P(n). When n = 0, the set is called
empty, that is, P(0) ={ }; when n > 0, it can be denoted as i + P(n−i), where i = 1~n.
The “+” sign here is not an addition symbol in mathematical operations, defined as the
concatenation of arrays or strings. For example, calculate the connection string of the
ternary link T, where n = 3. According to the proposed algorithm, the calculation is divided
into the following steps:

Step 1: Calculate P(1) first. Since P(0) ={ }, then P(1) = 1 + P(0) = {1}.
Step 2: Calculate P(2) again. When I = 1, P(2) = 1 + P(1) = {1 1}, and when i = 2,

P(2) = 2 + P(0) = {2} [2].
Step 3: Calculate P(3). The method is the same as above, then P(3) = 1 + P(2) = {1 1 1}

and{1 2}, P(3) = 2 + P(1) = {2 1}, P(3) = 3 + P(0) = {3}.
So, there are four types of connection string for T: {1 1 1}, {1 2}, {2 1}, and {3}. Based on

the above algorithm, the connection strings of other basic links can also be obtained.
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3. Group connection strings of basic links

This grouping is based on the number of bits in the string. Figure 8 shows the flowchart
for grouping connection strings.
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From the flowchart, it can be seen that the program has defined a variable num_bar at
the beginning, used to store the number of links contained in the AL to be calculated. At
the same time, a one-dimensional array max_bit is defined, and its i_type element is the
maximum number of bits after grouping the connection strings of link labeled i_type. The
grouping results are saved in a two-dimensional cell array named groupLib_typeRsv.

According to the determination criteria for CSs in Section 3, the maximum number
of bits in the connection string of each basic link is num_bar-1, because the number of bits
cannot be greater than its element label number i_type. So, the maximum number of bits in
each connection string is the smaller values of num_bar-1 and i_type. Taking the AL 1Q1T3P
as an example, it contains five links and a total of three types of basic links, namely T, Q,
and P. Then, num_bar = 5, max_bit(3) = 3, max_bit(4) = 4, max_bit(5) = 4, indicating that the
maximum number of bits for the three types of links is 3, 4, and 4, respectively. Run the
program, and the results are shown in Table 6.

Table 6. Group results of the connection strings in 1Q1T3P.

Bits T Q P

one-bit {3} {4} {5}
two-bit {12}, {21} {13}, {31}, {22} {14}, {41}, {23}, {32}

three-bit {111} {112}, {121}, {211} {113}, {131}, {311}, {122}, {212}, {221}
four-bit {1111} {1112}, {1211}, {2111}

4. Determine the bit distribution mode of each basic link connection strings

For a given basic link arrangement, to automatically generate its valid CSs, you need
to first determine the bit distribution mode of each basic link connection strings it contains,
then select the string that meets the bit requirements, and finally generate the CSs through
the tree structure.

Figure 9 shows the flowchart of this subroutine. The function of this subroutine is to
generate the maximum and minimum allowable bits of each connection string under the
current basic links arrangement, and calculate an even sequence of the sum of the total bits,
which is saved in evenArr_sumBit.
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According to the relevant characteristics of a CS, the required bit distribution to be
met is as follows:

(1) The sum of the bits of n strings contained in each CS must be an even number, which
is a multiple of 2.

(2) When n is equal to 2, the number of bits in each connection string must be one.
(3) When n is greater than 2, in order to ensure the closure of the drawn CG, the minimum

number of bits in the connection string contained in it is two, and the maximum cannot
exceed n.

So, one variable num_bar is defined in the program, used to store the number of basic
links n contained in the AL to be calculated, with two arrays of maxBit_curPermute and
minBit_curPermute, which stores the maximum and minimum bits for each basic link in
the current basic links arrangement. Taking PPPTQ as an example, calling this subroutine
will result in the maximum allowable bit maxBit_curPermute = {4 4 4 3 4}, minimum
allowable bit minBit_curPermute = {2 2 2 2 2}, and even sequence of the sum of total bits
evenArr_sumBit = {10 12 14 16 18}.

Then, using a recursive algorithm, based on the obtained even sequence, the effective
bit distribution of each basic link connection string under the current basic link arrangement
at different total bits is generated. This algorithm decomposes the specified number M
(i.e., the sum of the total bits of basic links) into N numbers (i.e., the number of basic
links), where the sum of these N numbers exactly equals M, and each number is within the
specified range.

For PPPTQ, based on the even sequence of the sum of total bits calculated earlier
and the maximum and minimum allowable bits of each connection string, the effective bit
distribution can be obtained, as shown in Table 7.

Table 7. The bit distribution for connection methods of basic links in PPPTQ.

Total
Digits Bit Distribution for Connection Methods of Basic Links No.

10 {2 2 2 2 2} 1

12
{4 2 2 2 2}, {3 3 2 2 2}, {2 4 2 2 2}, {3 2 3 2 2}, {2 3 3 2 2}, {2 2 4 2 2},
{3 2 2 3 2}, {2 3 2 3 2}, {2 2 3 3 2}, {3 2 2 2 3}, {2 3 2 2 3}, {2 2 3 2 3},

{2 2 2 3 3}, {2 2 2 2 4}
14

14

{4 4 2 2 2}, {4 3 3 2 2}, {3 4 3 2 2}, {4 2 4 2 2}, {3 3 4 2 2}, {2 4 4 2 2},
{4 3 2 3 2}, {3 4 2 3 2}, {4 2 3 3 2}, {3 3 3 3 2}, {2 4 3 3 2}, {3 2 4 3 2},
{2 3 4 3 2}, {4 3 2 2 3}, {3 4 2 2 3}, {4 2 3 2 3}, {3 3 3 2 3}, {2 4 3 2 3},
{3 2 4 2 3}, {2 3 4 2 3}, {4 2 2 3 3}, {3 3 2 3 3}, {2 4 2 3 3}, {3 2 3 3 3},
{2 3 3 3 3}, {2 2 4 3 3}, {4 2 2 2 4}, {3 3 2 2 4}, {2 4 2 2 4}, {3 2 3 2 4},

{2 3 3 2 4}, {2 2 4 2 4}, {3 2 2 3 4}, {2 3 2 3 4}, {2 2 3 3 4}

35

16

{4 4 4 2 2}, {4 4 3 3 2}, {4 3 4 3 2}, {3 4 4 3 2}, {4 4 3 2 3}, {4 3 4 2 3},
{3 4 3 2 3}, {4 4 2 3 3}, {4 3 3 3 3}, {3 4 3 3 3}, {4 2 4 3 3}, {3 3 4 3 3},
{2 4 4 3 3}, {4 4 2 2 4}, {4 3 3 2 4}, {3 4 3 2 4}, {4 2 4 2 4}, {3 3 4 2 4},
{2 4 4 2 4}, {4 3 2 3 4}, {3 4 2 3 4}, {4 2 3 3 4}, {3 3 3 3 4}, {2 4 3 3 4},

{3 2 4 3 4}, {2 3 4 3 4}

26

18 {4 4 4 3 3}, {4 4 4 2 4}, {4 4 3 3 4}, {4 3 4 3 4}, {3 4 4 3 4} 5

Finally, based on each bit distribution mode, a tree structure is used to generate CSs.
Taking the bit distribution {2 2 2 2 2} as an example, the process of generating CSs from its
tree structure is shown in Table 8.
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Table 8. Tree structure for the generation of CSs.

Bit Distribution {2 2 2 2 2}
P
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In the process of generating the tree structure, the following three situations need to
be distinguished to ensure the validity of the generated CS, which are:

(1) Verify whether the connection string of each basic link in the generated CS can connect
with each other, that is, the last digit of the previous basic link connection string is
equal to the first digit of the current basic link connection string, and the last digit of
the last basic link connection string is the same as the first digit of the first basic link
connection string.

(2) Verify whether the sum of the same digits in the basic link connection string in the
generated CS is even.

Finally, the CSs obtained from the basic link arrangement PPPTQ are displayed in the
list boxes of the software, as shown in Figure 6. They are the same as No.1 to No.21 CSs
listed in Table 5.

4.2.3. Generating the Valid CMSs

To design a program that automatically generates CMSs, the process is relatively
complex and can be divided into the following steps according to the determination criteria
for CMSs in Section 2.2:

Step 1: After removing the first and last digits of each connection string, form a new
string with the remaining digits;

Step 2: For the generated new string, determine all possible situations where non-
adjacent numbers in each string are connected to each other, then establish a library for
CMSs;

Step 3: Check if there are valid connection methods, that is, the digits connected to
each other must be equal, and the number of bits they belong to must be separated by at
least one bit. Those that do not meet the requirements will be removed from the library;

Step 4: Delete completely duplicated, shifted duplicated, and reverse duplicated CMSs
by detecting whether the given CMS exists in the existing library of CMSs.

Based on the above algorithm, the CMSs corresponding to the CSs of PPPTQ obtained
are listed in Table 5.

4.2.4. Drawing CGs

The purpose of designing the drawing program is to automatically draw the CGs
of kinematic chain according to the relationship between the automatically generated
standardized description (i.e., CS and CMS) and the CG. The main functions used are the
circle and plot functions. In order to facilitate computer graphics, the concept of multicolor
CG is proposed, which uses different colored lines to represent different numbers of
connecting curves and stores them in variables representing connecting line types. The
connecting line type consists of four curves, three curves, two curves, and one curve is
represented by a green, blue, red, and black line type.
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The design idea of this program is to first draw a base circle, then determine the
positions of each point based on the number of basic links contained in the AL, and
then connect adjacent points along the base circle according to the connecting line type
corresponding to the CS. Finally, connect the related points in a straight line based on the
connection relationship described by the CMS and its corresponding connecting line type.
Figure 10 shows a CG and its interface display automatically drawn by the software.
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Figure 10. The interface display of automatically drawing the CG.

Among them, PPPTQ is basic links arrangement, {131, 1211, 131, 111, 121} is the CS,
and {13, 25, 24} is the CMS. The number “1/1” indicates that there is only one connection
mode between nonadjacent links. If there are n modes, the numbers are “i/n” and i = 1~n
respectively.

5. Application Examples of Automatic Synthesis of CGs

This method is fully implemented by computers. During program processing, inter-
mediate variables are passed as numeric strings and stored in arrays or cell arrays. The
time of the entire synthesis process is mainly determined by the number and combination
of basic links in the AL. If the number of basic links is small, the corresponding calculation
time will be shorter. When the total number of basic links is the same, more basic links
of the same type can improve the calculation speed to a certain extent [27]. The designed
software can generalize this conclusion for all ALs mentioned in Reference 10 and 27. Due
to space limitations, the paper only provides two examples.

5.1. CGs of 1Q1T3P and Time Complexity Analysis

To automatically synthesize the CGs of the AL 1Q1T3P, just input 1Q1T3P in the
input text box on the home screen of the software, click the “Arrangement” button, and
the effective arrangement methods can be calculated as “PPPTQ” and “PPTPQ”. Select
one group, respectively, and click the “Display CSs” button to display all the effective
CSs of this arrangement method in the list box, as shown in Table 5 (excluding No.22 to
No.28). Finally, click the “Draw CGs” button, and a total of 42 CGs are shown, as shown in
Figure 11. This result is consistent with the artificially synthesized results in Figure 3. This
proves that the software is simple to operate and the results are correct.
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Figure 12 shows the calculation process of the AL 1Q1T3P in MATLAB. By using the
“tic/toc” statement in MATLAB, the running time of the program can be calculated. In the
command window, you can see that the time is 15.436524 s. It can be seen that this method
is convenient and time-saving in practical applications.
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5.2. CGs of 1Q6T

Similarly, the automatic synthesis software is run to synthesize the effective CGs of
the AL 1Q6T; as 1Q6T contains six identical basic links T, there is only one effective basic
arrangement, namely TTTTTTQ. There are a total of 27 distinct and non-isomorphic CGs
synthesized from them, as shown in Figure 13.
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At the end of Figure 13, you can see the CS {111, 111, 111, 111, 111, 111, 1111} can
synthesize seven different CGs, which are distinguished by seven different CMSs. Similarly,
Figure 14 shows the calculation process of the AL 1Q6T in MATLAB. In the command
window, you can see that the time is 17.578527 s.
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6. Conclusions

In this article, the concept of CMS is proposed by modifying and supplementing the
CSs used to describe the CG, and the solution method and related criteria are given. A
CMS can describe the connection relationship between two nonadjacent links in a CG. The
combination of CSs and CMSs can accurately describe the type and number of basic links
in a CG, as well as the connection relationship between the links. This achieves one-to-
one correspondence between a CG and its feature description, and avoids the omission
and repetition of the CG during the synthesis process. Then, based on the proposed new
feature description method for CGs, an automatic synthesis software for CGs is designed.
The software can automatically generate effective CSs and CMSs, and can automatically
draw CGs, which realizes the simplification and visualization of the complex process of
CGs synthesis. Finally, taking ALs 1Q1T3P and 1Q6T as examples, running this software
can automatically identify and delete isomorphic and invalid basic link arrangement,
isomorphic CSs and CMs, and isomorphic CGs during the synthesis process.
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