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Abstract: Representations of braid group B, on n > 2 strands by automorphisms of a free group of
rank n go back to Artin. In 1991, Kauffman introduced a theory of virtual braids, virtual knots, and
links. The virtual braid group VB, on n > 2 strands is an extension of the classical braid group B, by
the symmetric group Sj,. In this paper, we consider flat virtual braid groups FVB,, on n > 2 strands
and construct a family of representations of FV B,, by automorphisms of free groups of rank 2n. It has
been established that these representations do not preserve the forbidden relations between classical
and virtual generators. We investigated some algebraic properties of the constructed representations.
In particular, we established conditions of faithfulness in case n = 2 and proved that the kernel
contains a free group of rank two for n > 3.
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1. Introduction

The foundations of the braid groups theory were laid down in the works of E. Artin in
the 1920s. In [1] he defined the braid group B, on n > 2 strands as a group with generators
01, ..,0,—1 and defining relations:

i—jl>2, 1)
1<i<n-2. @)

0i0j = 00,

0i0i4+10; = 0ij410i0;41,

Aset {oy,..
group By,. The generator 0; € By, and its inverse 0;

.,0,—1} is called the standard generators, or the Artin generators of the braid
! are presented geometrically in Figure 1.

1 i i+1 n 1 i i+1 n
NS NG
N s

Ui o !

Figure 1. Generator 0; € By, and its inverse (71._1.

There is a useful relation between braid groups and knot theory, see for example, [2-7].
This relation is based on Alexander’s theorem [8], that states that every knot or link in
S3 is ambient isotopic to a closed braid, and on Markov’s theorem [9], that describes
the elementary operations generating the equivalence relations on braids given by the
equivalence of their closures. These operations are said to be Markov moves. Invariants,
arising from representations of braid groups, play an important role in classical knot theory
and its generalizations.
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Artin discovered faithful representation ¢, : B, — Aut(F, ), where F, = (xq,...,x,)
is the free group of rank n for n > 2. Homomorphism ¢,;, known as the Artin representation,
maps generator 0; € B, to the following automorphism ¢, (0;):

Xi > Xiji1,
N . -1
@n(07) 1 Q Xip1 > X XiXig,
x]‘F—)X]', ]'751',1'+1.

Note that for each i, 1 < i < n —1, one has ¢,(0;)(x1 - x4) = x1 - - - x,. Therefore
on(B)(x1-+-xn) = (x1---xy,) for every B € B,. Moreover, it is shown by Artin [1,10]
that an automorphism g € Aut(F,) is equal to ¢,(B) for some B € B, if and only if the
following two conditions are satisfied: (i) f(x;) is conjugate of some x; fori =1,...,n —1;
and (ii) f(x1 -+ xn) = X1+ Xp.

The braid group B, can be naturally identified with MCG(D,,dD,,), the relative
mapping class group of the n-punctured disc D;, and the Artin representation is induced
by the action of B, on the group m1(D,) = F,, where x; is a loop represented by the
boundary of the i-th puncture. Moreover, the Artin representation has the following useful
property. Let L be a link in S3. Suppose L is obtained by closure from an n-strand braid
B € By, ie., L = B. Then the link group 71 (S% \ L) is isomorphic to a group Gz defined by
the following presentation

Gﬁ:<x1,x2,...,xn | gon(,B)(xi):xi, i:1,...,n>.

In [11] Wada introduced some other representations {¢,, }7° , of braid groups B, by
automorphisms of free groups which, in the same way as above, give groups invariants
of links

Gp(Pn) = (x1,x2, ..., xn | $u(B)(x)) =x;, i=1,...,n). 3)

It is evident that the family of representations {1, }$_, should be such that the group
Gp(4n) exhibits the property of invariance with respect to Markov moves.

For this purpose, the so-called Wada-type representations or local homogeneous
representations have proven to be a useful tool. Recall that a representation is local
whenever the image of ¢;, fori = 1,...,n — 1, acts non-trivially on the pair of adjacent
generators x; and x;,1, and the image of x; is the word u(x;, x; 1), while the image of x; 1
is a word v(x;, x; 1), where u and v are reduced words in the group generated by x; and
xi1+1. In [11], seven types of such representations were discovered, and a hypothesis was
formulated regarding the existence of other local homogeneous representations. Four of
these seven types are faithful. The classification of such representations was provided
in [12].

In [13], new families of representations {1, }"_, are considered, for which a similar
group invariant for links can be defined, analogous to (3). By deviating from the require-
ment of local homogeneous representation (see [13]), it is possible to expand the list of
representations of braid groups by automorphisms of free groups. However, in terms of
group invariants, as demonstrated by Ito [13] (Theorem 4.1), no new additions are made.

In what follows, if any automorphism acts on a generator identically, we will not write
this action. We write the composition of automorphisms in the order of their application
from left to right, namely, ¢y (f) = P (¢(f)).

Virtual braids were introduced by Kauffman in his founding paper [14] together with
virtual knots and links. See [15-18] for more information about virtual knots and links,
and [19,20] for their applications to study of proteins. In the same paper, Kauffman defined
the virtual braid group VB, on n > 2 strands, generated by the elements o1,...,0,_1
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similarly to the classical braid group and py,...p,—1 that satisfy braid relations (1)—(2),
symmetric group relations (4)—(6) and mixed relations (7)—(8):

=1 1<i<n—1, @)

pipj = Pjpis i—jl =2, (5)
PiPi+1Pi = Pi+1PiPi+1, 1<i<n-2, (6)
picj = 0jp;, li—jl>2 )
PiPi+10i = Cit1PiPi+1, 1<i<n-2 8)

Generator p; € VB, is presented geometrically in Figure 2.

1 i i+1 n

Pi
Figure 2. Generator p; € VB,.

Geometric braids corresponding to the mixed relation (8) are presented in Figure 3.
i i+1 i+2 i i+1 i+2

N

PiPi+10i Oi+1PiPi+1

Figure 3. The mixed relation p;p;110; = 0;110i0i+1-

Kamada [21] established that the following Alexander theorem for virtual braids holds:
If L is a virtual link, then for some  there exists a virtual braid g € VB, such that L = B is
the closure of B.

It is shown in [22] that relations

- 2/ (9)
n—2. (10)

Pi0i+10; = 0i4+10i0i+1,
Pi+10i0i+1 = 0i0i4+10i,

do not hold in the VB, group. These relations (9) and (10) are called forbidden relations,
see Figures 4 and 5. The group WB,, is obtained from VB, by adding the relation (9)
and is called welded braid group [23]. The same group WB,, is obtained by adding the
relation (10) to the group V B,,. Adding both relations (9) and (10) to V B, leads to unknotting
transformations for virtual knots and links [21,22,24]. Other unknotting operations for
links, virtual links and welded links are given, for example, in [25-27]. Note that the
representations VB, — Aut(G,) were constructed, for example, for groups G, of the
following form: G, = F, * Z"*!in [28], G, = F, * Z? in [29], G, = F,  Z*"*! and
Gy = F,, *Z" in [30]. For structural properties and other representations of the virtual
braid groups see [31,32].

In the last decade many polynomial invariants of virtual knots and links have been
introduced. Among them are affine index polynomial by Kauffman [33], writhe polynomial
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by Cheng and Cao [34], wriggle polynomial by Folwaczny and Kauffman [35], arrow
polynomial by Dye and Kauffman [36], extended bracket polynomial by Kauffman [37],
index polynomial by Im, Lee and Lee [38], zero polynomial by Jeong [39], sequences
of L-polynomials and F-polynomials by Kaur, Prabhakar, and Vesnin [40] and recurrent
generalizations of F-polynomials [41].

In [42], Mihalchishina constructs an extension of Wada representation to the virtual
and welded braid groups. By utilizing the generated representations, she established
the construction of virtual link groups and demonstrated their invariance under link
transformations. The conditions on the representations here for group invariance appear to
be more complex than in the classical case.

i i+1 i+2 i i+1 i+2

S

Pi0i410; 0i+10iPi+1

Figure 4. The forbidden relation p;0;10; = 0;110;0;11.

i i+1 i+2 i i+1 i+2

Pi+10i0i4+1 0i0i4+10;

Figure 5. The forbidden relation p;; 100,11 = 0;0;11p;.

In [43] the group of flat virtual braids FV B, on n strands was introduced as a result of
adding the relations (11) to the group VB,:

o?=1, 1<i<n-1. (11)

1

We summarize the above discussions in the following definition.

Definition 1. For n > 2 a group with generators oy, ...,0,_1, P1,. .., Pn—1 and the following
defining relations:

?=1, p? =1, 1<i<n-1,
0i0i410; = 034103 0iy1,  PiPit1Pi = Pit1PiPit1, 1<i<n—2,
0j0j = 0} 0j, 0i Pj = P; Pis i—jl>2

and .
PiPi+10; = 0iy10iPi+1, 1<i<n-—2,
0i0; = 0jp;, li—j| > 2.

is called the flat virtual braid group FV By, on n strands.
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Generator 0; € FV B, is presented geometrically in Figure 6 and generator p € FV B, is
presented geometrically in Figure 2. Flat virtual knots and links arise naturally as closures
of flat virtual braids. In [44] Im, Lee, and Son demonstrate a construction of a polynomial
invariant for flat virtual knots induced from an index polynomial invariant of virtual knots
in [38].

1 i i+1 n

0j

Figure 6. Generator 0; € FVB,,.

In [45] the following problem was formulated: Does it exist a representation of the
FV B, group by automorphisms of some group for which the forbidden relations would
not hold? In [46], such representation #,: FVB, — Aut(F,,) was constructed, here
Foy = (x1,...,Xn,Y1,---,Yn) is a free group of rank 2n. The homomorphism #,, maps
generators ;, 0; € FVB,, wherei =1,...,n — 1, to the following automorphisms:

Xi = Xii1,
Xi = Xip1Yit1, Xiy1 > Xi,
1 (07) - - (o) : (12)
Xig1 7> XY, Yi = Yit1,
Yi+1 = Yi-

It was shown in [46] that the representation 17, : FVB, — Aut(IF,) is faithful.

In this paper we construct a family of representations of the group FV B,, by automor-
phisms of the free group Fp,, = (x1,..., X, Y1, - . .,Yn), which generalize the representation (12).
Namely, we consider a family of homomorphisms ®, : FVB, — Aut(F,, ), which are
given by mapping generators 0;,p; € FVB;, wherei = 1,...,n — 1, to the following
automorphisms:

Xi > Xip1 6 (Yis Yig1),
n 1 . n 1 .
Xit1 = X bi(YVi, Yis1), Yi & Yirl,

Yit1 — Yis

where the elements a;(y;, yiy1), bi(Yi, Yiv1), ¢i(yi, Yiv1) and d;(y;, yi11) are words in a free
group of rank two with generators {y;, y;11} for eachi = 1,...,n — 1. Thus, the homo-
morphisms ®;, depend only on the choice of the words a;, b;, ¢;, d;, which define the locally
nontrivial action of the automorphism corresponding to the generator of the group FV B,
and in this sense the homomorphisms ®,, are local homomorphisms.

The article has the following structure. In Section 2, the existence of local represen-
tations is discussed. Namely, in Theorem 1, we establish for which g;, b;, ¢;, and d; there
exists a local homomorphism @, of the group FV B,, into the automorphism group of the
free group [Fy,. In Sections 3 and 4, we obtain results about the structure of the kernel of
the homomorphism @, in particular, in Theorem 3, we describe the kernel of this homo-
morphism for n = 2. In Theorem 4, it will be established that for n > 3 the kernel of the
homomorphism @, contains a free group of rank 2. We note it was shown earlier in [46]
that for n > 3 the kernel of the homomorphism 7,,, which is a special case of ®,, con-
tains an infinite cyclic group. In Section 5, we present a family of local non-homogeneous
representations, see Theorem 5.
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2. Existence of Local Representations

Let Iy, be a free group of rank 2n with free generators xq, ..., Xu, Y1, .., Ynu-

Theorem 1. Let n > 2 and a;(y;, yiv1), bi(Vi, viv1), ¢i(Vi, Vis1), di(Yi, yiv1) be words in a free
group of rank two with generators {y;, y; 1}, where1 < i < n — 1. Define the map ©,, : FVB,, —
Aut(F,, ) by mapping o; and p; to automorphisms:

Xi = xi1 6(Yio Vi),

O (c3) - {Xi = X1 3 (Yi, Yiv1), O (pi) : Xit1 — X di (Vi i),
Xip1 = Xibi(Yi Yin), i Yigl,
Yit1 = Yi-

(14)

Then, the following properties hold.
(1) The map ©, is homomorphism iff

bi(vivie) = a7 (Vi vin),  a@ovin) =i divivia) =y "

wherem; € Z for1 <i <n—1,and

m; —m;_ .
a;(yj, Yj1) = y]-jl ﬂjf1(}/j/yj+1)}/j o 2<j<n—1,

with n > 3, where ay = w(y1,y2) for some word w(A, B) € Fp = (A, B).
(2)  The map ©,, does not preserve the forbidden relations.

Proof. (1) Let us verify that the relations (1)—(8) and the relation (11) are preserved under
the map ®,,. Denote s; = ©,(0;) € Aut([Fp,) and r; = O, (p;) € Aut(Fy,).

The relations (1), (5), and (7) are preserved because s; acts non-trivially only on x; and
xi11, while r; acts non-trivially only on x;, x;11, y; and y; 1.

Since

2. Jxi i ai(yi Yisa) = i biYi yiv) ai(Yi, Yiva),
Vi = X b i) & X i Vi) biYi Yisa),

the relation (11) is preserved if and only if b;(y;, y; 1) = alfl (Vi,yiv1) foralll <i<mn-—1.
Further,

2. Jxie xigaii Yien) = xidi(Yi Yiv) 6 vi),
Vi = i di (i yie) — X G Yivn) diYieu vi),

and relation (4) is preserved iff

di(yi yic1) = ¢, (Yirr,yi),  1<i<n-—1 (15)

Consider the actions of automorphisms r;7;1s; and s;,17;7i11. We have

xi = X416 (Vi Yiv1) > XivaCiv1 (Yisr, Yiva) i (Vi Yit2),
ririasi 4 Xig1 = Xic; (Vi vi) = Xic Vi, Yi) = X1 (Vi vica)er Vi, Vi),
Xivo > Xigo = Xip1eh (Viva Vier) = Xia; (yi Yiv1) e (Viva Vi),

and

xi = Xip16i (Vi Yiv1) = Xip2Civ1 (Vi1 Yiv2)Ci(Vir Yiv2),
Xip1 > Xigo8i1 (Yig1, Yiva) = Xig28i01(VisYir2)
Sit17itig1 — xi 116540 (Viva, Yigr) @i (Vi Yisr),
Xio 7 X010 (Vi1 Viva) = xic; N (Yier, vi)aih (Vi Viga)
= xic;  (Yiso, i) a (Vi Yis)-
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Thus, to fulfill the relation (8), it is necessary and sufficient that
ai1 (Vi Yi1)Ci(Yiv2 Vi) = Civa (Viva, Yis1)ai(Yis Vi), (16)
holds foralll <i<n-—2.
A similar consideration of the relations (6) leads to the equalities
Civ1 (Vi Yiv2)Ci(Yir1, Yiro) = i1 (Yis1, Yir2)Ci(Yis Yiva), (17)

forall1 < i < n— 2. This is only possible if ¢;(y;, yi+1) = yﬁil for some m; € Z with
1 <i <n—1. Using (16) and (17) we obtain
ai 1Y Yin1) = Vit ai(vivie)y; ", 1<i<n-—2.

The fulfillment of the relations (2) is checked directly.
(2) Let us now show that the forbidden relations do not hold under the map ©,,.
Indeed, we have:

Yi s Yi+1 F Yi+1 e Yi+1s
%Myi&yiﬂ}/i,
therefore, #;5;115; 7# Si+15iti+1. Similarly
Vi =5y S i i,
yi'ﬂyiéyimyi,
therefore, s;5;11%; # *i115iSi+1. U

Thus the representation ®, given by the formula (14) depends on the word a; (A, B) =
w(A,B) € F, = (A, B), into which we substitute y; and y;,1 instead of A and B respec-
tively, and a set of integers m = (my,...,m,_1). To emphasize this dependence of the
representation on w and m, we denote it @;;"":

2 i—1
xi = X [ [yis ol yin) [Ty ™
k=i =1

OL (0 i l. (18)
m — —m
Xit1 — X H Y; “(w(Yi Yiv1)) ! H%’Hk'
k=i—1 k=2
and
mj
Xi 7 XY,
Xip1 > Xy,
O (i) s ¢ T T (19)
Yi = Yit1,
Yiv1 = Yis
2 1

where in the products 1_[ and 1_[ it is assumed that i > 2 and the indices are decreasing,

k=i k=i-1
i-1 i
and in the products H and H it is assumed i > 2 and the indices are increasing.
k=1 k=2
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The word w is called the defining word for the homomorphism @;;". In the par-
ticular case when m; = O foralli = 1,...,n — 1, we will write @Y : FVB,, — Aut(Fy,)
assuming that

Xj = Xit1,
x; — X1 w(Yi, Yis1), Xiiq — X,
G;U((Ti) : i i+1 (yz yz+l) B @z;(pi) : i+1 i (20)
Xip1 = Xi(w(yi Yie1)) ™ Yi = Yit1,
Yit1 — Yi-

Note that the homomorphism (12) constructed in [46] can be represented as 1, = O for
w(A,B) = B.

Let B € FVB, and x € Fy,. Further, to simplify the notation, by B(x) we mean
05" (B)(x), where the word w and the set m are assumed to be clear from the context.

3. The Kernel of Homomorphism @} and FVK,, Group

In this section we show that the kernel of the homomorphism @;;" lies in the intersec-
tion of the group of flat virtual pure braids and the group of flat virtual kure braids group
FVK,, defined below.

Consider the subgroup S, = (07 ...0,,_1) of FVBy, which is isomorphic to the permu-
tation group of an n-element set. The map 7, : FVB, — S, defined on the generators o, p;
according to the rule:

a(0;) = o3, 1<i<n-—1,
T (0i) = 0i, 1<i<n-1,

is obviously a homomorphism.
Definition 2. Denote FV P, = Ker(7t,,) and call it flat virtual pure braid group on n strands.

Similarly, the subgroup S}, = (p; ...p,—1) of FVBy, is isomorphic to the permutation
group of an n-element set, and the map v, : FVB, — ), defined on generators ¢, p;
as follows:

vu(p;) = pis 1<i<n-—1,

is also a homomorphism.
Definition 3. Denote FVK,, = Ker(vy,) and call it flat virtual kure braid group on n strands.

Here, we use the term flat virtual kure braid since the term kure virtual braid group
was used in [47] for kernel of the map 7t : VB, — S;; which is defined analogously to
vp : FVB, — S'. The group FVK, = Ker(v,) also was denoted by FH,, in [46] since it is
the flat analog of the Rabenda’s group H,, from [48] (Prop. 17).

Lemma 1 ([46]). (Prop. 4) The group FVK,, admits a presentation with generators x;j, 1 <i #
j < n and defining relations

2
X =1, XijXel = X Xij,  Xik Xk Xik = Xij Xik Xk, (21)

where different letters stand for different indices.

Corollary 1. The group FVKy is a Coxeter group with generators x;;, 1 < i # j < n and
defining relations

xz‘z,]' =1 (xijx0)? =1, (xixxi)’ =1, (22)
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where different letters stand for different indices.

The following property is a generalization of the property established in [46] (Prop. 9)
for the word w(A, B) = B.

Lemma 2. Let n > 2. For any word w € Fy and any set of integers m = (my,...,m,_1)
Ker(®}"") < FVP, N FVK,.

Proof. Let ¢ € Ker(®;;""). Then y; = ¢(y;) = va(g)(y;), since all g; act identically on y;.
But then v, (g) is the identity permutation of the set {y, ...,y }, which by definition means
¢ € FVK,.

Next, we show that g € FVP,. Denote by G the normal closure of the subgroup
(Y1,...,Yyn) in Fy,. Itis clear that G is a @}""" (FVB,)—invariant subgroup. Then ©;"" in-
duces a homomorphism %" : FVB, — Aut(F,,/G) = Aut(F,), where F, = (x1,...,x5).
From Formulas (14) we can write out the action of ¥}, on the generators of the group FVBy,:

Xi = Xit1, Xj > Xit1,

T?”WY{ WWW@%{ 1<i<n-—1.

Xip1 = Xi, Xiy1 > X,

Now it is easy to see that the image of FV B, under the map ¥}, is a permutation of the
set {x1,...,x,}. It remains to note that if ¢ € Ker(©;""), then g € Ker(¥};""") = FVP,. O

Since Sj, < FVB,, then the decomposition of FVB,, = FVK, x S}, follows directly
from the definition of FVK,,. Considering the restriction of the homomorphism 7, to FVKy,
we obtain the homomorphism ¢, : FVK, — S,. Note that its kernel is X,, = Ker(¢,) =
FVP, N FVK,. Further, since S}, < FVK,, we obtain the decomposition FVK, = X, x S,.
Thus, we have the following decomposition of the group of flat virtual braids:

FVB, = (X, x S,) % S),.
As it invented in [48], we denote

Aijiy1 = Pi0i, 1<i<n-—1,
Aij = Pj-1Pj—2 - - Pi+1Aii+1Pi+1 - - - Pj—20j—1, j—i=>2

Element A; ; is presented geometrically in Figure 7,

Lemma 3 ([48]). The group FV P, is generated by the elements A;;, 1 < i < j < n and the
defining relations are:

AijAkr = Agidij, (23)
Akt jAij = AijAk Ak (24)

where 1,7, k, I correspond to different indices.
Let us consider the case n = 3 in more details. As shown in [48],
FVP3 = {a,b,c|ac]=1), (25)

where a = Ay3413, b = Azzand c = Ay 577 % These elements presented geometrically in
Figure 8.
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i i+1  i+2 j—2  j-1

Figure 7. Element A; j € FVB,.

1 2 3
1 2 3
1 2 3
a b c

Figure 8. Elements a = Ay3A13, b = Ap3, c = /\2,3/\1_21 € FVBs.

Theorem 2. We have the following decomposition
X3 = 7%« Fy T,
where F3 is a free group of rank 3and T = (x,y,u,v,p,q | xy = uv,vu = pq,qp = yx).

Proof. Consider the restriction of the homomorphism v3: FVB3 — S to FVP;. Let us
denote it by ¢: FVP; — S),. Then X3 = Ker(¢).

To find the generators and relations of the X3 group, we use the Reidemeisetr-Schreier
rewriting process, see for example [49]. Let us write out the system of Schreier representa-
tives for Ker(¢) using the generators indicated in the presentation (25): T = {1,a,ab,c,cb, b}.
For an element g, we denote its representative in T by g. Then the kernel Ker(¢) is gener-
ated by the following elements:
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c- (@)t =ac=m,

a-a- (@) P =adc =14, a
ab-a- (aba)~! = abab™! = v, ab-b- (ab?)"! = ab?a' = w,
a
1

(@) t=ca=r,

ab-c-(abc)™t =abch ¢l = p, c
coc- () t=ctal=g cb-a-(cba)~t = cbab~la"! =g,
¢h-b-(cb?)"! =cb*ct =1, cb-c-(cbe)™t =cbch! =y,
ba) ! =bab el = x, b-b- ()1 =v*=F,

Further, the relations taca~'c~'t~! for t € T must be rewritten in new generators. For
example, for t = ab we obtain:

ab(aca e Mo la™! = vbca e et = vuaba e g !

= vwflcbc*llfla*1 = vuqilpfl
The rest of the relations are found similarly. As a result, we obtain:

m=r, m = tg, r=gt
Xy = uv, U = pq, qp = yx.

It is now clear that the elements g, f generate Z?, the elements w, i, f generate F3, and the
group generated by the elements x, y, u, v, p, and g we denote by I'.  [J

Lemma 4 ([46]). Let Gy, be a subgroup of FV P, generated by the elements:

tij =y, 1<i<j<n, (26)
dijre =A0 A A Ak, 1<i<j<k<n, 27)
€ijk )\ /\ Az k/\zjl 1<i< ] <k<n. (28)

Then the normal closure of G, in FV Py, coincides with X,,.
Let us describe the action of ®% on the generators indicated in Lemma 4.

Lemma 5. The homomorphism @Y : FVB, — Aut(F2,), defined by the word w € Fy, maps the
generators of the group G, to the following automorphisms:

-1
X; = X; W, w P . .
oy (ti)) : ' P A 1<i<j<n, (29)
x]>—>x]w1]w]1,
X W W Wi, o
O (d; ;1) : G Xy h 1<i<j<k<n, (30)
kakalkw]I ]'kr
Xj > X W W Wk, o
OU(ejx):q Jfk’k 1<i<j<k<n (31)
Xj > Xl Wi

where w; ; = w(y;,y;) for all i, j.
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Proof. Let, as before, s; = O¥(0;) and r; = ©¥(p;). First of all, let us establish some

auxiliary formulas. Let1 <i < j—1<n —1, then

Tit]
Xit+1 Xit2,

bj = @f(p]-_l e Pig1) :

i—1

Tj j-2 Tig
Yj — Xj-1 — Xj2... A Yit1-
Further,

Ti 5 -1
Xi—> Xjqy1 ——> X wi,iJrl’

T 5
Xip1 > Xj — Xj+1 Wi it1,
T 5;
Yi—VYiy1 — Yi+1,
r; S;
Yimir— Yi—Yi.

aji11 = Oy (A1) = O} (pio;)

Let us show that for 1 <i < j < n the formulas

Xi = X;w ]1 Xi — X w]-,l-,
-1
Xi > X;w; Xi b X W,
®w(/\ ,]) j jWijs ®w()‘z] ) . ] ] 750
Yi—=Yj, - Yi—Yj
Yi—=Yi Yji—Yi
hold. Indeed, we have
1
b Aji+1 1 b
xl»—>xl»—>xl ”+1sz l]

by .

j aji+1 i,j
Xi1 > Xjp2 V> Xjqp2 > Xjy1,

b Ajji+1 71
Xj— 1n—>x]»—>x]»—>x] 1,
by b !
Xj . Xi+1 ’—> Xit1 Wiit1 s Xj Wi, j,
by j b !
Yi = Yi v Yir1 = Y,
71

©y/(Ai ) :

b all
Yit+1 e Yivo F >y1+2 . Yit+1,

h i i1 b_l
Yi—1 E Yi—Yj E Yi-1,
bij b

Yj ’—>y1+1 '—>yz '_>y1
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We are now ready to prove Formulas (29)—(31). For example, let us establish (29):

A A

S NS R NESURS N |
X = X W X W W
X DAA X; W, '% X;W;;w
w —OW(r2) . i i Wi i Wij Wi,
Oy (ti,j) =0, (/\i,j) : ! Aij /\i; T
Yi Yj > Yi,
/\i,]' )\1‘,]'

The Formulas (30) and (31) are proved in the same way. [J

The following statement answers the question about the faithfulness of the representa-
tions ®%™ in the case n = 2.

Theorem 3. The nontrivial representation ©)" : FVBy — Aut(Fy) is not exact if the defining
word w is
w(A,B) = AliBR2  Akmp=kn  A~kap=h gmi

where all k; are nonzero integers except possibly only for ky and ky,. In this case, Ker(©3") =
X ~ 7. The representation of ®5"™ is exact for other w.

Proof. Lemma 2 implies that Ker(©3"") < X,. It is easy to show that X; is generated by
the element ¢ 5.
In the case of n = 2, the set m consists of a single integer m = {m; }. For any k € Z

—-1,my _—1_mj\k
X1 =X (wl,z Y2 Wy1¥Yq )5

—m —mi\k
Xy x (wipyy WY, )N

oL (#,): {

Thus ©Y (1} ,) = id iff either k = 0 or
wia Y5 vy Yt =1,

—my
1 .

ie., f(y1,y2) = f~H(y2,y1) for the word f(y1,y2) = w(y1, y2)y
Let f(A,B) = AfiBk2 . Bk AKst1, Then

Akl Bk pksi1 — Bhsiphs | p—Reph

therefore f(A,B) = AkiBke  AkmB—km  A—k2B—Ki where all k; — nonzero integers
except maybe ki and k;,. But then

w(A,B) = ARBR  Akmp=km  A~kap=ki gm
This completes the proof. [

4. Nontriviality of the Kernel Ker(®;"™") forn > 3
Consider the following subgroups of the FV B, group:

Q) = (tiit1s €iittiva)s lsizn-=2 (32)
MY = (tiriro, dijpriva) l<isn-2 (33)
Pyt% = (tiita), lsisn-2 34

Lemma 6. Let n > 3 and w(A,B) € Fy(A,B). Then, foralli,1 < i < n — 2, we obtain
the inclusion

Qi M3, Pi?]| < Ker(@}). (35)
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Proof. Note that Q/, acts non-trivially only on generators x; and x;,1, M5! acts non-
trivially only on x; 1 and x;,,, while Pi*? acts non-trivially only on x; and x;,,. Consider

the element
h=q(mpm™p~ g~ (mpm™p~") 7,

where g € Q),, m € Mi'! and p € Pi*2. This element acts non-trivially only on the
generators x;, x;1 and x;;,. Write out its action:
1 -1 -1 ~1 1
q m P m 4 q P m 14 m
h:xi»—>qxin—)qxi|—>pqxin—>pqxi»—>qxin—>xin—>pxin—>px,-»—)xl-b—>xl-;
-1 -1 -1
hex i . n ) P oom L F oA . Py
PXip] = X1 > MgXi ) —— MgXj 1 > Xj > X1 Y Xjp1 > X1
-1 1
m p m .
= MXj1 1 —— MXj1 1 — Xi11;
-1 -1 -1
b xs 1, .. m ‘ P om -1 N -1,,—1 o4
D Xjyp > Xjyo > MXjyp —— PMXjip —> M PMXjyp —> P M PMXjpy —

11 m*lmfl
p m pmxi, = X2

Thus, h € Ker(©¥) and the inclusion (35) is proved. [

Theorem 4. Let n > 3. For any defining word w(A, B) € Fy(A, B) the kernel Ker(®Y) contains
a subgroup isomorphic to a free group of rank 2.

Proof. Denote a free group of rank 2 by F,. By Lemma 6, it suffices to show that F, <
Q4 [M3,P3]] < FVPs.
Consider the elements

ho = [t12, 23, 11,3 and  hy = [t [di23, t13]]-
We write them down in terms of the generators of FV P; group, see (25):
ho=[(c7'0)% %, 0 'a)Y]]  and k= [(c'b)? [b %ca, (b 'a)?]].  (36)

Let us prove that hp and 1 generate [F. To achieve this, it suffices to show that there
are no relations between them. Let ¢ : FVP; — (a,b) be the homomorphism given by the
mapping ¥(a) = a, (b) = band (c) = 1. Denote hy = ¢(hy) and hy = P(hy). Then

iy = b2ab tab 20 ba b 2ab ab?a a7},

hy = ab Yaba 'ba b 2ab " tab ta ba 112

The elements iy and /7 lie in the free group (a,b). Hence the group (o, h1) is either
isomorphic to Z or isomorphic to F,. The first case means that /iy and /1; must be powers
of the same element, i.e., ip = g(a,b)* and iy = g(a,b)* for some word g(a,b) € (a,b)
and nonzero k,s € Z. Let g(a,b) = f -w - f !, where w(a, b) is the cyclic reduced word in
(a,b). Then ¢° = fw’f~! = hy and since I is itself cyclically reduced, we obtain f = 1.
But then ¢* = fwkf~! = wk = hip must be cyclically reduced, which is not the case. Thus
(ho, 1) = Fp and hence (ho, hy) = F,. O

Corollary 2. Let n > 3, then Ker(®}/""") contains a subgroup isomorphic to a free group of rank 2
for any integer tuple m = (my, ..., my,_1) and arbitrary defining word w(A, B) € F2(A, B).

Proof. There are three points which are sufficient to prove the corollary:

* 117 acts non-trivially only on generators x; and xp,
* ty3and djp3 act non-trivially only on elements x; and x3,
*  t13 acts non-trivially only on x7 and x3.
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Recall we have t;; 1 = )\%i = (piai)z by Formula (26). Therefore, t1 » and t 3 satisfy
property above.

Let us check that t1 3 = (p2p10102)? leaves x,, y1, y2 and y3 in place. The element t; 3
acts trivially on the generators y; for 1 < i < 3, because using Formulas (18) and (19) we
obtain 13 - y; = (020102)? - yi = 1-y; = y;. The trivial action on x; follows from the fact
that ppp1071 02 leaves this element in place. Indeed, according to (18) and (19), we obtain

P2 my Pl my 01 my P2 —my M
Xp I XaYyt iy XgY3 e aYy T o XaYy Yyt = X

Similarly, we check the action for

x1 253 x5 xw(yn, y) v M w(y, y1) o xayy Mo (ys, )
Y2y Mw(ys ) 2y Moy, ) F

5 sy, My, ya) o o (v, ya)w (v, ya) H 3,
d123 - Yi = P1P201010201 " Yi = Yi, 1< i <3

This completes the proof. [

5. Examples of Non-Homogeneous Representations

Following [12,13] we recall the concept of a local representation of the braid group by
automorphisms of the free group. Let IF;, be the free group of rank n generated by x1, ..., x,.
Fori = 1,...,n —1, an automorphism T; : F,, — F, is said to be i-local if Tl-(xj) = X;
forj #i,i+1and T;((x;, x;11)) = (x;, xi11), where (x;, x; 1) denotes the subgroup of I,
generated by x; and x;,1. In other words, an automorphism T; € Aut(F,) is i-local if and
only if there exists an automorphism t; € Aut(F,) of the free group F, = (A, B) of rank 2
such that

Ti = id]F[_l *t; % id]Fn—i—l F, = Fi—l * [Fp Fn—i—l — Fi—l * [Fp Fn—i—l =TF,.

In this case we say that ¢; is the core of T;.

A representation © : B, — Aut(F,) is said to be local if the automorphism @(c;) is
i-local foralli =1,...,n — 1. If a local representation @ is such thatt; = ... =t,_q, then it
is said to be a homogeneous representation or Wada representation.

We introduce the concept of a local representation of the group of flat virtual braids by
automorphisms of the free group as follows. Let IF,,, be the free group of rank 2n generated
by x1,..., X0, Y1,...,Yn. Fori =1,...,n — 1, an automorphism T; : Fy,, — I, is said to be
i-local if:

* Ti(xj)) =xjand Ti(y;) = yjforj #i,i+1;
o Ti({yiyis1) = Vi Yirr);
o Ti(xi) € (xit1,¥i,Yiv1) and Ti(Xiy1) € (X0, Yir Yit)-

A representation ©® : FVB,, — Aut([F,) is said to be local if the automorphisms ©(¢;)
and O(p;) are i-local for alli = 1,...,n — 1. In this case, each automorphism ©(c;) and
O(p;) of Fy, corresponds to automorphism t; and 7; of Fy = (A, B, C, D). In this case we
say that t; and T; are i-cores of ©. A local representation ® : FVB,, — Aut(Fy,) is said to
be homogeneousift; = ... =t,_jand g =... = T,_1.

Below we will focus on the non-homogeneous representations of the group FV B3
by automorphisms of the free group Fg = (x1,x2,x3, y1,¥2,¥3) of rank 6. Recall that
in this case, a representation ® : FVB; — Aut(Fg) is locally non-homogeneous if the
automorphisms corresponding to the generators o1, 02, and p1, p2 are induced by distinct
automorphisms of the free group Fy.

Above, we considered representations of the group of flat virtual braids FVB,, in
which the image of the generator o; acted trivially on y, and y; ;1 forall1 <i <n —1, see
formulae (18) and (19). Now we relax this condition. Taking into account Ito’s classification
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result in [13] and the involutiveness of generators of FV B,;, we obtain two possible scenarios
for the action of the image of the generators o; or p; on y; and y;1:

vy Wiy
Yiv1 = Yis Vie1 ;L

The following result can be considered as an analog of Theorem 1 in the case of local
non-homogeneous representations of the group FV Bs.

Theorem 5. Let e;,¢;,a;,a; € {1} for 1 < i < 2 and coefficients B; ;, i, bij,&i; € Z for
1 <i,j < 2. Consider the map ®3 : FVBs — Aut(Fg), defined on the generators as follows:

P11 a1, P12 Y11 82, Y12
ley% xzylzgr XYy XYy,
21,41, P22 Y21 4.842. 722
®5(01): Xo = Y17 X ®3(01): Xo = YT XY
3(01): €1 3(01): €5
Yi—=Yy, Y1 =Yy,
k) &€
Y2 =Yy V2 Yyt
b1q a1, b1p 811,82 . 812
x2*_>yz xaygr X2 = Y3 X37Y3,
21,41 ,,022 821 .,.42 . 822
®3(0): X3 = Yo Xy Yy, ®3(02): X3 = Yo X7,
3l02): e 3l02): &
Y2 = Y3, Y2 = Y3,
e e
Y3 =y, Y3 — Yy,

Then D3 is a representation if and only if eyep = e1€3 and one of the following conditions is satisfied:

(1) ai=ay=m=ay=1ora; =0, =—a; = —ap =1, where

b1 — g1 = e2B11 — e1r11,
bi2 — 812 = e2B12 — 1712,

2) a1=—-ar=a1=—ay=1oraey = —ap = —a; = a, = 1, where

bi1 + g12 = —e2B12 +e1712,
b1z + g1 = —e2B11 +e1 1,

3) —a1=ar=a01=—ay=1or—ua1 =ap, =—a; =ap, =1, where

b1 + g12 = €211 — e1 11,
b2 + g1 = e2B12 — 1712,

4) —wa1=—-ar=ay=ay=1o0r—wa) = —ap, =—a; = —ap, =1, where

b1 — g11 = —e2B12 +e1712,
b1z — g12 = —exB12 +e1 711

In all cases, the condition of involutiveness uniquely determines the coefficients

B21, B22, Y21, Y22

in terms of the remaining coefficients.

Proof. The condition e1¢7 = eje; follows directly from relation p1p201 = 2p102.
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The homomorphism ®3 induces an action @ on the quotient group of Iy, by relations

nn=yp=y =1L

X1 L%

~ X1 = Xy, ~ X1 = X%,

D3(07): o D3 (p1): A

Xp —> X1, Xy = Xq%,

ay a2

=~ Xy —r X3, ~ X — X357,

D3(02): " D3 (p2): 2

X3 = Xy, X3 = Xy°.

Then, the condition w14y = aya; follows similarly from relation p1 0207 = 201p2.
Further, we consider a casee; =e; = ¢ = ¢y =landa; = ap, = a1 = ap = 1. In this
case, we have the following formulae for ®s:

Xy = yglgxzygufﬁ ¥y xys
- - —T1 —7T12
xp =y, My, U2, X2y Xy,
Ds3(0n): ! ! D3 (p1): ! !
Y1+ Y2, Y1 = Y2,
Y2 = Y1, Y2 — Y1,
b b
Xy y31;x3y312,b Xy y§11 x3y§12,
- - —811 —812
X3y oy, 2 X3 Y, 0 Xalp
@3(0’2): 2 2 (Dg(pz):
Y2 Y3, Y2 Y3,
Y3 — Y2, Y3 — Y2,

here we use involutiveness of generators of FV Bs.
Finally, we can write conditions for relation p10207 = 02p102:

Y11+811 Y12+812
X1 =Yg 8 X3Y5 d12.
Xy y2—’hl+511 x2y2—712+,312,
—-g11—Bn —812— P12
X3 =Yy X1y
D3(p10201): ! ! ’
Y1 +— Y3,
Y2 = Y2,
Y3 =y,
xXq ygu +811 x3yg12+812/
by — b1 —
Xp > yzn gnxzyzlz 812,
—bi1—111 —bip—7112
X3 — Yy X1y ,
D3(02p0102): ! !
Y1+ Y3,
Y2 = Yo,
Y3 — Y1,

therefore, we obtain

bi1 — g1 = Bu1 — 11,
bi2 — g12 = B12 — 712-

Other cases hold by analogous considerations. [
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