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Abstract: In this work, we introduce some new concepts such as n-cyclic Fisher quasi-contraction
mappings, full-n-noncyclic and regular-n-noncyclic Fisher quasi-contraction mappings in metric
spaces. We then generalize the results by Safari-Hafshejani, Amini-Harandi and Fakhar. Meanwhile,
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mapping have n(n — 1) /2 unique optimal pairs of fixed points?”. Further, to support the main results,
we highlight all of the new concepts via non-trivial examples.
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1. Introduction

In 1974, Ciri¢ [1] proved a fixed point (fp) result for a novel class of contractive
mappings, which is called quasi-contraction mapping. In fact, he showed that quasi-
contraction is a real generalization of some well-known linear contractions, and his result
was an expansion of the Banach contraction principle. Then, he proved the existence
and uniqueness of fp for T-orbitally single-valued mappings and F-orbitally multi-valued
mappings in complete metric spaces.

A self-mapping S on a metric space Y is named a generalized contraction if nonnega-
tive functions exist m(i, j), n(i,j), o(i,j) and p(i, j) for every i,j € Y so that

sul:;({m(l,]) +n(i,j) +oli,j)+2p@ij)} <1
1,]€
and
d(Si, Sj) < m(i,j)d(i,j) +n(i,j)d(i, Si) + o(i, j)d(j, Sj) + 2p(i, j)[d(i, Sj) + d(j, Si)],
and is named a quasi-contraction if there is 0 < w < 1 so that
d(Si, Sj) < wmax{d(i,j),d(i, Si),d(j,Sj),d(i, Sj),d(j, Si)}

foralli,j € Y[1].

In 1977, Rhoades [2] compared various contractive mappings in metric spaces and
showed that Ciri¢ contractive mapping is one of the most total contractive mappings in
metric spaces as it contains many different versions of contractions. Thus, many authors
became interested in studying quasi-contractions and extended the Ciri¢’s fp results in
various aspects. One of these results was introduced by Fisher [3] as follows:
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Theorem 1. Let (Y, d) be a complete metric space and S : Y — Y be a continuous mapping.
Assume that there exists m,n € N and some A € [0,1) provided that

d(8™i,5")) < Amax{d(S%i, SP}),d(S%i, 5" i),d(SPj,SP ) :
0<a0a <mand0<B,B <n}

foralli,j €Y. Then S has a unique fp.

For more details, see [4-6] and references therein.

Although the fp theory is a significant tool for solving fp equations for mappings T
defined on a subset A of a metric space (X, d), anon-self mapping T : A — B does not neces-
sarily have an fp. Hence, one may attempt to find an element x that is, in some sense, closest
to Tx. The best approximation theorems and best proximity point (bpp) theorems became
famous in this viewpoint. Let (X, d) be a metric space, @ # A, B C X, d(A, B) = inf{d(x,y);
x€ A, yeB}and T : A — Bbe anon-self mapping. The bpp(s) of T is the set of all points
x € Asothatd(x, Tx) = d(A, B). The main goal of the bpp theory is to provide enough
conditions that vouch for the existence of such points. Hence, this theory for various
mappings has been considered by many researchers (for example, see [7-12]). On the other
hand, in 2003, Kirk et al. [13] formulated and defined cyclic mappings as follows:

A mapping T : AUB — AU B issaid to be cyclicif T(A) C Band T(B) C A. Note
thatif T(A) C A and T(B) C B, then T is called a noncyclic mapping.

In [7], Eldred et al. proved the existence of an optimal pair of fp(s) of noncyclic
mappings. After that, Eldred and Veeremani [8] studied the existence of the bpp of cyclic
contraction mappings on uniformly convex Banach spaces. Moreover, Suzuki et al. [9] and
Espinola et al. [11] established the existence of the bpp for cyclic contraction mappings in
metric spaces by applying the properties: unconditionally Cauchy and weakly uncondi-
tionally Cauchy, respectively. In fact, the researchers mentioned above have fused cyclical
and noncyclic concepts of mappings with the bpp theory to solve some problems in the
approximation and optimization theories. Hence, many authors are working on finding
the bpp for cyclic and noncyclic mappings in various spaces in [14-17] and the references
therein. Ultimately, Safari-Hafshjani et al. [18] defined a Fisher quasi-contraction and
studied the existence of fp(s) and bpp(s) for noncyclic and cyclic Fisher quasi-contraction
mappings.

In this work, we define the concepts of n-cyclic Fisher quasi-contraction mappings,
as well as full-n-noncyclic and regular-n-noncyclic Fisher quasi-contraction mappings in
metric spaces. Next, we generalize the results by Safari-Hafshejan et al. [18] and prove
the existence of n(n —1)/2, the unique optimal pair of fp(s) for full-n-noncyclic Fisher
quasi-contraction mappings.

Let us start with some well-known definitions and notions, which are required in the
following sections.

For two nonempty sets, A and B in X, we denote §[A, B] by 6[A, B] = sup{d(x,y) :
x € A,y € B}. Note that §[A, B] exhibits symmetry.

Definition 1 ([9,14]). Let A and B be two nonempty subsets of a metric space (X,d). Then,

1. The pair (A, B) has the unconditionally Cauchy (UC) property if for two sequences {x, } and
{x},} in A and a sequence {y,} in B, nlgl(}o d(xn, yn) = nlg{}o d(x},yn) = d(A, B) implies
i}iilgod(xn,x;) =0.

2. The pair (A, B) has the weakly unconditionally Cauchy (WUC) property if for each {x,} C A

and € > 0, there exists y € B so that d(x,,y) < d(A,B) + € for n > ng implies {x,}
is Cauchy.

Proposition 1 ([11]). Let A and B be two nonempty subsets of a metric space (X, d) provided that
A is complete and (A, B) has the UC property. Then (A, B) has the WUC property.

Definition 2 ([19]). The mapping T on A1 U Ay U - - - U Ay, is called n-cyclic when T(A;) C Ay,
T(Az) C Az, ..., T(A,) C Ay



Symmetry 2023, 15, 1469

3of 14

2. Results of the n-Cyclic Fisher Quasi-Contraction

Inspired by the findings of the study about cyclic Fisher quasi-contractions [18], we
introduce the n-cyclic Fisher quasi-contraction as follows:

Definition 3. Let Ay, Ay, ..., Ay be nonempty subsets of a metric space (X,d) and T be n-cyclic
mapping on Ay U Ay U ---UAy. Point x* € AU Ay U ---U Ay is called the bpp for T if there
exist m € Nand 1 < m < n provided that

x* €Ay and d(x*,Tx*) = {d(Am’AMH) Ismsn= 1.

d(An, A7) m=n

It is obvious that if d(Ay, Apyy1) = 0or d(A,, A1) = 0, then the above problem finds
anfpof T.

Remark 1. From now on, whenever the term (Ap, Ap+1) is observed, it refers to one of the pairs
of consecutive sets like (A1, Az), (A2, A3), ..., (Ay—1,An) and (A, A7).

Notations. Let A1, Ay, ..., A; be nonempty subsets of a metric space X, p,q € N and
T be a n-cyclic mapping on A; U Ay U - - - U Ay. Then,

q} C

Apnqn—{me Tin= 1]// <1\Pr < <
<j<p-1, Oéléq}CAmH,

Bpﬂ,qi’l — {T]n+1x, Tll’ly,, O

forallx € Ay and y € Ay11. Moreover, for x € Ay, and r € N, consider two sets A} and
B} as follows:

AY = {x, T"x, T*'x, T%"x, ..., T"x} C Ap,
BF = {Tx, T" lx, T2y, T3y, ., T X} C Apyy.
Definition 4. Let A1, Ay, ..., Ay, be nonempty subsets of a metric space (X, d) and T be n-cyclic
mapping on Ay U Ap U - - - U Ay. The mapping T is called the n-cyclic Fisher quasi-contraction for
some 1 < m < n if there exist p,q € Nand 0 < ¢ < 1 so that
max {d(TF"x, T"y), d(TP"x, T y)} < co[Apitan, Bpitgn] + (1 — ¢)d(Am, Api1)
forallx € Aandy € Ay

Example 1. Consider R with the Euclidean metric, A1 = [0,2] and Ay = [—2,0]. Assume that
T:A;UAy = Ay U Ay is defined by

- A
Tx = J; X e L
-3 X € A2

Forp:qzlandc:%,wehave

max {d(T2x, T2), d(T°x, Tly)} = 1 > A < %5[{9@ T2x, Ty}, {y, Ty, Tx}] + %d(Al,Az).

Thus, T is a 2-cyclic Fisher quasi-contraction for every x € Ay and y € Ay. Since
d(T?x, T?y) < max {d(T?x, T?y),d(T?x, T'y)},

then

d(sz, sz) < Z0[{x, T2x, Ty}, {y, sz, Tx}] + %d(Al, Ap).

N —
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This is the same example from Safari et al. [18] for n = 2.

One of the fundamental steps in the literature on fp(s) is to find a Picard iteration
sequence. Here, for xo € A, and yg € Ay,+1, we define our iteration sequence as follows:

T%xo € Ay, i iseven T%yo € Ant1, iis even
Xi = (i=n 4 .. and Yi= (i+Dn_4 .. . 1
2 Xg € A1, iisodd 2 Yo € Ay, iisodd

Lemma 1. Let Ay, Ay, ..., Ay be nonempty subsets of a metric space (X,d) and T be the n-cyclic
Fisher quasi-contraction mapping on Ay U Ay U --- U A, with the quantities pn,
gn, and 0 < ¢ < 1. Also, for xo € A, consider sequence {x;} to be the same as in (1). Then,
S[AR, BY] = d(T*"xq, T "*+1xy) for some s,s' € N, where sn < pn or s'n < gn.

Proof. For simplicity, assume that gn > pn. Since A;° and B;° are finite sets, we have
S[AR, BX] = sup{d(a, B);a € A, B € BP)} = d(T"xq, T"1xp) for somess,s’ € N. On
the contrary, suppose that p < s < rand g < s’ < r. Then, by the definition of {x;},
Ts"=Phxy € A, and TS" 9"+ 1xg € A, 1. Thus, we have

S[AX, B = d(T*"x, T " xp)
— d(Tpn(Tsnfpnx()), an<Ts’n7qn+1x0))
< max{d(Tpn(Tsn—pnxo), T (Ts/n—qn—l-lxo)), d(Tpn-H (Tsn—pnxo), an—l (Ts/n—qn+1x0))}

T(s=p)n IT(s’—q)VH—l T(s=p)n ’T(s'—q)n-%—l
< C(S[Apn,qn o o, Bpn,qn 0 xo] + (1 =c)d(Am, Apgr),

which implies that 6[A;°, B;°] < ¢6[A;°, B;°] + (1 — ¢)d(Am, Aps1) and since 0 < ¢ < 1,
this is impossible. [

Lemma 2. Assume that all the conditions of Lemma 1 are met. Then, for k, k' € Nwith k' > k >
g = p, we have

lim  d(xok, Xop41) = d(Am, A1) )

kK — o0

Proof. From Lemma 1, we have 6[A, B] = d(T*"xo, T*"*1xy) for some s,s’ € N, where
sn < pnors'n < gn. At the first, we show that 6[A;°, 3;°] is bounded from above; that is,

S[AF, B°] < Mg, ®)

where

1 i ; .
M, = 1 max{d(T" ™ xy, T x0);0<i,j < p4+q+1} +d(Am, Apsr)

is the same upper bound. For this, we consider the three following cases.
Case 1: Suppose that sn < pn and s'n < gn. Then, we have the following:

(1—)d(T"xo, T " xg) < d(T"x0, T x0) < max{d(T"+1x, T"x0);0 <i,j < p+g+1}
Thus,
/ 1 /
d(T"xp, T ") < T max{d(T"xp, T*"x);0 < i,j < p+q+1}

< % max{d(T*" xo, TSI”HxO);O <Lj<p+q+1}+d(Am Anst),
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which implies that 5[4, B}°] = d(T*"xo, T "1xg) < Mg,
Case 2: Suppose that sn < pn and gn < s'n. Then, T5"~ ‘7”“ € Ay and
d(T*"xo, Ts/”HxO) < d(T"xg, TP x0) + d(TP"xq, TS,"HxO)
— d(Tsnxo, Tpnxo) + d(TpnxO, an(Ts/n—qn-i-le))
< d(T"xp, TP x0) + (c6[A°, B;°] + (1 — ¢)d(Am, Api1))-
Therefore, (1 — c)6[A;°, By°] < d(T*"xo, TP"xg) + (1 — ¢)d(Am, Ayy1), which con-
cludes that §[A}°, By°] = d(T*"xo, TS’"HxO) < M,
Case 3: Suppose that pn < sn and s'n < gn. Then, TS” Pixg € Ay and
d(TsnxO’ Ts’n+1 ) d(Tpn(Tsn—pnxo),Tsln+1x0)
d(Tpn(TsnfpnxO)’anJrle) + d(an+le Ts’n+lx0)
d(TT g, TS/”+1x0) (eS[A°, BT + (1 — c)d(Am, Ami1))-

NN

Therefore, (1 — ¢)8[A}, B}*] < d(T91xy, 9" xg) + (1 — ¢)d(Am, Api1), which
concludes that 5[A;°, B°] = d(T"xo, T*"+xp) < M.

Now, for the optional A € Nand k > q > p, we show that

SLAY, BYY] < col A qq,Bﬁ;] + (1= 0)d(Am, Amsr), @)

in which

Xok—q AM-Dn _
A,Hq = {xk— qu X2k~ qu X2k— qr-“/T( 2) x2qu} = {kafqrx2k7q+2/'--rx2k+2/\},

Y2k—q 1 n+1 2n+1 ADn+1 _
By = {T g, T" Moo, T g, T ey % = Lo g1, Xok g3+ -+ Yok 41 }-

Since k > q = p, then xpi 252y € Ay and xp 09 2411 € Apy1. Also, T is n-cyclic Fisher

quasi-contraction mapping. Thus,

5[Ai‘\2k,BX2k] = d(T*"xy, Ts’n+1x2k)

n n
= d(TP" xox 125 2p, T X0 125 2g41)

< C5[A:iz]{,;fl572p’x2k+251_2q+l Bzznk;rzl572p/XZk+25/_2q+l] + (1 _ C)d(Am, Am+])
= C‘SHTZHXZkJrZszp/ Tt X2k+2s'— 2q+1 <p1<j<q},
{T]n+1x2k+25—2p/ T" k420 —2q41: 0 < j<p—=1,0<i< g} + (1 —c)d(Am, Ams1)

= cO[{xokt25-2p+2is Xoks25—2g42j 1 0 ST < p, 1 < j<q},
{x2kr25-2pt2j+1, Xokpas—2g42i41 0 < F < p = 1L,0 <P < g} + (1= 0)d(Ap, Apsa),

which induces that (4) holds.
Also, for k, k' € Nwith k' > k > g > p, we show that

X9 Xok_
d(ka/ ka’Jrl) < Cd[Ak/zikq_,'_%’kaszq_'_%] + (1 - C)d(Am/ Aerl)/ (5)

in which
‘szqu = {x Thy 21y T(k’fkjt%)nx b= {x ¥ Xop }
K—k+§ 2k—qr 2k—qr 2k—gqr- s 2k—q S = X2k—qs X2k—q+2/ - - -+ X2k! 5

Xok—q el n+1 2n+1 K —k+1)n+1 _
Bk,,kJr% = {T g, T" Mg, T g, .., T D" g b = {Xok— g1, X2k g3, -+ X1 }-

Since k' > k > g > p, then Xok—2p € Am and Xpp o511 € Ayy1. Also, the mapping T is an
n-cyclic Fisher quasi-contraction. Thus, we have
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d(xok, Xopr 1) = d(Tpnxzk—Zpr anka’—Zq-‘rl)
< C(S[A;il’;’ip,muzwl’B;ilk,;yzzp,muzqﬂ] (1= )d(Am, Apsr)
= O{T™ xok—2p, T oty _0g11: 0<i < p, 1 <j< g,
=1, 0<i < g} + (1 )d(An Ans1)

<
~
- . _

{7 o o, TMxopr_9g41 : 0 < j <

= co[{xox—2p+2is Xop/—2g+2j 1 0 < i
{x2k—2p 1241, Xor—2g42i41 : 0 <

which induces that (5) holds.
Using (4) and (5), we have

d (xok, Xopr11) < C(Cﬂ&?ﬁﬂw Bifi}ﬁq] + (1= 0)d(Am, Ams1)) + (1= )d(Am, Ami1)

Xoj— Xok—
= O[AS » B (L= )d(Am, Apir).
Continuing this procedure, we have

2y o o2k Yok 2} 2%
1 ]5[“4k1_k:%[27k]’ka_k:%[%k]] + (1= T hd( A, Apir)

(2] 51 %0 3% _ JE]
ScTO[AL, B+ (1 —c1)d(Am, A1)

d(Xok, Xopr41) < €

Using (3), we have

2k 2k
A(Am, A1) < d(xgp, X0 11) < TMS + (1=l T)d( A, Ain). ©)
2

If k — o in (6), then k¥’ — oo and il 0, and so (2) is established. [

Example 2. Consider R with the Euclidean metric, A1 = [0,1], Ay = [2,3) and Az = [3,4]. We
define T : A1 U Ay U A3 — A1 U Ay U Aj as follows:

2, xe A
Tx =43, x € Ap.
—x+4, x€ Az

Then, forp=g=1,c = % and for any x € Ay and y € Ay, we have
max{d(1,2),d(2,1)} = max{d(T%x, T3y),d(T*x, T*y)}
< S0 Ah {2} + (1= )d(Ay 42)
< 5 sup{d(x,y), d(x,2),d(1,),d(1,2)} + 5.

Hence, the mapping T is a 3-cyclic Fisher quasi-contraction. On the other hand, by a simple
calculation, we have {xo } = {1} and {xo 1} = {2}. This shows that

lim d(ka, ka/+1) = d(Al,Az) =1

k k! — o0

Lemma 3. Consider a metric space (X,d) with the subsets A1, Ay, ..., Ay # @ such that Ay
and A,41 have the WUC property. Also, suppose that T is an n-cyclic Fisher quasi-contraction
mapping on Ay U Ay U - - - U Ay,. Further, for xog € Ay, consider the sequence {x;} to be the same
as in (1). Then, two sequences {xo;} = {T*"xo} and {xy11} = {T""*1xy} are Cauchy.
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Proof. Using Lemma 2, for any {x;} C A, and for every € > 0, there exists y € A;;11
so that d(xp, y) < d(Am, Aps1) + € for n > ny. Since the pair (A, Ay+1) has the WUC
property, then {xo; } is a Cauchy sequence. Analogously, {xp 1} is Cauchy. O

Now, we find the bpp for the n-cyclic Fisher quasi-contraction mapping.

Theorem 2. Assume that T is the n-cyclic Fisher quasi-contraction mapping on A1 U Ay U -+ - U
Ay with the quantities pn, qn, 1 < m < nand 0 < ¢ < 1, where Ay, Ay, ..., Ay are nonempty
subsets of a metric space (X, d) and Ay, is complete. If the mapping T is continuous at each point
of set

S={z€eA,:z= klim T* x for some x € Ay}
— 00

and the pair (Am, A1) has the UC property, then

1. T has at least one bpp z € Aw;
2. T" has at most n fp(s).

Proof. Using Lemma 3, for any xo € A, {x2x} = {T""xo} is a Cauchy sequence in Ay,.

Since A, is complete, we have klim Tk xy = z for some z € Ay,. Thus, z € S. Now, by the
—00

continuity of T and d, and using Lemma 2, we have

d(z,Tz) = d(klim TF xo, T(klim T %))
—» 00 —» 00
= d(lim T*"xg, lim TF"*1x)
k—o0 k—o0
= lim d(xax, X2k41)
k—00

This displays that z € A, is a bpp of T.
Now, we establish T" has at most n fp(s). Suppose that {x»} = {T"x},
{x}} = {T*+Vnxg} and {yx} = {T""1x0}. Then, by Lemma 2, we gain

lim d('ka/yk) = lim d('xl/(/yk) = d(Am/ Am+1)'
k—o0 k—oc0
Since the pair (A, Ap+1) has the UC property, then klirn d(xpk, x;.) = 0. Using the continu-
— 00
ity of d, we have
0 = lim d(xy, x})
k—o0
=d(lim xp, lim x})
k—oc0 k—o00
=d(z, T"(lim T"x))
k—o0

=d(z, T"z),

which induces that T"z = z; that is, T" has an fp. Now, we prove this fp is unique. Similar
to the above argument, for each x € A;;, assume that z' € Ay, provided that

lim TH'x = Z/, d(Z/, TZ/) =d(Am, Ans1) and ™7 = 7.

k—ro0
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Now, without the loss of generality, consider d(z, Tz') < d(z’, Tz). Then, we have

d(z',Tz) = d(TP"Z/, T(T""z))
— AT, T (T2))
< max{d(TP"Z, T (Tz)),d(TP" 12/, T7"1(Tz))}
< OOl AG g Bl + (1= 0)d(Am, A1)
=cS[{Z,z},{TZ, Tz} + (1 — ¢)d(Am, A1)
=csup{d(z,TZ'),d(z/,Tz),d(z,TZ"),d(z, Tz)} + (1 — ¢)d(Am, A1)
<cd(Z,Tz)+ (1 —c)d(Am, Ami1),

which implies that d(z, Tz) = d(Am, Am+1). Thus, d(2/,Tz) = d(z,Tz) = d(Am, Apm+1)-
Letz' = klim T*x and z = klim T*x,. Then, we have
—00 —00

lim d(T""x, Tz) = klim A(TF'x, Tz) = d(Am, Aps1)-
— 00

k—o0

Since the pair (A, Ap+1) has the UC property, we have z’ = z. Therefore, for each
x € Ap, {Tk"x} converges to z. Since n ordered pairs exist (A1, A2),(Az, A3),...,(An, A1),
then T" has at most # fp(s). O

Corollary 1. Assume that all the conditions of Theorem 2 are met. Further, suppose that
max{d(T"u, Tv),d(Tu, T"v)} < cmin{d(Tu,v),d(u, Tv)} + (1 —¢)d(Am, Aps1)
forallu,v € Ay. Then, T has a unique bpp z € Ay

Proof. Let z; and zp be the bpp(s) of the mapping T. Then, z; and z, are the fp(s) of the
mapping T". Now, without loss of generality, assume d(Tz1,z;) < d(z1, Tzz). Then,

d(z1,Tzp) = d(T"z1, Tzs)
< ed(Tz1,22) + (1 = €)d(Am, Api1)
<cd(z1,Tza) + (1 —c)d(Am, Ams1)-

Hence, d(z1, Tzp) = d(z3, Tz2) = d(Am, Am+1). Since (Am, Ay+1) has the UC prop-
erty, thenzy = zp. O

Example 3. Consider d, A1, Az, Az, and T to be the same as in Example 2. Clearly, T has no fp(s).
Here, we find the bpp of the mapping T and the fp of the mapping T°.

By the definition of the bpp: If x* € Aj is the bpp, then d(x*, Tx*) = d(A1, Ap). Thus,
d(x*,2) = 1and x* = 1 € Ay (note that x* = 3 ¢ Aq). If x* € Ay is the bpp, then
d(x*,Tx*) = d(Ay, Az). Thus, d(x*,3) = 0, which induces that x* = 3 ¢ Aj. Similarly, if
x* € Az is the bpp, then x* = 3 € As.

Note that all the assumptions of Theorem 2 are held. Thus, we can check the validity of the
assertion of this theorem.

1. Byusing (A1, As): Forz = 1lin Ay, {xo} = {T®xo} = {1}. Thus, z = klim T*x =1
— 00
is the bpp of T on Ay. Also, T*1 = 1 and z = 1 are unique fps of T°.
2. Byusing (Ap, Az): Ay is not complete. We cannot apply Theorem 2 to this case.
3. Byusing (Az, Ay): Forz = 3in As, {xo} = {T%*xo} = {3}. Thus, z = klim T%xg =3
— 00
is the bpp of T on As. Also, T3 = 3 and z = 3 are unique fps of T°.

Consequently, z = 1 and z = 3 are bpp(s) for the mapping T. Also, we have T31 = 1, T32 = 2,
and T°3 = 3. Thus, T has three fp(s).
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3. Regular-n-Noncyclic and Full-n-Noncyclic Fisher Quasi-Contractions

Let Ay, Ay, ..., A, be nonempty subsets of a metric space (X,d). A self-mapping T
on Ay UApU---UA, is called noncyclic if T(A;) € A; for 1 < i < n. Also, the pair
(xj,x;) € Aj x Ajfor 0 <i,j < nwithi # jis denoted as an optimal pair of fp(s) of the
noncyclic mapping T if Tx; = x}, Tx; = xj, and d(x;, x}) = d(A;, A;).

Itis obvious that if xg € A;, yo € Ajand T is the noncyclic mapping, then x 1 = Tx; €
Ajand yx1 = Ty € Ajfork > 0.

Notations. Let m € NU {0}. Define the set C¥, by C, = {u, Tu,..., T"u} for u €
AjUAU---UA,y. Clearly,ifu € Ajfori =1,2,...,n,then Cj;, C A;.

Now, we define the notion of regular-n-noncyclic and full-n-noncyclic Fisher quasi-
contractions in metric spaces. Then, we obtain the main outcomes of this part.

Definition 5. Let Ay, Ay, ..., An be nonempty subsets of a metric space (X,d) and T be a non-
cyclic mapping on Ay U Ap U -+ - U Ay,. Then, T is said to be

1. A regular-n-noncyclic Fisher quasi-contraction if there exist two sets A; and Aj for 1 < i,
j < nwithi # jand some p;, p; € N so that

d(TPix, TPiy) < cé[C;i,C,ygj] + (1 —c)d(A;, Aj)

foreach x € Ajandy € Aj, where0 < ¢ <1;

2. A full-n-noncyclic Fisher quasi-contraction if for all A; and A;, where1 < i,j < nwithi # j,
there exist some p;, p; € N so that

d(TPx, TVy) < ed[Cy, Cp ] + (1 — c)d(A;, A))
foreach x € Ajandy € Aj, where 0 < ¢ < 1.

Lemma 4. Let A1, Ay, ..., Ay be nonempty subsets of a metric space (X,d) and T be a reqular-n-
noncyclic Fisher quasi-contraction mapping on Ay U Ay U ---U Ay, Then,

S[C, ") < My y, (7)

foreach k,1 € N, where

max{d(T'xo, Tlyo),d(T'xq, T/xg),d(T'yo, T'yo);0 < i,j < max{p;, pitt +d(A;, A)).

Proof. Since the mapping T is a regular-n-noncyclic Fisher quasi-contraction, there exist
twosets A; and A; for 1 <i,j < n withi # jand some p;, p; € N such that

d(TPix, TPiy) < ¢8[Cy, Cp ] + (1 = c)d(A;, A)). ®)
First, we show that
5[C;O/Czyo] = d(T"x, T”yo) where r <p; or r < pj- 9)

On the contrary, suppose that 5[C;°, C{°] = d(T"xo, Tyo), where p; < u < k and
pj <v < l.Then, u—p; >0and v —p; > 0,and x,—p, = T" Pixg and Yo—p;, = T Piyo,
respectively. It follows from (8) that

8[C°, C°] = d(T"xo, T"yo)

d(
d(TPiT" Pixg, TPIT? Piyp)

es[Cy ", Cpy T 4 (1 - )d(A;, A))

cS[Cr0, CI°+ (1= c)d(A;, A)),

NN
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which, by ¢ € [0,1), implies that 6[C;°, C/°] < d(A;, A;). Consequently, §[C°,C/°] =
d(A;, Aj) and (9) holds.

Now, we prove (7) by applying (9) and consider the three following cases.
Case 1: Suppose that r < p; and r< p;- Then,

(1—1¢)d(T"xo, Tr,yo) < d(T"xy, T’lyo)
< {d(T'x, Tlyg), d(T'x0, T/ x0), d(T'yg, Tlyo);0 < i,j < max{p;, pit}
+ (1 — C)d(AZ', A]),

which concludes that d(T"x, T" Y0) < My, y,- Thus, (7) holds.
Case 2: Assume that 0 < r < p; and pj < r’ < 1. Then,

5[C, C") = d(T"xo, T yo)
< d(T"xo, TPixg) + d(TPixo, T" o)
<d(T"xg, TPixg) +d(TPix, T T" “Piyg)
< d(T"xq, TPixg) + (c5[C, CF°] + (1 — ¢)d(A;, A)),

which implies that (1 — c)(S[CxO Cyo] d(T"xo, TPixg) + (1 — c)d(A;, Aj). Thus, (7) holds.
Case 3: Similarly, if p; <r < kand r < pjs then (7) holds. O

Lemma 5. Assume that all the conditions of Lemma 4 are met. Further, suppose that x;1 = Tx;
and yy 1 = Tyy fort,t' € NU{0}. Then,

lim d(xt,yt/) =d(A;, Aj). (10)
Lt —
Proof. Since t,t' — oo, without loss of generality, we can suppose that t,t' > max{p;, p;}.
Hence, t — p; > 0 and t' — p; > 0. On the other hand, (5[C;<”,Clyf’] = sup{d(x,y) :
xeClye Cly“}. Thus, for 0 < < kand 0 < s’ < I, we obtain

S[CH,Cl) = d(T" x;, T yy)
= d(TVH %y, THITS yt/ )
= d(TPT x_ pi TVIT yt/ )
Yo
< eO[Cyt Cryp) ' (1= ) (A A)).
Consequently,
Yy
oy, Cl] < ed[C ) clip’”] + (1-c)d(A;, A)). (11)

Now, by using (11) and by putting k = | = 0, we have

A, y) = O[CY, CU'T < @dlCh ™, Cpy T4 (1 - O)d(Ay A))

< c(cd[Cy, " ct T (1= 0)d(Ai A)) + (1= )d(A;, A))
= 25y " ct 2”]] + (1= P)d(A A))

< A (edlCy ™, Cop ] (1 - Od(Ay Ap)) + (1 - P)d(Ay A)
= 3s[cy " ct 3”’] + (1= P)d(Ay A))
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lim d(x7, T"yo) =

n—oo

for t,t' > max{2p;, 2p;}.
Continuing this process, using Lemma 4 and setting a(t,t') = min{ [ﬁ], [;—;] }, we have

d(Al', A]) < d(xt,yt/)

) s~ St-altt) g ATl p; L ;
< )(5[c () ",C, w(L).p, N+ (1= ))d(Ai/A])
< C“(t't,)é[CfO,CzO] + (1 _ Cﬂt(t,t’))d(Ai, A])
< C“(t't,)ng,yO (- Ca(t,t/))d(Ai, Aj).

Now, by taking the limit as ¢, — oo, (10) is established. [J

Lemma 6. Let Ay, Ay, ..., Ay be nonempty subsets of a metric space (X,d) and T be a reqular-n-
noncyclic Fisher quasi-contraction mapping on Ay U Ay U - - - U Ay,. Further, suppose that (A;, A;)
has the WUC property, and for xo € A;, consider xy11 = Tx; for any t > 0. Then, the sequence
{x¢} is Cauchy.

Proof. By Lemma 5, {x;} is Cauchy. O

Theorem 3. Let Ay, Ay, ..., Ap # @ be subsets of (X, d) and T be a regular-n-noncyclic Fisher
quasi-contraction mapping on Ay U ---U Ay. Also, let A; and Aj for 1 < i,j < n be com-
plete subsets of X such that (A;, A;) and (Aj, A;) have the UC property. Further, assume
that T : A; — Ajand T : A; — Aj are continuous. Then, T has a unique optimal pair of
fo(s) (x7,y;) provided that {T"xo} and {T"yo} converge to x} and y; for each xo € A; and
Yo € Aj, respectively.

Proof. From Lemma 6, {T"x} is Cauchy. Since A; is complete, {T"x(} converges to a
certain x7 € A;. Since T is the continuous mapping on A;, we deduce that Tx] = x; that
is, x; € A;is an fp of T. For uniqueness, assume that x7* € A; is another fp of T. Also, let
Yo € A;j. Using Lemma 5, we have

= nh_r)rolo d(T"x;, T"yo) = d(A;, Aj) = )}'_r)rgod(T"x?‘*,T”yo) = r}gr;od(xf*,T”yo).

Since the pair (A;, A;j) has the UC property, then x; = x;*. Similarly, T has a unique fp
y]’f € Ajsuch that {T"yo} converges to a certain y; € A;. Also, by Lemma 5, we have

d(xt,yf) = lim d(T"}, T"y?) = d(A;, A)).

n—o0
Hence, (xl’f,y]’f) € A; X Ajis a unique optimal pair of fp of T. [

As an application, in the following corollary, we show that a full-n-noncyclic Fisher
quasi-contraction mapping has n(n — 1) /2 unique optimal pairs of fixed points.

Corollary 2. Let Ay, Ay, ..., An be nonempty and complete subsets ofa metric space (X, d) and
T be a full-n-noncyclic Fisher quasi-contraction mapping on Ay U Ay U - - - U Ay. Also, assume
that the pairs (A;, A;j) and (A;, A;) have the UC property for each 1 < i,j < nwith i # j. Further,

suppose that the mapping T : A; — Aj; is continuous. Then, T has "(nz L) unique optimal pairs

of fp(s) (x},y;) provided that {T”xo} and {T"yo} converge to x; and y; for each xo € A; and
Yo € Aj, respectively.

Proof. By Theorem 3, (x7, y]*) is a unique optimal pair of fp of T for some i,j =1,...,n

n(n 1)

with i # j. Since there exist cases of the different pairs (A;, A; ) for any i, j, then the

assertion holds. [

)%+ (B — 6)? for each

Example 4. Consider R? with the metric d((«, B), (7,0)) —
1 <2}, A = {(0,b) : 1<

(0, B),(7,0) € R Also, assume that Ay = {(a,0) :
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b < 2} and A3 = {(a,0) : =2 < a < —1} are three subsets of R2. Moreover, suppose that
T:A1UAyUAs = Ay U Ay U Az is defined as follows:

1,0), x € Ay
Tx = 0,1), xe A;.
(_210)/ X € A3

o~ o~

Clearly, T is a noncyclic mapping. For the pair (A1, Az), let p1 = p» = 1 and c be a fixed
number in [0,1). For each x € Ay and y € Aj, we have §[C5, C{] > /2. Thus, we conclude that

d(T'x, T'y) = d((1,0),(0,1)) = V2 < cd[C], CY] + vV2(1 —¢);
that is, the mapping T is a regular-3-noncyclic Fisher quasi-contraction. Further, since

lim d(x;,yp) = d((1,0),(=1,0)) = d(Aq, Ay) = V2,

t,t —o0
the assertion of Lemma 5 holds. Furthermore,
T(1,0) =(1,0), T(0,1)=(0,1) and d((1,0),(0,1)) =d(A1, A2).

Thus, ((1,0),(0,1)) is an optimal pair of fp of T. Moreover, look at the pair (A1, A3). For every
p1,p2 € Nand x = (1,0) € Ay and y = (—1,0) € A3, we obtain

d(TPx, TPy) = d((1,0),(~2,0)) = 3 £ c3[CF,, Cly] +2(1—c).

Note that 5[C5,, Ch,] = 6[C”, €5, ] = 8d((1,0), (~1,0)),d((1,0),(~2,0))] = 3.
So, T is not the full-3-noncyclic Fisher quasi-contraction mapping. In addition,

lim d(xt,yy) =d((1,0),(=2,0)) =3 # 2 = d(A1, 43).

Lt —o0
Example 5. Let (R?,d) be the same metric space in Example 4. Also, suppose that A; = {(a,0) :
1<a<2} A ={(a0): -2<a<-1},A3={(0,b) : 1 <b<2}and Ay = {(0,b) :

—2 < b < —1} are four arbitrary subsets of R?. We define a mapping T on A1 U Ay U A3 U Ay
as follows:

For p = q = 1and for each x € Ay and y € Ay, we have
Ci ={x(1,0)}, C]={y,(-1,0)}, J[C{,C]]=4 and d(A,A;)=2.
Thus, there exists a 0 < ¢ < 1 so that
d(Tx,Ty) =d((1,0),(—1,0)) = 2 < cd[CY, C{] + (1 —c)d(Aq, Az).
Also,

lim_d(xi,ye) = d((1,0), (1,0)) = d(Ay, A3) = 2.

t,t —o0
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Similarly, we can use the above discussion for all 1 < i,j < 4 with i # j. Hence, mapping T
is a full-4-noncyclic Fisher quasi-contraction. In addition, T has six unique optimal pairs of fp(s)
as follows:

((1,0),(0,1)), ((1,0),(=1,0)), ((1,0),(0,-1))
((0,1),(=1,0)), ((=1,0),(0,=1)), ((0,1),(0,~1)).

4. Conclusions

In the present paper, we introduced the concepts of n-cyclic Fisher quasi-contraction
mappings, as well as full-n-noncyclic and regular-n-noncyclic Fisher quasi-contraction
mappings in metric spaces. Then we stated and proved several bpp theorems regarding
these contractions. Moreover, we solved an open problem about the number of optimal
pairs of fp(s) for full-n-noncyclic Fisher quasi-contraction mappings. Due to the gener-
alization of this paper, unlike the other articles, we found more than one bpp. In future
studies, readers may concentrate on specific aspects of these points. For example, they
could explore the optimum of a bpp or discuss the unique conditions of these points. Also,
they may obtain similar results in various metric spaces.
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