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1. Introduction

In lightlike geometry, a fundamental problem is the introduction of new kinds of
lightlike submanifolds admitting various differentiable structures such as almost complex,
contact or product structures, etc. The theory of lightlike submanifolds was presented by K.
L. Duggal and his colleagues [1–3]. Since the metric of a lightlike submanifold is degenerate,
examining these submanifolds includes complicated and rich geometric properties. In this
manner, various lightlike submanifolds of almost product-like semi-Riemannian manifolds
were investigated by several authors [4,5]. The geometry of radical anti-invariant lightlike
submanifolds of semi-Riemannian product manifolds was discussed by E. Kılıç and B.
Şahin in [6].

On the other hand, the theory of statistical manifolds has important application
areas, and various properties of statistical structures in geometric and physical terms have
been studied intensively in recent years. Statistical manifolds were first introduced by S.
Amari [7] in 1985, as follows:

Let (M̃, g̃) be a semi-Riemannian manifold furnished with the metric tensor g̃ and
let ∇̃ be a torsion-free affine connection on (M̃, g̃). If ∇̃g̃ is symmetric, then (M̃, g̃, ∇̃)
is called a statistical manifold. In [8], K. Takano introduced the notion of Hermite-like
manifolds. This notion is a more general form than Hermitian geometry. Inspired by the
definition of Hermite-like manifolds, almost product-like manifolds were investigated
in [9] and screen semi-invariant lightlike hypersurfaces of almost product-like manifolds
were studied in [10].

Based on the above facts, it is possible to study the radical anti-invariant lightlike
hypersurfaces of almost product-like statistical manifolds. Furthermore, in this paper, we
find some results on these hypersurfaces with the aid of concircular vector fields.

2. Preliminaries

Let (M̃, g̃) be a statistical manifold and g̃ be a semi-Riemannian metric g̃ with constant
index q. In this case, there exists an affine connection ∇̃ on (M̃, g̃) such that

X1 g̃(X2, X3) = g̃(∇̃X1 X2, X3) + g̃(X2, ∇̃∗X1
X3) (1)
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holds for any X1, X2, X3 ∈ Γ(TM̃); then, (M̃, g̃, ∇̃) is called a statistical manifold. Here, ∇̃∗
is another affine connection, which is called the dual connection of ∇̃, and we have

∇̃0
X1

X2 =
1
2
(∇̃X1 X2 + ∇̃∗X1

X2), (2)

where ∇̃0 indicates the Levi–Civita connection of (M̃, g̃) [7].
Let (M, g) be a hypersurface of (M̃, g̃). If the induced metric g is degenerate on M,

then (M, g) is called a lightlike hypersurface. Due to the degeneracy of g, there exists a
one-dimensional distribution Rad(TM), which is known as the radical distribution. The
radical space is defined by

Rad(TM) = span{ξ : g(ξ, X) = 0 for any X ∈ Γ(TM)} (3)

and the complementary distribution of Rad(TM) such that we write

TM = Rad(TM)⊕orth S(TM), (4)

where ⊕orth is the orthogonal direct sum. The distribution S(TM) is called the screen
distribution of (M, g) and a lightlike hypersurface is indicated by (M, g, S(TM)) [1,3].

For any lightlike hypersurface, there is a unique 1-dimensional vector bundle ltr(TM) =
span{N}. Therefore, we can write

TM̃ = S(TM)⊕orth (Rad(TM)⊕ ltr(TM)), (5)

where ⊕ indicates the direct sum, which is not orthogonal.
The Gauss and Weingarten formulae are specified by

∇̃0
X1

X2 = ∇0
X1

X2 + B0(X1, X2)N (6)

and
∇̃0

X1
N = −A0

N X1 + τ0(X1)N, (7)

where ∇0
X1

X2, A0
N(X1) ∈ Γ(TM) [11].

The Gauss and Weingarten type formulas with respect to statistical connections could
be derived as follows:

∇̃X1 X2 = ∇X1 X2 + B(X1, X2)N, (8)

∇̃X1 N = −A∗N X1 + τ∗(X1)N, (9)

∇̃∗X1
X2 = ∇∗X1

X2 + B∗(X1, X2)N, (10)

∇̃∗X1
N = −AN X1 + τ(X1)N, (11)

where ∇X1 X2,∇∗X1
X2, A∗N X1, AN X1 ∈ Γ(TM) and τ, τ∗ are 1-forms The above formulas

could be written on S(TM) as follows:

∇X1 PX2 = ∇X1 PX2 + C(X1, PX2)ξ, (12)

∇X1 ξ = −Aξ X1 − τ(X1)ξ, (13)

∇∗X1
PX2 = ∇∗X1

PX2 + C∗(X1, PX2)ξ, (14)

∇∗X1
ξ = −A∗ξ X1 − τ∗(X1)ξ, (15)

where P : Γ(TM)→ Γ(S(TM)) is the natural projection and∇X1 PX2,∇∗X1
PX2, Aξ X1, A∗ξ X1 ∈

Γ(S(TM)).
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For any lightlike hypersurface (M, g, S(TM)), the following equalities occur:

B(X1, ξ) + B∗(X1, ξ) = 0, (16)

C(X1, PX2) = g(AN X1, PX2), (17)

C∗(X1, PX2) = g(A∗N X1, PX2), (18)

B(X1, X2) = g(A∗ξ X1, X2)− B∗(X1, ξ)g̃(X2, N), (19)

B∗(X1, X2) = g(Aξ X1, X2)− B(X1, ξ)g̃(X2, N). (20)

A lightlike hypersurface is called totally geodesic with respect to ∇̃ if B = 0, to-
tally geodesic with respect to ∇̃∗ if B∗ = 0, totally tangential umbilical with respect to
∇̃ if B(X, Y) = kg(X, Y) is satisfied, totally tangential umbilical with respect to ∇̃∗ if
B∗(X, Y) = k∗g(X, Y) is satisfied, totally normally umbilical with respect to ∇̃ if A∗N X = k∗X
or C∗(X, Y) = k∗g(X, Y) is satisfied, and totally normally umbilical with respect to ∇̃∗ if
AN X = kX or C(X, Y) = kg(X, Y) is satisfied. Here, κ and κ∗ are smooth functions on
M [12,13].

3. Lightlike Hypersurfaces of Almost Product-like Statistical Manifolds

Let M̃ be a differentiable manifold and F, F∗ be two tensor fields satisfying
F2 = (F∗)2 = I, where I identifies the identity map. If there is a semi-Riemannian metric
g̃ satisfying

g̃(FX1, X2) = g̃(X1, F∗X2), (21)

then (M̃, g̃, F) is said to be an almost product-like statistical manifold. For any almost
product-like manifold (M̃, g̃, F), if F = F∗ then (M, g, F) becomes an almost product-like
semi-Riemannian manifold. Putting F∗Y instead of Y in (21), we find

g̃(FX1, F∗X2) = g̃(X1, X2) (22)

is satisfied on (M̃, g̃, F, F∗).

Example 1. Let us consider R4 with a local coordinate system {x1, x2, x3, x4}. Define

F =


−1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

, F∗ =


−1 0 0 0
0 1 0 0
0 0 0 e−x1

0 0 e−x1 0


and

g̃ =


−1 0 0 0
0 1 0 0
0 0 ex1 0
0 0 0 1

.

Then, we have F2 = (F∗)2 = I4 and (M̃, g̃, F) is an almost product-like Lorentzian manifold.

Definition 1. Let (M̃, g̃, F) be an almost product-like semi-Riemannian manifold. If there exists
a torsion-free connection ∇̃ such that ∇̃g is symmetric, then (M̃, g̃, ∇̃, F) is called an almost
product-like statistical manifold.

Example 2. Consider (R4, g̃, F) in Example 1. Define a connection ∇̃ on (R4, g̃, F) satisfying
(1), with

∇̃ ∂
∂xi

∂

∂xj
=

4

∑
k=1

Γk
ij

∂

∂xk
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and

∇̃∗∂
∂xi

∂

∂xj
=

4

∑
k=1

Γ∗ij
k ∂

∂xk

where Γk
ij and Γ∗ij

k are smooth functions for i, j, k ∈ {1, . . . , 4}. Using the fact that

∂

∂xi
g̃

(
∂

∂xj
,

∂

∂xs

)
= g̃

(
4

∑
k=1

Γ∗ij
k ∂

∂xk
,

∂

∂xs

)
+ g̃

(
∂

∂xj
,

4

∑
k=1

Γ∗is
k ∂

∂xk

)
,

we obtain

Γ1
11 + Γ∗11

1 = 0, Γ2
11 + Γ∗12

1 = 0, Γ3
11 + Γ∗13

1 = 0, Γ4
11 + Γ∗14

1 = 0,

Γ1
21 + Γ∗21

1 = 0, Γ2
21 + Γ∗22

1 = 0, Γ3
21 + Γ∗23

1 = 0, Γ4
21 + Γ∗24

1 = 0,

Γ1
31 + Γ∗31

1 = 0, Γ2
31 + Γ∗32

1 = 0, Γ3
31 + Γ∗33

1 = 0, Γ4
31 + Γ∗34

1 = 0,

Γ1
41 + Γ∗41

1 = 0, Γ2
41 + Γ∗42

1 = 0, Γ3
41 + Γ∗43

1 = 0, Γ4
41 + Γ∗44

1 = 0,

Γ1
12 + Γ∗11

2 = 0, Γ2
12 + Γ∗12

2 = 0, Γ3
12 + Γ∗13

2 = 0, Γ4
12 + Γ∗14

2 = 0,

Γ1
22 + Γ∗21

2 = 0, Γ2
22 + Γ∗22

2 = 0, Γ3
22 + Γ∗23

2 = 0, Γ4
22 + Γ∗24

2 = 0,

Γ1
32 + Γ∗31

2 = 0, Γ2
32 + Γ∗32

2 = 0, Γ3
32 + Γ∗33

2 = 0, Γ4
32 + Γ∗34

2 = 0,

Γ1
42 + Γ∗41

2 = 0, Γ2
42 + Γ∗42

2 = 0, Γ3
42 + Γ∗43

2 = 0, Γ4
42 + Γ∗44

2 = 0,

Γ1
13 + Γ∗11

3 = 0, Γ2
13 + Γ∗12

3 = 0, Γ3
13 + Γ∗13

3 = ex1 , Γ4
13 + Γ∗14

3 = 0,

Γ1
23 + Γ∗21

3 = 0, Γ2
23 + Γ∗22

3 = 0, Γ3
23 + Γ∗23

3 = 0, Γ4
23 + Γ∗24

3 = 0,

Γ1
33 + Γ∗31

3 = 0, Γ2
33 + Γ∗32

3 = 0, Γ3
33 + Γ∗33

3 = 0, Γ4
33 + Γ∗34

3 = 0,

Γ1
43 + Γ∗41

3 = 0, Γ2
43 + Γ∗42

3 = 0, Γ3
43 + Γ∗43

3 = 0, Γ4
43 + Γ∗44

3 = 0,

Γ1
14 + Γ∗11

4 = 0, Γ2
14 + Γ∗12

4 = 0, Γ3
14 + Γ∗13

4 = 0, Γ4
14 + Γ∗14

4 = 0,

Γ1
24 + Γ∗21

4 = 0, Γ2
24 + Γ∗22

4 = 0, Γ3
24 + Γ∗23

4 = 0, Γ4
24 + Γ∗24

4 = 0,

Γ1
34 + Γ∗31

4 = 0, Γ2
34 + Γ∗32

4 = 0, Γ3
34 + Γ∗33

4 = 0, Γ4
34 + Γ∗34

4 = 0,

Γ1
44 + Γ∗41

4 = 0, Γ2
44 + Γ∗42

4 = 0, Γ3
44 + Γ∗43

4 = 0, Γ4
44 + Γ∗44

4 = 0.

In this case, (R4, g̃, ∇̃, F) is an almost product-like statistical manifold.

For any almost product-like statistical manifold, there is a dual connection ∇̃∗ of ∇
such that Equations (1) and (2) are satisfied. An almost product-like statistical manifold is
called a locally product-like statistical manifold if

∇̃F = 0 (23)

is satisfied. We note that for any locally product-like statistical manifold,

∇̃∗F∗ = 0 (24)

is also satisfied. For more details, we refer to [9].

Example 3. Let us consider (R4, g̃, ∇̃, F) given in Example 2. If ∇̃F = 0, then we obtain the
following identities:
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∇̃∂1 ∂1 = Γ1
11∂1 + Γ3

11∂3 − Γ3
11∂4,

∇̃∂1 ∂2 = Γ1
12∂2 + Γ3

12∂3 + Γ3
12∂4,

∇̃∂1 ∂3 = Γ1
13∂1 + Γ2

13∂2 + Γ3
13∂3 + Γ4

13∂4,

∇̃∂1 ∂4 = −Γ1
13∂1 + Γ2

13∂2 + Γ4
13∂3 + Γ3

13∂4,

∇̃∂2 ∂1 = Γ1
21∂1 + Γ3

21∂3 − Γ3
21∂4,

∇̃∂2 ∂2 = Γ2
22∂2 + Γ3

22∂3 + Γ3
22∂4,

∇̃∂2 ∂3 = Γ1
23∂1 + Γ2

23∂2 + Γ3
23∂3 + Γ4

23∂4,

∇̃∂2 ∂4 = −Γ1
23∂1 + Γ2

23∂2 + Γ4
23∂3 + Γ3

23∂4,

∇̃∂3 ∂1 = Γ1
31∂1 + Γ3

31∂3 − Γ3
31∂4,

∇̃∂3 ∂2 = Γ2
32∂2 + Γ3

32∂3 + Γ4
32∂4,

∇̃∂3 ∂3 = Γ1
33∂1 + Γ2

32∂2 + Γ3
33∂3 + Γ4

33∂4,

∇̃∂3 ∂4 = −Γ1
33∂1 + Γ2

33∂2 + Γ4
33∂3 + Γ3

33∂4,

∇̃∂4 ∂1 = Γ1
41∂1 + Γ3

41∂3 − Γ3
41∂4,

∇̃∂4 ∂2 = Γ2
42∂2 + Γ3

42∂3 + Γ3
42∂4,

∇̃∂4 ∂3 = Γ1
43∂1 + Γ2

43∂2 + Γ3
43∂3 + Γ4

43∂4,

∇̃∂4 ∂4 = −Γ1
43∂1 + Γ2

43∂2 + Γ4
43∂3 + Γ3

43∂4.

Using the Christoffel symbols, components of ∇̃∗ could be obtained. Therefore, (R4, g̃, ∇̃, F)
is a locally product-like statistical manifold.

Now, we shall state the following definition:

Definition 2. Let (M, g, S(TM)) be a lightlike hypersurface of (M̃, g̃, ∇̃, F). If F(Rad(TM))
belongs to ltr(TM), then (M, g, S(TM)) is called a radical anti-invariant lightlike hypersurface.

For any radical anti-invariant lightlike hypersurface, we write

Fξ = λN, (25)

where λ is a non-zero differentiable function. Using (25) in (21), we have

F∗ξ = λN, (26)

which shows that F∗(Rad(TM)) belongs to ltr(TM). Additionally, based on (21), (25) and
(26), we can conclude that

FN = F∗N =
1
λ

ξ, (27)

which shows that F(ltr(TM)) and F∗(ltr(TM)) belong to Rad(TM).
Let X be a vector field on Γ(TM). Then, we can write

X = PX + η(X)ξ, (28)

where PX ∈ Γ(S(TM)) and η(X) = g̃(X, N). Therefore, we put

FX = ψPX + η(X)Fξ

= ψPX + µ1ξ + η(X)λN, (29)



Symmetry 2023, 15, 1531 6 of 14

where µ1 is a differential function. Using (21), (27) and (29), we find

µ1 = g̃(FX, N) = g̃(X, F∗N) = λg(X, ξ) = 0. (30)

Thus, we can write (29) as

FX = ϕX + η(X)λN (31)

such that ϕ = ψP and φX ∈ Γ(S(TM)). In a similar way to (31), we can write

F∗X = ϕ∗X + η(X)λN (32)

such that ϕ∗X ∈ Γ(S(TM)). Considering (21), (22), (31) and (32), we obtain the following
lemma:

Lemma 1. For any radical anti-invariant lightlike hypersurface, the following equations hold for
any X1, X2 ∈ Γ(TM):

g(ϕX1, ϕ∗X2) = g(X1, X2), (33)

g(ϕX1, X2) = g(X1, ϕ∗X2). (34)

Example 4. Let M be a hypersurface of (R4, g̃, ∇̃, F), which is given in Example 3. If M is
defined by

M = {(x1, x2, x3, x4) : x1 = x2},

then the induced metric of M can be expressed as

g =

0 0 0
0 1 0
0 0 1

.

In this case, we have

Rad(TM) = span{ξ = (1, 1, 0, 0)},

ltr(TM) = span{N =
1
2
(−1, 1, 0, 0)},

S(TM) = span{∂3, ∂4}.

So, (M, g, S(TM)) represents a lightlike hypersurface of (R4, g̃, ∇̃, F).
Since Fξ = N and F∗ξ = N, we can determine that (M, g, S(TM)) is a radical anti-invariant

lightlike hypersurface of (R4, g̃, ∇̃, F).

Lemma 2. For any radical anti-invariant lightlike hypersurface, the following equation occurs:

ϕ2X = (ϕ∗)2X = −X + η(X)ξ. (35)

Proof. Based on (27) and (31), we obtain

F2X = FϕX + η(X)λFN

= ϕ2X + η(X)ξ. (36)

Considering F2X = X in (36), we can deduce that

ϕ2X = −X + η(X)ξ. (37)
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Based on (27) and (32), we also find

(ϕ∗)2X = −X + η(X)ξ. (38)

It is easy to follow the proof of (35) by referring to (37) and (38).

Proposition 1. Let (M̃, g̃, ∇̃, F) be a locally product-like statistical manifold and (M, g, S(TM))
be a radical anti-invariant lightlike hypersurface of (M̃, g̃, ∇̃, F). Then, the following relations are
satisfied for any X ∈ Γ(TM):

τ(X) + τ∗(X) = λ∇̃X(
1
λ
) = λ∇̃∗X(

1
λ
), (39)

ϕA∗N X =
1
λ

Aξ X, (40)

B(X, ξ) = λ2η(A∗N X), (41)

ϕ∗AN X =
1
λ

A∗ξ X, (42)

B∗(X, ξ) = λ2η(AN X). (43)

Proof. Based on (27), we write

∇̃X FN = ∇̃X(
1
λ
)ξ +

1
λ
∇̃Xξ. (44)

From the information provided in (8), (13) and (44), we can derive

∇̃X FN = ∇̃X(
1
λ
)ξ − 1

λ
Aξ X− 1

λ
τ(X)ξ +

1
λ

B(X, ξ)N. (45)

On the other hand, from (27) and (31), we can determine

F∇̃X N = −ϕA∗N X− η(A∗N X)λN + τ∗(X)
1
λ

ξ. (46)

Since (M̃, g̃, ∇̃, F) is a locally product-like statistical manifold, we have (40), (41) and

τ(X) + τ∗(X) = λ∇̃X(
1
λ
). (47)

Based on (9), (15) and (27), we have

∇̃∗X F∗N = ∇∗X(
1
λ
)ξ − 1

λ
A∗ξ X− 1

λ
τ∗(X)ξ +

1
λ

B∗(X, ξ)N (48)

and

F∗∇̃∗X N = −ϕ∗AN X− η(AN X)λN +
1
λ

τ(Xξ). (49)

By utilizing the information that (M̃, g̃, ∇̃, F) is a locally product-like statistical mani-
fold and applying the equations (48) and (49), we can derive (42), (43) and

τ(X) + τ∗(X) = λ∇̃∗X(
1
λ
). (50)

It is easy to follow the proof of (39) by referring to (47) and (50). This completes the
proof.
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Proposition 2. For any radical anti-invariant lightlike hypersurface (M, g, S(TM)) of a locally
product-like statistical manifold, we have

∇̃Xλ + λτ∗(X) = −η(Aξ X)λ− τ(X)λ, (51)

λA∗N X = ϕAξ X− B(X, ξ)
1
λ

ξ, (52)

∇̃∗Xλ + λτ(X) = −η(A∗ξ X)λ− τ∗(X)λ, (53)

λAN X = ϕ∗A∗ξ X− B∗(X, ξ)
1
λ

ξ. (54)

Proof. From the equations (9) and (25), we find

∇̃X Fξ = (∇̃Xλ)N − λA∗N X + λτ∗(X)N. (55)

On the other hand, we can conclude from (9), (13), and (31) that

F∇̃Xξ = −ϕAξ X− η(Aξ X)λN − τ(X)λN + B(X, ξ)
1
λ

ξ. (56)

By examining the tangential and transversal components of the Equations (55) and
(56), we can derive (51) and (52).

Proving (53) and (54) is easy when applying the same techniques utilized in proving
(51) and (52).

Theorem 1. Let (M, g, S(TM)) be a radical anti-invariant lightlike hypersurface of a locally
product-like statistical manifold. Then, AN and A∗N are S(TM)−valued.

Proof. When we substitute the value of (43) into (54), the result is

λAN X = ϕ∗A∗ξ X− λη(AN X)ξ. (57)

Based on (57), we find
−η(AN X) = η(AN X),

which implies λ = 0 or η(AN X) = 0. Since (M, g, S(TM)) is a radical anti-invariant
lightlike hypersurface, we have λ 6= 0. As a result, we obtain η(AN X) = 0. This fact
demonstrates that AN is S(TM)−valued. Based on (41) and (52), we find

−η(A∗N X) = η(A∗N X),

which implies that A∗N is also S(TM)−valued.

As a result of Theorem 1, we find the following corollary:

Corollary 1. For any radical anti-invariant lightlike hypersurface of a locally product-like statistical
manifold, B and B∗ vanish on Rad(TM).

Now, we shall give some relations involving Riemannian curvature tensor fields.
Let R̃ and R̃∗ denote the Riemannian curvature tensor fields with respect to ∇̃ and ∇̃∗.

Then, we arrive at

g̃(R̃(X1, X2)X3, X4) = −g̃(R̃∗(X1, X2)X4, X3) (58)

for any X1, X2, X3, X4 ∈ Γ(TM̃).
We recall the following lemma [12]:
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Lemma 3. Let (M̃, g̃, ∇̃) be a statistical manifold and (M, g, S(TM)) be a lightlike hypersurface
of (M̃, g̃, ∇̃). Then,

R̃(X1, X2)X3 = R(X1, X2)X3)− B(X2, X3)A∗N X1 + B(X1, X3)A∗N X2

+ [B(X2, X3)τ
∗(X1)− B(X1, X3)τ

∗(X2)]N

+
[
(∇X1 B)(X2, X3)− (∇X2 B)(X1, X3)

]
N (59)

and

R̃∗(X1, X2)X3 = R∗(X1, X2)X3)− B∗(X2, X3)AN X1 + B∗(X1, X3)AN X2

+ [B∗(X2, X3)τ(X1)− B(X1, X3)τ(X2)]N

+
[
(∇∗X1

B∗)(X2, X3)− (∇∗X2
B∗)(X1, X3)

]
N, (60)

where R and R∗ are the induced Riemannian curvature tensor fields on (M, g, S(TM)) with respect
to ∇ and ∇∗.

Now, we consider a null plane section π = span{X, ξ}. Then, the null sectional
curvatures of (M, g, S(TM)) and (M̃, g̃) are given by

Knull
0 (π) =

g(R0(X, ξ)ξ, X)

g(X, X)
and K̃null

0 (π) =
g̃(R̃0(X, ξ)ξ, X)

g̃(X, X)
,

respectively. Here, R̃0 indicates the Riemannian curvature tensor field of (M̃, g̃) with
respect to the Levi-Civita connection ∇̃0 and R0 indicates the Riemannian curvature tensor
field of (M, g, S(TM)) with respect to the induced connection ∇0.

Considering the definition of null sectional curvature, we can express the following
definition:

Definition 3. Let (M, g, S(TM)) be a lightlike hypersurface of (M̃, g̃, ∇̃). Then, the null sectional
curvatures of a null plane section π with respect to ∇̃ are given by

K̃null(π) =
g̃(R̃(X, ξ)ξ, X)

g̃(X, X)
,

Knull(π) =
g(R(X, ξ)ξ, X)

g(X, X)
,

K̃∗null(π) =
g̃(R̃∗(X, ξ)ξ, X)

g̃(X, X)

and

K∗null(π) =
g(R(X, ξ)ξ, X)

g(X, X)
.

Theorem 2. Let (M, g, S(TM)) be a radical anti-invariant lightlike hypersurface of (M̃, g̃, ∇̃).
Then,

K̃null(π) = Knull(π)

and
K̃∗null(π) = K∗null(π)

are satisfied for any null plane section π.

Based on (58) and Theorem 2, the following corollary can be derived:
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Corollary 2. For any radical anti-invariant lightlike hypersurface of a locally product-like statistical
manifold, we have

Knull(π) + K∗null(π) = 0.

Now, we shall recall the following proposition: cf. Proposition 7 in [13].

Proposition 3. Let (M, g, S(TM)) be a lightlike hypersurface of (M̃, g̃, ∇̃). Then,

K∗null(π) = B(X, ξ)C(ξ, X)

holds for any null plane section π = span{X, ξ}, where X ∈ Γ(S(TM)).

Based on Corollary 2 and Proposition 3, the following corollary can be derived:

Corollary 3. Let (M, g, S(TM)) be a radical anti-invariant lightlike hypersurface of (M̃, g̃, ∇̃,F).
Then,

K∗null(π) = Knull(π) = 0

is satisfied for any null plane section π.

4. Concircular Vector Fields

First, we provide the definition of concircular vector fields:

Definition 4. Let (M̃, g̃, ∇̃) be a statistical manifold. A vector field ν is called concircular with
respect to ∇̃ if there exists a smooth function θ such that

∇̃Xν = θX (61)

is satisfied for any X ∈ Γ(TM̃). In addition, it is called concircular with respect to ∇̃∗ if there
exists a smooth function θ∗ such that

∇̃∗Xν = θ∗X (62)

is satisfied for any X ∈ Γ(TM̃).
It is clear that if ν is concircular with respect to ∇̃ and ∇̃∗, then ν is also concircular

with respect to ∇̃0. For some applications of concircular vector fields, we recommend checking
out [14–22].

Example 5. Taking into account (R4, g̃, ∇̃, F) as shown in Example 3, if we set Γ3
31 = Γ2

32 =
Γ4

32 = Γ1
33 = Γ2

33 = Γ4
33 = 0, then we find that ∂3 is a concircular vector field.

Additional examples can be extracted.

Proposition 4. Let ν be a concircular vector field with respect to ∇̃ on a lightlike hypersurface
(M, g, S(TM)) of (M̃, g̃, ∇̃). Then, the following situations occur:

1. ν is also concircular with respect to ∇.
2. B(X, ν) = 0 for any X ∈ Γ(TM).

Proof. Based on (8) and (61), we conclude

∇̃Xν = ∇Xν + B(X, ν)N = θX

indicating that ν is concircular with respect to ∇ and B(X, ν) = 0.

Proposition 5. Let ν be a concircular vector field with respect to ∇̃∗ on a lightlike hypersurface
(M, g, S(TM)) of (M̃, g̃, ∇̃). Then, the following situations occur:
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1. ν is also concircular with respect to ∇∗.
2. B∗(X, ν) = 0 for any X ∈ Γ(TM).

Assume that ν is concircular lying on Γ(TM). In this case, we can express

ν = νT + f N, (63)

where νT ∈ Γ(TM) and f = g(ν, ξ).

Proposition 6. Let (M, g, S(TM)) be a lightlike hypersurface of (M̃, g̃, ∇̃). If ν is concircular
with respect to ∇̃, then the following relations are satisfied for any X ∈ Γ(TM):

θX = ∇XνT − f A∗N X, (64)

B(X, νT) = − f τ∗(X)− ∇̃X f . (65)

Proof. According to (61) and (63), we can express

∇̃Xν = ∇̃XνT + ∇̃X f N = θX, (66)

which is equivalent to
∇̃XνT + (∇̃X f )N + f ∇̃X N = θX. (67)

By using (8) and (9) in (67), it follows that

θX = ∇XνT + B(X, νT)N + (∇̃X f )N − f A∗N X + f τ∗(X)N. (68)

By examining the tangential and transversal components of (68), we can derive (64)
and (65).

Proposition 7. Let (M, g, S(TM)) be a lightlike hypersurface of (M̃, g̃, ∇̃). If ν is concircular
with respect to ∇̃∗, then the following relations are satisfied for any X ∈ Γ(TM):

θ∗X = ∇∗XνT − f AN X, (69)

B∗(X, νT) = − f τ(X)− ∇̃∗X f . (70)

Theorem 3. Let (M, g, S(TM)) be a lightlike hypersurface of an almost product-like statistical
manifold (M̃, g̃, ∇̃).
1. If ν is a concircular vector field with respect to ∇̃ on Γ(S(TM)), then

∇ξ ν = 0, C(ν, ξ) = 0. (71)

2. If ν is a concircular vector field with respect to ∇̃∗ on Γ(S(TM)), then

∇∗ξ ν = 0, C∗(ν, ξ) = 0. (72)

Proof. If we put ξ instead of X in (61), then we have

∇̃ξ ν = θξ. (73)

By utilizing the value of (8) in (73), we conclude that

∇ξν + B(ξ, ν)N = θξ. (74)

From Proposition 4, we write B(ξ, ν) = 0. Therefore, we determine that

∇ξ ν = θξ. (75)
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Considering the fact that ν lies on Γ(S(TM)) and (12), we obtain

∇ξν + C(ξ, ν)ξ = θξ. (76)

From the last equation, we find (71).
Using a similar method as in proof (71), one can arrive at (72).

Statement 1 of Theorem 3 leads us to the following corollary:

Corollary 4. Let (M, g, S(TM)) be a S(TM) totally geodesic or totally normally umbilical light-
like hypersurface of (M̃, g̃, ∇̃, F) with respect to ∇̃∗. Then, there does not exist any concircular
vector field with respect to ∇̃, which lies on Γ(S(TM)).

Statement 2 of Theorem 3 leads us to the following corollary:

Corollary 5. Let (M, g, S(TM)) be a S(TM) totally geodesic or totally normally umbilical light-
like hypersurface of (M̃, g̃, ∇̃, F) with respect to ∇̃. Then, there does not exist any concircular
vector field with respect to ∇̃, which lies on Γ(S(TM)).

Proposition 8. Let (M, g, S(TM)) be a lightlike hypersurface of an almost product-like statistical
manifold (M̃, g̃, ∇̃, F). If ν = FN is a concircular vector field on (M, g, S(TM)), then the following
equalities are satisfied for all X ∈ Γ(TM):

B(X, ξ) = 0 and (∇̃X
1
λ
)ξ +

1
λ
∇Xξ = θX. (77)

In particular, if (M̃, g̃, ∇̃, F) is a locally product-like statistical manifold, then

η(A∗N X) = 0, (78)

−ϕA∗N X + τ∗(X)
1
λ

ξ = θX. (79)

Proof. If we write FN = ν in (61), then we obtain

(∇̃X
1
λ
)ξ +

1
λ
∇̃Xξ = θX. (80)

It is easy to prove (77) based on (13) and (80). In particular, if (M̃, g̃, ∇̃, F) is a locally
product-like statistical manifold, we can determine that

∇̃X FN = F∇̃X N = θX. (81)

It follows from (31) and (81) that

−ϕA∗N X + η(A∗N X)λN + τ∗(X)
1
λ

ξ = θX (82)

is satisfied. Based on (82), proving (78) and (79) becomes straightforward.

Through a similar approach to the proof of Proposition 8, one can obtain the following
proposition:

Proposition 9. Let (M, g, S(TM)) be a lightlike hypersurface of an almost product-like statis-
tical manifold (M̃, g̃, ∇̃, F). If ν = F∗N is a concircular vector field with respect to ∇̃∗ on
(M, g, S(TM)), then the following equalities are satisfied for all X ∈ Γ(TM):

B∗(X, ξ) = 0 and (∇̃∗X
1
λ
)ξ +

1
λ
∇∗Xξ = θ∗X. (83)
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In particular, if (M, g, S(TM)) is a locally product-like statistical manifold, then

η(AN X) = 0, (84)

−ϕ∗AN X + τ(X)
1
λ

ξ = θ∗X. (85)

As a result of Proposition 8 and Proposition 9, we can derive the following corollaries:

Corollary 6. Let (M, g, S(TM)) be a lightlike hypersurface of a locally product-like statistical
manifold. If ν = FN is a concircular vector field with respect to ∇̃ or ∇̃∗, then the null sectional
curvatures K and K∗ vanish identically.

Corollary 7. Let (M, g, S(TM)) be a lightlike hypersurface of an almost product-like statistical
manifold. If ν = FN is a concircular vector field with respect to ∇̃ (or ∇̃∗), then A∗N X (or AN X)
belongs to Γ(S(TM)).

Corollary 8. Let (M, g, S(TM)) be a totally normally umbilical with respect to ∇̃ (or ∇̃∗). Then,
ν = FN is not a concircular vector field with respect to ∇̃∗ (or ∇̃).

5. Conclusions and Future Works

Various relations on a Riemannian manifold can be obtained by examining the ge-
ometric properties of some special types of vector fields. The most used of these vector
fields are geodesic vector fields, Killing vector fields, concurrent vector fields, concircular
vector fields and torse-forming vector fields, etc. In this study, we obtained some results on
radical anti-invariant lightlike hypersurfaces of almost product-like statistical manifolds,
with the help of concircular vector fields and concurrent vector fields.

In future works, the lightlike hypersurfaces of almost product-like statistical manifolds
with geodesic vector fields, Killing vector fields and torse-forming vector fields may be
studied. Considering [23–29], some applications of these hypersurfaces in singularity
theory and submanifold theory could be obtained.
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24. Li, Y.; Gezer, A.; Karakaş, E. Some notes on the tangent bundle with a Ricci quarter-symmetric metric connection. AIMS Math.

2023, 8, 17335–17353. [CrossRef]
25. Li, Y.; Bhattacharyya, S.; Azami, S.; Saha, A.; Hui, S.K. Harnack Estimation for Nonlinear, Weighted, Heat-Type Equation along

Geometric Flow and Applications. Mathematics 2023, 11, 2516. [CrossRef]
26. Li, Y.; Eren, K.; Ersoy, S. On simultaneous characterizations of partner-ruled surfaces in Minkowski 3-space. AIMS Math. 2023, 8,

22256–22273. [CrossRef]
27. Li, Y.; Alkhaldi, A.; Ali, A.; Abdel-Baky, R.A.; Saad, M.K. Investigation of ruled surfaces and their singularities according to

Blaschke frame in Euclidean 3-space. AIMS Math. 2023, 8, 13875–13888. [CrossRef]
28. Li, Y.; Laurian-Ioan, P.; Alqahtani, L.S.; Alkhaldi, A.H.; Ali, A. Zermelo’s navigation problem for some special surfaces of rotation.

AIMS Math. 2023, 8, 16278–16290. [CrossRef]
29. Li, Y.; Srivastava, S.K.; Mofarreh, F.; Kumar, A.; Ali, A. Ricci soliton of CR-warped product manifolds and their classifications.

Symmetry 2023, 15, 976. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

http://dx.doi.org/10.3390/sym15010077
http://dx.doi.org/10.2996/kmj/1050496648
http://dx.doi.org/10.3390/math10132290
http://dx.doi.org/10.4134/BKMS.2015.52.5.1535
http://dx.doi.org/10.2298/FIL2003835C
http://dx.doi.org/10.1007/s00009-021-01869-4
http://dx.doi.org/10.3390/math10234580
http://dx.doi.org/10.1155/2022/6605127
http://dx.doi.org/10.1007/s00009-023-02396-0
http://dx.doi.org/10.3390/sym15061175
http://dx.doi.org/10.3934/math.2022300
http://dx.doi.org/10.3792/pia/1195572958
http://dx.doi.org/10.3390/axioms12050486
http://dx.doi.org/10.3934/math.2023886
http://dx.doi.org/10.3390/math11112516
http://dx.doi.org/10.3934/math.20231135
http://dx.doi.org/10.3934/math.2023709
http://dx.doi.org/10.3934/math.2023833
http://dx.doi.org/10.3390/sym15050976

	Introduction
	Preliminaries
	Lightlike Hypersurfaces of Almost Product-like Statistical Manifolds
	Concircular Vector Fields
	Conclusions and Future Works
	References

