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Abstract: We introduce and examine two new subclass of bi-univalent function ¥, defined in the open
unit disk, based on Saldgean-type g-difference operators which are subordinate to the involution
numbers. We find initial estimates of the Taylor-Maclaurin coefficients |a;| and |a3| for functions in
the new subclass introduced here. We also obtain a Fekete-Szeg6 inequality for the new function
class. Several new consequences of our results are pointed out, which are new and not yet discussed
in association with involution numbers.
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1. Introduction and Preliminaries

Let H represent the class of holomorphic functions expressed as
C(e) =e+ 2 ape" 1)
n=2
normalized as {(0) = 0 = ’(0) — 1 defined in the open unit disk

A={ecC:lg <1}

Let S C H consist of functions given in (1) and which are also univalent in A. Let the class
of starlike and convex functions of order &, (0 < a < 1), be given by the following:

ST(a) = {g €H: a%(ggl(”) > a}

¢(e)
" CV(a) = {CGH:@%(S(?((;)))/) >IX}
respectively.

A function { € H is called a strongly starlike function SS7 («) of order & (0 < & < 1)
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holds. Analytic functions ¢, & € #H and { are subordinate to ¢, written {(¢) < ¢(¢), provided
there exist @ € H defined on A with @(0) = 0 and |@({)| < 1 satisfying {(e) = ¢(@(e)).
In [1], Ma and Minda assumed more general superordinate functions expressed as

¢(e) =1+ Bie+ Bye” + Bse> + -+, (By >0).

with positive real parts in A with ¢(0) =1, ¢'(0) > 0 and ¢ maps A\ onto a region starlike
with respect to 1 and symmetric with respect to the real axis. Further, they unified various
subclasses of starlike and convex functions for which either of the quantities

e'(e) e 2" ()
OO

is subordinate to a more general superordinate function given in (1).

1.1. Quantum Calculus

The application of g-calculus was initiated by Jackson in the paper [2]. A comprehensive
study on applications of g-calculus in operator theory may be found in the paper [3]. Re-
search work in connection with function theory and g-theory together was first introduced
by Ismail et al. [4].

We recall some basic definitions and concept details of g-calculus (see [5] and references
cited therein) which are used in this paper.

For 0 < g < 1 the Jackson’s g-derivative [2] of a function { € H is given by the following
definition:

{(e)=2(ge)
Qe =1 g SO e70 @
Z'(0) for e=0,
and Q%g(s) = Q,4(Qy¢(¢)). From (2), we have
Qql(e) =1+ ) anfnlge" ™! ©)
n=2
where L
—1
(g = 7= oy @)
is sometimes called the basic number n. 1f ¢ — 17,[n]; — n. For a function h(e) =
¢", we obtain Que" = Quh(e) == [n]e" ! = % = ¢ 1 and lim, ;- Qgh(e) =

lim, ;- ([n]ge" ') = nz""! = K(e), where I’ is the ordinary derivative. For { € #,
the Saldgean g-differential operator is defined and discussed by Govindaraj and
Sivasubramanian [6] as given below:

Quile) = L(e)
Qui(e) = €Qqi(e)
Qille) = €Qq(Q5'¢(e))

Qui(e) = e+ ) [n]gane"  (x € No, e € A) (5)
n=2
We note that lim; — 1~

QFl(e) = e+ i n*aye” (k€ Ng,e € A) (6)
n=2

is the familiar Saldgean derivative [7].
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2
Fe) :=e®*T7) =14 ¢4

1.2. Generalized Telephone Numbers (GTNs)

The classical telephone numbers (TN), prominent as involution numbers, are specified
by the recurrence relation

Yn)=Yn—-1)+n-1)Yn—-2) for n>2

with
Y(0)=Y(1) =1.

Associates of these numbers with symmetric groups were perceived for the first time in 1800
by Heinrich August Rothe, who pointed out that Y(7) is the number of involutions (self-
inverse permutations) in the symmetric group (see, for example [8,9]). Since involutions
resemble the standard Young tableaux, it is noticeable that the nth involution number
is consistently the number of Young tableaux on the set 1,2,...,n (for details, see [10]).
It's worth citing that, according to John Riordan [11], recurrence relation, in fact, yields
the number of construction patterns in a telephone system with n subscribers. In 2017,
Wlochand Wolowiec-Musial [12] identified GTNs with the following recursion:

Y(x,n)=tY(t,n—1)+(n—-1)Y(t,n—2) n>0 and T2>1
with
Y(7,0)=1,Y(7,1) =1,

and studied some properties. In 2019, Bednarz and Wolowiec-Musial [13] presented a new
generalization of TN by

Y:(n)=Yr(n—1)+t(n—1)Yr(n—2), n>2 and T2>1
with
YT(O) - YT(]-) - ]..

Recently, they found the exponential generating function and the summation formula
GTNs represented by Y- (1), given by:

x"rl

i (t>1).

Xz 0
AT — Z YT(H)
n=0

As we can observe, if T = 1, then we obtain classical telephone numbers Y (). Clearly,
Y+ (n) is for some values of n given as

. Y:(0)=Y:=1,

2. Y:(2)=1+T7,

3. Y:(3)=1+4+37

4. Y.(4) =1+ 67+ 372

5. Y¢(5) =1+ 107 + 1572

6.  Y¢(6) =1+ 157 + 4572 + 157°.

We now consider the function

1470, 1+3783+3T2+6T+1€4+ 1+10T+157285+”"

2 6 24 120

for e € D and study ¢ € H (see [14,15]).

1.3. Bi-Univalent Functions

The Koebe One-quarter Theorem [16] ensures that the image of A under every uni-
valent function { € H contains a disk of radius }. Thus every univalent function { has an

inverse { " satisfying {71 (¢(e)) = ¢, (e € A) and {(e7'(¢)) = ¢ (Ig] <70(Z), 70(C) = 7).
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A function { € H is said to be bi-univalent in A if both  and {~! are univalent in A.
Let 2 denote the class of bi-univalent functions defined in the unit disk A. The functions
1= —log(l—¢), % log(%) are in the class X so it is not empty(see details in [17]).
Since ¢ € X has the Maclaurin series given by (1), a computation shows that its inverse
& = {1 has the expansion

&) =0""g) =¢c—ag?+ (203 —a3)¢® + -+ - . @)

Various classes of bi-univalent functions were introduced and studied in recent times. The
study of bi-univalent functions gained momentum mainly due to the work of
Srivastava et al. [17]. Motivated by this, many researchers [18-33] (also the references
cited therein) recently investigated several interesting subclasses of the class X and found
non-sharp estimates on the first two Taylor-Maclaurin coefficients. Motivated by recent
study on telephone numbers [34] and using the Sildgean g-differential operator defined
by (5), for functions ¢ of the form (7) as given in [33], we have

QsE(g) = ¢ — a2[2]56% + (243 — a3) 35 + - - ®)

using that in this article first time we introduce a new subclass PX{(8, F) of X in asso-
ciation with involution numbers and find estimates on the coefficients |a;| and |a3| for
¢ € PZ{(A, F) by Ma-Minda subordination. We also obtain the Fekete-Szegd problem by
using the initial coefficient values of a; and as.

Definition 1. Let 0 < ¢ < 1. We say that { € X belongs to the class PX5(8, F) if

(1-9)Q5+'(e) + 9952 (e)
(1-9)Q5¢(e) +9Q57¢(e)

F(e) ©)

and
(1-8)Q515(g) + 89822 (g)

(1-8)Qxé(g) + 9952 (c)

=< r () (10)
where Q& is given by (8).

Example 1. Tuking & = 0 we have PX{(0,F) = SEi(F ) and § € Lisin § € SEL(F) if the
following subordination holds:

Qg (e)

Q¢ (e)
where Q¢ is given by (8).

Qste(e)
< F(Z) and W < F(g),

Example 2. Tuking ¢ = 1 we have PXf(1,F) = KZ§(F) and § € isin { € KZ5(F) if the
following subordination holds:

Qr2(e)

Qe (e)

Q8*2¢(g)
< fF(e) and %%F(g)

where Q¢ is given by (8).

We need the following lemmas for our investigation.
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Lemma 1. (see [16], p. 41) Let P be the class of all analytic functions p(e) of the form

ple) =14 Y pue" (11)

n=1
satisfying R(p(e)) > 0 (e € A) and p(0) = 1. Then
lpul <2 (n=1,2,3,...).

This inequality is sharp for each n. In particular, equality holds for all n for the function

1+e¢ >
= =1 ¢,
p(e) T +n;1 e

2. Coefficient Bounds for { € PZE(9,f )
Theorem 1. Let { given by (1) be in the class PX{(8, F ). Then

2 (12)

a| <
a2] < \/I2[q{1+l9(q+q2)}[Z]q[3]$—q(1+19q)2[2]5"]+q2(1+l9q)2[2]%"(1—r)\

and

1
<= 1 1 )
las] < 2 <q(1+ﬂq>2m%k + {1+w<q+q2>}[21q[31;) 13)
Proof. We can write s(¢) and (¢) as

T +u(e)

5(8) i 1_u(£) :1+Sl€+52€2+"'

and
_ 1+o(e)

(S) 1—?}(6) + t1e + fre” +

or, equivalently,

(14)

and

(15)

u,v: N\ — A,
we say that s(¢) and f(e) have a positive real partin A, and
Isi) <2 and |4 <2, (i=1,23...).

Further we have

s(e)=1.2

[ ]
u(e)]? s(e)—1 s(e)+1

Fu(e)) = RIOEE IO NN E = sass S

—1)s2
1+5718+(%2+(T%8)51)£2

1-3
+ (S—3+(r—1)%+( 487)s§)s3+---. (16)
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(o) (o1 il
F(v(g)) = (O +T=3-) — e(f(g)+1+T 7—)
_ t tr (T - 1)1‘% 2
thget (3 + g e

t1to 1-37
+ <—+(r—1)1T+( I )t?>g3+---.

Using (14) and (15) in (9) and (10) respectively, we have

(1- 8)Q515(e) + 90525(e) s e (-1,
ToooEreae M= (G ) 1
and
(1 - 19) Qnglg(g) + ﬁQngzg(g) t ty (T — 1)1‘% 2
— =142t (24224 (8
=9 05(0) +98ETE ) Fo@) =1+ ¢+ (F+—F51)d+.  (8)
We obtain the following relations
q(1+0q)2]5a2 = %51/ (19)
2
a{1+ 000+ %) } 2131505 — (1 + 99221203 = %(Sz—%)JrlgTs%, (20)
1+ 09) 2w = ot e
and
2
a{1+8(g+ @)} 21y 31528 — a3) — g1+ 8L B = 2 (12— )+ TR (22)

From (19) and (21) it follows that

s1=—h (23)
and
87 (1+ 09)*[2]7%a3 = (s1 + 1) (24)
From (20), (22) and (24), we obtain
a2 _ (52 + tZ) (25)
2 2{2[q{1+ 8(q + %) }[2]4[3]5 — q(1 + 89)2[2]3"] + ¢>(1 + 89)?[2]3*(1 — 1) }

Applying Lemma 1 for the coefficients s, and f, we immediately obtain the desired estimate
on |ay| as asserted in (12).
By subtracting (22) from (20) and using (23) and, we have

= 23 2-h 26
S P ST PRl e S 26)

If we use (24) in the relation (26), we will obtain

S%-i-t% So — 1o

842(1 + 0q)2[2]3 T 41+ 0(g + DI BE (27)

az —

If we apply Lemma 1 once again for sy, s, f1 and 5, we obtain the desired estimate on |a3|
as asserted in (13). O
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By taking @ = 1 and @ = 0 in Theorem 1 we can state the estimates for f, in the
function classes SXf(F ) and KXf (F ) respectively given in Example 1 and 2 which are new
and not yet discussed in association with involution numbers.

3. The Fekete-Szegt Problem for { € PLi(8, 1)

The Fekete-Szego inequality is one of the well-known problems with the coefficients
of univalent analytic functions. It was first given by [35], as

3 —4v, if v<0,
a3 —va3] <{ 142075, if 0<ov<]1,
4v -3, if v>1.

Lemma 2 ([36]). Letk,] € Rand e1,e € C.If |e1| < Rand |e3| < R, then

2[k[R,  |k| = 1],

|(k+l)el+(k—l)ez|§{ 2R, 1K < 1]

Now, { € PZE(8, F) we obtain the Fekete-Szegd inequality |a3 — Na3].

Theorem 2. Let { € PX{(8, F ) be given by (1). Then for X € R

1
g{1+9(q+4%) } 214315’

(1+89)2[2]3 ! q(1+09) 2% (1-1)
1l < |1~ q q
for [R=1] < ‘1 o) B T (100G 1% 2
|ag — Ra3| < . (28)
2]R-1]

|29 1+8(9+4?) }[214[3]5 —2q(1+89)2[2]3| B2 +q2 (1+89)2[2]3 (1—7) |’

(140?23 q(1+89)2 221 (1)
{1+8(q+42) } 815 ~ {1+8(q+4?) }[3]5 2

for IR —1| > ‘1

Proof. From (25) and(26) it follows that

1 1
= Naj = (“N) T Lo +q2>}[21q[3}s>52 * (9"““ T Lo +q2>}[2}q[315>t2’

where

(1-N)
2{20g{1+9(q + )} 21435 — a1+ 99)2213] + 2(1 + 99222 (1 - 7) }

p(R) =

Then, applying the above Lemma 1 and Lemma 2, we get

1 < < 1
Trearotaer 1o 0= e < s
’ng — Na%‘ <

1
(W), for oM 2 s T EE

which yields the desired inequality. [
Specifically by fixing N = 1 we obtain

1
{1+ 8(q +9°) }[2]4[3]§

’ag — Na%’ <
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Further by fixing @ = 0 and ¢ = 1 in the Theorem 3, respectively we arrive at the
Fekete-Szegd inequality for { € SXf(F ) and ¢ € KZL(F).

4. Bi-Univalent Function Class X (¢, B)

In the section, motivated by Frasin et al. [20], we will give the following new subclass
involving the Saldgean type g-difference operator linked with GTNs and also its related
classes its worthy to note that these classes have not been discussed so far.

Definition 2. A function { € X given by (1) is said to be in the class
Fii(p,F) (0<p<legen)

if the following conditions hold:

K K—+1
<(1 ) qu(e) tp Qq+f(€)> <) 29)

and K K+1
(amgf@+pgqf@><F@. 40

Example 3. A function { € X, members of which are given by (1) and
1. forp=0,let FEL(0,F ) =: REL(F ), denotes the subclass of ¥, and the conditions

(Qgé(s)) < F(e) and %(%) < F(g)

€
hold.

2. Forgp=1,1let FE{(1,F ) = HX5(F ) denote the subclass of . and satisfy the conditions

(QT%@){F@ . <Q$E@><F@»

€

Theorem 3. Let § € FXi(p, F ). Then

ar| < 2 31
o] < VI201+ @+ ) Bl5 -+ (1+q0)2 23 (1-7)| D
1 1
193] < rgorer T TareeEE (32)
and ) )
s [ 0= W< smgraoes
‘ﬂg — ha%‘ <
4lp(n)], for [p(n)| = m
where -
(h) =

2{2[1+ (+ Pl B + (1 + 92221 - )}
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Proof. Suppose that { € F Zg(p, I, ) satisfies the conditions given in Definition 2 and,
following the steps as in Theorem 1,

QF QK+1 —1)s2
(1—@)’6&)+p qga@::1+2s+(?4—ﬁ‘8)%>§+, (33)
oF QK+1 —1)42
(1-p) qi(g) +p— gé’(g) =1+ %g + (%2 + %)gﬁ, (349)

Now, by comparing the corresponding coefficients in (33) and (34), we obtain,

1
(1+gp)[2]5a2 = 551, (35)

1 2. 14T
(1+ (9 +0*)9)Bljas = 5 (52— 5) + —5—s1, (36)

1

—(1+4gp)25a2 = St (37)

1 2?1
+(q+49)p B —as)=(tp— L)+ —18, (38)

(1+ (1 +P)9)BI 20 —a3) = 5 (12— ) +
From (35) and (37), we obtain
1 1

=, (39)

) = ——————5
P2l T 21+ gp)2;
which implies
$1=—hH (40)
and
8(1+qp)*[2)2"a5 = 57 + 1. (41)
Adding (36) and (38), then using (41), we obtain

t
2 = 52 1 b2 (42)

2{2[1+ (g + P)plBl5 + (1 +99)222(1 - 7)}

Applying Lemma 1 for the coefficients s, and tp, we immediately have the desired estimate
on |ay| as asserted in (31). By subtracting (38) from (36) and using (40) and, we obtain

2 Sp —t
D=0t T @ Do) BlE )

Next using (41) in (43), we finally obtain

s2+12 Sp— 1ty

T S o PR AT+ Bl “

Applying Lemma 1 once again for the coefficients sy, s5,t; and t;, we obtain the desired
estimate on |az| as asserted in (32). From (43) and (42) it follows that

. 1
S (Wh) A q2)p)[3]5>52 " (lp(h) A0+ g+ )e) [3]§> *
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where
1-h

2{2[1+ (g + P)plBl5 + (1 +90)222(1 - 1)}
Then, applying Lemma 1, we have

p(h) =

ey 1o 0 B0 < qrgr ey
‘ag—ha%‘ <
1
4lp(n)], for ¥ = sgreeeg

which yields the desired inequality. O

By allowing fixing ¢ = 0 and g = 1 in Theorem 3 we can state the estimates for f,
in the function classes RXf(F ) and HXJ(F ) respectively given in Example 3, further by
taking ¢ — 1~ we state various subclasses of £ and above results, which are new and not
yet discussed in association with involution numbers.

5. Conclusions

The results presented in this paper followed by the work of Srivastava et al. [17]
related with Generalized telephone phone number (GTN). This work presented the initial
Taylor coefficient and the Fekete-Szeg® problem results for this newly defined function
class PX5 (8, F) and FXi(p, F ). By specializing the parameters in Theorem 1 and 3, given
in Examples 1-3, we can investigate problems not yet examined for GTN. Also by taking
g — 17 we state various subclasses of ¥. and state results analogues to Theorem 1 and 3.
This paper can motivate many researchers to extend this idea to another classes of bi-
univalent functions [37], Sakaguchi-type functions [38] (other classes of functions cited in
this article) and further second Hankel determinant results for function class ¥, as discussed
in [39].
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