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Abstract: According to the classification of the quark model, the hadrons going beyond three-quark
baryon and quark-antiquark meson pictures are called exotic hadrons. Many new hadrons have
been observed since 2003, some of which exhibit exotic behaviors. There are a lot of excellent review
articles on exotic hadrons available so far; the present article tries to focus on the recent experimental
and theoretical progress on the exotic states from the perspective of the quark model. Although lattice
quantum chromodynamics may give the final answer of the problem, the phenomenological models
are still powerful tools to explore the exotic states and to provide insight on the phenomenology of
hadrons. The spatial and color structures of multiquark states and the channel coupling calculation are
emphasized through reviewing some bound states, molecular and color structure resonances. Finally,
the unquench effects of some exotic states are reviewed. With the accumulation of experimental
data on multiquark states and inspiration of underlying theory developments, more reasonable
phenomenological models incorporating multi-body interactions and high Fock components to unify
the description of normal hadrons and exotic hadrons are expectable.

Keywords: quark model; tetraquark; pentaquark; color structure; channel coupling

1. Introduction

Exotic hadrons, which cannot be accommodated in the usual schema of hadrons,
three-quark baryons, and quark-antiquark mesons, are hot topics of both experimen-
tal and theoretical research in hadron physics. The fundamental theory of strong inter-
action, quantum chromodynamics (QCD), does not forbid the existence of multiquark
states (qm q̄n, m − n = 3k and m + n > 3), hybrid states (qq̄g, q3g, · · · ), or glueballs (gn,
n = 2, 3, . . .). There are two kinds of exotic hadrons. The first kind is the state with exotic
quantum numbers, which cannot be produced by three-quark or quark-antiquark systems.
The second kind is the state with normal quantum numbers, which can be produced by
three-quark or quark-antiquark systems, but its properties cannot be understood as a nor-
mal hadron. One of the explanations for the exotic hadron is the multiquark state, in which
there are various color structures. Therefore, multiquark states can provide the low-energy
strong interaction information that may be absent in normal hadrons. Furthermore, invok-
ing the multiquark and other components in the valence quark description of hadrons, it is
possible to unify the treatment of normal and exotic hadrons.

However, too few exotic hadrons are confirmed by experiments so far. Nevertheless,
there has been a lot of progress in the last two decades. In 2003, the BaBar Collaboration
reported their observation of Ds0(2317) in the inclusive D+

s π invariant mass spectrum [1],
and the Belle Collaboration found a new charmonium state X(3872) in the J/ψπ+π−

invariant mass spectrum of the process B→ KJ/ψπ+π− [2]. Their observations stimulate
the investigation of exotic hadron states. Afterwards, dozens of so-called XYZ particles
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and other exotic states were claimed by experiments. In particular, the discovery of
charged charmonium-like states, e.g., Zc(3900) [3], is regarded as the smoking gun of the
existence of tetraquark states. Many near-threshold structures, e.g., the Zc(4020)± [4,5], the
Zb(10610/10650)± [6,7], the Zcs(3985)− [8], and the Pc states [9,10], have been observed
in the worldwide high-energy experiments. Recently, a new narrow structure X(6900)
was observed by the LHCb Collaboration in the J/ψ-J/ψ mass spectrum [11], which
arouses interest in fully heavy exotic hadrons. This state was later confirmed by the CMS
Collaboration with higher standard deviations. In addition, two new fully heavy structures
were also observed by the CMS Collaboration [12]. The report of two new exotic structures
X0(2900) and X1(2900) in the D−K+ invariant mass distributions of the decay process
B+ → D+D−K+ by the LHCb Collaboration [13] renews our interest in four different
flavors of hadron states. The doubly charmed bound state T+

cc with I(JP) = 0(1+) was
discovered by the LHCb Collaboration in the D0D0π+ invariant mass spectrum [14], which
invokes a renewed interest in the doubly heavy tetraquarks. These exotic states are clearly
outside the scope of qq̄ mesons and qqq baryons. Many theoretical works have been devoted
to the study of these exotic hadrons. Several excellent review articles on exotic hadrons are
available [15–20]. However, their internal structures are still under debate.

In this article, we mainly review the recent experimental and theoretical progress
of exotic hadrons, focusing on current theoretical research on structures of these states
from the perspective of quark models, emphasizing the multi-channel coupling and multi-
body interaction effects. There are a lot of relevant references, and only part of them are
referenced in the review for our goals. We apologize to the authors whose work is not
referenced. In various theoretical approaches, the quark model is a phenomenological
method in investigating the complicated strong-interaction systems. It can offer the most
complete description of hadron properties and hadron–hadron interaction. For various
exotic hadrons, the energy of some states is lower than the minimum threshold, so they may
be stable bound states. The energy of some states is higher than the minimum threshold,
which may be excited or resonant states, so the coupling effect with the scattering channel
should be considered. Some states are not pure meson or baryon states, so the multi-quark
coupling effect should be considered. In addition, the structure of exotic hadrons is always
an open question. Exotic hadrons may be deuteron-like hadronic molecules; the reported
near-threshold structures are good candidates of hadronic molecules. The compact objects
with all quarks within one confinement volume are more interesting, as it is a new form of
matter. Perhaps colorful sub-structures, diquark, color octet cluster, play an important role
in the compact exotica. It is quite possible that both kinds of structures and their mixing
appear in nature.

1.1. Color Structures

Based on QCD, the color structures of states will clearly play an important role in
understanding exotic hadrons. In the lattice QCD, the color-electric flux is confined to
narrow, flux-tube joining quarks and antiquarks. A color flux tube starts from each quark
and ends at an antiquark or a Y-shaped junction, where three color flux tubes are either
annihilated or created [21]. To some extent, the color flux tubes should be very similar to
the chemical bond in the molecular system. In the QED world, there are almost countless
structures of matter. Among organic molecules, there are very interesting varieties such as
methane, benzene, fullerene, etc. The topological structures of the color flux tubes should
be various, which may lead to even more varieties of QCD matter.

The quark and antiquark in mesons are linked with a color flux tube. Three quarks in
baryons are connected by a Y-shape flux-tube [22]; y denotes a junction where three color
flux tubes meet (see Figure 1). The unique color structure of normal hadrons, which are
made of three quarks or quark-antiquark, makes the construction of the model to describe
these hadrons easy and effective.
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y0 ¼ r1 þ r2 þ r3
3

: (3)

The minimum of the confinement potential has, therefore,
the following forms:
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The above equation can also be expressed as the sum of
three pairs of two-body interactions,

VC
min ð3Þ ¼

K

3
ððr1 � r2Þ2 þ ðr2 � r3Þ2 þ ðr1 � r3Þ2Þ: (5)

It can be seen that the three-body quadratic confinement
potential of a baryon is totally equivalent to the sum
of the two-body one—see the �-shaped structure in
Fig. 1—although the equivalence is only approximately
valid for the linear confinement potential.

The color flux-tube structures of a multiquark system
with N þ 1 particles can be generated by replacing a quark
or an antiquark in an N-particle state with a Y-shaped
junction and two antiquarks or two quarks. A hexaquark
system q3 �q3 has at least four possible color flux-tube
structures listed in Fig. 2, in which a black dot denotes a

quark and a hollow dot denotes an antiquark. A thin line
connecting a quark and a junction represents a fundamental
color flux tube, namely a color triplet. A thick line con-
necting two junctions represents a compound color flux
tube, namely a color sextet, octet, or others. The different
dimensional color flux tubes may have different stiffness,
which will be discussed in the latter part of this section.
The numbers ðdijÞ on the color flux tubes represent the

dimensions of the corresponding color flux tube. The
dimension d23 in the structures (b) and (c) may be,
respectively, (8, 10) and (3, �6, 15). The dimensions
ðd16; d63; d35; d52; d24; d41Þ in the structure (d) at least
may be ð�3; 3; �3; 3; �3; 3Þ and (3, 8, 3, 8, 3, 8). The arrows
in the color flux tubes represent the color coupling direc-
tion. Both the overall color-singlet nature of a multiquark
system and the SUð3Þ color coupling rule at each junction
must be satisfied.
A color flux-tube structure specifies the corresponding

color configuration (how the colors of quarks and anti-
quarks are coupled to form an overall color singlet). In
general, each color flux-tube structure has various color
configurations according to quark correlation. Quark cor-
relation plays an important role in a multiquark system
[25]. A hexaquark system q3 �q3 has many clustering
configurations, such as ½q3�½ �q3�, ½q �q2�½q2 �q�, ½q�½q2 �q3�,
½q2�½q �q3�, ½ �q�½ �q2q3�, ½ �q2�½ �qq3�, ½q �q�½ �q2q2�, and so on. In
the present work, only two symmetrical configurations
under quark-antiquark exchange, ½q3�½ �q3� and ½q �q2�½q2 �q�,
are considered. In this way, the structure (a) may be a B �B
molecule state: ½q3�1½ �q3�1. The structure (b) may be called
a hidden color baryon-antibaryon state, and it has two
color configurations: ½½q3�10½ �q3� �10�1 and ½½q3�8½ �q3�8�1.
The structure (c) may be called a diquark-antidiquark state
and has four possible color configurations: ½½½q2��3 �q�3 �
½½ �q2�3q��3�1, ½½½q2��3 �q��6½½ �q2�3q�6�1, ½½½q2�6 �q�3½½ �q2��6q��3�1,
and ½½½q2�6 �q�15½½ �q2��6q� �15�1. The last of these is very similar
to a chemical benzene, and it is therefore called QCD
benzene. The color configuration of this structure is hard
to describe only using quark degrees of freedom in the
framework of the quark models, which is worthy of study
in the future. A hexaquark state q6 with this structure was
investigated in our previous work [18]. Of course, the color
flux-tube structures should include a three-color-singlet
meson configuration: ½q �q�1½q �q�1½q �q�1, which must be
taken into account in the decay of a q3 �q3 system into three
color-singlet mesons. This task, too, is left for future study.
The color flux tube in hadrons should be very similar to the
chemical bond in organic compounds. The same molecular
constituents may have different chemical bond structures;
these are called isomeric compounds. Therefore, multi-
quark systems with the same quark content but different
flux-tube structures are similarly called QCD isomeric
compounds.
In general, a hexaquark system q3 �q3 should be the

mixture of all possible color flux-tube structures. In order
FIG. 2. Four possible color flux-tube structures of a hexaquark
system q3 �q3.

FIG. 1. Three-body (left) and two-body (right) confinement
potential.

BARYONIA AND NEAR-THRESHOLD ENHANCEMENTS PHYSICAL REVIEW D 88, 074007 (2013)

074007-3

Figure 1. Mesons and baryons.

Based on the color flux-tube structures of baryons and mesons, as well as the similarity
between the color flux tubes and chemical bonds, those of a multiquark system with N + 1
particles can be generated by replacing a quark or an antiquark in an N particle state by
a Y-shaped junction and two antiquarks or two quarks. Therefore, the multiquark states
should possess abundant color flux-tube structures. In the following, we concentrate on
the color flux-tube structure of the tetraquark and pentaquark states, which are presented
in Figure 2. A thin line only stands for a 3- or 3̄-dimension color flux-tube starting from
a quark or ending at an antiquark. A thick line represents a 3-, 3̄-, 6-, 6̄-, or 8-dimension
compound color flux-tube coming from the coupling of the other two color flux tubes.

(a) Color singlet-singlet
 

(c) Diquark-antiquark  (g) Cyclobutadiene (e) Color octet-octet 

(b) Color singlet-singlet (d) Diquark-diquark-antiquark (h) Pentagonal state(f) Color octet-octet

Figure 2. Color flux-tube structures for the tetraquark and pentaquark states.

Figure 2a,b show the color singlet–singlet configuration, in which two isolated colorless
states are combined to form a tetraquark or a pentaquark state. This color form is usually
called molecular structure. The formation of such molecular states mainly depends on
the meson exchange interaction and the residual interaction between two colorless objects.
Therefore, the molecular states prefer the loose spatial configuration. Many newly observed
exotic hadrons are discussed in the molecular picture within various theoretical frameworks
because of their proximity to the thresholds of two mesons or meson–baryon [19,20,23].

Figure 2c shows the diquark–antidiquark configuration, in which two quarks and two
antiquarks are coupled into colored diquark and antidiquark, respectively, and then diquark
and antidiquark are coupled into a colorless system. The tetraquark states with diquark–
antidiquark configuration [q1q3][q̄2q̄4] have two different color coupling modes according to
the colorless requirement, [[q1q3]3̄c [q̄2q̄4]3c ]1c and [[q1q3]6c [q̄2q̄4]6̄c ]1c . The [[q1q3]3̄c [q̄2q̄4]3c ]1c

is favored because of the strong attractive interaction in the diquark [q1q3]3̄c and the
antidiquark [q̄2q̄4]3c , which is widely adopted to investigate the properties of the new
hadrons. In general, the [[q1q3]6c [q̄2q̄4]6̄c ]1c is unpopular because the interactions in the
diquark [q1q3]6c and the antidiquark [q̄2q̄4]6̄c are repulsive. However, it is favored in
the fully heavy tetraquark states because of the strong Coulomb interaction between the
diquark [q1q3]6c and the antidiquark [q̄2q̄4]6̄c [24]. The coupling of two color modes is
usually taken into account, which can further push down the energy of the tetraquark
states [25].

The pentaquark state with a similar configuration is usually called diquark–diquark–
antiquark configuration; see Figure 2d. It has three color coupling modes, [[q1q2]3̄c [q3q4]3̄c q̄5]1c ,
[[q1q2]3̄c [q3q4]6c q̄5]1c , and [[q1q2]6c [q3q4]3̄c q̄5]1c . The [[q1q2]3̄c [q3q4]3̄c q̄5]1c was pioneered by
Jaffe and Wilczek to explain the structure of the pentaquark state Θ+ [26]. However, the
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mass of this mode is not the lowest in the state Θ+ mainly because the P-wave excitation
between two “good” diquarks [q1q2]3̄c and [q3q4]3̄c occurs due to the requirements of the
Bose–Einstein statistics [27].

Figure 2e,f show the color octet–octet configuration, in which two color octets are
combined to form a tetraquark or a pentaquark state. In this configuration, the colored
baryons and mesons generally have high mass due to the repulsive interactions. The
tetraquark and pentaquark states consisting of two color octets usually have higher mass
than that of other configurations. Thus, the color octet–octet configurations are often
neglected in the study of multiquark states. Sometimes, they are combined with the
molecular configuration to construct a complete color space [28].

Many organic molecules possess ring-like chemical bonds, such as the well-known
benzene. Based on the similarity between the color flux tubes and the chemical bonds,
possible ring-like color flux-tube structures for the tetraquark and pentaquark states and
their properties were discussed in Refs. [29,30]. The structure of the tetraquark in Figure 2g
is named a QCD quark cyclobutadiene. Of course, the existence of another QCD quark
cyclobutadiene is also allowed in which two quarks or anti-quarks locate at neighboring
positions in the flux-tube ring. The structure of the pentaquark state in Figure 2h is called
the pentagonal state and it has no counterpart in the organics. In addition, the QCD benzene
for the structure of the hexaquark states was also proposed in the string models [31,32].

Generally, the state with the configuration of Figure 2a or Figure 2b is classified as
the colorless channel, and the one with the other configuration of Figure 2 is classified as
the hidden color channel. The hidden color component is an inescapable novel degree of
freedom of the multi-quark states. The physical effects of the hidden color components
in the multiquark states are interesting and further investigation is expected. It is easy to
construct the color wave functions of multiquark states with the molecular, diquark, and
color octet configurations according to the color SUC(3) coupling rule. The starting point is
always the color coupling of quark–quark or quark–antiquark. However, there is a problem
in constructing the color wave functions of the state in ring-like structure, where none of
the quark–quark or quark–antiquark is connected by a flux tube or a Y-shape color flux
tube directly; any two quarks are connected by two or more Y-shape color flux tubes.

1.2. Multi-Body Interaction

Another feature of the multiquark system is that the multi-body interaction will
emerge. In most calculations so far, the two-body interactions used in the normal hadrons
are directly extended to the multiquark systems based on the “Casimir scaling” [33,34], i.e.,
the interactions between color antisymmetric interacting quark pair, which work well in the
normal hadron spectrum, are generalized to that between color symmetric interacting quark
pair by adding λi ·λj, the second-order Casimir operator of color SUC(3). The extension will
lead to power-law van der Waals forces between color-singlet hadrons, which contradicts
the experimental data [35,36]. The problems are related to the fact that the models do not
respect local color gauge invariance [37,38]. In addition, it also leads to anti-confinement for
symmetric color structure in the multiquark systems [39]. However, the recent Lattice QCD
calculations showed that multi-body string-like or flux-tube interactions exist in multiquark
systems. For a connected multiquark system, the one-gluon exchange plus multi-Y ansatz
works well [40,41]. The potentials for the multiquark system are

V4Q =
αs

4 ∑
i<j

λi · λj

rij
+ σ4QLmin + C4Q, (1)

V5Q =
αs

4 ∑
i<j

λi · λj

rij
+ σ5QLmin + C5Q. (2)
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The potentials for normal hadrons are [42]

VQQ̄ =
αs

4
λ1 · λ2

r12
+ σQQ̄r12 + CQQ̄, (3)

V3Q =
αs

4 ∑
i<j

λi · λj

rij
+ σ3QLmin + C3Q, (4)

with Lmin being the minimal values of the total flux-tube length for each system,

Lmin = ∑
i

Li. (5)

The following relations hold:

σQQ̄ ' σ3Q ' σ4Q ' σ5Q. (6)

For 3Q systems, the Y-structure (three-body interaction) can be well approximated
by ∆-structure (two-body interactions) [43]. For multiquark systems, the validity of the
approximation needs to be checked. Incorporating the multi-body interaction in the
multiquark systems is expected in the further study of exotic hadrons. In addition, the fact
that the contribution of three-gluon exchange among three quarks is zero for antisymmetric
systems and non-zero for other systems [44] also calls for the employment of multi-body
interactions in the multiquark systems.

The traditional constituent quark models can describe the properties of normal baryons
and mesons well because their color structures are unique and trivial. Extended to multi-
quark systems, the direct extension of models is problematic. Recently, a color flux-tube
model has been developed based on the lattice QCD picture and the concept of constituent
quark [31,45,46]. The most salient feature of this model is that a multi-body confinement po-
tential is employed. Such multi-body interaction may actually exist in the multiquark states.
The color flux-tube model permits the appearance of some novel color structures [29,31,47].

1.3. Resonances

The most exotic hadrons reported recently in experiments are resonances. The bound
states which are stable against the strong interaction can be identified unambiguously
because they lie below the lowest relevant strong decay thresholds. The identification
of resonances turns out to be a challenging and complicated task because the resonance
states lie above some strong decay thresholds so that they will decay strongly to other
hadrons. Then the coupling between the resonances (closed channels) and the continuum
states (decay channels) is important for the observation of the resonances. For color singlet–
singlet resonances (molecule-like states), two hadrons with higher energies attract each
other to form a composite object with given quantum numbers, which is a bound state
if it stands alone. However, if there are two-hadron states with lower energies and the
same set of quantum numbers, the composite object can decay to the two-hadron states,
so the composite object becomes a resonance. For example, the attraction between Σ∗c and
D̄∗ is strong enough to form a bound state with I(JP) = 1

2 (
1
2
−
). However, there are some

two-hadron states, such as ΛcD̄, Nηc, etc., with lower energies and the same quantum
numbers. So Σ∗c D̄∗ can decay to ΛcD̄, Nηc, etc., and then it becomes a resonance [48]. There
is another type of resonance called “color structure resonances”. In this case, the composite
object cannot fall apart into colored sub-clusters directly because of color confinement,
for example, the tetraquark system in diquark–antidiquark structure or color octet–octet
structure. The energies of these states are stable against the variation of the volume. Hence,
they are all bound states if they stand alone, although they have higher energies than
the corresponding states in color singlet–singlet structure. The possibility of these states
decaying to several hadrons turns them into resonances.
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The coupling not only attributes the decay width to the resonances but also shifts the
masses of the resonances. In some cases, the coupling may push the mass of a resonance
above the threshold which leads to the disappearance of the resonance. For example,
∆∆ with quantum numbers I(JP) = 0(1+) is a bound state if it stands alone, but it can
couple to NN channel, and the coupling pushes the state above the threshold of two ∆s;
then, the state disappears after the coupling [49]. The general rule for pushing up the
resonance states is that the lower channel can form a bound state itself. Otherwise, the
coupling between the closed channels and the open channels will pull down the mass of
the resonances. Another possible reason for the disappearance of the resonance is that the
resonance strongly couples to the continuum states; the decay width may be too large so
that the resonance cannot be observed. In the calculation with finite volume, the situation
will become more complicated. The obtained energies are all discrete ones. To identify the
genuine resonances in the states with discrete energies, some means have to be adopted.
So far there are several methods used in the phenomenological model calculations, channel
coupling phase shifts calculation, stabilization method (real scaling method), and complex
scaling method. We shall give a practical description of three methods in Section 2.2.

The structure of the article is as follows. Section 2 introduces models and methods
for identifying the bound states and resonance states. Section 3 reviews the bound states,
especially the doubly heavy tetraquark states QQq̄q̄. Section 4 reviews some molecular
resonances, giving the theoretical explanation to the molecular picture of some pentaquarks.
Sections 5 and 6 review some color structure resonances and possible unquenched states,
respectively. The summary and perspective are shown in the last section. In addition, the
natural unit system is used in this review.

2. Models and Methods
2.1. Various Quark Models

At the hadronic scale, the fundamental theory of strong interaction QCD is non-
perturbative due to its property of color confinement. At present, it is still impossible to
obtain the hadron spectrum analytically from the QCD. The QCD-inspired constituent
quark model (CQM) is therefore a useful tool for obtaining physical insight into these
strong interacting systems. Although the systematics to obtain corrections in the quark
model and the connection between the models and the underlying theory QCD are missing,
the models can provide simple physical pictures, which connect the phenomenological
regularities observed in the hadron data with the underlying structure. CQM can offer
the most complete description of hadron properties and is probably the most successful
phenomenological model of hadron structure [50].

2.1.1. Naïve Quark Model

The pioneering model of hadron structure was established in the 1960s by Gell-Mann
and Zweig [51,52], in which the hadron representations could be constructed by introducing
the quarks as the members of the triplet representation of SU(3) flavor group. In order
to solve the model contradiction with the spin-statistics theorem in the baryon ∆++, the
color degree of freedom was proposed [53,54] and then the underlying theory of strong
interaction QCD was formulated. Rújula et al. derived the OGE potential from the one-
gluon exchange diagram in QCD and applied it in an effective manner to reproduce energy
splittings in hadron spectroscopy [55]. However, the confinement potential cannot be
rigorously derived from QCD in an analytic manner.

In the 1970s, the naïve quark model involving the effective OGE and confinement
potentials was established and it can describe the properties of the heavy mesons and light
baryons well [56–60]. The model was able present the short-range repulsive core when the
model was applied to investigate the NN interaction [61]. However, the medium-range
attraction in the NN interaction is absent so that the deuteron cannot be reproduced in
the model.
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2.1.2. Hybrid Quark Model

In order to overcome the difficulties in the naïve quark model, Oka et al. proposed
the hybrid quark model [62]. The model Hamiltonian contains not only the quark–quark
potential (confinement and OGE) but also the one-pion, one-sigma, or two-pion exchange
potentials occurring between two nucleons. The effective meson exchange potential be-
tween two nucleons is considered to simulate the effects of the meson cloud surrounding
the quark core. However, the relation between the meson exchange force and the quark ex-
change interaction was not clarified. In the model, the short-range part of the nuclear force
is given by the quark exchange interaction as the naïve quark model. The long-range part
is described by the one-pion exchange potential and the medium-range part is provided
by the one-sigma exchange. The model can reproduce the observed deuteron properties
(binding energy and quadrupole moment) and NN scattering phase shifts.

2.1.3. Chiral Quark Model

For the sake of consistency, it is compelling to find a justification for the meson
exchange potential between two nucleons at the quark level. Due to the meson clouds
surrounding the nucleon’s quark core, the implementation of chiral symmetry at the quark
potential level was needed [63]. The chiral symmetry breaking is the most important
nonperturbative phenomenon for hadron structure at low energies [64,65]. The constituent
quark mass appears because of the spontaneous breaking of the chiral symmetry at some
momentum scale. Once a constituent quark mass is generated, such particles have to
interact through Goldstone modes. The introduction of sigma–meson as well as pion–
meson exchanges between the quarks results in the SU(2) chiral quark model. The model
can describe the hadron spectrum, NN phase shifts, and the properties of the deuteron
well [66–68]. Subsequently, the SU(3) quark model was developed to describe the baryon
and meson spectra successfully [69,70]. Furthermore, the model can interpret the properties
of the NN and nucleon–hyperon interactions well [71–74].

2.1.4. Quark Delocalization and Color Screening Model

In order to solve the difficulty in obtaining intermediate-range attraction of the nuclear
force, the quark delocalization and color screening model (QDCSM) have been proposed
on the basis of the similarity between the nuclear force and molecular force [75,76]. In
molecular physics, experience shows that electron delocalization is an important effect
contributing to the formation of chemical bonds. There may exist a similar effect for the
nuclear bond due to quark delocalization. The quark delocalization is realized by writing
the single particle orbital wave function as a linear combination of left and right Gaussians,
the single particle orbital wave functions in the ordinary quark cluster model.

ψL(r) = φL(r) + εφR(r), ψR(r) = φR(r) + εφL(r), (7)

φL(r) = (
1

πb2 )
3/4e−

1
2b2 (r−Si/2)2

, (8)

φR(r) = (
1

πb2 )
3/4e−

1
2b2 (r+Si/2)2

, (9)

where ε is a variational parameter determined by a variational calculation. S is the sep-
aration between two baryons. It indicates that the quark in one baryon orbit has some
probability to roam into the other baryon orbit. φL and φR are the single particle orbital
wave functions, respectively.

In addition, the model adopts the phenomenological color screening confinement
potential,

Vcon
ij =


−acλc

i · λc
j r

2
ij if i, j occur in the same baryon,

−acλc
i · λc

j
1−e

−µcr2
ij

µc
if i, j occur in different baryons.
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The color screening confinement potential can automatically match the quadratic one in
the short-distance region (µcr2 � 1). When two baryons are separated by large distances,
the confinement potential can guarantee that the energy of the hexaquark system evolves
into the sum of the two-baryon internal energy calculated by the model Hamiltonian. In
the intermediate range region, hybrid confinement can give a different picture from that
given by a single form confinement. The model can describe the nuclear intermediate
range attraction and reproduce the NN scattering data and the properties of the deuteron.
However, the detailed relation between quark delocalization and meson exchange is not
yet clear. In addition, the model can avoid the spurious van der Waals color force between
two color singlets arising from the direct extension of the single-hadron Hamiltonian to the
multiquark states [75,76]. The model has been widely applied to investigate the properties
of the baryon–baryon, baryon–meson, and meson–meson interactions [77–81].

2.1.5. Color Flux-Tube Model

Color confinement is a long-distance behavior, whose understanding continues to be
a challenge in theoretical physics [82]. In the traditional CQM, a two-body confinement
potential proportional to the color charges λc

i · λc
j and rn

ij, namely VC
ij = acλc

i · λc
j · rn

ij, where
n = 1 or 2 and rij is the distance between two quarks, was introduced to phenomenologi-
cally describe the quark confinement interaction [83]. The model can automatically prevent
overall color singlet multiquark states disintegrating into several colored subsystems by
means of color confinement with an appropriate SUC(3) Casimir constant [84]. The model
also allows a multiquark system disintegrating into color-singlet clusters, and it leads to
interaction potential within meson-like qq̄ and baryon-like qqq subsystems in accord with
the empirically known potentials [84]. However, the model is known to be flawed phe-
nomenologically because it leads to power law van der Waals forces between color-singlet
hadrons [35]. It is also flawed theoretically in that it is very implausible that the long-range
static multibody potential is just a sum of the two-body ones [84]. The problems are related
to the fact that this model does not respect local color gauge invariance [37]. Robson
proposed to use many-body confinement potentials for meson–meson and baryon–baryon
systems [85], which contains the essential features of the solution which emerges from the
flux model based on the strong coupling limit of LQCD Hamiltonian and on the explicit
local color gauge invariance [21].

The structures of multiquark systems and hadron–hadron interactions are
abundant [31,47] and provide important information that is absent in ordinary hadrons,
such as the qqq̄ interaction [39]. Recently, LQCD calculations on mesons, baryons, tetraquark,
and pentaquark states reveal flux-tube or string-like structure [40,41,86,87]. The confine-
ment interaction of multiquark states is a multibody interaction and can be simulated by a
potential which is proportional to the minimum of the total length of strings connecting the
quarks to form a multiquark system.

The CFTM has been developed based on the lattice QCD color flux-tube picture and
the traditional quark models. Compared with the traditional constituent quark models,
the CFTM merely modifies the sum of three pairs of two-body confinement potential in
the traditional models to a multi-body quadratic one. Relative to the lattice QCD, we
replace the linear potential with the quadratic one. In the baryons, the three-body quadratic
confinement potential can be written as

VC(3) = K
(
(r1 − y)2 + (r2 − y)2 + (r3 − y)2

)
. (10)

The junction y can be fixed by minimizing the energy of baryons. The minimum of
the confinement potential therefore has the following forms:

VC(3) = K

((
r1 − r2√

2

)2
+

(
2r3 − r1 − r2√

6

)2
)

. (11)
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This formula can also be expressed as the sum of three pairs of two-body interactions,

VC(3) =
K
3

(
(r1 − r2)

2 + (r2 − r3)
2 + (r1 − r3)

2
)

. (12)

It can be seen that the three-body quadratic confinement potential of the baryons
is totally equivalent to the sum of the two-body one so that the CFTM reduces to the
traditional quark model when it was used in the baryons. In the case of the multiquark
states, the multibody confinement potential is determined by their color flux-tube structure
and can be simplified into several independent harmonic oscillators [30,46,88], which
cannot be transformed into the sum of some pairs of two-body interactions.

For the ground hadron states, their sizes are generally less than or around 1 fm, in
which the difference between the quadratic potential and the linear one is not obvious.
The difference can be further diluted by the adjustable stiffness of the color flux tube. The
replacement is therefore reasonable in the ground states. Note that the replacement in the
excited states needs to be addressed with great caution because they are spatially more
extended (>1 fm). In addition, the quadratic confinement potential can greatly simplify the
numerical calculation in the dynamical investigation on the multiquark states.

2.1.6. Unquenched Quark Model

In quantum field theory, the number of particles is not a conserved quantity. Generally,
a physical state is a vector in the Fock space, which is a linear combination of states with
given particle numbers. For hadrons, the states can be written as

|Meson〉 = c0|qq̄〉+ c1|qq̄qq̄〉+ c2|qq̄g〉+ · · · ,

|Baryon〉 = c0|qqq〉+ c1|qqqqq̄〉+ c2|qqqg〉+ · · · . (13)

As the LQCD goes beyond the quenched approximation, it is time for the quark model
to take into account the unquenching effects, which is initialized by Törnqvist [89]. To
ensure the effectiveness of the unquenched quark model, it is necessary to establish that
the valence quark model serves as a reliable zeroth-order approximation for the low-lying
hadrons. This entails a rapid convergence of the Fock expansion. Taking the meson state
as an example, the two-quark (quark–antiquark) configuration must be dominated the
low-lying state; the four-quark configuration makes a small modification. As for the hybrid
term, generally the gluon degree of freedom is frozen in the quark model, so this term is
neglected. In the early time of the unquenched quark model, the model for mesons and
baryons only considers the first two terms in Equation (13).

In the unquenched quark model, the wave functions of hadrons are composed of a
valence term and additional terms involving an extra quark–antiquark pair, which can be
expressed as

Ψmeson = c0Ψ2q +
N

∑
i=1

ci
1Ψi

4q, Ψbaryon = c0Ψ3q +
N

∑
i=1

ci
1Ψi

5q (14)

Here, Ψ2q (Ψ3q) and Ψi
4q (Ψi

5q) represent the wave functions of the two-quark (three-
quark) and four-quark (five-quark) components, respectively. The expansion coefficients,
denoted as c0 and ci

1, are determined by the dynamics of the system. The four-quark (five-
quark) components, at present, are limited to two-hadron states. In the nonrelativistic quark
model, the Schrödinger equation is employed, and the conservation of particle number
is assumed. However, in the non-relativistic approach, it is not possible to express the
Hamiltonian of the nonrelativistic unquenched quark model in the usual manner due to the
inclusion of additional quark–antiquark pairs. Generally, the Hamiltonian can be written as

H = H2q(3q) + H4q(5q) + T24(35). (15)
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H2q(3q) acts only on the wave function Ψ2q(3q); H4q(5q) acts only on the wave functions
Ψi

4q(5q); and T24(35) couples the two-quark (three-quark) and four-quark (five-quark) com-
ponents.

To find the mass shifts, which are introduced by four-quark (five-quark) components
of a hadron, one needs to solve the following eigenvalue equation:

H|Ψmeson(baryon)〉 = E|Ψmeson(baryon)〉. (16)

By expanding the orbital wave functions of Ψ2q(Ψ3q), Ψ4q(Ψ5q) in Equation (14) with
Gaussians, the above eigenvalue equation turns into a generalized eigenvalue problem of a
matrix. Usually, the dimension of the matrix is very large, so an approximate method, an
accumulating approach [90], is widely adopted. In this approach, one always performs a
two-channel coupling calculation, Ψ2q(3q) and one of Ψi

4q(5q) with given channel i, to obtain
the mass shift ∆mi. The total mass shift is the summation of each ∆mi. This approach is a
good approximation when the coupling among different four (five)-quark channels can be
neglected. Otherwise, the diagonalization of a high-dimensional matrix is necessary.

The key problem in the unquenched quark model is the transition operator T, which
relates two-quark (three-quark) and four-quark (five-quark) terms. Generally, the tran-
sition operator in the 3P0 model is employed due to its effectiveness in dealing with
strong decay of hadrons and simplicity of its mechanism. The 3P0 model is first pro-
posed by Micu in studying the decay rates of meson resonances with quantum numbers
JP=0+, 1+, and 2+ [91]. The 3P0 model was popularized in hadron spectroscopy by Le
Yaouanc et al. [92–94] and Roberts [95]. It can be applied to the OZI rule allowing two-body
strong decays of a hadron. Now, the 3P0 operator is used to investigate not only the decay
behavior but also the mass shift of hadrons [90,96–101].

In the 3P0 model, the transition operator for a meson can be expressed as follows:

T = −3 γ ∑m〈1m1−m|00〉
∫

dp3dp4δ3(p3 + p4)Ym
1 (

p3−p4
2 )χ34

1−mφ34
0 ω34

0 b†
3(p3)d

†
4(p4), (17)

where we assign γ as the probability associated with the creation of a quark–antiquark
pair from the vacuum. It is important to note that due to the negative intrinsic parity
of the antiquark, the resulting quark–antiquark pair must be in the state 2S+1LJ = 3P0.
Here, we define φ34

0 as the flavor singlet state, represented by 1√
3
(uū + dd̄ + ss̄), while

ω34
0 represents the color singlet state, given by 1√

3
(rr̄ + gḡ + bb̄). It is worth noting that

the quark and antiquark within the original meson are indexed as 1 and 2, respectively,
whereas the quark pairs created in the vacuum are indexed as 3 and 4. However, the
operator leads to unusually large mass shifts for the mesons with light and/or strange
quarks, even for ground states [102]. Large mass shifts have been observed in other
calculations as well [103,104]. These findings challenge the validity of the valence quark
model for describing low-lying meson states and give rise to convergence issues in the
Fock expansion. In Ref. [105], the convergence problem was addressed by considering
only the nearest set of meson–meson states and assigning a global constant to represent
the contribution of other states. Perhaps the more rigorous way to solve the problem is to
introduce suppression factors to the transition operator based on physical consideration.
In Ref. [102], the convergence factor e−r2/4 f 2

(e− f 2 p2
in momentum space, p = p3 − p4) for

the created quark–antiquark pair with high energies and the damping factor e−R2
AV /R2

0 for
the distance between the valence particles and created quark–antiquark pair are introduced
to modify the transition operator in the 3P0 model,

Tmodi f y = −3 γ ∑
m
〈1m1(−m)|00〉∫

dp3dp4δ3(p3 + p4)×Ym
1 (p̂) e− f 2 p2

e−R2
AV /R2

0 χ34
1−mφ34

0 ω34
0 b†

3(p3)d
†
4(p4). (18)
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By using the modified transition operator, the mass shifts from meson–meson states
to the ground states of light mesons are reduced to 10∼20% of the mass with only
valence quarks.

Another transition operator which has been used in the unquenched quark model
comes from the C3 model [106,107], which was developed in studying the charmonium
spectrum. In this model, the operator is defined as

T =
3
8

8

∑
a=1

∫
: ρa(r)V(r− r′)ρa(r′) : d3rd3r′, ρa(r) =

1
2

ψ†(r)λaψ(r), (19)

where ψ(r) is the quark field operator, λa, a = 1, · · · , 8 are the Gell-Mann matrices, V
is the charmonium potential. In the beginning, only confinement potential is included
in the potential V [106]; later, the potential was extended to include the color Coulomb
potential [107]. The advantage of this method is that no new parameter is introduced when
the high Fock components are incorporated into the unquenched quark model.

2.2. Methods for Identifying the Genuine Resonance States

Many theoretical approaches to multiquark systems have been reviewed in several
excellent review articles [15–20]. In this section, we limit our description to the methods for
identifying genuine resonances.

Resonance is defined as a pole in a scattering amplitude and it is not directly accessible.
It generally has multiple decay channels, involving two or three stable hadrons. In principle,
a calculation with multiple channels of multi-particles is needed to explore the properties
of a resonance. In lattice QCD, the calculation is performed in finite volume to restore the
results in the infinite volume; the periodic boundary condition and Lüscher method are
employed. In this way, the discrete spectrum obtained in the finite volume is related to the
hadron scattering amplitude in the infinite volume. The details of identifying the resonances
in lattice QCD can be found in the recent review article [108] and references therein.

In QCD sum rule, the coupling between resonance and two-particle intermediate
states is taken into account by adding a term in the phenomenological side of the sum rule;
a coupling between the currents, representing the resonance and two particles, has to be
introduced [109–112]. The details can be found in the review article [113].

Effective field theory is a rigorous method to perform the calculation of exotic hadrons
in a specific range, and it has a clear connection to the fundamental theory of strong
interaction, QCD. Its application to hadronic molecules can be seen in the review article [23]
and references therein.

In the following, three methods to identify the genuine resonances in the phenomeno-
logical model are presented.

2.2.1. Channel Coupling Phase Shift Calculation

When a resonance state couples to the continuum states of its two-body decay channels,
the scattering phase shifts of the two particles in the decay channel will change rapidly as
the collision energy tunes through the resonance [114]. The rapid phase change is a general
feature of resonance phenomena; see Figure 3. The center of mass energy with phase shift
π
2 gives the mass of the resonance (ER in Figure 3), and the difference of the energies with
phase shift 3π

4 and π
4 gives the partial decay width of the resonance (Γ in Figure 3).
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Figure 3. The resonance phenomena in scattering phase shifts.

To perform the scattering phase shift calculation at the quark level in hadron physics,
the resonating group method (RGM) [115,116], which was developed to deal with the
bound and scattering problems of two composite particles, is generally employed. In
RGM, the internal degrees of freedom of two composite particles are frozen, and only
the relative motion between two composite particles needs to be investigated. Taking the
pentaquark system as an example and assuming that there are two channels—the first is
the scattering channel, for example, pJ/ψ (γ = 1), and the second is a resonance channel,
ΣcD̄ (γ = 2)—the wave functions of the system can be written as

Ψc =
2

∑
γ=1
Aγ

[
Φγ(ξ)χ

c
γ(Rγ)

]
, c = 1, 2, (20)

where Φγ is the internal wave functions of baryon and meson with internal Jacobi coor-
dinates ξ, Rγ is the separation between two composite particles, and χc

γ(Rγ) is the wave
function for the relative motion between two composite particles. Aγ is the appropriate
antisymmetrization operator. The effect of the finite volume is removed by using the phys-
ical boundary condition. The boundary is denoted by Rc

γ, beyond which the interaction
between two composite particles can be neglected. The asymptotic behavior of χγ(Rγ) is

χc
γ(Rγ) = χ−γ (kγ, Rγ)δγc + Sγcχ+

γ (kγ, Rγ), Rγ > Rc
γ, (21)

where Sγc is the transition c→ γ matrix element. For the scattering channel,

χ±γ (kγ, Rγ) =
1√vγ

h±Lγ
(kγ, Rγ), Rγ > Rc

γ, (22)

h±Lγ
is the Hankel function, and vγ is the relative speed. For the resonance channel,

χ±γ (kγ, Rγ) = 0, Rγ > Rc
γ. (23)

To solve the Schrödinger equation, the Kohn–Hulthén–Kato variational method [116]
is used. In this approach, the relative motion wavefunction is expanded by a set of basis
functions (for example, Gaussians with different centers), u(in)

i , i = 0, 1, . . . , nγ,

χc
γ(Rγ) =

nγ

∑
i=0

Cc
γiuγi(Rγ), (24)
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where

uγi(Rγ) =

{
bγiu

(in)
i , Rγ < Rc

γ,
χ−γ (kγ, Rγ) + sγiχ

+
γ (kγ, Rγ), Rγ > Rc

γ.
(25)

From the requirement that the wave functions are continuous at R = Rc
γ, the coeffi-

cients bγi and sγi can be determined. Substituting uγi(Rγ) into the Schrödinger equation
and using the variational principle, one arrives at the following algebraic equation:

∑
β

nβ

∑
j=1
Lγi,βjCc

βj =Mc
γi, i = 1, 2, . . . , nγ. (26)

In deriving the above equation, the following condition, which is obtained by compar-
ing Equation (21) with Equations (24) and (25), has been used:

nγ

∑
i=0

Cc
γi = δγc. (27)

The matrix elements in Equation (26) are defined as follows:

Lγi,βj = Kγi,βj −Kγ0,βj −Kγi,β0 +Kγ0,β0, (28)

Mc
γi = −Kγi,c0 +Kγ0,c0, (29)

Kγi,βj =
∫

dτ 〈Aγ

[
Φγuγi

]
|H − E|Aβ

[
Φβuβj

]
〉. (30)

By solving Equation (26), one can obtain the coefficients Cc
βj, and the approximate

S-matrix element is given by

Sγc =
nγ

∑
i=0

Cc
γisγi. (31)

Finally, the stable S-matrix element is obtained:

Sβα,st = Sβα −
ik2

h̄ ∑
γ

nγ

∑
i=0
Kβ0,γiCα

γi. (32)

The phase shift comes from the following equation:

Sβα,st = |Sβα,st|e2iδL . (33)

2.2.2. Real Scaling Method

The real scaling method (also called stabilization method) [117] has been developed to
identify the genuine resonances from the states with discrete energies in the calculation
with finite volume. In this method, a factor α is used to scale the finite volume. The energies
of scattering states will fall off towards their thresholds, and the resonance will show up as
an avoided crossing structure with the increase in α (see Figure 4). The reason is as follows.
If the energy of a scattering state is far away from that of the resonance, the coupling
between the resonance and the scattering states is weak, and the energy of the resonance
is almost stable. When the energy of the scattering state approaches that of the resonance
due to the increase in α, the coupling will become strong. If α is increased further, the
separation between the energies of resonance and scattering states will increase and the
coupling will become weak again. In this way, an avoided crossing structure appears. This
is a general feature of two interacting energy levels. Because of the continuum nature of the
scattering states, the avoided crossing structure will show up repeatedly with increasing
α. In addition, from the slopes of resonance and scattering states, the decay width can be
estimated by the following formula:
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sr: The slope of resonance state line   

ac

En
er
gy

sc: The slope of continuum  state line    

Scaling factor

Figure 4. The schematic energy spectrum in the real scaling method.

Γ = 4|V(αc)|
√
|sr||sc|
|sr − sc|

, (34)

where sr and sc are the slopes of the resonance and scattering states, respectively, and
V(αc) is the energy difference between the resonance and the scattering state at the avoided
crossing point.

Note that not all avoided crossing structures correspond to genuine resonance. If there
are two scattering states ψ1 and ψ2 with many different thresholds, E1 and E2, and E2 > E1,
then just above E2, avoided crossing structures often show up; these structures do not
imply resonance states, because ψ2 with energy just above E2 will fall down slowly to its
threshold with increasing α, while ψ1 with energy above E2 will fall down rapidly to its
threshold E1. The interaction between two scattering states will produce avoided crossing
structure just above the threshold E2.

2.2.3. Complex Scaling Method

In the quantum theory of a two-body system, the momenta kS, kB = iγb, and
kR = κr − iγr for scattering states, bound states, and resonances are real, imaginary, and
complex (kS, γb, κr, and γr are real), respectively. For all states, the asymptotic wavefunc-
tions are proportional to the outgoing wave eikpr. Then only for bound states, a damp form
of the radial wavefunction e−γbr is obtained and it is a square integrable function.

The complex scaling method was proposed in 1971 [118,119] and was extensively
applied in atomic and molecular physics. In this approach, the resonance is associated
with a square integrable eigenfunction of the complex scaled Hamiltonian. There are
several excellent review articles on the complex scaling method [120–122]. Here only a
brief introduction is given.

In the complex scaling method, a transformation U(θ) is introduced to scale the radial
coordinate:

U(θ)rU−1(θ) = reiθ . (35)
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The Schrödinger equation is transformed to

HθΨθ = EθΨθ , Hθ = U(θ)HU−1(θ). (36)

Using complex-scaled coordinates, the asymptotic wavefunctions for bound states
and resonances become square integrable functions,

eikBreiθ
= e−γbr cos θ−iγbr sin θ ,

eikRreiθ
= e−(κr sin θ−γr cos θ)r+i(κr cos θ+γr sin θ), θ > tan−1

(
γr

κr

)
. (37)

Aguilar, Combes, and Balslev proved that the complex-scaled Schrödinger equation
has the following properties:

1. The energies of the bound states are invariant with respect to the scaling.
2. The resonances are described by the square integrable functions, like bound states.
3. The continuum spectra are rotated clockwise by an angle 2θ from the positive real

energy axis.

The schematic eigen-energy distribution of the complex-scaled Hamiltonian is shown
in Figure 5.

 bound states
 scattering states
 resonances

Im(E)

Re(E)

2q

Figure 5. The schematic eigen-energy distribution of the complex-scaled Hamiltonian.

In the actual calculation, the eigenfunction Ψθ are often expanded by a set of basis
functions, ui(r), i = 1, 2, . . . , n [123],

Ψθ(r) =
n

∑
i=1

cθ
i ui(r). (38)

The θ-dependent coefficients cθ
i and eigen-energies Eθ can be obtained by solving the

eigenvalue problem,
n

∑
j=1

Hθ
jic

θ
i = Eθ

n

∑
j=1

Njicθ
i , (39)

with

Hθ
ji = 〈uj(r)|Hθ |ui(r)〉, Nji = 〈uj(r)|ui(r)〉. (40)

3. Bound States

A system of particles is a bound state if the relative motion of the particles occurs in
a limited region of phase space. For bound states, the mass of the system is less than the
sum of the masses of the constituent particles. To form a bound state, attractive forces must
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exist between at least some particles of the system at certain distances between the particles.
In hadron physics, the well-defined bound state is the deuteron composed of a proton
and a neutron with a binding energy of 2.22 MeV. In recent decades, many theoretical
investigations indicated that the doubly heavy tetraquark state QQq̄q̄ may establish a stable
bound state similar to the hydrogen molecule. Experimentally, the deuteron-like bound
state T+

cc was observed by the LHCb Collaboration recently, which will open a new gate for
a family of the T+

cc -like multiquark states.

3.1. T+
cc and T−bb

The theoretical explorations on the question of whether or not the stable doubly heavy
tetraquark states QQq̄q̄ can exist under the strong interactions were pioneered in the early
1980s [124,125]. Subsequently, a lot of attention has been paid to the states in various nonper-
turbative methods, such as the MIT bag model [126], constituent quark models [127–131],
chiral perturbation theory [132], string model [133,134], lattice QCD [135,136], and QCD
sum rule approach [137,138]. It is widely accepted that the state bbūd̄, denoted as T−bb, with
I(JP) = 0(1+) can establish a stable state because the large mass of b-quark [123,139–149].
The binding energy of the state T−bb is about 200 MeV with respect to the threshold of two
mesons B̄B̄∗ in various theoretical frameworks. A large center of momentum energy is
required to produce the state T−bb and hence its discovery may be delayed. The predicted
mass of the ground state ccūd̄ with I(JP) = 0(1+), denoted hereafter as T+

cc , hovers around
its threshold DD∗ in the range of ±300 MeV [123,139–149].

In 2021, the LHCb Collaboration reported the existence of the doubly charmed state
T+

cc with 0(1+) by analyzing the D0D0π+ invariant mass spectrum, which has a minimal
quark configuration of ccūd̄ [14]. Its binding energy relative to the DD∗ threshold and
width is

Eb = −273± 61± 5+11
−14 keV, Γ = 410± 165± 43+18

−38 keV.

The LHCb Collaboration also released a more profound decay analysis, in which the unita-
rized Breit–Wigner profile was used [150]. Its binding energy and width were changed as

Eb = −361± 40 keV, Γ = 47.8± 1.9 keV.

The binding energy and decay width of the T+
cc signal can match very well with the

prediction of the DD∗ molecular state [151,152]. Furthermore, the LHCb collaboration
examined several important parameters, including the characteristic size, the scattering
length, the effective range, etc., which can be helpful to understand the deuteron-like nature
of the state T+

cc [14,150]. The observation of the state T+
cc is another great breakthrough after

the doubly charmed baryon Ξ++
cc for hadron physics. In recent decades, the discovery of

the X(3872) pioneered the observation of a family of hidden-charm and hidden-bottom
tetraquark and pentaquark states [2]. Similarly, the T+

cc shall open a gate for a hadron world
of the T+

cc -like doubly heavy tetraquark, pentaquark, and hexaquark states.
The state T+

cc has been inspiring a large amount of study on its properties and structure
within the different theoretical frameworks. The properties of known T+

cc so far indicated
that the state can be generally consistent with a loose molecular picture [152–163]. In
addition, only a few investigations were dedicated to the properties of the state T+

cc in the
compact tetraquark picture [164–167]. One can consult the comprehensive reviews on
the doubly heavy tetraquark states [19,20]. In the following, we browse the properties of
the doubly heavy tetraquark states from the perspective of the diquark–antidiquark and
meson–meson configurations.

The color freedom follows the color SUC(3) group, and it is sometimes denoted in short
as SUC(3). According to the SUC(3) coupling rule, the state QQq̄q̄ has meson–meson config-
uration and diquark–antidiquark configuration. The meson–meson configuration is com-
posed of color singlet–singlet [Qq̄]1c [Qq̄]1c and color octet–octet [Qq̄]8c [Qq̄]8c . The diquark–
antidiquark configuration includes two color components: [QQ]3̄c [q̄q̄]3c and [QQ]6c [q̄q̄]6̄c .
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Prior to the state T+
cc reported by the LHCb Collaboration, the diquark–antidiquark config-

uration seems to prevail over the meson–meson configuration, while the situation has been
completely reversed due to the subsequent observation of the T+

cc [19,20].

3.1.1. Diquark–Antidiquark Configuration

The diquark was first proposed by Gell-Mann in his pioneering work in 1964 [51].
Up to now, there exists some phenomenological evidence of the relevance of the diquarks
in hadron physics [168–170]. The diquark is not a point-like fundamental object, unlike
the quark. In the quark models, the diquark is a spatially extended object with various
color-flavor-spin-space configurations. The substructure of the diquarks may affect the
structure and nature of the multiquark states [168–170]. In this subsection, we mainly
concentrate on the properties of the states QQq̄q̄ from the perspective of diquark–antiquark
configuration.

Recently, the nature of the [QQ] and [q̄q̄] was reviewed in detail in quark models [28].
Similar to spin or isospin, the authors defined the color quantum number c = 0 and
c = 1 for the diquark in the color 3̄ and 6 representation, respectively. For the [QQ], its
spin s, isospin i, orbital angular momentum l, and color c should satisfy the constraint
s + i + l + c = odd due to the Pauli principle. Therefore, the inner structure of the [QQ]
is abundant.

The S-wave diquark [QQ]3̄ must be spin triplet. Its Coulomb interaction is strongly
attractive because the small kinetic energy allows the heavy quarks to approach each
other. The heavier the heavy quark, the stronger the Coulomb interaction. However, its
color-magnetic interaction is weakly repulsive because it is suppressed by the heavy quark
mass. Thus, the S-wave diquark [QQ]3̄ in the spin triplet is favored. The S-wave diquark
[QQ]6 must be spin singlet. Both the color-magnetic interaction and Coulomb interaction
are repulsive so that it is disfavored. Such two types of diquark [QQ] are generally adopted
within various theoretical frameworks [19].

The color-magnetic interaction in the excited diquarks [QQ] is still weak due to the
large mass of heavy quarks. The Coulomb interaction gradually decreases because they
are more extended and spatially induced by the orbital excitations. In addition, the orbital
excitation tends to increase the kinetic energy. In general, the excited diquarks are much
heavier than the S-wave diquark so that the excited diquarks are usually ignored. However,
the low excited diquark [QQ] and good antidiquark [ūd̄] can establish a bound state
if the mass MQ is enough large, which leads to the stable excited state [bb][ūd̄] with
I(JP) = 0(1+).

For the light antidiquark [q̄q̄], its quantum numbers should obey the constraint
s + i + l + c = even due to the Pauli principle. The situation in the antidiquark [q̄q̄] is
completely opposite to that of the heavy diquark [QQ] because of the obvious mass dif-
ference. Relative to the diquark [QQ], the color-magnetic interaction in the antidiquark
[q̄q̄] increases owing to the small mass of the light quark. On the contrary, the Coulomb
interaction decreases because the distances between light quarks increase. In this way, the
color-magnetic interaction tends to prevail over the Coulomb interaction in the antidiquark
[q̄q̄].

The S-wave antidiquark [q̄q̄] has four possible spin-isospin-color combinations. The
spin-singlet, isospin-singlet, and color-triplet diquark is often called the good diquark [168],
in which the Coulomb interaction, color-magnetic interaction, as well as the one-pion
exchange interaction, if chiral symmetry is involved, are attractive. Other combinations are
sometimes called bad diquarks. Therefore, such a good diquark generally has lower mass
because of its strong color-magnetic interaction and one-pion exchange interaction, while
bad diquarks have higher mass.

A good diquark [qq]3̄c and a good anti-diquark [q̄q̄]3c generally do not form a stable
tetraquark state because of the low mass threshold of two light pseudoscalar mesons.
Similarly, the combination of a good diquark [cc]3̄c and a good antidiquark [c̄c̄]3c is appar-
ently higher than the threshold of ηcηc in the different theoretical investigations [24,171].
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In this way, neither the fully light nor the fully heavy tetraquark states can form stable
states. Experimentally, the fully charmed tetraquark states recently reported by the LHCb
Collaboration are much higher than their thresholds [11].

In principle, there may exist many combinations of the [QQ] and [q̄q̄] with various
I(JP), if including various excited states, the ground states of which were investigated
in the different theoretical frameworks [19]. The states with I(JP) = 0(1+) are the most
promising stable state, especially the state [bb][ūd̄] with 0(1+). Recently, six spin-isospin-
color-orbit combinations (see Table 1) of the [QQ] and [ūd̄] with 0(1+) are researched in the
quark model [28].

The ground state [Q1Q3][q̄2q̄4] with 0(1+) only contains two channels; see the cases (1)
and (2), which are the generally adopted in the diquark–antidiquark configurations. After
coupling the two channels, the two states [c1c3][q̄2q̄4] and [b1b3][q̄2q̄4] with I(JP) = 0(1+)
can form deep compact bound states with the binding energy of about −60 and −205 MeV,
respectively. Case (1) is dominant with a probability almost reaching 100% so that the
channel coupling effect is insignificant. The four lowest excited states with 0(1+) are much
higher than the ground states. Cases (3) and (4) have the same orbital excitation mode,
where the channel coupling effect is also very weak. However, the color configuration
6 ⊗ 6̄ is dominant. Cases (5) and (6) cannot couple with each other because of their
orbital different excitation modes if the noncentral forces are not taken into account in the
model [19]. Furthermore, the channel coupling effect is still very weak between the same
orbital excitation modes in the higher excited states.

A good diquark [QQ]3̄c and a good antidiquark [q̄q̄]3c (i.e., case (1)) are an optimal
combination to produce a possible stable doubly heavy tetraquark state with I(JP) = 0(1+).
The strong attractive Coulomb interaction in the diquark [QQ]3̄c alone can ensure that the
state lies below the threshold of two Qq̄ mesons if the mass ratio of MQ and mq exceeds a
critical value. In the limit of the very large MQ, the diquark [QQ]3̄c shrinks into a tiny and
compact core and the light quarks move around the QQ-core [154]. Therefore, the doubly
heavy tetraquark state likes a helium-like QCD-atom. Moreover, the strong attractive
color-magnetic interaction and pseudoscalar meson exchange forces if the chiral symmetry
is involved in the good antiquark [q̄q̄]3c . To some extent, the light antidiquark [q̄q̄]3c plays
the similar role as the electron pair in the hydrogen molecule, where two electrons are
in spin-singlet and form a σ bond. Furthermore, the above two binding mechanisms
are independent and do not occur in the two-Qq̄ meson threshold, which is beneficial to
produce the compact tetraquark state with 0(1+). This combination is also pointed out as a
good candidate for a stable exotic in other approaches, such as effective Lagrangians [172],
lattice QCD [173], and QCD sum rules [174].

Table 1. Six lowest combinations of [Q1Q3] and [q̄2q̄4] and their energy in terms of MeV; l13, l24, and
l13,24 are orbital angular momenta. Taken from Ref. [28].

Case Color Spin l13 l24 l13,24 [c1c3][q̄2q̄4] [b1b3][q̄2q̄4]

(1) 3̄⊗ 3 1⊕ 0 0 0 0 3820, 98.7% 10,355, 99.8%
(2) 6⊗ 6̄ 0⊕ 1 0 0 0 4112, 1.3% 10,679, 0.2%

(1) + (2) 3817 10,355
(3) 3̄⊗ 3 0⊕ 1 1 1 0 4439, 1.5% 10,973, 0.3%
(4) 6⊗ 6̄ 1⊕ 0 1 1 0 4285, 98.5% 10,841, 99.7%

(3) + (4) 4282 10,840
(5) 3̄⊗ 3 1⊕ 1 0 1 1 4440 10,987
(6) 6⊗ 6̄ 1⊕ 1 1 0 1 4311 10,873
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3.1.2. Meson–Meson Configuration

Deuteron-like T+
cc . The diquark–antidiquark configuration is obviously contradictive

with the properties of the state T+
cc reported by the LHCb Collaboration [14,150]. Therefore,

a large amount of study was devoted to the properties of the state T+
cc in the meson–meson

configuration with the different theoretical frameworks [152–163]. In the meson–meson
configuration, the wave function of the state T+

cc with I(JP) = 0(1+) should include two
color singlet channels,

DD∗ = 1√
2
(D0∗D+ − D+D∗), D∗D∗ = 1√

2
(D∗0D∗+ − D∗+D∗0),

and two color octet channels

D8D∗8 = 1√
2
(D0∗

8 D+
8 − D+

8 D∗8), D∗8 D∗8 = 1√
2
(D∗08 D∗+8 − D∗+8 D∗08 ).

Recently, the state T+
cc with the meson–meson configuration was systematically studied

in a nonrelativistic quark model including a color screening confinement potential, meson
exchange interactions, and one-gluon exchange interactions [154]. In the model, the state
T+

cc can be described as a very loosely deuteron-like bound state with a binding energy
around 0.34 MeV and a huge size of 4.32 fm. The spatial configuration is qualitatively
consistent with that given by the LHCb Collaboration according to the characteristic sizes
calculated from the binding energy [150]. The long-range π and intermediate-range σ-
meson exchange interactions between D and D∗ play an important role in the formation of
the state T+

cc .
Neither of the single DD∗ and D∗D∗ channels alone can form a bound state in the

model. However, the stable state T+
cc can be achieved by the coupling of the two channels,

in which the dominant component of the state T+
cc is the DD∗ channel. In this way, the

channel coupling effect plays a critical role in the formation of the state T+
cc in the model

description [154].
In general, the state T+

cc should be a mixture of the color singlets and color octet
configurations. Consequently, the state was further investigated by taking the mixing of
two color configurations into account [28]. Numerical results indicated that the colorless
components in the T+

cc state reach 81%, while the hidden color components are 19%. The
distance between the two subclusters is about 2.62 fm, which still supports the deuteron-
like configuration. Compared with the pure colorless components, the channel coupling
effect is not very strong in the state T+

cc , which also holds for the state T−bb.
These numerical results indeed justify the consideration of all possible colorless com-

ponents only in the loose deuteron-like configuration [28]. However, the physical effects
of the hidden color components, especially in the deeply bound multiquark states, are
interesting and deserve further investigation.

T−bb with various spatial structures. In the meson–meson configuration, the state T−bb
with 0(1+) is sensitive to different dynamical effects and may have three different physical
pictures [154]: the compact state, deuteron-like state, and hydrogen molecule-like state.
Their binding energies are less than 50 MeV and qualitatively consistent with the latest
lattice QCD predictions on the state [175].

A. Compact molecular state. The state T−bb with I(JP) = 0(1+) is a rather deeply bound
state with a binding energy of about 30∼50 MeV in the ChQM [154], which is very close
to the latest lattice QCD predictions in the range of 20∼40 MeV [175]. However, the
earlier lattice QCD results indicated that these states were over 100 MeV below the B̄B̄∗

threshold [143,176]. The main component of the state T−bb with 0(1+) is the B̄B̄∗ in the quark
model [154]. The two subclusters B̄ and B̄∗ become obscure and strongly overlap with
each other severely because the sizes of the subclusters 〈r2〉 1

2 and 〈R2〉 1
2 are bigger than

the relative distance 〈ρ2〉 1
2 between the two subclusters [154]; see Figure 6. In this way, the

state T−bb is a compact molecular state, which is completely different from the traditional
deuteron-like molecular states from the perspective of spatial configuration. The large



Symmetry 2023, 15, 1298 20 of 76

b-quark mass allows the two subclusters to get as close as possible. In addition, the strong
attraction between the B̄ and B̄∗ originating from the one-gluon exchange and π exchange
interactions bind them together to establish the compact molecule state T−bb.

and T0
bcs. However, the order is reversed in the cases (a) and

(b) of the states Tþ
cc and T−

bb because of their stronger
meson exchange interaction relative to the confinement
potential.
From the cases (c) and (d) in Table III, the bound state

Tþ
cc vanishes if we turn off the meson exchange interactions

in the model. In other words, the long-range π and
intermediate-range σ meson exchange force play a pivotal
role in the formation of the loosely bound Tþ

cc state.
We further compare the cases (a) and (b) to illustrate the

very delicate competition between the kinetic energy and
the attraction from various sources in the Hamiltonian. The
main factor hindering the formation of the D (D�) and D�
subclusters into the bound state is the relative kinetic

FIG. 1. The spatial configuration, left: compact state; middle:
hydrogen moleculelike state; right: deuteronlike state, big blue
ball and small red ball represent Q and q̄, respectively. A large
yellow ball represents a subcluster.

TABLE III. The properties of the state Tþ
cc and its partners predicted by the model, Eb unit in MeV and rms unit in fm. ΔEk is the

kinetic energy difference between the tetraquark system and its corresponding threshold. Four cases: (a) with meson exchange and color
screening effect; (b) with meson exchange while without color screening effect; (c) without meson exchange while with color screening
effect; (d) without meson exchange and color screening effect. The “−” denotes that the single channel is unbound.

State
case

Channel
Eb, ratio

Mixing
Eb

Rms Ei
b

IJP

μc hr2i12 hR2i12 hρ2i12 Vσ Vπ VK Vη Vcon Voge ΔEk

Tþ
cc 01þ ½D̄D̄��− ½D̄�D̄��−

(a) 1.0 −, 99.6% −, 0.4% −0.34 0.75 0.75 4.32 −2.68 −2.19 0.00 0.17 −1.00 −4.29 9.65
(b) 0.0 −, 98.8% −, 1.2% −0.86 0.76 0.76 2.94 −3.72 −5.41 0.00 0.49 −1.87 −7.88 17.51
(c) 1.0 −, 100% −, 0.0% −
(d) 0.0 −, 100% −, 0.0% −
T−
bb 01þ ½B̄B̄��− ½B̄�B̄��−

(a) 1.0 −11.2, 80.6% −9.8, 19.4% −28.6 0.79 0.79 0.59 −15.8 −57.9 0.0 6.6 −16.7 −108.3 163.5
(b) 0.0 −10.0, 62.4% −9.0, 37.6% −43.8 0.84 0.84 0.46 −17.0 −76.0 0.0 8.6 −21.8 −111.7 174.1
(c) 1.0 −0.3, 84.7% −0.2, 15.3% −10.0 0.72 0.72 1.04 −2.5 3.4 −10.9
(d) 0.0 −, 94.8% −, 5.2% −3.9 0.73 0.73 1.65 −1.4 −10.1 7.6

T0
bc 00þ [B̄D�− ½B̄�D��−

(a) 1.0 −9.0, 98.6% −, 1.4% −12.9 0.71 0.66 1.09 −9.9 −1.4 0.0 0.2 −5.1 −28.6 31.9
(b) 0.0 −5.7, 98.6% −3.5, 1.4% −10.5 0.71 0.67 1.14 −9.9 −5.0 0.0 0.6 −4.9 −34.4 43.1
(c) 1.0 −4.8, 99.6% −, 0.4% −6.5 0.71 0.66 1.37 −2.3 −9.2 5.0
(d) 0.0 −2.1, 99.8% −, 0.2% −3.0 0.71 0.66 1.82 −1.2 −13.1 11.4

T0
bc 01þ ½B̄D��− ½B̄�D�− ½B̄�D��−

(a) 1.0 −6.5, 0.5% −7.7, 98.7% −3.0, 0.8% −10.5 0.75 0.66 1.20 −8.4 0.6 0.0 0.1 −4.0 −15.7 16.9
(b) 0.0 −2.7, 0.1% −4.4, 97.2% −1.3, 2.7% −7.6 0.77 0.68 1.30 −8.1 −3.6 0.0 0.4 −3.8 −21.7 29.2
(c) 1.0 −3.5, 0.8% −3.9, 98.7% −, 0.5% −6.3 0.75 0.66 1.40 −2.1 −3.2 −1.1
(d) 0.0 −0.6, 0.2% −1.4, 99.6% −, 0.2% −2.2 0.76 0.67 2.07 −0.9 −8.0 6.7

T0
bc 02þ ½B̄�D��−

(a) 1.0 −12.0, 100% −12.0 0.74 0.79 1.28 −6.4 7.3 0.0 −0.5 −2.8 0.4 −10.0
(b) 0.0 −3.6, 100% −3.6 0.75 0.79 1.88 −4.3 4.5 0.0 −0.3 −0.8 −3.7 0.9
(c) 1.0 −12.4, 100% −12.4 0.74 0.79 1.25 −3.7 −0.6 −8.0
(d) 0.0 −3.6, 100% −3.6 0.75 0.79 1.83 −1.3 −4.6 2.0

T−
bbs

1
2
1þ ½B̄B̄�

s �− ½B̄�B̄�
s �−

(a) 1.0 −4.8, 91.1% −4.2, 8.9% −11.8 0.66 0.66 0.94 −11.2 0.0 0.3 0.1 −3.5 −6.1 8.6
(b) 0.0 −3.8, 96.0% −3.4, 4.0% −9.0 0.68 0.68 0.97 −11.4 0.0 −2.3 −0.4 −4.0 −21.4 30.4
(c) 1.0 −, 90.1% −, 9.9% −3.3 0.67 0.67 1.30 −0.6 5.4 −8.1
(d) 0.0 −, 97.6% −, 2.4% −0.5 0.68 0.68 2.74 −0.2 −1.6 1.3

(Table continued)
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Figure 6. The spatial configuration. Left: compact molecule state; middle: hydrogen molecule-like
state; right: deuteron-like state. Big blue ball and small red ball represent Q and q̄, respectively. A
large yellow ball represents a subcluster. Taken from Ref. [154].

B. Hydrogen-like state. The state T−bb with I(JP) = 0(1+) can form a bound state with
Eb = −10 MeV in the QDCSM [154]. The two subclusters B̄ (B̄∗) and B̄∗ moderately overlap
with each other; see Figure 6, where the attraction mainly arises from the decrease in the
kinetic energy. Such an appropriate spatial overlapping greatly enlarges the phase space
of the light quarks q̄2 and q̄4 and allows them to roam into the opposite subcluster freely,
which helps to lower the kinetic energy of the T−bb system. This is the realization of the
uncertainty principle.

The delocalization of the light quarks in the state T−bb is extremely similar to the valence
bond in the hydrogen molecule, where the electron pair is shared by two protons. Therefore,
the state T−bb with I(JP) = 0(1+) is very similar to the hydrogen molecular state, which
is formed by the delocalization of the light quarks with the color screening effect in the
present model. The idea of the QCD valence bond was proposed and investigated in
Ref. [137] and discussed extensively in the review [17]. Richard et al. also studied the
hydrogen molecule-like doubly heavy tetraquark states [177].

In atom physics, the Born–Oppenheimer approximation, also known as adiabatic
approximation, assumes that the electronic wave functions and energy levels at any instant
depend only on the positions of the nuclei and not on the motions of the nuclei at that instant
because of the obvious mass difference between the electron and the nuclei. The state T−bb is
similar to the hydrogen molecule so that Maiani et al. discussed the hydrogen molecule-like
T−bb state recently when the [bb] pair is in color sextet based on the Born–Oppenheimer
approximation to treat the hydrogen bond of QCD [178].

C. Deuteron-like state. In the naïve quark model, the T−bb state with 0(1+) can still
produce a shallow bound state with Eb = −3.9 MeV, where the attraction mainly comes
from the weak residual OGE potential (Coulomb interaction plus color-magnetic inter-
action) [154]. The Coulomb interaction between two b-quarks and the color-magnetic
interaction between two light quarks are weakly attractive. The B̄ and B̄∗ are separated too
far away to overlap each other because the sum of the sizes of the two subclusters is less
than their relative distance; see Figure 6. Quarks are only allowed to move in the isolated
subclusters. Therefore, the T−bb state with 0(1+) looks like a loosely bound deuteron-like
molecular state.

3.1.3. Correlation between Two Configurations

The diquark–antidiquark configuration [Q1Q3][q̄2q̄4] is apt to yield a deep compact
bound state, while the meson–meson configuration [Q1q̄2][Q3q̄4] is prone to produce a
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shallow bound state in the quark models [123,140,154,179]. In principle, if all possible or-
bital excitations are considered properly, either the diquark or molecule bases are complete
and orthogonal. In this way, one can apply either set of these bases to make the model
calculations.

Recently, the underlying mechanism of these two obviously different physical pictures
was decoded from the perspective of the quark clustering [28]. Two color configurations
of the doubly heavy tetraquark states, {112 ⊗ 134, 812 ⊗ 834} for [Q1q̄2][Q3q̄4] and {3̄13 ⊗ 324,
613 ⊗ 6̄24} for [Q1Q3][q̄2q̄4], are completely equivalent:

(
112 ⊗ 134

812 ⊗ 834

)
=

 1√
3

√
2√
3

−
√

2√
3

1√
3

( 3̄13 ⊗ 324

613 ⊗ 6̄24

)
.

The spin configurations of the states with 0(1+), {112 ⊕ 134, 112 ⊕ 034, 012 ⊕ 134} and
{113 ⊕ 124, 113 ⊕ 024, 013 ⊕ 124}, are also completely equivalent:

 112 ⊕ 134

112 ⊕ 034

012 ⊕ 134

 =


0 1√

2
1√
2

− 1√
2

1
2 − 1

2

− 1√
2
− 1

2
1
2


 113 ⊕ 124

113 ⊕ 024

013 ⊕ 124

.

For the orbital space, one can define the relative coordinates rij and rij,kl as

rij = ri − rj, rij,kl =
miri+mjrj

mi+mj
− mkrk+ml rl

mk+ml
,

where {r12, r34, r12,34} and {r13, r24, r13,24} are the Jacobi coordinates for the meson–meson
configuration and the diquark–antidiquark configuration, respectively. They can recipro-
cally transform into each other through a unitary matrix depending on the quark masses.

To explore the correlation between two configurations, one can express the orbit
wave function φ(r12, r34, r12,34) in terms of the explicit diquark configuration, namely
φ(r12, r34, r12,34) = φ′(r13, r24, r13,24). If the Gaussian function is adopted as the orbit trial
wave function, the coordinate-related parts can be expressed as

e−νir2
12−νjr2

34−νkr2
12,34 = e−ar2

13−br2
24−cr2

13,24 × e−dr13·r24−er13·r13,24− f r24·r13,24 ,

in which the coefficients a- f depend on the variational parameters νs and the elements
of the transformation matrix from {r12, r34, r12,34} to {r13, r24, r13,24}. The radial wave
function includes all possible relative orbital angular momenta coupled to zero angular
momentum [180],

e−dr13 ·r24−er13 ·r13,24− f r24 ·r13,24 = 1
4
√

π ∑∞
l13=0 ∑∞

l24=0 ∑∞
l13,24=0

[
[Yl13 (r̂13)Yl24 (r̂24)]l13,24 Yl13,24 (r̂13,24)

]
0

×∑l1 ,l2 ,l3 (2l1 + 1)(2l2 + 1)(2l3 + 1)〈l10l20|l13〉〈l10l30|l24〉〈l20l30|l13,24〉

 l13 l24 l13,24

l3 l2 l1


×
(√

π
2dr13r24

Il1+
1
2
(dr13r24)

)(√
π

2er13r13,24
Il2+ 1

2
(er13r13,24)

)(√
π

2 f r24r13,24
Il3+ 1

2
( f r24r13,24)

)
,

where Ia(x) are the modified Bessel functions.
In this way, one can decompose the ground state [Q1q̄2][Q3q̄4] with 0(1+) as the

superposition of a large number of the [Q1Q3][q̄2q̄4] states with various angular excitations
of l13, l24, and l13,24. With the probability of each component in the states in Table 2 and their
color-spin wave functions, the percentage of each type of the [Q1Q3] and [q̄2q̄4] combination
can be approximately calculated [28]. The optimal combination, a good diquark [QQ] and
a good antidiquark [ūd̄], should be responsible for the formation of the shallow bound state
T+

cc from the perspective of diquarks. It implies the possible existence of another compact
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doubly heavy tetraquark state T+
cc by replacing the light quark in the doubly charmed

baryon Ξ++
cc with an optimal antidiquark [ūd̄] [28].

Table 2. Components, ratio, and binding energy Eb in unit of MeV. Taken from Ref. [28].

State Component Eb Ratio ( %)

T+
cc D∗D:D∗D∗:D∗8 D8:D∗8 D∗8 −1.24 74.2:6.8:0.2:18.8

T+′
cc D∗D:D∗D∗ −0.86 98.8:1.2

T−bb B̄∗ B̄:B̄∗ B̄∗:B̄∗8 B̄8:B̄∗8 B̄∗8 −48.9 49.0:40.0:7.0:4.0

T−
′

bb B̄∗ B̄:B̄∗ B̄∗ −43.8 62.4:37.6

The diquark and molecule configurations have different orbitally excited modes.
Therefore, their corresponding ground state spaces in the diquark and molecule bases are
not equivalent. The construction of the trial wave function in the model space depends
on the orbitally excited modes in the realistic model calculations, which may result in the
difference between the two configurations.

3.1.4. Mixing of Two Configurations

By considering the meson–meson and diquark–antidiquark configurations as well as
their coupling, the authors studied the doubly heavy tetraquark states within the framework
of the chiral quark model [123,179]. Within the meson–meson structure, a weakly bound
DD∗ molecular state has a binding energy of about 1.8 MeV relative to the DD∗ threshold
so that it is a good candidate for the state T+

cc observed by the LHCb Collaboration. In
addition, they also applied the diquark–antidiquark structure to research the state T+

cc . They
obtained a deeper bound state with a mass about 3700 MeV so that it should not be the
candidate of the state T+

cc . The conclusions are qualitatively consistent with those of other
similar model studies on the state T+

cc [140,154].
Ref. [123] pointed out that either structure is enough for the model calculation if all

orbital excitation states are taken into account properly. It is clearly too difficult in the
realistic calculations. An economic way is to combine different structures which are all kept
in the ground state to perform the calculation. However, there is an overcomplete problem
in the multiquark calculation of the structure mixing, which induces the singularity of the
Hamiltonian matrix. To solve this problem, the eigenfunction method was employed. By
mixing of the meson–meson structure and diquark–antidiquark structure, they found that
the main component is the diquark–antidiquark structure. The energy of the system can be
further decreased to about 3660 MeV [123].

In addition, a two-body Bethe–Salpeter equation was applied to study the internal
competition between the meson–meson and diquark–antidiquark components in the wave
functions of the state T+

cc [181]. However, the results indicate that the state T+
cc is dominated

by an internal DD∗ component, while its diquark–antidiquark component is negligible.
Each so-called structure was named according to the trial wave function, especially

the color part, in the realistic model calculations. In fact, the color configurations of the
two structures are equivalent if they are complete [28]. The difference between the two
structures completely originates from their orbital excited models. Essentially, the mixing of
two different structures just enlarges the model space, which results in the further decrease
in the mass of the doubly heavy tetraquark states.

3.2. Other Doubly Heavy Tetraquark States

The state T+
cc as a deuteron-like hadronic molecule evoked the possibility of other dou-

bly heavy tetraquark states which are related to the state T+
cc through various symmetries

such as the heavy quark symmetry, SU(3) flavor symmetry, and so on. In this section, we
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mainly review the partners of the state T+
cc predicted by various theoretical frameworks

after the discovery of the state T+
cc .

3.2.1. T−bbs

The corresponding SU(2) groups of the isospin, V-spin, and U-spin are three subgroups
of the flavor SU(3) group. Therefore, the states T−bbs and T−bb with the same spin-parity should
share analogous behaviors when their V-spin and iso-spin have the same symmetry.

In the quark model [154], the V-spin antisymmetric state T−bbs with I(JP) = 1
2 (1

+) is
a shallow bound state with a binding energy of about 10 MeV relative to the threshold
B̄B̄∗s , where the attraction mainly comes from the σ-meson exchange interaction. The result
agrees with that of Ref. [151] but is less than the latest lattice QCD result of about 80 MeV
in Ref. [182]. Similar to the state T−bb with 0(1+), the state T−bbs with 1

2 (1
+) can also form a

compact state in the case of the meson exchange interaction, which should therefore be a
compound of color singlet and other hidden color components. The lattice result indicated
that the meson–meson percentage is about 84%, while the hidden color percentage is
about 16% in Ref. [182]. Turning off the meson exchange interaction, the state T−bbs can
also establish a hydrogen-like bound state and a deuteron-like state [154]. In the potential
chiral-diquark model and chromomagnetic interaction model [153,164,165], the state T−bbs
can also form a compact stable bound state.

The interactions of the doubly bottom systems B̄B̄∗s , B̄∗ B̄s, and B̄∗ B̄∗s were studied
by means of vector meson exchange with Lagrangians from an extension of the local
hidden gauge approach [183]. The binding energy of the states B̄B̄∗s -B̄∗ B̄s and B̄∗ B̄∗s with
I(JP) = 1

2 (1
+) below their threshold around 10∼20 MeV and the decay widths vary from

one system to the other in the order of 10∼100 MeV for the state B̄B̄∗s -B̄∗ B̄s and about
0.5 MeV for the state B̄∗s B̄∗ with 1

2 (1
+). Recently, the lattice QCD study on the doubly

heavy tetraquark states indicated that the state T−bbs with 1
2 (1

+) can form a stable state and
has a binding energy of about 80 MeV below the threshold B̄B̄∗s [182]. In the heavy quark
limit [149], the state T−bbs are bound into compact states by their color-Coulomb potential in
the diquark–antidiquark configuration.

3.2.2. T0
bc and T0

bcs

The state T0
bc locates between the states T+

cc and T−bb so that their behaviors are to some
extent similar. In addition, the behaviors of the states T0

bc and T0
bcs are also analogous

because V-spin and U-spin are similar. The state T0
bc with I(JP) = 0(1+) has a binding

energy of several MeVs and its dominant component is the B̄∗D channel in Ref. [154]. The
intuitive physical pictures, compact state, hydrogen-like state, or deuteron-like state, in
the state T−bb with 0(1+) reappear in the state T0

bc with 0(1+). The bound states T0
bc with

0(0+) and 0(2+) can appear because there is no symmetry between c-quark and b-quark.
They can form bound states with a binding energy of several MeVs because of the σ-meson
exchange interaction [154]. Similar quark model studies on the state T0

bc also indicated that
the states T0

bc with 0(0+) and 0(1+) can establish bound states [141,184]. The hydrogen-like
state disappears in the states with 0(0+) and 1

2 (0
+), while it reappears in the states with

0(2+) and 1
2 (2

+). The state T0
bc with 0(2+) should not be stable because it can decay into

D-wave B̄D through the strong interaction. The state should have a narrow width if it
really exists as the model predicts [154]. The V-spin antisymmetrical states T0

bcs with 1
2 (0

+)

and 1
2 (2

+) can also establish a shallow bound state [154]. However, the hydrogen-like state
cannot occur in the V-spin antisymmetrical states T0

bcs with 1
2 (1

+). Similar to the state T0
bc

with 0(2+), the state T0
bcs with 1

2 (2
+) is not stable and can decay into B̄sD, B̄sDπ, B̄sD∗γ,

B̄∗s Dγ, B̄sDγγ [154].
Lattice QCD investigated the states T0

bc and T0
bcs [182,185,186]. In Ref. [185], the state

T0
bc with I(JP) = 0(1+) is a stable state against the strong interactions and its binding

energy is in the range of 20∼40 MeV below the threshold B̄∗D. However, the states T0
bc

with 0(0+) and 0(1+) are slightly above the corresponding thresholds in Ref. [182]. An
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n f = 2 + 1 lattice study of a number of channels indicated that the states T0
bcs with 0+ and

1+ lie below their corresponding lowest thresholds DB̄s and DB̄∗s [186], respectively.
The QCD sum rule approach is also used to study the states T0

bc and T0
bcs [138,187].

Ref. [138] researched the state T0
bc by constructing the corresponding diquark–antidiquark

currents with JP = 0+ and 1+. The results indicated that the masses of both the scalar
and axial vector tetraquark states are about 7.1∼7.2 GeV for the state T0

bc, which lies below
the threshold of D(∗)B̄∗. Ref. [187] studied the masses of the state T0

bcs with 0+ and 1+ by
constructing all diquark–antidiquark interpolating currents and calculated the two-point
correlation functions and spectral densities. The masses are below the thresholds of B̄sD
and B̄∗s D for the scalar and axial-vector channels, respectively.

3.2.3. T+
ccs

Prior to the discovery of the state T+
cc with I(JP) = 0(1+) reported by the LHCb

Collaboration, the lattice calculation of the state T+
ccs (ccūs̄) with 1

2 (1
+) indicated that it

lies below its threshold by about 10 MeV [176]. After the discovery of T+
cc , Ref. [188]

took advantage of the experimental information on the binding of the state T+
cc to fix the

cutoff regulator of the loops in the Bethe–Salpeter equation. The state D∗s D∗ with JP = 1+

can form a bound state. Using input needed to describe the T+
cc state, the D∗s D∗ system

develops a strong cusp around the threshold with a width of the order of 70∼100 keV.
In the color-magnetic model [189], both the states T+

cc and T+
ccs can establish stable states

against the strong interactions. However, the state is not stable in the quark model with
various dynamical effects [154], which may be changed if the mixing of the S-D wave by
noncentral forces is taken into account.

3.2.4. Isospin, V-Spin, and U-Spin Symmetrical States

Inspired by the discovery of T+
cc , naturally one would ask whether the stable state

T++
ccss can exist or not. Recently, Belle Collaboration searched for the tetraquark state Xccss

in DsDs (D∗s D∗s ) final states, but no significant signals were observed [190]. In the quark
models [154,191], T++

ccss , T+
bcss, and T0

bbss cannot form stable states because all interactions in
the states cannot provide enough attraction because the ground state antidiquark s̄s̄ cannot
form a good antidiquark [28]. The lattice QCD investigations on the states T++

ccss , T0
bbss, and

T+
bcss indicated that no clear indication of any level below their respective threshold can be

found [176]. Ref. [192] employed heavy meson chiral perturbation theory and one-boson
exchange approximation to calculate the interaction kernels in the Bethe–Salpeter equations.
The state B∗s B∗s perhaps forms a molecular state with JP = 0+.

The lattice QCD investigations on the isospin symmetric states indicated that no clear
signal of any level below their respective thresholds can be found [176]. All of the isospin
symmetrical states T+

cc , T−bb, and T0
bc and the V-spin symmetrical states T+

ccs, T−bbs, and T0
bcs

cannot form stable states because all interactions in the states cannot provide enough
attraction in the models [140,154,191]. The optimal spin-isospin-color-orbital combination
of a good heavy diquark QQ and a good light antidiquark q̄q̄ is a necessary condition
to produce a stable double heavy tetraquark state from the perspective of diquarks [28].
Therefore, one can understand the reason that there do not exist stable doubly heavy
tetraquark states which contain the isospin, U-spin or V-spin symmetric light antidiquarks
in various theoretical frameworks.

3.3. Nucleon-ηc Bound State

In 1990, Brodsky et al. showed that the QCD van der Waals interaction due to multiple-
gluon exchange provides a new kind of attractive nuclear force capable of binding heavy
quarkonia to nuclei [193]. They used a nonrelativistic Yukawa-type attractive potential
V(QQ̄)A = −αe−µr/r to characterize the QCD van der Waals interaction. They determined
the constants α and µ using the phenomenological model of high-energy Pomeron inter-
actions developed by Donnachie and Landshoff [194]. Using a variational wave function
Ψ(r) = (γ3/π)1/2e−γr, they predicted bound states of ηc with 3He and heavier nuclei.
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Their prediction was confirmed by Wasson [195] using a more realistic V(QQ̄)A potential
taking into account the nucleon distribution inside the nucleus.

The work of QDCSM also supported the existence of the nucleon-ηc bound state [78].
In Ref. [78], the interaction between the nucleon and ηc was observed, and a weak attraction
was obtained. Although the attraction is not strong enough to form a bound state directly,
the coupling with other channels (NJ/ψ, ΛcD̄, ΛcD̄∗, ΣcD̄, ΣcD̄∗ and Σ∗c D̄∗) leads to a
bound state Nηc with JP = 1

2
−

. Similarly, the Nηb with JP = 1
2
−

is also a bound state with
the help of channel coupling.

3.4. Short Summary

In this section, the doubly heavy tetraquark states with the molecular and diquark–
antidiquark configurations and their correlation and mixing are reviewed. The dominant
component of the T+

cc state by the LHCb Collaboration is the DD∗ molecular component.
The T+

cc state is a loosely bound deuteron-like state with a binding energy of 0.34 MeV and
a huge size around 4.32 fm in the model description. The coupled channel effect between
the DD∗ and D∗D∗ channels plays a critical role in the formation of the T+

cc . In addition,
the long-range π and intermediate-range σ exchange interactions also play a pivotal role.
Within the meson–meson configuration, the state T−bb with I(JP) = 0(1+) can establish a
bound state and its binding energy is less than 50 MeV. The state is sensitive to different
dynamical effects and can present three different physical pictures: the compact state,
deuteron-like state, and hydrogen molecule-like state. In addition, other doubly heavy
tetraquark states are reviewed from the heavy quark symmetry, SU(3) flavor symmetry,
and so on.

A good diquark [QQ]3̄c and a good antidiquark [q̄q̄]3c are an optimal combination to
produce a deep compact bound state with I(JP) = 0(1+), in which the Coulomb interaction
in the diquark [QQ]3̄c and the color-magnetic interaction in the antiquark [q̄q̄]3c play an
important role. The two binding mechanisms are independent and do not occur in the
threshold of two Qq̄ mesons, which is beneficial to produce the compact tetraquark states
with 0(1+). In the realistic calculations, the two configurations have the orbitally excited
modes so that the models’ space of their ground states are different, which may result in
the two different physical pictures in the doubly heavy tetraquark states.

The hidden color component is an inevitable degree of freedom in the multiquark
states, the energy of which is in general higher than that of the colorless states. However,
the doubly heavy tetraquark states just happen to be an exception. The existence of the
deuteron-like T+

cc state implies the advent of other compact double heavy tetraquark states
from the perspective of quark models. The doubly charmed baryon Ξ++

cc indicates the
possible existence of the similar doubly charmed multiquark states with the light quark
replaced by a strongly correlated light anti-diquark.

4. Molecular Resonances

Among the exotic states, the hadronic molecules, which are mainly composed of two
color-singlet hadrons, have received extensive attention. Hadronic molecules are analogs
of light nuclei, most notably the deuteron. They can be treated to a good approxima-
tion as composite systems made of two or more hadrons which are bound together via
strong interactions.

The Λ(1405) resonance is possibly a meson–baryon molecule composed of one kaon
and one nucleon, which was predicted by Dalitz and Tuan in 1959 [196] and observed in the
hydrogen bubble chamber at Berkeley in 1961 [197] several years before the quark model
was proposed. In the meson sector, the a0(980) and f0(980) were proposed to be the KK̄
molecular states by Weinstein and Isgur [83,84,198]. However, their partner states σ and κ
within the nonet cannot be explained within this molecular scheme. In 1976, the interaction
of a pair of charmed mesons and possible molecular states were investigated by Voloshin
and Okun [199]. Later, the work of Ref. [200] studied the possibility of the ψ(4040) as a
D∗D̄∗ molecular charmonium. Furthermore, the possible DD̄∗ and D∗D̄∗ molecular states
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were also investigated within the the quark–pion interaction model [201,202]. However, the
early theoretical efforts on molecular states were not supported by experimental progress
until 2003. Since 2003, more and more new light hadrons and charmonium-like states have
been reported experimentally. Some of them are considered as good candidates of the
molecular states because they lie close to the threshold of two mesons.

In 2003, the X(1835) was reported by the BESII Collaboration in the radiative decay
J/ψ→ pp̄ [203], with mass M = 1859+3+5

−10−25 MeV and width Γ < 30 MeV. Since the mass
of this structure is close to the pp̄ threshold, the X(1835) was suggested to be a baryo-
nium state in Refs. [204–206]. The charmonium-like state X(3872) announced by the Belle
Collaboration [2], which sits on the DD̄∗ threshold, inspired the DD̄∗ molecular explana-
tion [207]. Particular interest has been paid to the positive-parity charm-strange mesons
D∗s0(2317) and Ds1(2460) observed by BaBar [1] and CLEO [208] Collaborations in 2003.
The masses of D∗s0(2317) and Ds1(2460) are below the DK and D∗K thresholds, respectively,
which makes them natural candidates for hadronic molecules [209–222]. However, the
interpretation of the structure of these states is still controversial. The unquenched picture
has been proposed by some theoretical work. We will give more discussion in Section 6.
Since 2015, the LHCb’s new report of the hidden-charm pentaquarks [9,10] triggered many
theoretical investigations again. Since the Pc(4312), Pc(4440), and Pc(4457) are located only
tens of MeV below the threshold of Σ(∗)

c D̄(∗) states, the molecular scheme is a more natural
interpretation for these states. In this section, we will take the pentaquark states as an
example to discuss the theoretical study of molecular resonances in detail.

4.1. Hidden-Charm Pentaquarks

The most noteworthy states in recent years are the hidden-charm pentaquarks. In
2015, the LHCb Collaboration observed two hidden-charm pentaquark states in the J/ψp
invariant mass spectrum of Λ0

b → J/ψK−p [9]. The mass and the width of Pc(4380) and
Pc(4450) are

Pc(4380) : M = 4380± 8± 29 MeV, Γ = 205± 18± 86 MeV;

Pc(4450) : M = 4449.8± 1.7± 2.5 MeV, Γ = 39± 5± 19 MeV.

Four years later, the LHCb Collaboration reported the observation of three new pen-
taquarks, named Pc(4312), Pc(4440), and Pc(4457) [10]. Their widths are Γ = 9.8± 2.7+3.7

−4.5
MeV, Γ = 20.6± 4.9+8.7

−10.1 MeV, and Γ = 6.4± 2.0+5.7
−1.9 MeV, respectively. The Pc(4312) was

discovered with 7.3σ significance by analyzing the J/ψp invariant mass spectrum. The
previously reported Pc(4450) structure was resolved at 5.4σ significance into two narrow
states: the Pc(4440) and Pc(4457). As mentioned in Ref. [10], since all three states are nar-
row and below the Σ+

c D̄0 and Σ+
c D̄∗0 thresholds within plausible hadron–hadron binding

energies, they provide the strongest experimental evidence to date for the existence of
molecular states composed of a charmed baryon and an anti-charmed meson.

Recently, the LHCb Collaboration reported a new structure with a relatively low
statistical significance of 3.1∼3.7 σ in the J/ψp and J/ψ p̄ systems in B0

s → J/ψpp̄ decay,
while no evidence was found for the Pc(4312) discovered earlier in Λ0

b → J/ψK−p. The
mass of this structure is 4337+7 +2

−4 −2 MeV and the width is 29+26 +14
−12 −14 MeV [223].

Before the LHCb observation of the Pc states, many studies had been performed on
the existence of possible hidden-charm pentaquarks [224–231]. For example, in 2010, Wu et
al. predicted the hidden-charm N∗ and Λ∗ resonances above 4 GeV in the molecule picture
by using the coupled-channel unitary approach [224]; the possible hidden-charm molecular
states composed of an S-wave anti-charmed meson and an S-wave charmed baryon were
studied extensively in the framework of the OBE model in 2011 [227]. The observations
of the hidden-charm pentaquarks bring great interest in theoretical investigations. Most
theoretical works before 2019 were devoted to the interpretation of the nature of the
Pc(4380) and Pc(4450). The explanations include baryon–meson molecules [78,232–241],
the diquark–triquark states [242,243], the diquark–diquark–antiquark states [244–247], the
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genuine multiquark states [248], the topological soliton [249], the kinematical threshold
effects in the triangle singularity mechanism [250–252], etc. The lattice QCD simulation of
NJ/ψ and Nηc scattering was also performed to find these Pc states [253].

The LHCb’s new report of the hidden-charm pentaquarks Pc(4312), Pc(4440), and
Pc(4457) triggered many theoretical investigations again. Since the Pc(4312), Pc(4440), and
Pc(4457) locate only tens of MeV below the threshold of Σ(∗)

c D̄(∗) states, the molecular
scheme is a more natural interpretation for these states. The main interpretations with
Σ(∗)

c D̄(∗) molecular configurations are provided by QCD sum rule [254], constituent quark
models [48], potential models [255–260], effective field theory [261,262], heavy hadron chiral
perturbation theory [263], and heavy quark spin multiplet structures [264,265]. During
these theoretical works, the Pc(4312) is widely accepted as an S-wave ΣcD̄ molecule state
with JP = 1

2
−

. Although the Pc(4440) and Pc(4457) are generally treated as the S-wave
ΣcD̄∗ molecule states, the spin of these two states is controversial. One point of view is that
the spin-parity of Pc(4440) and Pc(4457) is 1

2
−

and 3
2
−

, respectively [262,266–269]. Another

point of view is that their spin-parity is 3
2
−

and 1
2
−

, respectively [270–274]. Moreover, the
decay properties [269,275–283] and production [280,284–293] of these pentaquarks were
also investigated extensively. More details about the hidden-charm pentaquarks can be
found in the review articles [15,294]. Here we concentrate on recent developments within
the molecular scheme.

4.1.1. Hidden-Charm Pentaquark Resonances in Quark Models

In QDCSM, possible hidden-charm molecular pentaquarks with Y = 1, I = 1
2 ,

JP = 1
2
±

, 3
2
±

, and 5
2
±

have been investigated by using the RGM [48,78]. Seven baryon–

meson channels, Nηc, NJ/ψ, ΛcD̄, ΛcD̄∗, ΣcD̄, ΣcD̄∗, and Σ∗c D̄∗ with 1
2
±

, five baryon–
meson channels, NJ/ψ, ΛcD̄∗, ΣcD̄∗, Σ∗c D̄, and Σ∗c D̄∗ with 3

2
±

, and one baryon–meson
channel Σ∗c D̄∗ with 5

2
±

are studied. The energies of the positive parity states are higher
than the experimental data, so the authors mainly present the results of the negative parity
states. The single channel calculation showed that the interaction between Σc/Σ∗c and
D̄/D̄∗ is strong enough to form bound states. The energy of each bound state is shown
below.

JP = 1
2
−

: ΣcD̄: 4300∼4306 MeV, ΣcD̄∗: 4441∼4444 MeV, Σ∗c D̄∗: 4503∼4506 MeV;
JP = 3

2
−

: Σ∗c D̄: 4367∼4372 MeV, ΣcD̄∗: 4445∼4450 MeV, Σ∗c D̄∗: 4510∼4514 MeV;
JP = 5

2
−

: Σ∗c D̄∗: 4512 ∼ 4517 MeV.
However, these bound states can couple to the corresponding open channels and

become resonance states or scattering states. Furthermore, the coupling between the bound
states and the decay channels can shift the energy of the resonance and give the width to
the resonance states. So in Ref. [48], the channel-coupling calculation of the bound-state
channels and the open channels was carried out and the corresponding baryon–meson
scattering process was also investigated. Figures 7 and 8 show the phase shifts of the
scattering channels. Table 3 shows the resonance mass and decay width of resonance states.
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Figure 7. The Nηc, NJ/ψ, ΛcD̄, and ΛcD̄∗ S-wave phase shifts with four-channel coupling for the
I(JP) = 1

2 (
1
2
−
) system. Taken from Ref. [48].

Figure 8. The NJ/ψ and ΛcD̄∗ S-wave phase shifts with four-channel coupling for the I(JP) = 1
2 (

3
2
−
)

system. Taken from Ref. [48].
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Table 3. The mass and decay width (in MeV) of the resonance states in the S-wave scattering channels.

I JP = 1
2

1
2
−

ΣcD̄ ΣcD̄∗ Σ∗c D̄∗

M
′

Γi M
′

Γi M
′

Γi

Nηc 4311.3 4.5 4448.8 1.0 4525.8 4.0
NJ/ψ 4307.9 1.2 4459.7 3.9 nr –
ΛcD̄ 4306.7 0.02 4461.6 1.0 nr –
ΛcD̄∗ 4307.7 1.4 4449.0 0.3 nr –

Γtotal 7.12 6.20 4.00

I JP = 1
2

3
2
−

Σ∗c D̄ ΣcD̄∗ Σ∗c D̄∗

M
′

Γi M
′

Γi M
′

Γi

NJ/ψ 4376.4 1.5 4445.7 1.5 nr –
ΛcD̄∗ 4374.4 0.9 4444.0 0.3 4523.0 1.0

Γtotal 2.4 1.8 1.0

One can see that for the JP = 1
2
−

system, three molecular resonance states are obtained.
The ΣcD̄ appears as a resonance state in the open channels Nηc, NJ/ψ, ΛcD̄, and ΛcD̄∗,
with the resonance mass of 4307∼4311 MeV and decay width of 7 MeV (the first rising
of each line in Figure 7). Both the mass and decay width are close to the subsequent
experimental results of the Pc(4312) state. The ΣcD̄∗ also behaves as a resonance state in
the above four open channels with the resonance mass of 4449∼4462 MeV and decay width
of 6.2 MeV (the second rising of each line in Figure 7). Both the mass and decay width are
close to the reported Pc(4457). Furthermore, there is also a resonance Σ∗c D̄∗ appearing in
the Nηc scattering phase shifts, with the resonance mass and decay width of 4526 MeV
and 4 MeV, respectively. However, there is only a cusp around the threshold of Σ∗c D̄∗ in
the NJ/ψ phase shifts. This is possible because the channel coupling may push the higher
state above the threshold. Similar results were obtained for the JP = 3

2
−

system, where
ΣcD̄∗ appears as a resonance state in NJ/ψ and ΛcD̄∗ scattering process (the first rising of
each line in Figure 8), with the resonance mass of 4444.0∼4445.7 MeV and decay width of
1.8 MeV, which are close to the reported Pc(4440). Σ∗c D̄ is also a resonance state in the NJ/ψ
and ΛcD̄∗ phase shifts (the second rising of each line in Figure 8). Although the resonance
mass 4374.4∼4376.4 MeV is close to the Pc(4380), the decay width is only 2.4 MeV, much
smaller than the experimental data. Furthermore, in the ΛcD̄∗ scattering process, the Σ∗c D̄∗

also behaves as a resonance state with the resonance mass and decay width of 4523.0 MeV
and 1.0 MeV, respectively.

In short, the work of Refs. [48,78] indicates that the Pc(4312) can be assigned as
molecular resonance state ΣcD̄ with JP = 1

2
−

; Pc(4440) can be explained as ΣcD̄∗ with

JP = 3
2
−

; and Pc(4457) is more likely to be ΣcD̄∗ with 1
2
−

. The theoretical study also shows

that the Σ∗c D̄ with 3
2
−

and Σ∗c D̄∗ with 1
2
−

, 3
2
−

, 5
2
−

are all resonance states, but none of them
have been verified by experiments. Besides the open channel NJ/ψ, other channels, such
as Nηc, NJ/ψ, ΛcD̄, and ΛcD̄∗ with 1

2
−

, and ΛcD̄∗ with 3
2
−

, are possible decay channels
for these resonances mentioned above. So the authors suggest the experiment to search for
more heavy pentaquarks in more decay channels.
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In ChQM, the hidden-charm pentaquark states were systematically investigated by
the Gaussian expansion method (GEM) [236]. The structure of the states is not presupposed
in this work, and it can be obtained by calculating the distance between any two quarks.
The mass spectrum calculation in ChQM showed that Pc(4380) can be identified as the Σ∗c D̄
with JP = 1

2
−

; Pc(4312), Pc(4440), and Pc(4457) can be explained as the states of 1
2
−

ΣcD̄,
1
2
−

ΣcD̄∗, and 3
2
−

ΣcD̄∗, respectively. The distances between any two quarks are shown
in Table 4. rqq, rqQ, rqQ̄, and rQQ̄ represent the distance between q− q, q− Q, q− Q̄, and
Q − Q̄, respectively. From Table 4, one can see that the distances are about 0.8∼0.9 fm
between light quarks (u/d) and 0.7∼0.8 fm between the light quark and charm quark,
whereas the distances between the quark (light or charm) and antiquark are much larger,
that is, 2.0∼2.6 fm. This indicates the molecular nature of these pentaquark states. For the
multiquark system, without assuming the structure of the system in advance, the GEM can
be used to consider the relative motion between any two quarks, and the Gaussian wave
function is used to expand the relative wave function so that the structure of the multiquark
system can be obtained. This is the advantage of the GEM to study the structure of the
multiquark states.

Table 4. Distances between any two quarks (unit: fm). q = u/d, Q = c.

JP Channel rqq rqQ rqQ̄ rQQ̄

ΣcD̄ 0.8 0.7 2.1 2.1
1
2
−

ΣcD̄∗ 0.8 0.7 2.2 2.1
Σ∗c D̄∗ 0.9 0.8 2.1 2.0

ΣcD̄∗ 0.8 0.7 2.4 2.3
3
2
−

Σ∗c D̄ 0.9 0.8 2.2 2.2
Σ∗c D̄∗ 0.9 0.8 2.6 2.4

5
2
−

Σ∗c D̄∗ 0.9 0.8 2.4 2.3

4.1.2. Molecular Structure in Other Approaches

QCD sum rule techniques have proven to be a powerful and successful non-perturbative
method over the past few decades. Various aspects of this formalism have been reviewed
in Ref. [15]. It can also be applied in the framework of heavy quark effective theory to
study heavy mesons and heavy baryons. In QCD sum rule, the authors of Ref. [240] sys-
tematically constructed all the possible local hidden-charm pentaquark currents with spins
J = 1

2 , 3
2 , 5

2 and quark contents uudcc̄, through which they found that the internal struc-
ture of hidden-charm pentaquark states was quite complicated. They also obtained many
mass predictions, some of which are consistent with the masses of the observed Pc(4312),
Pc(4440), and Pc(4457). Inspired by this coincidence, the authors gave the “molecular” pic-
ture explanation to these hidden-charm pentaquarks in Ref. [295]. They pointed out that a
“molecular” current could be written as a combination of many diquark–diquark–antiquark
currents by using the Fierz transformation, and showed that the molecular current was
much more natural and simple. By extracting some useful information from the molecular
currents being used, they suggested that the Pc(4312) could be effectively explained as the
Σ++

c D̄− bound state with JP = 1
2
−

, while the Pc(4440) and Pc(4457) could be interpreted

as the Σ+
c D̄0 bound state with 1

2
−

, the Σ∗++
c D̄− and Σ+

c D̄∗0 bound states with 3
2
−

, or the
Σ∗+c D̄∗0 bound state with 5

2
−

. For this work, one may expect that the authors use the
diquark–diquark–antiquark currents to perform the specific calculation, so as to obtain a
corresponding molecular state, such as the Σ++

c D̄− bound state, which is also obtained by
the molecular current. Nevertheless, it may be rather complicated work.

In the limit of infinitely heavy quarks, the spin of heavy quarks decouples from the
system and is conserved individually. As a result, the total angular momentum of the
light degrees of freedom becomes a good quantum number as well. This gives rise to the
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so-called HQSS [296]. In the real world, quarks are not infinitely heavy; however, heavy
quark effective field theory allows one to systematically include corrections that emerge
from finite quark masses in a systematic expansion in ΛQCD/MQ, where MQ denotes the
heavy quark mass. One can refer to Ref. [297] for an extensive review. HQSS is the origin
for the near degeneracy of D∗ and D as well as B∗ and B. Similarly, it also straightforwardly
predicted multiplets of hadronic molecules made of a heavy hadron or heavy quarkonium
and light hadrons [298,299].

The work of Ref. [261] showed that the three observed Pc states can be naturally
accommodated in a contact-range effective field theory description that incorporates HQSS.
This description leads to the prediction of seven possible S-wave heavy antimeson–baryon
molecules, providing the first example of an HQSS molecular multiplet that is complete. In
their work, the spectroscopic predictions of the contact-range effective field theory indicated
a preference for identifying the Pc(4440) and Pc(4457) as the JP = 1

2
−

and 3
2
−

molecules,

respectively. Ref. [264] also studied the molecular picture Σ(∗)
c D̄(∗) in the coupled channels

to J/ψp by using the constraints of HQSS and dynamics from the extension of the local
hidden gauge approach. The Pc(4312), Pc(4440), and Pc(4457) were replicated based on
their mass and width and explained as the molecular structure ΣcD̄ with 1

2
−

, ΣcD̄∗ with
1
2
−

, and ΣcD̄∗ with 3
2
−

, respectively. Besides the three observed Pc states, another four
states were also obtained in Ref. [264], which were the 3

2
−

Σ∗c D̄ state around 4374 MeV,
1
2
−

, 3
2
−

, 5
2
−

Σ∗c D̄∗ states around 4520 MeV.
In Ref. [267], the authors carried out a phenomenological study to decode the inner

structure of three observed Pc states based on the OBE model by considering the channel-
coupling effect and S-D wave mixing. They first assume that the structure of Pc states
is the molecular one, and then verify this assumption by calculating the RMS radius.
The masses of Pc(4312) and Pc(4440) were reproduced in the JP = 1

2
−

system with a
reasonable cutoff value Λ = 1.04 GeV, and binding energies of−8.00 MeV and−19.27 MeV,
respectively. Their corresponding RMS radii are 1.22 fm and 0.88 fm, respectively. The
dominant channel of Pc(4312) is the ΣcD̄ with the components around 84%, while the
Pc(4440) is mainly composed of ΣcD̄∗ with the probability over 94%. The mass of Pc(4457)
is also reproduced in the JP = 3

2
−

system with Λ = 1.32 GeV. Its binding energy and
RMS radius are −4.38 MeV and 1.61 fm, respectively. The channel-coupling effect play an
important role since the probabilities of the ΣcD̄∗ and Σ∗c D̄∗ components are around 75%
and 25%, respectively. So the consistency of the LHCb observed hidden-charm pentaquarks
with the baryon–meson configuration was demonstrated in the OBE model [267]. However,
one should note that, to produce the experimental data well, different values of the cutoff
parameter Λ are used for the different states.

In Ref. [278], the authors proposed that the structure of the Pc(4457) can be diagnosed
by using isospin-breaking decays. If Pc(4457)+ is an S-wave ΣcD̄∗ hadronic molecule with
I = 1

2 , it couples most strongly to the ΣcD̄∗ channels. Since its mass is closer to the Σ+
c D̄∗0

threshold than to the Σ++
c D∗− one, one expects large isospin-breaking effects in its decays.

They gave a quantitative estimate of the ratio Br(Pc(4457) → J/ψ∆+)/Br(Pc(4457) →
J/ψp) at the level ranging from a few percent to about 30%. Such a large isospin-breaking
decay ratio is two to three orders of magnitude larger than that for normal hadron reso-
nances. It is a unique feature of the ΣcD̄∗ molecular model, and can be checked by LHCb.

Furthermore, after the release of measurements of B0
s → J/ψpp̄, there have been

numerous theoretical works discussing the nature of Pc(4337) [300–305]. In Ref. [300], three
possible theoretical explanations of Pc(4337) were proposed: a bound state χc0(1P)p, the
D̄∗Λc and D̄Σc states close to threshold, and D̄∗Λc − D̄Σc and D̄∗Λc − D̄Σ∗c coupled chan-
nel dynamics. Although the mass of Pc(4337) might be explained in these configurations, it
is still not clear why this structure is not observed in decay process Λ0

b → J/ψK−p, even
with a large number of reconstructed events. Ref. [305] performed a combined analysis for
the three invariant mass spectra of B0

s → J/ψpp̄ and found that the J/ψp structure near
4.34 GeV can correspond to the contributions from the Pc(4380) state with the assumption
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JP = 3
2
−

. So this work provided possible evidence to support the existence of the pen-
taquark Pc(4380) from the recent measurements of B0

s → J/ψpp̄. The authors of Ref. [303]
suggested that the Pc(4312) and Pc(4337) can be created by different interference patterns
between the ΣcD̄ and ΛcD̄∗ threshold cusps, which can give a reasonable interpretation
to the phenomenon that the Pc(4312) and Pc(4337) peaks appear in Λ0

b → J/ψK−p and
B0

s → J/ψpp̄, respectively.

4.2. Hidden-Charm Pentaquarks with Strangeness

The existence of the hidden-charm pentaquark states with strangeness was predicted
in Refs. [224,306–309]. By using the OBE model, the author of Ref. [306] predicted the
existence of several hidden-charm pentaquarks, including the Ξ,

cD̄∗ with I(JP) = 0( 1
2
−
)

and the Ξ∗c D̄∗ states with 0( 1
2
−
) and 0( 3

2
−
). Based on the results of the Ref. [224], the

decay behavior of Λcc̄ as an S-wave hadronic molecule state was investigated within
the effective Lagrangian framework [307], which can provide guidance for searching for
hidden charm pentaquark with strangeness. Furthermore, the author of Ref. [308] predicted
several molecular states of the hidden-charm pentaquark with strangeness by studying
the channel-coupling interaction. The spectrum of the strange hidden-charm molecular
pentaquarks in chiral effective field theory was also calculated, and three new hadronic
molecules were obtained in the isoscalar [ΞcD̄∗]J systems (J = 1

2 , 3
2 ) [309].

4.2.1. Experimental Progress

Experimentally, the Pcs state was reported by the LHCb Collaboration in 2020 in the
J/ψΛK− decays [310]. The measured mass and width are

Pcs(4459) : M = 4458.8± 2.9+4.7
−1.1 MeV, Γ = 17.3± 6.5+8.0

−5.7 MeV.

From the J/ψΛ decay mode, the new structure Pcs(4459) contains at least five valence
quarks. Furthermore, its spin-parity is not confirmed since the statistics are not large
enough.

4.2.2. Molecular Explanation in ChQM

The discovery of the first strange hidden-charm pentaquark immediately instigated
active discussions on its structure and nature. Since the mass of Pcs(4459) is only 19 MeV
below the threshold of ΞcD̄∗, most works favored the Pcs(4459) as the ΞcD̄∗ molecular
state [311–319]. Besides the molecular explanation, some works interpreted it as the
compact pentaquark states [318,320–323]. The production, decays, and other properties
were also observed [318,324–334]. Here, we mainly discuss the recent explanation of the
molecular structure.

In ChQM, the strange hidden-charm pentaquark systems with I(JP) = 0( 1
2
−
), 0( 3

2
−
),

0( 5
2
−
), 1( 1

2
−
), 1( 3

2
−
) and 1( 5

2
−
) were investigated by using the GEM [319]. The single-

channel calculation showed that the interaction between Ξc/Ξ
′
c/Ξ∗c and D̄/D̄∗ is strong

enough to form bound states. There exist weakly bound states ΞcD̄, ΞcD̄∗ and Ξ
′
cD̄ with

0( 1
2
−
), ΞcD̄∗, Ξ

′
cD̄∗, and Ξ∗c D̄ with 0( 3

2
−
), and Ξ∗c D̄∗ with I JP = 0( 5

2
−
). However, these

bound states can decay to the corresponding open channels and become resonance states or
scattering states. So the channel-coupling calculation between these bound states and open
channels is necessary. The real-scaling method was used to find the genuine resonance
states in Ref. [319]. In this method, the scaling factor α is used to adjust the Gaussian
size parameter rn of the basis functions between baryon and meson with rn → αrn. As a
result, a genuine resonance will behave as avoid-crossing structures (see Figure 4) with
the increase in α, while other continuum states will fall off towards its threshold. If the
avoid-crossing structure is repeated periodically as α increases, then the avoid-crossing
structure is a genuine resonance.
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The results of Ref. [319] are shown in Figures 9–11. In these figures, the thresholds
of all physical channels appear as horizontal lines and are marked with lines (red lines),
tagged with their contents. As for genuine resonances, which appear as avoid-crossing
structure, they are marked with blue lines. The continuum states fall off towards their
respective threshold states (red horizontal lines). For I(JP) = 0( 1

2
−
) system, a resonance

with the main component ΞcD̄∗ is obtained, the mass of which is 4461 MeV, very close
to Pcs(4459), so it is a good candidate for the reported Pcs(4459). Furthermore, another
resonance with the main component ΞcD̄ is obtained around the mass of 4301 MeV. For
0( 3

2
−
) system, three resonances were obtained, the masses of which are 4443 MeV, 4500 MeV,

and 4601 Mev, and the main component is ΞcD̄∗, Ξ∗c D̄, and Ξ′cD̄∗, respectively. For 0( 5
2
−
)

system, there is only one bound state around 4671 MeV, marked horizontally under the
threshold of Ξ∗c D̄∗, and it will turn to a narrow resonance state after coupling to ΞcD̄ via
tensor interaction. Furthermore, to explore the structure of the hidden-charm pentaquarks
with strangeness, the distance between any two quarks was also calculated in Ref. [319].
The results show that the distances are about 0.6∼0.9 fm between two quarks which are
in the same cluster, while the distances between two quarks that are in different clusters
are much larger, reaching 1.7∼2.9 fm. This indicates that these Pcs states tend to be in the
molecular structure.

Figure 9. Energy spectrum of the I(JP) = 0( 1
2
−
) system. Taken from Ref. [319].

Figure 10. Energy spectrum of the I(JP) = 0( 3
2
−
) system. Taken from Ref. [319].



Symmetry 2023, 15, 1298 34 of 76

Eur. Phys. J. C (2022) 82 :118 Page 7 of 9 118

Fig. 2 Energy spectrum of 0 1
2

−
system

Pcs(4601) (main component is �′
c D̄

∗). Finally, in I J P =
0 5

2
−

system, there is only one bound state marked horizon-
tally under its threshold (Pcs(4671)), it will turn to a narrow
resonance state after coupling to �c D̄ via tensor interaction.

It is worth mentioning that in case we use real-scaling
method to identify resonances, we will also calculate the
composition of the possible resonances to find the mecha-
nism of the formation the resonances. The main component
of a genuine resonance should be bound state channels in
the single channel or coupling channel (the main component
channel and other channels with energies higher than the
main component channel) calculations. In Figs. 2, 3, in addi-
tion to the resonances found, there are other avoid-crossing
structures such as 4306 MeV in I J P = 0 1

2
−

system and

4525 MeV in I J P = 0 3
2
−

system. However, their compo-
nents are open channels, which means the avoid-crossing
structures are formed due to the difference in the decay slope
of different open channels.

For resonances, the partial widths of two mesons strong
decay can be extracted from theses figures. The decay width

Fig. 3 Energy spectrum of 0 3
2

−
system

Fig. 4 Energy spectrum of 0 5
2

−
system

of resonance to possible open channels of two mesons is
obtained by the following formula

� = 4V (α)

√
(kr × kc)

|kr − kc| , (22)

123

Figure 11. Energy spectrum of the I(JP) = 0( 5
2
−
) system. Taken from Ref. [319].

From the results of Ref. [319], one can see that the behaviors of Pcs systems are similar
to that of Pc systems. It is worth noting that there are two resonances around 4443 and
4461 MeV in Ref. [319], which can form a two-peak structure composed of ΞcD̄∗ with
JP = 3

2
−

and 1
2
−

, respectively, similar to the two-peak structure of Pc(4440) and Pc(4457).

The 1
2
−

ΞcD̄ molecular state around 4301 MeV is similar to the Pc(4312). The 3
2
−

Ξ∗c D̄
molecular state around 4500 MeV may correspond to the 3

2
−

Σ∗c D̄ molecular state Pc(4380).

For the Ξ∗c D̄∗ state, although the 1
2
−

and 3
2
−

states are unbound in Ref. [319], the 5
2
−

molecular state around 4671 MeV is obtained, corresponding to the 5
2
−

Σ∗c D̄∗ molecular
state. Furthermore, they also obtained a 3

2
−

Ξ
′
cD̄∗molecular state with the mass of 4601 MeV.

It is expected that all these possible resonances proposed above can be searched in future
experiments.

4.2.3. Molecular Structure in Other Approaches

Ref. [311] studied the Pcs(4459) by using the method of QCD sum rules. Since Pcs(4459)
is about 19 MeV below the ΞcD̄∗ threshold, the authors investigated ΞcD̄∗ molecular states
with JP = 1

2
−

and 3
2
−

, and at the same time they also studied the ΞcD̄ molecular state of 1
2
−

.
They used the c̄, c, s, u, and d quarks to construct the interpolating currents with molecular
structure, and obtained masses of ΞcD̄∗ molecular states, obtaining 4.46+0.16

−0.14 GeV for 1
2
−

and 4.47+0.19
−0.15 GeV for 3

2
−

. These two values are both consistent with the experimental
mass of the Pcs(4459), supporting its interpretation as the ΞcD̄∗ molecular state of either
1
2
−

or 3
2
−

. Moreover, they also obtained the mass of the 1
2
−

ΞcD̄ molecular state, which is
4.29+0.13

−0.12 GeV.
Particularly, within the hadronic molecular picture, the three Pc and Pcs states observed

by LHCb experiments were well-understood as a whole in Ref. [311]. Possible production
mechanisms of the P0

cs and P+
c states in Ξ−b /Λ0

b decays are shown in Figure 12. The transition
of Ξ−b → J/ψK−Λ is dominated by the Cabibbo-favored weak decay of b→ c + c̄s via the
vector and axial (V − A) current, which leads to an intuitive expectation that the sd pair in
Ξ−b may exist as a spectator so that their total spin S = 0 is conserved. As a result, if this sd
pair is combined with the c quark to form a charmed baryon, it will favor the baryon Ξc

instead of the Ξ
′
c and Ξ∗c (the spin of sd pair in these two baryons is 1). Accordingly, the

Pcs(4459) is more likely to be ΞcD̄∗ molecular state rather than Ξ
′
cD̄∗ or Ξ∗c D̄∗ molecular

states. From Figure 12b,c, the transition of Λ0
b → J/ψK−p can be similarly analyzed, which

may favor the Λc instead of the Σc and Σ∗c . However, the Λc is probably not bounded with
D̄(∗)0 due to the lack of π exchange. Nevertheless, the data sample for the Λ0

b → J/ψK−p
decays is 680k, significantly larger than that for the Ξ−b → J/ψK−Λ decays, which is
only 4k. So it is possible that the Pc(4312), Pc(4440), and Pc(4457) are the ΣcD̄ and Σ∗c D̄
molecular states.
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Table 1 Masses of the D̄(∗)Ξc hadronic molecular states, extracted from the currents η
(α)
1···3

Currents Configuration smin
0 [GeV2] Working Regions Pole [%] Mass [GeV]

s0 [GeV2] M2
B [GeV2]

η1 |D̄Ξc; 1/2−〉 22.3 23.3 ± 1.0 2.61–2.77 50–56 4.29+0.13
−0.12

η2 |D̄∗Ξc; 1/2−〉 24.8 25.8 ± 1.0 2.93–3.07 50–55 4.46+0.16
−0.14

ηα
3 |D̄∗Ξc; 3/2−〉 24.4 25.4 ± 1.0 2.81–2.95 50–55 4.47+0.19

−0.15

(a) (b) (c)

Fig. 3 Possible production mechanisms of the P+
c and P0

cs states in Λ0
b/Ξ

−
b decays

the charmed mesons due to the lack of π exchanges. It
is only because of the significantly larger data sample
(680k for the Λ0

b → J/ψK− p decays and only 4k for
the Ξ−

b → J/ψK−Λ decays [3]), that the Pc(4312),
Pc(4440), and Pc(4457) possibly as the D̄Σc and D̄∗Σc

molecular states were observed in this channel by LHCb
[1,2]. We illustrate the relevant two processes in Fig. 3b,
c.

Therefore, the three LHCb experiments observing Pc and Pcs
states [1–3] strongly support the hadronic molecular picture
and the existence of “hadronic molecules”.

To further verify the above hadronic molecular picture,
we propose to investigate the Pcs(4459)0 in future experi-
ments to examine whether it can be separated into two states.
We also propose to search for the D̄Ξc molecular state of
J P = 1/2−, whose mass is predicted to be 4.29+0.13

−0.12 GeV.
If the hadronic molecular picture turns out to be correct, our
understanding on the construction of the subatomic world be
significantly improved, and our understanding on the non-
perturbative behaviors of the strong interaction at the low
energy region would also be significantly improved.
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Appendix: Spectral densities

In this appendix we list the spectral densities ρ1···3(s)
extracted for the currents η1···3. In the following expressions,
F(s) = [

(α + β)m2
c − αβs

]
, H(s) = [

m2
c − α(1 − α)s

]
,

and the integration limits are αmin = 1−√
1−4m2

c/s
2 , αmax =

1+√
1−4m2

c/s
2 , βmin = αm2

c
αs−m2

c
, and βmax = 1 − α. In the cal-

culations we take into account both the ms and m2
s terms, but

here we list only the ms terms.
The spectral density ρ1(s) extracted for the current η1 is

ρ1(s) = ρ
pert
1 (s) + ρ

〈q̄q〉
1 (s) + ρ

〈GG〉
1 (s) + ρ

〈q̄Gq〉
1 (s) + ρ

〈q̄q〉2

1 (s)

+ ρ
〈q̄q〉〈q̄Gq〉
1 (s) + ρ

〈q̄Gq〉2

1 (s) + ρ
〈q̄q〉3

1 (s) , (21)

where

123

Figure 12. Possible production mechanisms of the P0
cs and P+

c states in Ξ−b /Λ0
b decays. Taken from

Ref. [311].

The reported Pcs(4459)was also deeply studied within the OBE model [316,318]. Ref. [316]
performed a single ΞcD̄∗ channel and a coupled channel (ΞcD̄∗/Ξ∗c D̄/Ξ

′
cD̄∗/Ξ∗c D̄∗) analysis

by using the OBE model. In the single channel calculation, the mass of Pcs(4459) with the ex-
perimental uncertainties can be effectively reproduced with the cutoff 3.6 < Λ < 5.25 GeV,
which is far away from the typical value 1.00 GeV in a loosely bound hadronic molecular
state. So they concluded that the Pcs(4459) cannot be a pure ΞcD̄∗ molecule in the OBE
method. When taken into the effect of the channel-coupling, the bound state solutions can
be obtained with a cutoff around 1.00 GeV, which indicates that the channel-coupling effect
is helpful to produce the bound state. For the I(JP) = 0( 1

2
−
) system, the mass range is

4476.32∼4456.33 MeV with the cutoff range value from 1.17 GeV to 1.20 GeV, and the Ξ
′
cD̄∗

channel has a dominant contribution. However, the RMS radius is 1.39∼0.45 fm, which indi-
cates that the molecular state picture with the 0( 1

2
−
) assignment to Pcs(4459) is not favored.

For the 0( 3
2
−
) system, with the cutoff range value from 0.99 GeV to 1.05 GeV, the correspond-

ing mass range is 4476.49∼4458.67 MeV, and the RMS radius is 2.18∼0.65 fm. Nevertheless,
they concluded that this coupled state with I(JP) = 0( 3

2
−
) can be a possible strange hidden-

charm molecular candidate of the Pcs(4459) with the dominant channels ΞcD̄∗ and Ξ∗c D̄.
From the results of Ref. [316], the RMS radius is very sensitive to the the cutoff value. By
using the typical value of the cutoff, although the mass of Pcs(4459) state can be obtained,
the range of RMS radius is too large to regard this coupled ΞcD̄∗/Ξ∗c D̄/Ξ

′
cD̄∗/Ξ∗c D̄∗ system

as the molecular structure.
In addition, the authors also studied the two-body strong decay behaviors for the

Pcs(4459) state by using the obtained bound state wave functions of the coupled ΞcD̄∗/Ξ∗c D̄
/Ξ

′
cD̄∗/Ξ∗c D̄∗ system with I(JP) = 0( 3

2
−
) [318]. They took the binding energy from

−0.75 MeV to −30 MeV, and obtained the total two-body strong decay width from 10 to
25 MeV, which is consistent with the experiment data Γ = 17.3± 6.5+8.0

−5.7 MeV. Although
this phenomenological study is still model-dependent, the strong decay information can be
a crucial test of the hadronic molecular state assignment to the Pcs state.

The pentaquark states Pc(4312), Pc(4440), and Pc(4457) could be nicely arranged into a
multiplet of seven molecules of Σ(∗)

c D̄(∗) dictated by HQSS. However, the spins of Pc(4440)
and Pc(4457) are not yet fully determined. The work of Ref. [314] employed a contact-range
effective field theory approach satisfying HQSS and SU(3)-flavor symmetry to search for
the existence of the hidden-charm strange molecules and study the possibility of whether
their discovery could help determine the spins of Pc(4440) and Pc(4457). In terms of HQSS,
the contact-range potential between D̄(∗) and Ξ′∗c can be denoted as F1

2
and F3

2
via the

coupling of the light quark spins, i.e., 1
2 ⊗ 1 = 1

2 ⊗ 3
2 . Applying the same approach to D̄(∗)

and Ξc, the corresponding potential can be represented by one low-energy constant F′1
2
,

which is from the light quark spin coupling, 1
2 ⊗ 0 = 1

2 . Two hypotheses were considered
in this work. Case I assumed that the couplings F1

2
and F′1

2
are the same, then the molecules

ΞcD̄(∗) exist only if the spins of Pc(4440) and Pc(4457) are 1
2 and 3

2 , respectively, indicating
that the discovery of these states can help one to determine their spins. Case II employed
the hidden-gauge approach to infer the coupling of F′1

2
and found that ΞcD̄(∗) molecules
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exist irrespective of the spins of Pc(4440) and Pc(4457), meaning that the discovery of these
states offers little help in determining the spins.

4.3. Other Heavy Pentaquark States

The discovery of the Pc states and the evidence of the Pcs also inspired the investiga-
tion of some other heavy pentaquark states, such as the hidden-bottom pentaquarks, the
pentaquarks composed of qqqqQ̄, qqq̄QQ, qq̄QQQ, QQQQQ̄, and so on.

4.3.1. Hidden-Bottom Pentaquarks

Because of the heavy flavor symmetry, the extension of the study from the hidden-
charm pentaquarks (Pc) to the hidden-bottom pentaquarks (Pb) is natural. In the hidden-
bottom sector, the larger mass of the bottom quark will reduce the kinetic energy of the
system, which makes them easier to form bound states than in the hidden-charm sector.
Therefore, one may wonder whether the Pb states exist or not. The Pb states were extensively
studied in plenty of theoretical models. The molecular structure of Pb states is flavored by
the QDCSM [48,78], the ChQM [335], the OBE model [227], the OPE model [239], the QCD
sum rules [233], the heavy hadron chiral effective field theory [268], the coupled channel
unitary approach [336–338], etc.

Refs. [48,78] investigated the hidden-bottom pentaquark states in the framework of
the QDCSM. Two bound states, JP = 1

2
−

Nηb and 3
2
− NΥ, and several narrow resonance

states, ΣbB, ΣbB∗, Σ∗b B∗ with 1
2
−

, Σ∗b B, ΣbB∗, Σ∗b B∗ with I(JP) = 3
2
−

, and Σ∗b B∗ with 5
2
−

,
are obtained. The masses of these Pb states are above 11 GeV. In Ref. [227], the hidden-
bottom molecular pentaquarks composed of a bottom meson and a bottom baryon were
studied extensively in the OBE model. Several hidden-bottom molecular pentaquarks are
predicted; these are are the ΣbB with 3

2 (
1
2
−
) and Σ∗b B∗ with 1

2 (
1
2
−
), 1

2 (
3
2
−
), 3

2 (
1
2
−
), 3

2 (
3
2
−
).

However, by using the OPE model, Ref. [239] obtained another molecular state ΣbB∗ with
1
2 (

3
2
−
) or 3

2 (
1
2
−
). In Ref. [233], two hidden-bottom pentaquarks were predicted using the

method of QCD sum rules as partners of the Pc(4380) and Pc(4450). Their masses are
extracted as 11.55+0.23

−0.14 MeV and 11.66+0.28
−0.27 MeV, and spin-parity 3

2
−

and 5
2
+

, respectively.
In Ref. [268], the authors studied the hidden-bottom Σ∗b B∗ systems and predicted their
mass spectra in the framework of heavy hadron chiral effective field theory. The masses of
the hidden-bottom molecular are all above 11 GeV, which may be observed in the Υ(1S)N
and Υ(2S)N final states. Furthermore, the coupled channel unitary approach with the
local hidden gauge formalism was applied to study the hidden-bottom pentaquarks in
Refs. [336–338]. In Ref. [336], the authors studied possible resonances in the heavy meson–
heavy baryon coupled-channel interactions. The D̄Λc-D̄Σc interactions, as well as the
B̄Λb-B̄Σb interactions, were investigated. The results show that there are more resonances
observed for B̄Λb-B̄Σb interactions and they are more tightly bound because the b-quark is
heavier than the c-quark. In Ref. [337], two N∗bb̄ states were predicted to be dynamically
generated from coupled pseudoscalar-baryon (PB) and vector-baryon (VB) channels. The
mass and width of these states are (M, Γ) = (11052, 1.38) MeV and (M, Γ) = (11100, 1.33)
MeV, respectively. In Ref. [338], seven new states of N∗ with hidden beauty were obtained
with a mass around 11 GeV.

4.3.2. qqqqQ̄

For the qqqqQ̄ pentaquark states, all of them are explicit exotic states. If such pen-
taquark states are observed, their exotic nature can be easily identified. Actually, the exis-
tence of the pentaquark state (uuduc̄) has been studied in the Fermilab experiment [339,340],
but no evidence was found. Later, the signal for the pentaquark state (uuduc̄) was ob-
served in the DIS experiment by H1 Collaboration [341] and a peak was observed at
3099± 3± 5 MeV with a Gaussian width of 12± 3 MeV in the distribution of D∗p. How-
ever, this resonance was not confirmed by other experiments [342–346]. Recently, the
LHCb Collaboration reported the observation of the Λ0

b → DpK− channel [347], where the
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invariant mass spectrum of Dp was measured. However, more detailed analyses are still
needed to identify the structures existing in the Dp invariant mass spectrum. So, whether
there exist qqqqQ̄ pentaquark states is still an open question.

Inspired by the experimental progress, many theoretical works were devoted to
studying the qqqqQ̄ pentaquark states [26,348–354]. In Refs. [26,348], the authors suggested
that the qqqqQ̄ states are stable in the quark model. In addition, the possible bound
states were also discussed by the one-pion exchange interaction [349], the modified color-
magnetic interaction model [350], the constituent quark model [351], and the QCD sum
rule [352]. Moreover, the weak decay properties for the qqqqQ̄ pentaquark system were
discussed in Ref. [353]. In Ref. [354], the authors discussed the production of the singly
charmed pentaquark, and the results suggest several golden channels for searching the
singly charmed pentaquark in future experiments.

4.3.3. qqq̄QQ

Aroused by the observation of the states Ξcc and Tcc, the existence of the doubly
heavy pentaquark states qqq̄QQ was proposed. Various theoretical methods have been
applied in this field, including various quark models [257,355–362], the chiral effective
theory [363–365], the QCD sum rule [366], and the Bethe–Salpeter equation [367,368].

In the framework of the OBE model, the authors of Ref. [355] explored the intermediate
and short-range forces and studied various hadron–hadron bound state problems. They
found some S-wave molecules, such as ΛcD, Λc B̄, ΛbD, Λb B̄, and so on. In Refs. [356,357],
a series of doubly heavy molecules were also obtained by using the same model as that of
Ref. [355]. In Ref. [358], the mass spectra of doubly heavy pentaquark states were studied in
the color-magnetic model. The results suggest several possible narrow states. Furthermore,
to search for stable pentaquark states, the authors of Ref. [359] analyzed the color-flavor-
spin structure of the heavy quark pentaquark system with the same method as that of
Ref. [358]. The authors noticed that the I(JP) = 0( 1

2
−
) uds̄cc state is perhaps the most

stable one. The work of Ref. [360] predicted a bound state Ξ∗ccπ with 1
2 (

3
2
−
) and several

resonance states in the chiral quark model. Moreover, in Ref. [361], the authors considered
the coupled system ΛcD∗-Σ∗c D∗ in the 1

2 (
3
2
−
) channel. The results indicate that there exists

a doubly charmed molecule qqq̄cc named Ξcc(4380).

4.3.4. qq̄QQQ

The triply charmed pentaquark qq̄QQQ states were studied in many theoretical
works [369–375]. In Ref. [369], a flavor singlet bound state with I(JP) = 1

2 (
3
2
−
) with

mass around 4.3 GeV was proposed. In the systematic study of triply charmed dynamically
generated baryons in Ref. [370], the authors found a 1

2
−

bound state around 4.4 GeV and
a 3

2
−

bound state around 4.5 GeV by coupling ccc-q̄q and ccq-cq̄ channels. By using the

QCD sum rule, the triply charmed molecular states Ξcc(3621)D0 with 1
2
±

and Ξcc(3621)D∗0

with 3
2
±

were obtained in Ref. [371]. Such molecular interpretation was also considered in
Ref. [372], and two possible molecular pentaquark states were predicted in the OBE model.
According to the results in Ref. [372], the authors in Ref. [373] studied the interactions
between a doubly charmed baryon Ξcc(3621) and a charmed meson in a T doublet, where
the T doublet includes D1(2420) and D∗2 (2460), respectively. The results show that several
triply charmed molecular pentaquarks exist. In Ref. [374], the authors discussed whether
the compact qq̄QQQ pentaquark states were possible within the CMI method by assuming
that the QQQ was a color-octet state, and the results indicate that the compact pentaquarks
should not be stable against their rearrangement decays, and its nature as a molecule would
be preferred over a compact pentaquark. Furthermore, the work of Ref. [375] found the
existence of a hadronic molecule Ξ∗bb B̄∗ with quantum numbers 1( 1

2
−
) and 1( 3

2
−
) within

the effective field theory framework.
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4.3.5. QQQQQ̄

There is no experimental report on the fully heavy pentaquarks so far. However, the
discoveries of fully heavy tetraquark states and Pc states make one speculate that the fully
heavy pentaquark QQQQQ̄ states may also exist.

In Ref. [376], a systematic study on the mass spectra and decay properties of the
S-wave fully heavy pentaquarks QQQQQ̄ has been performed in the CMI model. A
good stable candidate was found, the Pc2b2 b̄(17416, 0, 3/2−). It lies below the allowable
decay channel Ω∗ccbηb by only 4 MeV and thus can decay only through electromagnetic
or weak interactions. Meanwhile, the authors also found that Pc2b2 b̄(17477, 0, 5/2−) state
is a relatively stable pentaquark. Although it is lower than all possible S-wave strong
decay channels, it can still decay into the D-wave Ωccbηb and ΩcbbBc final states. The fully
heavy pentaquarks were also investigated by the QCD sum rule. The work of Ref. [377]
studied the fully heavy pentaquark states and obtained the mass 7.41+0.27

−0.31 GeV for ccccc̄
and 21.60+0.73

−0.22 GeV for bbbbb̄, respectively. The work of Ref. [378] investigated this system

of the diquark–diquark–antiquark type with JP = 1
2
−

and obtained the mass 7.93± 0.15
GeV for ccccc̄ and 23.91± 0.15 GeV for bbbbb̄, respectively. In addition, the ccccc̄ and bbbbb̄
were systematically investigated within the ChQM and QDCSM [379]. Three possible
bound states are obtained, the ccccc̄ state with JP = 1

2
−

and the bbbbb̄ states with JP = 1
2
−

and 3
2
−

. The masses of these states are 7891.9∼7892.7 MeV, 23,810.1∼23,813.8 MeV, and
23,748.2∼23,752.3 MeV, respectively. The results are consistent in both of the models, and
the effect of the channel coupling is crucial for forming a bound state of the fully heavy
pentaquark system.

The X(6900) is found in the invariant mass spectrum of J/ψ pairs, where two pairs
of cc̄ are produced. To produce the lowest fully heavy pentaquark state ccccc̄, one needs
to simultaneously produce at least four pairs of cc̄, and this seems to be a difficult task in
experiments. Nevertheless, all of the fully heavy pentaquark states are worth searching for
in future experiments.

4.4. Fully Strange Baryon Ω(2012)

The discovery of the Ω(2012) by the Belle Collaboration [380] prompted a fast and
diverse reaction on the theoretical side, looking at it from the quark model perspective as
the low-lying P-wave excited baryon, or as a molecular state. The discovery of Ω baryons
dates back to 1964 and yet until today, it is the least observed in experiments worldwide.
As we know, the ground Ω hyperon is a member of the baryon decuplet in the quark
model, which was unambiguously discovered in both production and decay at BNL about
a half-century ago [381]. Three resonances, Ω(2250), Ω(2380), and Ω(2470), are also listed
in the Particle Data Group (PDG) [382] with three- or two-star ratings and their nature
still uncertain. So in experiments, there is only a little information on excited Ω baryons.
There is much related work on excited states in the literature, which can be seen in the
recent review on the strange baryon spectrum in Ref. [383]. Related work on new hadronic
states can be found in the recent review of Ref. [19]. In this section, we mainly review the
experimental progress and theoretical explanation of the Ω(2012) state.

4.4.1. Status of Ω(2012)

In 2018, the Belle Collaboration reported the observation of a new resonance, which
was identified as an excited Ω− baryon [380]. It was found in the Ξ0K− and Ξ−K0

s invariant
mass distributions in data taken at the Υ(1S), Υ(2S), and Υ(3S) resonance energies. The
measured mass and width of this resonance are

Ω(2012) : M = 2012.4± 0.7(stat)± 0.6(syst) MeV, Γ = 6.4+2.5
−2.0(stat)± 1.6(syst) MeV.

This new resonance has a mass 340 MeV higher than the ground state, and thus helps
fill the large gap in the Ω− spectrum between the ground state and the already observed
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excited states. However, there is no information about the structure of this excited hyperon
in this experiment.

Actually, various theoretical approaches [384–387] have investigated the Ω excited
states in the molecular picture before the Belle Collaboration’s report. The authors of
Refs. [384,385] investigated the Ω excited states by using the chiral unitary approach where
the coupled channel interactions of the Ξ∗K̄ and Ωη were taken into account. In Ref [387], a
dynamically generated Ω state with JP = 3

2
−

was obtained with the mass around 1800 MeV,
which is in agreement with the predictions of the five-quark model. In addition, the Ω
excited states were also investigated in classical quark models [388–391].

After the report of the Ω(2012) by the Belle collaboration, there were many theoretical
studies on its mass, width, quantum numbers, and decay modes [392–409], which can be
roughly divided into two types, the excited baryon state and the molecular state. Since
the mass of the Ω(2012) state lies quite close to the threshold of the K̄Ξ∗ channel with a
binding energy of 15 MeV, it is quite natural to interpret Ω(2012) as a hadronic molecule
composed of K̄Ξ∗. Indeed, the hadronic molecule nature of the Ω(2012) was investigated
in Refs. [400–402,408], and these calculations predicted a large decay width for Ω(2012)→
K̄Ξ∗ → πK̄Ξ.

However, the molecular picture was challenged by Belle’s report in 2019, where the
Belle Collaboration searched for the three-body decay of Ω(2012)→ KΞ(1530)→ KπΞ by
using data samples of e+e− collisions collected at the Υ(1S), Υ(2S), and Υ(3S) resonances
with the Belle detector [410]. The measured ratio of the three-body decay Ω(2012)→ πK̄Ξ
width to the one of the two-body decay Ω(2012) → K̄Ξ is less than 11.9% at the 90%
confidence level. Since the πK̄Ξ channel is associated with K̄Ξ∗, such a small fraction is
not in favor of the K̄Ξ∗ component. So, no significant Ω(2012) signals were found in the
studied channels, which indicated that the result disfavored the molecular interpretation of
Ω(2012).

Yet, the phase space for this decay is very small, and in Refs.[406,407] the molecular
picture was shown to be consistent with the experiment data. Ref. [406] investigated the
Ω(2012) from the molecular perspective by using the coupled channel interactions of the
K̄Ξ∗ and ηΩ in S-wave and K̄Ξ in D-wave. The study of Ref. [406] contains the K̄Ξ∗, ηΩ,
and K̄Ξ states as coupled channels in a unitary approach. The transition potential between
K̄Ξ∗ and ηΩ is taken from the chiral Lagrangians but the transition potentials from K̄Ξ∗ and
ηΩ in S-wave and K̄Ξ in D-wave are taken as free parameters. All data including the above
Belle experiment data on ΓΩ∗→πK̄Ξ/ΓΩ∗→K̄Ξ are compatible with the molecular picture
stemming from meson–baryon interaction of these channels. The authors of Ref. [406] also
pointed out that the molecular structure of Ω(2012) is rather peculiar, in the sense that it
corresponds to mostly a K̄Ξ∗ bound state; however, it requires the interaction with the ηΩ
and K̄Ξ channels to bind, while neither of them would be bound by themselves.

Ref. [407] also revisited the Ω(2012) state from the molecular perspective in which this
resonance appears to be dynamically generated from the coupled channel interactions of
the K̄Ξ∗ and ηΩ in S-wave and K̄Ξ in D-wave. In this scenario, the Ω(2012) is interpreted
as a JP = 3

2
−

molecule state. The authors studied the two- and three-body strong decays of
Ω(2012) within the model parameters for the D-wave interaction, and the result showed
that the experimental properties of the Ω(2012) can be easily accommodated. A more
precise measurement, providing the ΓΩ∗→πK̄Ξ/ΓΩ∗→K̄Ξ ratio, or finding a much more
stringent upper bound than the present one, is expected to settle the issue of the possible
molecular picture for the Ω(2012) state.

The calculation of nonleptonic weak decays of charmed baryons is a useful tool to
study hadron resonances [411]. The double strange baryon Ξ∗(1620)0 was first observed
in its decay mode to π+Ξ− via Ξ+

c → π+π+Ξ− process by the Belle Collaboration [412].
Taking advantage of this idea, Ref. [403] studied the nonleptonic weak decays of Ω(2012)
resonance in the Ω0

c → π+K̄Ξ∗(ηΩ) → π+(K̄Ξ)− decays, showing that they provided
a good filter for I = 0 and strangeness S = −3 resonances, which can be used to probe
the nature of the Ω excited states. The authors found that the Ω0

c → π+(K̄πΞ)− decay
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was not well-suited to study the Ω(2012) because the dominant contribution is from the
Ω0

c → π+(K̄Ξ∗)− decay at tree level, and this will not contribute to production of the
Ω(2012). On the other hand, they predicted that the Ω(2012) would be visible in the (K̄Ξ)−

invariant mass spectrum of the Ω0
c → π+(K̄Ξ)− decay. It is obvious that observing the

Ω(2012) in different production mechanisms can not only further confirm its existence
but also yield important information that can increase the understanding of its internal
structure.

In 2021, by using the entire data sample of 980 f b−1 integrated luminosity collected
with the Belle detector, the Belle Collaboration searched for the Ω(2012)− resonance
in Ω0

c → π+Ω(2012)− → π+(K̄Ξ)− and Ω0
c → π+Ω(2012)− → π+K0

SΞ−. In Ω0
c →

π+Ω(2012)− → π+K−Ξ0, they found the evidence for the Ω(2012)− in the K−Ξ0 invariant
mass spectrum with a statistical significance of 4.0σ. In Ω0

c → π+Ω(2012)− → π+K0
SΞ−,

a marginal Ω(2012)− signal could be seen in the K0
SΞ− invariant mass spectrum with a

statistical significance of 2.3σ [413].
In 2022, the Belle Collaboration discovered a new resonant three-body decay Ω(2012)→

Ξ(1530)0K− → Ξ−π+K− with a significance of 5.2σ by using the Υ(1S), Υ(2S), and Υ(3S)
data [414]. The mass of the observed Ω(2012)− is (2012.5± 0.7± 0.5) MeV. The branching

fraction rationRΞ(1530)K̄
ΞK̄ is 0.97± 0.24± 0.07, consistent with the molecular interpretation for

the Ω(2012) proposed in Refs. [400,401,405,408], which predicts similar branching fractions
for Ω(2012) decays to Ξ(1530)K̄ and ΞK̄.

After the new experiment, Ref. [415] investigated the interpretation of the Ωc →
π+Ω(2012)→ π+(K̄Ξ) relative to Ωc → π+K̄Ξ from the Ω(2012) molecular perspective.
The authors presented a mechanism for the production of Ωc → π+Ω(2012) through an
external emission Cabibbo favored weak decay mode, where the Ω(2012) is dynamically
generated from the interaction of K̄Ξ∗ and ηΩ, with K̄Ξ as the main decay channel. The
Ω(2012) can decay later to K̄Ξ in this picture, and the results are compatible with the
Belle data [410]. Then, one can evaluate the decays Ω0

c → π+K−Ξ0 and Ω0
c → π+K̄Ξ∗,

π+ηΩ with couplings of K̄Ξ∗ and ηΩ to K−Ξ0. The authors found that within uncertainties
all three channels account for about 12%∼20% of the total Ω0

c → π+K−Ξ0 decay rate
by using data from a recent Belle measurement [410]. The consistency of the molecular
picture with all the data is established by showing that Ωc → K̄∗0Ξ0 → π+K−Ξ0 and
Ωc → π+Ω∗ → π+K−Ξ0 account for about 85% of the total Ωc → π+K−Ξ0. They also
pointed out that the data from the Belle experiment in Ref. [413] has been very useful to
establish a new test for the nature of the Ω(2012). Further measurements are expected to
constrain the picture of the Ω(2012).

4.4.2. Molecular Picture Support from ChQM

The quark model study also supports the molecular picture for the Ω(2012) state. In
Ref. [416], the Ω(2012) is investigated by means of the GEM and the real-scaling method in
the framework of the chiral quark model. Although all low-lying states of sssq̄q (q = u, d)
systems were considered, only the explanation of Ω(2012) is reviewed here. In that work,
the single channel calculation of Ξ∗K̄ with I(JP) = 0( 3

2
−
) is unbound. However, the bound

state can be formed by the coupling of all color singlet–singlet channels, which include
ΞK̄∗, Ξ∗K̄∗, Ωη, and Ωω. The study of the component of this system shows that the main
channel is still the Ξ∗K̄, with a percentage of about 94%. Furthermore, after coupling the
hidden-color channels, the binding energy increased by a few MeVs, and the corrected
energy of the bound state was 2018 MeV, which is close to the mass of reported Ω(2012).
This indicates that the Ξ∗K̄ system with I(JP) = 0( 3

2
−
) is a good candidate for Ω(2012).

In order to explore the structure of Ω(2012), the work of Ref. [416] also calculated the
RMS distances between any two quarks by using the GEM. From the distances, the size
of Ξ∗ is 0.7 ∼ 0.8 fm, the size of K̄ is about 0.5 fm, and the distance between two clusters
is about 2.3 fm. This feature obviously supports the molecular picture. Therefore, in the
chiral quark model calculation, the reported Ω(2012) can be explained as a I(JP) = 0( 3

2
−
)

molecular state with the main component of Ξ∗K̄. The effect of the channel coupling cannot
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be ignored for forming the bound state, although the percentages of other channels are not
very large.

4.5. Short Summary

Note that all of the measurements of Pc and Pcs states have been made by LHCb. The
only independent evidence for Pc states to date comes from the D0 Collaboration, which
observes events consistent with the unresolved Pc(4440) → J/ψp structure at 3.2σ [417].
The Pc search in the GlueX γp→ J/ψp cross-section measurement ended up with a null
result [289]. Much about the pentaquark states remains unknown. Higher statistics data
and more theoretical works in the future might provide more information for the hidden-
heavy flavor pentaquark states. The CLAS12 at Jefferson Lab (JLab) may be a possible place
to observe the Pc states in J/ψ photoproduction [418,419]. Its spin and photocouplings
may be measured with future data, too. Now, the search for the LHCb pentaquark in the
photo-production process in Hall C at JLab has been approved [420,421]. In future, the Pc,
Pcs, and Pb states can also be searched for by PANDA/FAIR [422], EIC, JPARC, etc.

The discovery of the Ω(2012) state offers a great opportunity to study the hadron
spectrum and understand the strong interactions. The explanation of the structure of the
Ω(2012) has always been controversial. Another possibility is that this state may be a
mixture state of the three-quark system and the five-quark system. An unquenched quark
model can be used to investigate this state, which deserves further study. Furthermore,
it is clear that observing the Ω(2012) in different production mechanisms can not only
further confirm its existence but also yield important information that can increase the
understanding of its internal structure. From the experimental and theoretical research
process of Ω(2012) state, theoretical research can provide effective information for experi-
ments, and experimental research can also promote the development of theoretical research.
The upcoming experimental facility at FAIR, PANDA-GSI is expected to be a dedicated
study of hyperons at a low energy regime [423–428].

In order to delve deeper into the study of the multiquark states, we need to consider
the influence of channel coupling. Coupling the closed channels to the open channels
will shift the mass of the resonance and give the decay width to the resonance or destroy
the resonance. The RGM, a well-established method for studying a bound-state problem
or a scattering one, is used to calculate the hadron–hadron scattering phase shifts and
cross-sections and investigate the resonance states. Furthermore, a stabilization method,
for example, the real-scaling method, has been invented to pick up genuine resonance
states from the states with discrete energies. These two approaches are widely employed to
identify genuine resonances.

The structure is one of the important properties of exotic hadrons. The GEM can be
used not only to calculate the mass spectrum, but also to study the structure of hadronic
states. The distance between any two quarks obtained by GEM can be used to explore the
structure of the multiquark.

5. Color Structure Resonances

In the long-distance region, the hadron–hadron interaction is dominated by the color-
less configuration due to the color confinement, such as the deuteron, while the hidden
color configurations can be ignored completely. In the intermediate- and short-distance
region, especially in the range of confinement (around 1 fm), various hidden color configu-
rations can occur because of the flux-tube fluctuations. The hidden color configurations
may dominante the properties of the compact multiquark states because their number is
larger than the color singlet configuration.

The multiquark states with hidden color configurations have compact spatial struc-
tures [25,31,47], in which the multibody confinement potential based on the color flux
tubes plays an important role. As a collective degree of freedom, the color flux-tube binds
all quarks together to establish compact multiquark states [88]. In general, the mass of
the hidden color configurations is higher than that of colorless configuration in the mul-
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tiquark states except for the doubly heavy tetraquark states [28,31,47]. The hidden color
configurations cannot directly decay into several colored subclusters because of the color
confinement. They must transform back into color singlets before decaying through the
collapse and arrangement of the color flux tubes. Such a process is similar to compound
nucleus formation and therefore should induce a resonance around the energies of these
hidden color states in the hadron–hadron interactions. Those states were named as “color
confined, multiquark resonance” [31] and they are different from all of the microscopic
resonances discussed by S. Weinberg [429]. In this section, we will take several tetraquark
states as an example to discuss the theoretical study of color structure resonances in detail.

5.1. Fully Charm Tetraquark States

In 2020, the LHCb Collaboration researched the invariant mass spectrum of J/ψ pairs
using proton–proton collision data at center-of-mass energies of

√
s = 7, 8 and 13 TeV.

The narrow structure, denoted as X(6900), was assumed to be a resonance with the Breit–
Wigner lineshape. The LHCb found a broad structure ranging from 6.2 GeV to 6.8 GeV and
a narrow structure around 6.9 GeV. The central value of the broad structure ranging locates
at around 6490 MeV [11]. The mass and width of the structure X(6900) are

X(6900) : M = 6905± 11± 7 MeV, Γ = 80± 19± 33 MeV

assuming no interference with the nonresonant single-parton scattering continuum [11].
The mass and width are changed to

X(6900) : M = 6886± 11± 11 MeV, Γ = 168± 33± 69 MeV

when assuming the nonresonant single-parton scattering continuum interferes with the
broad structure [11]. Besides the above two structures, there exists a hint of another
structure around 7.2 GeV. LHCb also performed a fit with an additional Breit–Wigner
function introduced to describe this structure. However, their properties and spin-parity
quantum numbers are not completely clear so far.

In 2022, the CMS Collaboration reported three structures in the J/ψJ/ψ mass spectrum
produced by proton–proton collisions at

√
s = 13 TeV [12]. Two structures were observed

with local significance well above 5 standard deviations at masses of 6927± 9(stat)± 5(syst)
and 6552± 10(stat) ± 12(syst) MeV. The first one is consistent with the LHCb observed
X(6900). Evidence for a third structure was found at a mass of 7287± 19(stat) ± 5(syst)
MeV with a local significance of 4.1 standard deviations. The states are the first to be made
up of four heavy quarks of the same type. This is a very important step in the exploration
of heavy hadrons, after the charmonium cc̄ in 1974, the charmed hadrons cq̄ and cqq in the
following years, the bottomonium bb̄ in 1977, and then the mesons and baryons carrying
beauty, the bc̄ in 1996 at Fermilab, and the double-charm baryons Ξ++

cc in 2017 by the
LHCb [430].

The states provided an extreme and yet theoretically fairly simple case to explore
the strong interaction and to test various phenomenological methods that can be used to
explain the nature of ordinary hadrons. The structures also revitalized the investigations of
multiquark resonances made of heavy quarks and heavy antiquarks [430–439].

There is no threshold channel near the observed fully charm tetraquark X(6900). This
narrow structure around 6.9 GeV lies well above the thresholds of ηcηc, J/ψJ/ψ, ηc(2S)J/ψ,
and ηcψ(2S). At the same time, it is much lower than the thresholds of ηc(2S)ηc(2S) and
ψ(2S)ψ(2S). The molecular states composed of a pair of the doubly charm baryon and
anti-baryon lie above (or around) 7.2 GeV. Therefore, X(6900) is unlikely to be the hadronic
molecule, which is usually formed by light meson exchanges with small binding ener-
gies. The situation of the structure around 6.6 GeV is similar to X(6900), while another
structure around 7.2 GeV can possibly be explained as a molecular state, because the
energy is near the thresholds of ηc(2S)ηc(2S) and ψ(2S)ψ(2S). In order to understand
the structure and properties of the fully charm tetraquark states, diquark–antidiquark
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configuration [24,81,432,434,440–454], threshold effect [436,455–461], color octet configu-
ration [462,463], Higgs-like boson [464], and hybrid state [465] were proposed in various
theoretical frameworks, in which the diquark–antidiquark configuration is the most pop-
ular one. In this subsection, we mainly concentrate on the work related to the diquark–
antidiquark picture and the color octet configuration explanation. More investigations on
the fully charm tetraquark states can be found in Ref. [17].

5.1.1. Diquark–Antidiquark Configuration

Since the interaction between two charmonia may not be strong enough to form
a traditional molecular state due to the absence of meson exchange interactions, many
theoretical studies on the fully charm tetraquark states adopted the compact diquark–
antidiquark configuration.

At present, many quark models are devoted to researching the fully charm tetraquark
states. In the framework of the ChQM and the QDCSM, the authors of Ref. [81] systemati-
cally investigated the fully charm tetraquark system ccc̄c̄. Two structures, meson–meson
and diquark–antidiquark, are considered. The dynamic bound-state calculation shows that
the energy of both configurations is above the corresponding theoretical threshold in both
models. So no stable state under the threshold of ηcηc is obtained. However, it is possible
to obtain resonance states, because the colorful subclusters diquark and antidiquark cannot
fall apart directly due to the color confinement. To check the possibility, an adiabatic calcu-
lation of the effective potentials for the ccc̄c̄ system with diquark–antidiquark structure was
performed, the results of which are shown in Figure 13. In both models, the minimum of the
potential of each channel appears at the separation of 0.3∼0.5 fm, which indicates that the
two subclusters [cc] and [c̄c̄] are not willing to huddle together or fall apart. Furthermore,
the energy of each channel is higher than the corresponding threshold. So each state with
diquark–antidiquark structure is possibly a resonance state. Moreover, the minimum of the
potential appears at the separation of 0.3∼0.5 fm indicating that these two subclusters are
close to each other. Therefore, these resonance states may be compact resonance states.

Figure 13. The effective potentials for the diquark–antidiquark [cc][c̄c̄] systems in two quark models.
Taken from Ref. [81].

To check whether these resonance states can survive by coupling to the open chan-
nels, a channel-coupling calculation of all channels with both meson–meson and diquark–
antidiquark structures was carried out, and the real-scaling method was used. The distance
between two clusters is labeled as Si, and the largest one is Sm. With the increase in Sm,
an unbound state will fall off toward its threshold, but a resonance state will appear as
avoid-crossing structure. In Ref. [81], two quark models with three different sets of parame-
ters are used. Here, the result of one set in ChQM is taken as an example; see Figure 14. It
shows that the first horizontal line is the threshold of J/ψJ/ψ, and another horizontal line is
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possibly a resonance state with JP = 2+, and the energy is around 6970 MeV. The numerical
results in Ref. [81] show that there are four possible resonance states with 0+, and the
energy ranges are 6205∼6270, 6825∼6975, 7140∼7170, and 7210∼7260 MeV, respectively.
The possible decay channels are ηcηc and J/ψJ/ψ. Furthermore, two resonance states
with 1+ are obtained. The energies are 6740∼7150 and 7250∼7280 MeV, respectively. The
possible decay channel is ηc J/ψ. Moreover, a resonance state with I(JP) = 0(2+) is also
obtained. The energy is 6725∼7050 MeV. The possible decay channel is ηcηc. The reported
state X(6900) can be explained as a compact resonance state with 0+, and the reported
structure around 7200 MeV can be explained as a compact resonance state with 0+ or 1+.
All these fully charm resonance states are worth searching for in future experiments.

Figure 14. The stabilization plots of the energies of the ccc̄c̄ system with JP = 2+. Taken from
Ref. [81].

The work of Ref. [24] used a CMI model, a traditional constituent quark model
(CQM), and a multiquark color flux-tube model (CFTM) to systematically investigate
the properties of the fully charm tetraquark states [cc][c̄c̄] with the diquark–antidiquark
structure, including two color combinations:

[
[cc]3̄c [c̄c̄]3c

]
1c

and
[
[cc]6c [c̄c̄]6̄c

]
1c

. In CMI
model, the masses of the ground states [cc][c̄c̄] are close to the thresholds of corresponding
two heavy mesons, which are much lower, about hundreds of MeVs, than the masses
predicted by the models with QCD dynamic effects. This conclusion is consistent with
that of other versions of CMI model. Berezhnoy et al. applied a CMI model, in which the
tetraquark mass can be determined by solving a two-particle Schrödinger equation with
the point-like diquark (antidiquark) in color 3̄c (3c), to research the state [cc][c̄c̄] [466]. The
mass of the lowest states is below the threshold of the corresponding two mesons. Karliner
et al. studied the [cc][c̄c̄] state with the CMI model motivated by the QCD-string junction
picture [467], in which the mass 6192± 25 MeV was obtained [467]. One should note that all
CMI models ignore the spatial degree of freedom so that everything in the models depends
only on the color-spin algebra. The generalization of the CMI model from the conventional
hadrons to the multiquark states is implemented under the assumption that the spatial
configurations of each QQ, QQ̄, and Q̄Q̄ pairs are the same in the multiquark states as in
the ordinary hadrons. The CMI of the state [cc][c̄c̄] in the CMI model are overestimated
relative to that in the dynamical models due to the spatial assumption, which leads to the
much lower energy [24].

In Ref. [24], the masses predicted by the CFTM are 30∼120 MeV lower than those
by the CQM. The authors found that the Coulomb interaction plays a critical role in the
dynamical model calculations on the heavy hadrons. The color configuration

[
[cc]6c [c̄c̄]6̄c

]
1c

should be taken seriously in the ground states due to the strong Coulomb attraction between
the [cc]6c and [c̄c̄]6̄c , which is supported by Ref. [442]. The color configuration

[
[cc]3̄c [c̄c̄]3c

]
1c
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is absolutely dominant in the excited states because of the strong Coulomb attraction within
the [cc]3̄c and [c̄c̄]3c . The broad structure ranging from 6.2 to 6.8 GeV can be described as
the ground tetraquark state [cc][c̄c̄] in the models. The narrow structure X(6900) can be
identified as the excited state [cc][c̄c̄] with L = 1 (L = 2) in the CQM (CFTM). It is worth
mentioning that the CFTM is not a completely new model but the updated version of the
traditional CQM based on the color flux-tube picture of hadrons in the lattice QCD. In fact,
it merely modifies the two-body confinement potential into the multibody one to describe
multiquark states with multibody interaction. The CFTM reduces to the CQM in the mesons
while the CFTM can obtain different results from the CQM in the multiquark states.

There is also a lot of work using the QCD sum rule approach to study fully charm
tetraquark states within the diquark–antidiquark configuration [432,453,468,469]. Most
of them prefer the quantum number of the broad structure around 6.2∼6.8 GeV and the
narrow structure around 6.9 GeV to be both JPC = 0++. Ref. [453] considered four types of
currents, namely scalar–scalar, pseudoscalar–pseudoscalar, axial–axial, and vector–vector.
By calculating the mass spectra of these four currents individually, it was found that all
the results are numerically consistent with the LHCb’s experimental data 6.2∼6.8 GeV for
the broad structure, which could support its internal structure as a 0+ [cc][c̄c̄] tetraquark
state. Unlike the treatment in Ref. [453], Refs. [468,469] calculated the mass spectrum of
the ground state, first, second, and third radial excited fully charm tetraquark states in
the diquark–antidiquark configuration with the QCD sum rules plus Regge trajectories.
The authors took the vector diquark operator as the basic constituent, and constructed the
scalar and tensor local four-quark currents to explore the scalar, axialvector, and tensor
fully charm tetraquark states. By taking account of the CMS and ATLAS experimental data
and preforming a self-consistent analysis, they attempted to make possible assignments of
the X(6600), X(6900), and X(7300) in the picture of tetraquark states with the 0++ or 1+−.

In addition, the decay property of the fully charm tetraquarks was investigated by
Chen et al. [432]. They studied strong decays of the possible fully charm tetraquarks
observed by LHCb and calculated their relative branching ratios in the framework of the
QCD sum rule approach. In this work, the authors assumed the two structures observed by
LHCb to be compact diquark–antidiquark [cc][c̄c̄] states, and used the Fierz rearrangement
of the Dirac and color indices to transform diquark–antidiquark ([cc][c̄c̄]) currents into
meson–meson ([cc̄][cc̄]) currents, based on which they studied the possible fall-apart decays
within the naive factorization scheme, and all possible relative branching ratios are obtained.
Together with their previous QCD sum rule study, their results suggested that the broad
structure around 6.2∼6.8 GeV can be interpreted as an S-wave [cc][c̄c̄] tetraquark state
with JPC = 0++ or 2++, and the narrow structure around 6.9 GeV can be interpreted as a
P-wave one with 0−+ or 1−+. They also proposed to search for their partner states having
the negative charge-conjugation parity in the J/ψηc, J/ψχc0, J/ψχc1, and ηchc channels.

5.1.2. Color Octet Configuration

For the compact tetraquark state, the hidden color component may also be the
color configuration [[cc̄]8c [cc̄]8c ]1c in addition to the diquark–antidiquark configuration[
[cc]6c [c̄c̄]6̄c

]
1c

and
[
[cc]3̄c [c̄c̄]3c

]
1c

. In Ref. [462], Wang et al. systematically calculated the
mass spectra for S-wave and P-wave tetraquark state with color configuration [[cc̄]8c [cc̄]8c ]1c ,
by using the moment QCD sum rule. The masses for the tetraquark states are predicted to
be about 6.3∼6.5 GeV for S-wave channels and 7.0∼7.2 GeV for P-wave channels. These
results suggested the possibility that there are some [[cc̄]8c [cc̄]8c ]1c components in LHCb’s di-
J/ψ structures. In Ref. [463], Yang et al. constructed four scalar (JPC = 0++) [[cc̄]8c [cc̄]8c ]1c

type currents to investigate the fully charm tetraquark state in the framework of QCD
sum rules. Their results suggested that the broad structure around 6.2 ∼ 6.8 GeV can be
interpreted as the 0++ states [[cc̄]8c [cc̄]8c ]1c with masses 6.44± 0.11 GeV and 6.52± 0.10 GeV.
The narrow structure around 6.9 GeV can be interpreted as the 0++ states [[cc̄]8c [cc̄]8C ]1c

with masses 6.87± 0.11 GeV and 6.96± 0.11 GeV, respectively.
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The authors of Ref. [454] considered the coupling of all structures, which is different
from the above work. The authors studied the mass spectra of the fully charm tetraquark
systems in QCD sum rules with the complete next-to-leading order contribution to the
perturbative QCD part of the correlation functions. Furthermore, the diagonalized current
under operator renormalization was used instead of meson–meson or diquark–antidiquark
currents. The results indicated that the three obtained JPC = 0++ states can be explained as
a broad structure around 6.2∼6.8 GeV and the narrow resonance X(6900) state, respectively.
Furthermore, another state around 7.25 GeV with 2++ was also obtained in Ref. [454]. Their
numerical results show that the next-to-leading order corrections are very important for
the fully heavy system, because they not only give significant contributions but also reduce
the scheme and scale dependence and make Borel platform more distinct.

5.2. Fully Bottom Tetraquark States

In 2016, the CMS Collaboration reported the first observation of the Υ(1S) pair pro-
duction in pp collision at

√
s = 8 TeV [470]. In 2018, the LHCb Collaboration investigated

the Υµ+µ− invariant mass distribution to search for a possible fully heavy tetraquark state
[bb][b̄b̄], but no significant results were found [471]. However, the fully bottom tetraquark
states are also studied in various theoretical frameworks after the discovery of the fully
charm tetraquark states.

Some theoretical studies have found that the nature of the fully bottom states is similar
to that of the fully charm states. The masses of the [bb][b̄b̄] states are much higher than
the thresholds of corresponding channels, so the [bb][b̄b̄] states are identified as the color
structure resonances. In QDCSM, the [bb][b̄b̄] systems were systematically investigated
in both meson–meson and diquark–antidiquark configurations [81]. The resonances with
masses around 19.1∼19.4 GeV and JP = 0+, 1+, and 2+ are possible by considering the
channel coupling of two structures. The authors also found that the results are very sensitive
to the model parameters, especially the parameter b in the Gaussian describing the size
of baryons/mesons. If they use the set of parameters which describes light baryons well,
b = 0.6 fm, the deeply bound [bb][b̄b̄] states can be obtained. However, when extending to
the heavy flavor system, the parameter b needs to be readjusted according to the size of
heavy baryons/mesons, which is determined by GEM. They found that the size of ηb or Υ
is less than 0.2 fm. By using such a small value of b, they obtained the masses of the [bb][b̄b̄]
systems, which are higher than the thresholds of ηbηb and ΥΥ. Therefore, some theoretical
results often depend on model parameters, and it is extremely important to use reasonable
model parameters to study exotic hadrons. Liu et al. systematically calculated the mass
spectra of the tetraquark states [bb][b̄b̄] in a nonrelativistic potential quark model [444]. The
ground states with 0+, 1+, and 2+ have masses of about 19.3 GeV, which are qualitatively
consistent with those of Ref. [24]. The nonrelativistic model is also used to study the [bb][b̄b̄]
system by assuming it as a compact state consisting of diquark–antidiquark pairs [472]. It
was found that predicted masses 19.6∼20.0 GeV of ground state [bb][b̄b̄] are significantly
higher than the thresholds of the fall-apart decays to the lowest allowed two-meson states.
In addition, Li et al. studied the states [bb][b̄b̄] within the Bethe–Salpeter framework [450].
Their results showed that the three ground states [bb][b̄b̄] are also in the mass range of
19.2∼19.3 GeV.

Some researchers obtained the masses of the fully bottom tetraquark states, which are
lower than the thresholds of corresponding channels, so stable [bb][b̄b̄] states are possible.
The authors of Ref. [473] calculated the mass-spectra of the state [bb][b̄b̄] in a non-relativistic
framework that includes the Cornell-like potential along with the relativistic correction
term to the potential and spin-dependent interaction. They found that the masses of S-
and P-wave states are between 18.7 and 19.4 GeV, in which the masses of S-wave states
are less than the ηb(1S)ηb(1S), ηb(1S)Υ(1S), and Υ(1S)Υ(1S) thresholds. In Ref. [448],
the authors studied the mass of the ground state [bb][b̄b̄] by solving the nonrelativistic
four-body Schroedinger equation. The mass of the state measured with the flip-flop is
about 18.440 GeV, which is in good agreement with the experimental mass of pair Υ(1S)
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mesons. In Ref. [462], Wang et al. systematically calculated the mass spectra for S-wave
and P-wave states in the [bb̄]8 ⊗ [bb̄]8 color configuration by using the moment QCD sum
rule method. Their masses are around 18.2 GeV for the S-wave states, while they are
18.4∼18.8 GeV for the P-wave ones, which is below the ηbηb and Υ(1S)Υ(1S) two-meson
decay thresholds. Chen et al. studied the existence of exotic doubly hidden-charm/bottom
tetraquark states in a moment QCD sum rule method and discovered that the masses of
the [bb][b̄b̄] tetraquarks are all below or very close to the thresholds of Υ(1S)Υ(1S) and
ηb(1S)ηb(1S), except one current of JPC = 0++. However, the masses of the fully charm
tetraquarks are all above the threshold in Ref. [474]. Therefore, the properties of the fully
bottom tetraquark states are still uncertain, which is worthy of further study by experiment
and theory.

5.3. Hidden-Charm and Hidden-Strange Tetraquark States
5.3.1. Experimental Progress

Inspired by the recent results of LHCb experiment about the resonances X(4140),
X(4274), X(4500), X(4700), X(4630), and X(4685) [475], people have shown great inter-
est in studying the tetraquark system composed of csc̄s̄. In 2009, the CDF Collaboration
announced a measurement of a new resonance X(4140) in the J/ψφ invariant mass distri-
bution of B+ −→ J/ψφK+ [476]. The mass and width of this state are

X(4140) : M = 4143.0± 2.9± 1.2 MeV, Γ = 11.7+8.3
−5.0 ± 3.7 MeV.

With the passage of time, this resonance state was also successively found by other
experimental collaborations, such as LHCb, D0, CMS, and BABAR [477–480]. Furthermore,
the BABAR Collaboration performed a study of the decays B+,0 −→ J/ψK+K−K+,0 and
B+0 −→ J/ψφK+0, and two resonances, X(4140) and X(4274), were obtained in the J/ψφ
mass spectrum [480]. In 2017, the CDF Collaboration observed the resonance state X(4274)
in the B+ −→ J/ψφK+ decay with 3.1σ significance [481], and the LHCb Collaboration
confirmed the existence of the X(4140) and X(4274) in the B+ −→ J/ψφK+ decay [482].
Their quantum numbers were determined to be JPC = 1++. In the same process, the
Collaboration observed two higher resonances, X(4500) and X(4700) with JPC = 0++ [483].

5.3.2. Diquark–Antidiquark Explanation

The experimental information on resonances X(4140), X(4274), X(4500), and X(4700)
stimulated the appearance of different approaches to account for their properties. These
states were considered as meson–meson molecules in Refs. [484–492], and the diquark–
antidiquark picture was discussed in Refs. [493,494]. There are also competing approaches
which consider them as dynamically generated resonances [495,496] or channel-coupling
effects [497]. However, after the precise measurements, the situation of X(4140), X(4274),
X(4500), X(4700) became clearer, especially that of X(4140) and X(4274). The new ex-
perimental results removed an explanation of X(4140) as 0++ or 2++ D∗+s D∗−s molecular
states from the agenda and also excluded interpretation of X(4274) as a molecular bound
state and as a cusp [482]. So many theorists attempt to interpret X resonances as excited
charmonium or as color structure resonances [498–503]. Based on various models, many
theoretical researches have explored the nature of X states in the context of color resonance
picture [504]. In this section, we review some typical work, which explains these X states
as the color structure resonance states. In Ref. [504], the csc̄s̄ systems with JPC = 0++,
1++, 1+−, and 2++ were systemically investigated by using the RGM in the QDCSM. Two
structures, the meson–meson and diquark–antidiquark structures, are taken into account.

Although the energy of the diquark–antidiquark structure is higher than the meson–
meson threshold, it is still possible for the states to be resonances because the colorful
subcluster diquark and antidiquark cannot fall apart directly due to the color confine-
ment. By using the real-scaling method, the authors carried out the calculation of all
channels coupling of both the meson–meson and diquark–antidiquark structures, and
several resonances were obtained. There are four JPC = 0++ states with masses around
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4028∼4033, 4378∼4401, 4500∼4530, and 4630∼4648 MeV, respectively, one JPC = 1++

state with the resonance mass around 4307∼4341 MeV and two JPC = 2++ states with the
resonance masses around 4394∼4448 and 4526∼4536 MeV, respectively. Compared with
the experimental data, people tend to interpret the exotic states X(4350), X(4500), and
X(4700) as the compact tetraquark states with 0++. The X(4274) is a possible candidate
of the compact tetraquark state with 1++. Furthermore, the 0++ resonance state with an
energy range 4028∼4033 MeV, the two JPC = 2++ resonance states with an energy range
of 4394∼4448 MeV and 4526∼4536 MeV are possible exotic states which are worthy of
attention.

By using the method of QCD sum rule, Ref. [499] investigated X(4500) and X(4700)
based on the diquark–antidiquark configuration. The results show that X(4500) can be
assigned as a D-wave tetraquark with the color structure

[
[cs]3̄c [c̄s̄]3c

]
1, while X(4700)

is a D-wave tetraquark with
[
[cs]6c [c̄s̄]6̄c

]
1. Furthermore, the conclusion of Ref. [498]

is relatively similar to that of Ref. [499], in which X(4140) and X(4274) can be both
interpreted as S-wave csc̄s̄ tetraquark states of JP = 0+, but with opposite color struc-
tures. In Refs. [505,506], five types of tetraquark states with JPC = 1++ were investi-
gated, and these are [sc]S[s̄c̄]A ± [sc]A[s̄c̄]S, [sc]P[s̄c̄]V ∓ [sc]V [s̄c̄]P, [sc]T [s̄c̄]A − [sc]A[s̄c̄]T ,
[sc]T [s̄c̄]V − [sc]V [s̄c̄]P, and [sc]A[s̄c̄]V ± [sc]V [s̄c̄]A, respectively. The subscripts S, P, A, V,
and T denote the scalar, pseudoscalar, axialvector, vector, and tensor diquark, respectively.
The X(4140) and X(4274) cannot be described as the tetraquarks with [sc]S[s̄c̄]A± [sc]A[s̄c̄]S
and [sc]P[s̄c̄]V ∓ [sc]V [s̄c̄]P. However, X(4140) can be regarded as the [sc]T [s̄c̄]V − [sc]V [s̄c̄]T
axialvector tetraquark state, and X(4274) can be explained as the [sc]A[s̄c̄]V ± [sc]V [s̄c̄]A
tetraquark state with a relative P-wave between the diquark and antidiquark constituents.

Based on a diquark–antidiquark model, the hidden-charm with flavor octet and
singlet tetraquarks with different spin parties in diquark–antidiquark configuration were
studied [507]. The diquark and antidiquark are regarded as constituents in this work, and a
similar assumption was also adopted in Refs. [508,509]. The results show that the X(4500)
and X(4700) may be explained as the radial excitation of JP = 0+ tetraquark, while X(4140)
and X(4274) may be explained as JP = 1+ tetraquarks.

In Ref. [510], the masses of all possible hidden-charm tetraquarks were also calculated
in the diquark–antidiquark structure. However, the diquark and antidiquark appear
dynamically as a clustering in the wave function, which is different from Ref. [507]. There
was no mass that can match the X(4500), X(4700), and X(4140) in the work of Ref. [510].
However, X(4274) is interpreted as the JPC = 1++ state in this work. The mass of this state
is 4373 MeV and 4280 MeV with two sets of parameters, respectively.

In the simple color-magnetic interaction model, the authors adopted the diquark–
antidiquark structure to analyze the S-wave csc̄s̄ system with the effective quark mass
method and the reference parameter method [511]. The numerical results show that the
X(4140), X(4274), and X(4350) are assumed to be the tetraquark assignment, and they may
be found in the J/ψφ or ηcφ channel. In Refs. [88,512], the state csc̄s̄ was studied with the
diquark–antidiquark picture in the multiquark color flux-tube model, where the D-wave
and P-wave angular excitation were also considered. From the analysis of the calculation
results, the masses of the fourth and fifth S-wave radial excited state are, respectively,
4466 MeV and 4699 MeV, which match with those of the states X(4500) and X(4700).
Furthermore, the lowest energy of csc̄s̄ with JPC = 1++ was 4330 MeV, which was close to
the mass of the X(4274) but far from X(4140). This indicates that the main component of
the state X(4274) may be the state csc̄s̄ with JPC = 1++.

In the relativistic quark model [513], the X(4140) was regarded as the csc̄s̄ tetraquark
ground state, the X(4700) was assigned as the 2S excited tetraquark state, and the X(4500)
was explained as the tetraquark composed of 2S scalar diquark and scalar antidiquark by
considering the internal excitation of diquark. However, in Ref. [514], although the same
method was used, the conclusions were different. The calculated lowest mass with 1++

was 4159 MeV, which is close to the experimental data of X(4140), so this state can be
deemed as X(4140). In addition, the masses of axial–vector diquark–antidiquark and scalar
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diquark–antidiquark in the JPC = 0++ system were 4509 MeV and 4653 MeV, respectively.
Compared to the experimental data, X(4500) and X(4700) were interpreted as 0++ radial
excitations of S-wave axial–vector diquark–antidiquark and scalar diquark–antidiquark,
respectively. However, X(4274) cannot be effectively explained in the relativistic quark
model.

In addition, we gather the conclusions from the diquark–antidiquark explanation and
summarize them in Table 5.

Table 5. The conclusions of X(4140), X(4274), X(4500), and X(4700) are summarized as follows for
the diquark–antidiquark structure.

JP

X(4140) 1+ [498,505–509,511,513]
X(4274) 1+ [88,498,504–512]
X(4500) 0+ [499,504,507–509,513]
X(4700) 0+ [499,504,507–509,513]

5.4. Alternative QCD Isomers for Pc and Pcs

In chemistry, isomers consist of the same atoms but have different chemical bonds.
Similarly, the multiquark states made of the same quark contents but possessing different
color flux-tube structures can be named as QCD isomers, which is a kind of novel strong
interaction phenomenon that may exist. The observation of the hidden charm pentaquark
states Pc and Pcs presents an extremely interesting spectrum, which provides a good
platform to explore the effect of the QCD isomers.

Ref. [47] investigated the QCD isomers in the pentaquark states. Numerical results
indicate that the QCD isomers, pentagon, diquark, and octet configurations, have close
masses. The mass order is Eo > Ed > Ep, where Eo, Ed, and Ep represent the mass of
the octet, diquark, and pentagon structure, respectively. The mass difference between the
two adjacent items is several tens of MeV, which mainly comes from the different types
of confinement potential determined by the color structure. The confinement potential
of the octet structure is bigger than that of the diquark structure because there is one
piece of stronger color 8-dimension color flux-tube than 3-dimension one. That of the ring-
like pentagon structure is lowest because the structure is easier to shrink into a compact
multiquark state relative to the octet and diquark structures, which is held for the hexaquark
states [31]. Like the color-magnetic interaction, such a color structure effect can also induce
mass splitting in the spectrum and make the hadron world more fantastic.

The hidden charm pentaquark states Pc and Pcs were widely described as the meson–
baryon molecular states. The multibody confinement potential based on the color flux-tube
picture provides an alternative mechanism for their structures. The states Pc(4312)+,
Pc(4337)+, Pc(4380)+, Pc(4440)+, Pc(4457)+, and Pcs(4459)0 are pentagon, diquark, pen-
tagon, diquark, octet, and pentagon structures, respectively. The fact enlarges the insights
into the hadron structure and low-energy strong interaction.

5.5. Short Summary

For some reported structures, if there is no threshold channel near the observed ener-
gies, it will be difficult to explain these structures with molecular states. Resonance states
with multiple color structures may be a good explanation. In addition, these resonance
states can be coupled with molecular states, and the coupling to the open channels will
shift the mass of the resonance and give the decay width to the resonance, or destroy the
resonance. Therefore, the coupling effect of these color structure resonance states and
scattering states should be considered.

The fully charm tetraquark states observed by LHCb and CMS experiments in the J/ψ-
pair mass spectrum may open up a new testing ground for the genuine compact tetraquark
states arising from the quark–gluon interaction in QCD, aside from the molecular hadrons
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that are loosely bound by light meson exchanges. These significant signals clearly await the
confirmation of other experiments. Furthermore, the hidden-charm and hidden-strange
tetraquark states are also worth exploring in other experiments. It will be very helpful to
determine the quantum numbers of these resonances and investigate the structures of these
states. With more progress in the investigation of the fully heavy tetraquark states, as well
as the hidden-charm and hidden-strange tetraquark states in the future, we may gain new
insight into the confinement mechanism and the short-range interaction of QCD.

In the study of exotic hadrons, different treatments are usually used in the same
theoretical methods, such as different confinement interactions used in various quark
models, a variety of currents used in QCD sum rules, multi-channel coupling with diverse
configurations included in calculations, and so on, which will lead to significantly disparate
results. A thorough study of the differences between these methods will help to study the
multi-quark system and understand the nature of exotic hadrons.

6. The Exotic States in Unquenched Quark Model

The unquenched quark model can be utilized to understand the properties of the
second type of exotic hadrons, whose quantum numbers can be created using quark–
antiquark or three-quark configurations but whose properties cannot be explained by
the valence quark model. In principle, all the hadron states are linear combinations of
valence quark term, multi-quark, and hybrid terms. For the ordinary hadrons, the valence
quark term is the dominating one, whereas the multiquark terms may dominate for the
exotic hadrons. For some exotic states, the valence quark term and the multiquark terms
contribute comparably. For example, X(3872), now named χc1(2P), is taken as a typical
state in the unquenched quark model. The multiquark terms D(∗)D̄(∗) are the important
components in the state. For the Pc family, they can be treated as pure pentaquark states,
although the quantum numbers of states are the same as that of the excited state of the
nucleon. The three-quark term will make an ignorable contribution to the states due to the
high energy. For the ground states of hadrons, the contribution from multiquark terms can
be neglected. In the following, several typical states in the unquenched quark model are
picked up to illustrate the main features of the model.

6.1. X(3872)

In 2003, the Belle Collaboration reported the discovery of the X(3872) state [2]. Since
then, extensive research has been conducted to study its properties, which has been re-
viewed in Refs. [515,516]. In this article, we primarily focus on the latest experimental find-
ings. Recently, the LHCb Collaboration reported the mass splitting between the X(3872)
and the ψ(2S) to be ∆m = 185.598 ± 0.067 ± 0.068 MeV, along with a decay width of
1.39 ± 0.24 ± 0.10 MeV [517]. Utilizing the known mass of the ψ(2S), the mass of the
X(3872) was determined to be 3871.695± 0.067± 0.068± 0.010 MeV, where the uncer-
tainties are attributed to statistical, systematic, and ψ(2S) mass knowledge, respectively.
Through an examination of the Flatte amplitude structure obtained by fitting the state’s
lineshape, Aaij et al. discovered a pole structure that is consistent with a quasi-bound
DD̄∗ state, although the possibility of a quasi-virtual state is still allowed at a 2 standard
deviation level. Notably, the width of the state in the Flatte model is approximately
five times smaller than the Breit–Wigner width. Furthermore, by studying the decay of
B+ → ψ2(3823)K+ with ψ2(3823) → J/ψπ+π−, the Breit–Wigner width in the X(3872)
was measured to be ΓBW

X(3872) = 0.96+0.19
−0.18 ± 0.21 MeV [518]. The width of the X(3872) state,

as determined by the LHCb Collaboration, is highly consistent with the result reported
by Belle, ΓX(3872) < 1.2 MeV [519]. To gain insights into the nature of the X(3872) state,
Dubynskiy and Voloshin pointed out that if it is a pure charmonium χc1(2P) state, the
dominant decay process would be X(3872)→ ππχc1. Conversely, if the X(3872) is a pure
molecular DD̄∗ state with a significant isovector component, the single-pion transitions
would be substantially enhanced, leading to comparable rates for all three χcJ resonances
in the final state [520]. Building upon this observation, BESIII recently conducted searches
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for the decays X(3872)→ π0χc0 and X(3872)→ ππχc0 [521]. Their findings revealed sup-
pression in both decay modes, indicating that the X(3872) may not be a pure charmonium
state or a pure molecular state. As a result, the unquenched effects on X(3872) will be
emphasized in this review.

The contribution of virtual decay loops of charmed meson pair to the charmonium
states in 3P0 model was first discussed by Barnes [522]. In the calculation, the accumulating
approach was adopted and the orbital wavefunctions of all the involved mesons were taken
as the same Gaussian; the relative motion wavefunction between the charmed meson pair
was fixed to a plane wave function. The mass shifts for the charmonia below DD̄ threshold
were found to be surprising large, −386 MeV to −537 MeV, and the probability of cc̄
component is not dominant, 43%∼71%. A systematical study of the charmonium spectrum
was performed by Kalashnikova in the framework of the quark model considering the
contributions of hadron loops, which is calculated by invoking the 3P0 model [96]. The
same approximations as that of Ref. [522] are introduced but Gaussians with different
sizes are employed for different mesons. For orbital excited states, the simple harmonic
oscillator (SHO) wave functions (they are Gaussians for ground states) are employed.
In addition, different quark pair creation strength γ in 3P0 model is used. The results
showed that most lower charmonium states, such as ηc, J/ψ, χcJ(1P), J = 0, 1, 2, and so
on, can be described well with more than 80% of cc̄ structure, and the mass shifts due
to the hadron loops are around 200 MeV. As for 2P levels, χcJ(2P), J = 0, 1, 2, the mass
shifts are still about 200 MeV, and even the bare masses of states are above the threshold
of charmed meson pairs. The calculated masses of unquenched states are higher than
experimental data, about 100 MeV. For example, the original 23P1 cc̄ with a bare mass
of 4180 MeV can be shifted down to 3990 MeV by hadronic loop of DD̄∗. In addition,
the coupling between cc̄ and charmed meson pairs generated a virtual state very close to
the DD̄∗ threshold. It is possible to assign the virtual state to X(3872). The author also
concluded that for 2P levels, the opening of strong S-wave channels leads to pronounced
threshold effects. Similarly, Santopinto et al. [97] also used 3P0 model to investigate the
spectrum of cc̄. The cc̄ spectrum was calculated by Godfrey–Isgur relativized quark model.
The coupling effect of the meson–meson continuum is considered using the 3P0 model,
but the transition operator is modified by introducing a damping factor exp(−2rq p2/3)
with p being the relative momentum between the created quark and antiquark and rq
being the parameter, and the created quark–antiquark pairs from vacuum are extended
to include cc̄ and bb̄. The wave functions of the involved meson are approximated by the
SHO wave function with fixed oscillator parameters by assuming good flavor symmetry.
The calculated mass shifts of charmonium states under 4 GeV are in the range of 80 MeV to
190 MeV, especially for the ground states of cc̄; the mass shifts are less than 100 MeV. As
expected, the contributions from heavier meson–meson interactions are very small, 1 MeV
to 3 MeV or less. For X(3872), they tried to assign it to charmonium χc1(2P) but include
extra components of charmed meson pairs, which induces a 117 MeV mass shift downward.
The unquenched mass of χc1(2P) is 3908 MeV, 36 MeV higher than the experimental value.
Two open flavor channels DD̄∗, D∗D̄∗ contribute near 100 MeV mass shift to 23P1 cc̄, while
the other mesonic channels only contribute 21 MeV mass shift. The largest contribution
comes from D∗D̄∗ channel, −66 MeV mass shift, which is twice that of DD̄∗ (D∗D̄). The
reason is that the bare mass of 23P1 cc̄ is 4025 MeV close to the threshold D∗D̄∗. Based on
this fact, Ferretti et al. proposed the following hypotheses to converge the Fock expansion
of a meson state [105]: (1) Only the closest complete set of accessible SUF(N)⊗SUσ(2) open
flavor meson–meson intermediate states can influence multiple structures, while the other
meson–meson states are supposed to give a background contribution; (2) The presence of a
certain complete set of open-flavor intermediate states does not affect the properties of a
single resonance, but it influences those of all the multiple members.

In Ref. [523], the refined Cornell coupled-channel model was employed to consider the
coupling between cc̄ levels and two-meson states. The similar Hamiltonian and eigenvalue
equation as Equations (15) and (16) are used to obtain the energy of the charmonium
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state. To simplify the calculation, the Gaussian is also used for the orbital wave function
of charmed mesons. The calculated results showed that the mass shifts for the low-lying
1S and 1P levels are small, and the coupled-channel effects are noticeable for other states.
For χc1(2P) state, the unquenched mass is 3920.5 MeV, 48 MeV above the experimental
mass of X(3872). The percentage of cc̄ in the χc1(2P) state is 50%, DD̄∗ + D∗D̄ fraction is
around 40%, and D∗D̄∗ fraction is 6%. The further calculation of the E1 radiative transition
to γJ/ψ and strong transition to DD̄∗ of χc1(2P) unfavored the interpretation of X(3872)
as χc1(2P).

Instead of using the SHO wave function, Ortega et al. [98] took the GEM to perform
coupled channel calculation of 1++ cc̄ sector including cc̄ and DD̄∗ molecular configuration.
This calculation was based on the constituent quark model, which contains screening
confinement potential and 3P0 model. For the 1P state, the cc̄ component dominates the
state, over 95%. For the 2P state, the situation is different. The state with a large cc̄
component has higher energy than the state with large DD̄∗ + D∗D̄ component. One
of the unquenched masses of 23P1 cc̄ is 3865 MeV, which is very close to the mass of
X(3872) if the quark–antiquark pair creation strength γ is fixed by the decay width of
ψ(3770) → DD̄, γ = 0.26. The main component of this state is the charmed meson pair,
67%. To reproduce the experimental properties of X(3872), the parameter γ is set to 0.19,
and the isospin breaking is taken into consideration by using the charge basis instead
of the isospin symmetric one, then the calculated mass of the 2P state is 3871 MeV, the
percentage of cc̄ in the 2P state is only 7%, state DD̄∗ + D∗D̄ with isospin 0 dominates with
70% percentage and the probability of the state with isospin 1 is 10%.

The modified transition operator of 3P0 model Equation (18) was used in an un-
quenched quark model to investigate the properties of X(3872) in Ref. [90]. In the cal-
culation, the GEM was employed to deal with the orbital wave functions of mesons and
relative motion between mesons, and the diagonalization of the full Hamiltonian matrix is
performed. In this way, the systematic error of neglecting the coupling among different
channels of two charmed mesons can be amended. Applied to ground states of charmo-
nium, ηc and J/ψ, the mass shifts are around −70 MeV, and the cc̄ component dominates
the ground states, 94% and 93%, respectively. Applied to χc1(2P) state, the mass shift
is −150 MeV, which induces the unquenched mass reaching the experimental value of
X(3872). The probability of finding cc̄ component in the unquenched χc1(2P) state is 30%,
DD̄∗ + D̄D∗ is 22.5%, D∗D̄∗ is 5.6%, and D(∗)

s D̄(∗)
s is 2.4%.

The unquenched nature of X(3872) can explain not only its relatively lower mass but
also its isospin violation decay process. According to the fact that the BESIII Collabora-
tion searched for X(3872) signals in e+e− → γχcJπ

0 (J = 0, 1, 2) process and reported
an observation of X(3872) → χc1π0 with a ratio of branching fractions Br(X(3872) →
χc1π0)/Br(X(3872)→ J/ψπ+π−) = 0.88+0.33

−0.27± 0.10 [524], there may be a large DD̄∗ com-
ponent in X(3872). In Ref. [520], the author found that the relative rates for the transitions of
X(3872) to χcJ with different J significantly depend on the internal structure of the X(3872).
If the resonance is dominantly a charmonium 3P1 state, the pionic transitions are quite
weak, with the process X(3872)→ ππχc1 being dominant. If X(3872) is a molecular state
with a significant iso-vector part in its wave function, the considered single pion transitions
should be greatly enhanced and exhibit comparable rates for all three χcJ resonances in the
final state. The ratios of decay rates are estimated to be Γ0:Γ1:Γ2 = 0:2.7:1 when assuming
the X(3872) as a traditional charmonium state or Γ0:Γ1:Γ2 = 2.88:0.97:1 as a meson–meson
state.

Zhou systematically investigated the properties of the X(3872) state within the ex-
tended Friedrichs scheme, considering the coupling between the bare 23P1 cc̄ state and the
continuum DD̄∗, D∗D̄, and D∗D̄∗ [525]. In this framework, the decay rates of X(3872) into
χc0π0, χc1π0, χc2π0, J/ψπ+π−, and J/ψπ+π−π0 were calculated, yielding relative ratios
of 1.5:1.3:1.0:16:26. Notably, although the decay rate of X(3872)→ χc1π0 is smaller than
that of X(3872) → J/ψπ+π−, it remains consistent with the measurements from BESIII
within the margin of error. Guo et al. explored the influence of intermediate charmed
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meson pairs on charmonium transitions involving the emission of one π or η, using a
non-relativistic effective field theory [526]. They observed that charmed meson loops are
enhanced compared to the corresponding tree-level contributions for both S-wave and
P-wave charmonium transitions. Similar calculations were conducted by Fleming et al.
in Ref. [527], where they studied the decays of X(3872) by matching heavy hadron chiral
perturbation theory amplitudes for D0D̄∗0 → χcJ(π

0, ππ) onto local operators. The analy-
sis revealed that decays to final states with two pions are predominantly governed by the
χc1π0π0 final state.

The radiative decays of the X(3872) have attracted interest in studying its properties.
The ratio of branching fractions into final states with a photon and a J/ψ or a ψ(2S) has
been measured as Br(X → ψ(2S)γ)/Br(X → J/ψγ) = 2.46± 0.64± 0.29. In Ref. [528], a
coupled-channel approach was employed to investigate the radiative decays of the X(3872).
The cc̄ states were described using a relativistic string Hamiltonian, while for the decay
channels involving DD̄∗, a string breaking mechanism was incorporated. The coupling
effect was found to shift the 23P1 charmonium state down to the DD̄∗ threshold, and the
mixing angle between the 23P1 and 1P1 states was estimated to be 8.8◦. As a result of this
mixing, the transition rate Γ1(X(3872)→ J/ψγ) was predicted to increase several times,
reaching a value in the range of 45∼80 keV. Conversely, the transition rate Γ2(X(3872)→
ψ′γ) was predicted to decrease by 15%. Dong et al. also studied the X(3872) as a composite
state containing both molecular hadronic and a cc̄ component in Ref. [529]. Their analysis
revealed that a nontrivial interplay between a possible charmonium and the molecular
components in the X(3872) is necessary to explain the observed ratio Br(X(3872) →
ψ(2S)γ)/Br(X(3872)→ Jψγ) of radiative decay modes.

In the framework of HQSS [530], the authors systematically investigated 2P char-
monium cc̄ with the DD̄∗ coupling effect. They have shown that the interplay of the
charmonium components in the X(3872) produces an extra attraction, while such an at-
traction does not appear in the JPC = 2++ sector, where one should expect instead some
repulsion from the charmonium degrees of freedom. They also indicated that around a
10%∼30% charmonium probability in the X(3872) might explain the experimental value of
the ratio Rψγ, confirming that this ratio is not in conflict with a predominantly molecular
nature of the X(3872).

6.2. D∗s0(2317) and Ds1(2460)

Just before the observation of X(3872), the BaBar Collaboration claimed a narrow
charm-strange meson, named D∗s0(2317), and the mass is near 2320 MeV [1]. The obser-
vation of the state in the inclusive D+

s π0 mass distribution and the mass almost 40 MeV
below the DK threshold make this state quite different from those predicted by the quark
model. The decay of cs̄ state to Dsπ violates isospin conservation, so the decay width must
be small. The favored spin-parity assignment is JP = 0+. The state was soon confirmed by
the CLEO Collaboration in the same final state [531]. In addition, a new state, Ds1(2460)
was also observed in the D∗+s π0 final state. Belle Collaboration also confirmed the existence
of these two states [532]. The tentative quantum number assignment is JP = 1+. The
upper limits of the natural widths of D∗s0(2317) and Ds1(2460) are found to be Γ < 7 MeV.
The absolute branching fraction Br(D∗s0(2317) → π0Ds) = 1.00+0.00

−0.14 ± 0.14 was reported
recently by the BESIII Collaboration [533].

There is much theoretical research which has investigated the exotic properties of
D∗s0(2317) and Ds1(2460) [16,23]. The popular explanation of D∗s0(2317) and Ds1(2460) is
that both of them are hadronic molecules because they lie just below the thresholds of DK
and D∗K, respectively. In fact, the quantum numbers of them are normal, i.e., they can be
reached by cs̄, so it is natural to explain them as unquenched states in unquenched quark
model. In this review, we only focus on the mixing nature of these two Ds states.

In 2003, Browder et al. proposed an explanation for the D∗s0(2317) and Ds1(2460)
states by considering the mixing between conventional P-wave excited D+

s mesons and
four-quark states [534]. They argued that the coupling effects between the P-wave cs̄ state



Symmetry 2023, 15, 1298 54 of 76

and the meson–meson channel could shift the high mass of the P-wave charm-strange
meson, predicted to be around 2480 MeV in potential models, down to the experimentally
observed values. To describe the coupling between the cs̄ and DK states, Browder et al.
introduced a phenomenological parameter δ, representing the off-diagonal matrix element
in the mass matrix. They set the bare mass of the DK state to the threshold of DK and
chose a suitable value of δ (92 MeV) to obtain the masses of the mixed states, which turned
out to be 2319.4 MeV and 2537.5 MeV. The lower state, below the DK threshold but above
the Dπ threshold, was identified as the D∗s0(2317) state. The higher state, above the DK
threshold, can decay rapidly into D and K mesons, resulting in its broad width. Regarding
the Ds1(2460) state, Browder et al. suggested that a similar mixing mechanism could be
applied. However, they did not perform a detailed fit due to the complexity arising from
the multi-channel coupling. They also noted that if the mixing angle between the cs̄ state
and the DK state is small, the radiative transition would be suppressed.

To consolidate the coupling between qq̄ and two-meson states, the transition operator
in the C3 model or 3P0 model can be invoked [90,96–101,106,107]. For example, Hwang et
al. also took coupled channel effect into consideration in calculating the mass of 13P0 state
of charm-strange meson [535]. Unlike Browder’s approach [534], the transition operator
in the C3 model was employed to calculate the off-diagonal matrix element. The author
emphasized that the linear confinement and Coulomb terms in the charmonium potential
are important in the calculation of transition amplitude between two-quark state and two-
meson continuum states. In the calculation, the Gaussians are used to describe the radial
wave functions of mesons. Finally, they showed that the unquenched mass of 13P0 state
can be lowered to the experimental value of D∗s0(2317); the probability of cs̄ state is around
70% and the results are stable against to the Gaussian size. A similar method was used by
Zhou [536]. Instead of C3 model, they took 3P0 model to consider the transition between
cs̄ states and two-meson states. Again, the Gaussians with different sizes are employed
to denote the radial wave functions of different mesons. The strength of quark–antiquark
pair creation γ was fine-tuned to 5.5, and an overall fitting of experimental data of 1S, 1P,
and 3P charm-strange mesons can be achieved. For 13P0 and 11P1 states, the bare mass
2480 MeV and 2530 MeV are shifted to 2358 MeV and 2470 MeV, respectively. The authors
also suggested that the coupling between two bare states 11P1 and 13P1 is responsible for
the low mass of 11P1 state.

In their study, Ortega et al. investigated the molecular components in P-wave charm-
strange mesons using the 3P0 model with a modified transition operator that includes
an energy damping factor exp(− P2

2Λ2 ) and the chromomagnetic quark model [537]. The
parameters of the model were constrained by various hadron observables. They solved
the coupled channel equation numerically using the GEM without making the plane
wave assumption for the relative motion between the mesons. They used a smaller quark–
antiquark pair creation strength γ = 0.38 compared to other studies. For the D∗s0(2317) state,
the authors obtained a dressed mass of 2323.7 MeV for the 13P0 cs̄ state with a percentage
of 66.3% cs̄ component. Regarding the Ds1(2460) state, in addition to the coupling to
meson–meson states, the coupling between the 11P1 and 13P1 states was also considered.
The unquenched mass obtained was 2484 MeV with a percentage of 54.3% D∗K component.
It is worth noting that the study includes the introduction of the one-loop correction to
the one-gluon exchange potential and the use of a screened confinement potential, which
suggests that quark–antiquark excitations are taken into account. The question of whether
there is a double counting between the quark–antiquark excitation in the quark–quark
interaction and the high Fock components in the wave function is raised by the authors,
indicating that further research is necessary to clarify this aspect.

In most calculations of unquenched masses of D∗s0(2317) and Ds1(2460), only the
two-meson states DK or D∗K are considered. Do other high Fock components, Dsη, Dsφ,
make negligible contributions? Torres et al. [538] investigated the channel coupling effect
of Dsη on the DK phase shifts and the position of the D∗s0(2317). In the SU(4) extrapolation
of the chiral unitary theory, a channel coupling of DK and Dsη calculation showed that the
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accurate DK phase shifts and the position of the D∗s0(2317) can be obtained. The position is
not affected by the coupling and the phase shifts in the high-energy part need the channel
coupling. In this calculation, D∗s0(2317) is taken as DK molecular state. In Ref. [539], a
systematic calculation of Ds states is carried on in the framework of the unquenched quark
model with the help of GEM. In this approach, the modified transition operator of 3P0
model (Equation (18)) is invoked to couple the cs̄ states to all possible two-meson states, DK,
D∗K∗, Dsη, and Dsφ, and a full matrix diagonalization is performed. The results showed
that the cs̄ component dominates the ground states Ds and D∗s ; the mass shifts are in the
range of −30∼−36 MeV. For 1P states, cs̄ component is not the main component, reaching
45% for 13P0, and 40% for 11P1; and mass shifts are about −60 MeV. The unquenched
masses for these states are 1926.9, 2073, 2358.1, and 2456.6 MeV. The contribution of Dsη,
Dsφ to the mass shifts of cs̄ mesons is small, less than 10 MeV, and the probabilities of them
in the unquenched states are less than 1%. The results are expected due to the Okubo–
Zweig–Iizuka rule violation. It is worth mentioning that the D-wave D(∗)K(∗) make a
comparable contribution to mass shifts of 1P states with S-wave D(∗)K(∗). This result may
lead to a convergence problem. It is also interesting to see whether the model can give a
better description of charm-strange mesons after fine-tuning the model parameters.

Lattice QCD is a nonperturbative framework to calculate hadron properties, and it has
been applied to Ds spectroscopy. The early quenched calculations obtained large masses
for the 13P0 states, for example, 2358∼2404 MeV in Ref. [540]. The dynamical lattice QCD
simulations do not lower the mass of the state below the DK threshold [541]. Because the
state is close to the threshold of DK, the two-meson scattering operator should be included
in the simulation. In Ref. [542], 1P states of Ds mesons are studied using lattice QCD. In
the simulation, N f = 2 + 1 gauge configuration with mπ = 156 MeV is used. In addition to
qq̄ operators, the meson–meson interpolators are also included in the correlation functions.
The results show that all the 1P states are described well. In JP = 0+ channel, the energy of
the state is just above the DK threshold if only qq̄ operator is used. When DK scattering
operator was included, there are two states; one is a scattering state with energy above
DK threshold, and the other is a bound state, which can be identified with the D∗s0(2317).
In 1+ channel, the coupling between 11P1 and 13P1 leads to the energy of the lower state
below D∗K threshold if only qq̄ operator is used. The inclusion of D∗K scattering operator
moves the energy of the state to the experimental value of Ds1(2460). Although the analysis
shows that there are considerable meson–meson components in D∗s0(2317) and Ds1(2460),
a quantitative result is expected to verify the outcome of the unquenched quark model.

The unquenched properties of D∗s0(2317) and Ds1(2460) are also investigated in other
approaches. Simonov et al. calculated the mass shift of 11P1 of cs̄ meson using a QCD string
model and the chiral Lagrangian [543]. In dealing with two-channel coupling problem,
the Feshbach approach is adopted [544], then the problem is reduced to a one-channel
one, called the Feshback equation. The results show that the original cs̄ mass, 2390 MeV,
is shifted to a value of 2317 MeV by coupling to DK channel. Their result is supported
by Ref. [545]. The author studied the mass shifts of the D∗s (0+) and Ds(1+

′
) and B∗s (0+)

and Bs(1+
′
) due to the strong coupling to decay channels DK, D∗K, BK, and B∗K based on

chiral quark–pion Lagrangian without fitting parameters.

6.3. N∗(1440) and N∗(1535)

The lightest excited state of nucleon N∗(1440), which was discovered in 1963, also
called Roper resonance, has puzzled physicists for decades. Since Gell-Mann proposed
the quark model in 1964 [51], the quark model has successfully explained the properties of
hadron states by assuming baryons consist of three valence quarks, while mesons are made
up of valence quark–antiquark. However, Roper resonance N∗(1440) has defied the efforts
of putting the state in the quark model for over fifty years [546]. According to the quark
model, the lightest excited state of nucleon should be the angular momentum excitation,
i.e., L = 1, so the parity should be negative. The radial excitation, which has positive parity,
will have higher energy. This statement is correct for a broad class of phenomenological
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potentials [547,548]. Experimentally, the lowest resonance N∗ with negative parity was
found to be N∗(1535), which is heavier than the positive parity Roper resonance N∗(1440).
To solve the conflict between experiment and theory, various conjectures are proposed [546].
It is interesting to see that a constituent quark model with only Goldstone-boson exchange
(GBE) potential in addition to the confinement potential, which is called the GBE model,
can invert the excited state levels [549]. Nevertheless, the validity of the GBE model was
questioned by Isgur [550]. In the ChQM, both one-gluon exchange and Goldstone-boson
exchange are considered in addition to the confinement potential; Yang et al. carried out a
precise numerical calculation with the help of GEM [551]. The order of energy levels of 1P
and 2S can be reversed by using suitable parameters.

So far there is no systematic work to study the baryon spectrum in the unquenched
quark model. To solve the “Proton spin crisis”, 5q components have to be included [552].
By assuming N∗(1440) is the lowest radial excited 3q state with a large admixture of
(qqqqq̄) pentaquark component and N∗(1535) is the lowest L = 1 orbital excited 3q with
a large admixture of (qqqss̄) pentaquark component, the mass difference between uudss̄
and uuduū may be responsible for the mass reversion of N∗(1440) and N∗(1535) [553].
The large component uudss̄ in N∗(1535) can naturally explain its large couplings to the
channels with strangeness. This point of view is partly supported by the work of Ref. [554].
In a non-relativistic quark model, the authors studied the qqqqq̄ component of N∗(1440) by
considering the pion and electromagnetic decays and transition form factors. The results
showed that by explicitly introducing a sizable, 30%, qqqqq̄ component in the low-lying
broad N∗(1440) resonance and a smaller such component in the proton, the empirical width
for N∗(1440)→ Nπ decay can be explained with the same set of quark model parameters.
In the calculation, not only the qqqqq̄ component of N∗(1440) but also qqq(qq̄)2 component
are considered. Actually, their result was confirmed by S. G. Yuan et al. [555] within a
constituent quark model. They predict a unity axial charge for N∗(1440) with 30 % qqqqq̄
components constrained by the strong and electromagnetic decays.

There is a warning from the work of Morel et al. [556]: stable self energies of low-lying
nucleons can be obtained only when the sum over intermediate states runs from ground
state of baryons (N = 0), lowest-lying negative-parity states (N = 1), excited positive-
parity states (N = 2), to the highly excited negative-parity state (N = 3) of baryons. In
Ref. [556], the authors studied the masses of non-strange baryons with the corrections from
baryon–meson loops. The transition operator of 3P0 model is employed to couple the qqq
state to baryon–meson states, and a form factor exp(− f 2 p2), p, the relative momentum
between created quark and antiquark, is added to the operator. The calculation takes into
account a full set of spin-flavor symmetry-related baryon–meson states,

M ∈ {π, K, η, η′, ρ, ω, K∗}, B ∈ {N, ∆, N∗, ∆∗, Λ, Σ, Λ∗, Σ∗},
all excitations of all of the intermediate baryon states up to and including N = 3 states.
The wave functions of baryons and mesons are obtained from the naïve quark model.
The results show that the self energy correction of nucleon and ∆ resonance can reach
thousands of MeVs. For example, the bare mass of ground state nucleon, 2375 MeV, is
shifted to 1087 MeV. This work proposed a question: Does the unquenched quark model
converge if the transition operator (even with a form factor) of 3P0 model is employed? In
calculating the unquenched mass of a meson, generally, only the ground meson–meson
states are included. Is it stable? Further calculations are needed.

6.4. Short Summary

The unquenched quark model is an important step to unify the description of the
ordinary and exotic hadrons, at least the q3 baryons, qq̄ mesons, and multiquark states. To
incorporate the high Fock components into the valence part, the transition operator to link
them has to be introduced. Due to the success of describing strong decay of hadrons, the
operator in 3P0 model is commonly invoked. Another reason for using the operator is its
simplicity. Another transition operator to use is the one in C3 model. Its advantage is that
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there is no new parameter introduced and there are dynamics. In the direct application of
the transition to charmonium states, the mass shifts will be as high as several hundreds of
MeVs. It is acceptable for charmonium, although mass shifts are large. Applying this to light
meson leads to a diaster; the mass shifts will be thousands MeVs. Although the large mass
shifts can be absorbed by renormalizing model parameters, it really destroys the validity
of the valence quark model as a zeroth-order approximation. The transition operator has
to be modified. For the calculations above, one can see that the percentages of high Fock
components are very small, several percents, for the ground states of hadrons by using
modified operator. For some exotic hadrons, a large percentage of high Fock component is
obtained and the exotic hadrons can be effectively described. So the possibility of unifying
the description of hadrons is apparent.

So far, the high Fock component is limited to two hadrons. For multiquark system,
the states with two low-lying hadrons cannot establish a complete set; all the excitations
of hadrons have to be added to arrive at a complete set. The job is too difficult to be done.
Another economic way is to include the low-lying hidden color channels, for example,
color octet–octet, to enlarge the model space. Considering that some exotic hadrons can be
described as color structure resonances, including multiquark states with various structures
in the unquenched quark model is expected.

7. Summary and Perspective

The quark model was formulated in 1964 to classify mesons and baryons. However,
QCD does not deny the existence of more complex structures, generically called exotic
hadrons, which include four-quark states (tetraquarks), five-quark states (pentaquarks),
six-quark states (dibaryons), and states with active gluonic degrees of freedom (hybrids),
and even states of pure glue (glueballs). Although only a few of the exotic hadrons are now
confirmed by experiment, more and more theoretical work has been devoted to investigate
the exotic hadrons. Searching for exotic hadrons is one of the most significant research
topics in hadron physics. In this paper, we review the recent experimental and theoretical
progress on the tetraquarks and pentaquarks from the perspective of the quark model. By
giving this review, we also learn some valuable lessons and gain great inspirations.

(1) Theoretical approaches

QCD is believed to be the fundamental theory of the strong interaction. However,
the low-energy phenomena are much harder to calculate directly from QCD. Thus, many
theoretical approaches have been developed, such as lattice QCD, effective field theories
(EFTs), various phenomenological models, and so on.

Lattice QCD is the non-perturbative theoretical framework to study the hadron spec-
troscopy starting from first principles. It has provided valuable information on quark
confinement between two static colored quarks, preliminary pictures of the QCD vacuum,
internal structures of hadrons, phase transitions of strongly interacting matter, and so on.
In the past few years, tremendous results calculated by lattice QCD were accurate enough
to be compared with both the phenomenological results and the experimental data. Lattice
QCD studies of the X(3872) and T+

cc states, as well as baryon–baryon interactions, are some
of the successful examples which provide an explicit picture of the underlying structures of
the exotic states. However, lattice QCD calculations cannot describe all hadron properties
well. Furthermore, lattice QCD calculations of exotic hadrons adopt approximations, which
reduces their reliability. For instance, lattice QCD studied the ηcN and J/ψN scattering
processes for the hidden-charm pentaquark systems, but no resonance or bound state was
obtained in Ref. [253]

EFTs are a theoretical tool to investigate exotic states with a clear connection to QCD.
In particular, under certain conditions, EFTs are able to describe the systems characterized
by several energy scales just on the basis of a few relevant degrees of freedom. However,
they are limited by their specific ranges of applicability and need to be supplemented
by experimental data or lattice QCD results. Another non-perturbative approach often
applied to exotic hadrons is the QCD sum rule method. It is a useful analytical tool aimed
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at exploring the properties of the hadronic states by studying directly with intrinsic features
of the QCD vacuum encoded in various local condensates. The QCD sum rule has been
widely applied to study the mass spectra and decay properties of various exotic hadrons.
However, the method depends on the additional assumptions and approximations that
make systematic improvements and uncertainty estimations difficult, especially for exotic
near-threshold states.

In addition, the QCD-inspired constituent quark model is another successful approach,
which has been quite effective in understanding hadron spectroscopy and hadron–hadron
interactions even though it cannot be derived from QCD directly. As we know, the quark
model plays an important role in the development of hadron physics. The discovery
of Ω− is based on the quark concept proposed by Gell-Mann-Zweig. The naïve quark
model of Isgur-Karl gave an extraordinary description of the properties of ground state
hadrons. To study the hadron–hadron interaction, multiquark systems, as well as the
excited hadrons, extensions to the naïve quark model have to be made. The application of
the extended quark model to multiquark systems predicts some bound states or resonances.
The prediction of dibaryons d∗ and NΩ were supported by experiments [557,558]. Three
hidden-charm resonance states, ΣcD with JP = 1

2
−

, ΣcD∗ with 3
2
−

and 1
2
−

, were predicted
in the model accurately, and finally they were consistent with the experimental report of
Pc(4312), Pc(4440), and Pc(4457), respectively. The predictions and confirmation of these
states witnessed the success of quark models.

Although various theoretical approaches have achieved some successes in describ-
ing exotic hadrons, they often cannot give a consistent explanation for the same hadron
state. More efforts are needed to improve these theoretical methods. The discovery of
more and more exotic hadronic states will pose great challenges and opportunities to the
theoretical development.

(2) Structure of exotic hadrons

The structure is one of the important properties of exotic hadrons. In the theoretical
study of D∗s0(2317), one found that the structure of the state has important effect on
branching ratio of Br(D∗s0(2317)→ γDs) : Br(D∗s0(2317)→ π0Ds). If D∗s0(2317) is assumed
as a cs̄ state, the ratio is not very small, 0.19 [559], while as a DK molecular state, the
ratio very small, 10−2 [215]. The latest results of BESIII Collaboration showed the absolute
branching fraction Br(D∗s0(2317) → π0Ds) is around 1 [533], which means that the DK
molecular component dominates D∗s0(2317). The traditional constituent quark model has
been very successful in explaining the static properties, such as mass and magnetic moment,
of the orbital ground states of the flavor SU(3) octet and decuplet baryons. The predicted
Ω baryon with mass around 1670 MeV was discovered by later experiments. However, its
predictions for the orbital excited baryons are not so successful. For instance, the lowest
excited state Λ∗(1405) should be about 130 MeV heavier than N∗(1535) if they have one
quark in orbital angular momentum L = 1. In addition, if the N∗(1440) is the first radial
excited state of the nucleon, it should be heavier than the first angular momentum excited
state N∗(1535) because of the energy formula (2n + L + 3

2 )h̄ω for a simple harmonic-
oscillator potential. However, experimentally, the lowest negative parity state N∗(1535) is
heavier than Λ∗(1405) and N∗(1440). To explain these phenomena, pentaquark structure
is proposed. The authors of Ref. [560] proposed that the N∗(1535) might be the lowest
L = 1 excited |uud〉 state with a large admixture of |uudss̄〉 pentaquark components and
the N∗(1440) is probably the lowest radial excited |uud〉 state with a large component of
|uuddd̄〉 pentaquarks having two ud diquarks in the relative P-wave. Similarly, the lighter
Λ∗(1405) has a dominant pentaquark component |uudsū〉 [560].

In the past decade, many new excited heavy baryon and meson states have been
discovered by experiments. Plenty of work has been devoted to identify their properties
and structures. However, it is still difficult to determine the structure of these states.
Some precautions about the proliferation of quark model bound states have to be posed.
For a particular multiquark state, there exist different points of view. The unquenched
quark model may be a vitally important development of the quark model, where the
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valence quarks and real/virtual quark pair are treated equally. The application of the
unquenched quark model to X(3872) may be a good test, as it pointed out that X(3872)
was a mixture state of cc̄ and DD̄∗ [90]. By considering the multi-quark coupling effect, the
phenomenological quark model is expected to give a unified description of ordinary and
exotic hadrons, and important progress may be achieved in the study of the structure of
exotic hadrons.

Furthermore, there has been huge controversy on whether the exotic states observed
in experiments are molecular states or compact multiquark states. Moreover, some of them
were proposed to be caused by the kinematical effects, such as the triangle singularities.
These different perspectives have been tremendously improving our understanding of the
nature of exotic hadrons and the non-perturbative behaviors of the strong interaction in the
low energy region.

(3) Resonances

It is widely known that the most exotic hadrons reported are resonance states. The
resonance states lie above the threshold of some strong decay channels and they will
decay strongly to other states. So the coupling between the resonance states and the decay
channels is important for the observation of the resonance states. For the multiquark
system, various structures are obtained by arranging quarks/antiquarks into sub-clusters,
and different channels are obtained due to different color, spin, and flavor coupling schemes
for each structure. It is easy to obtain stable states for the colorful sub-clusters structure.
However, the existence of these states depends on the coupling to open channels. The
coupling of bound channels and open channels can shift the energy of the resonance, give
the width to the resonance, or even destroy the resonance.

Generally, there always exists many different theoretical interpretations to each experi-
mental observation. In order to provide useful information for the experimental search for
exotic hadrons, mass spectrum calculations alone are not enough. The coupling calculation
between the bound channels and open channels is inevitable. The study of the scattering
process may be an effective way to look for the resonances. Furthermore, the real-scaling
method and the complex scaling method are also the valid approaches to investigate the
genuine resonances. However, it is still very difficult to confirm the existence of the exotic
hadrons and distinguish the various explanations, which requires the joint efforts of both
experimentalists and theorists.
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Abbreviations
The following abbreviations are used in this manuscript:

ChQM Chiral quark model
CMI Chromomagnetic interaction
CFTM Color flux-tube model
CQM Constituent quark Model
C3 Cornell coupled-channel
EFT Effective Field Theory
GEM Gaussian expansion method
GBE Goldstone boson exchange
HQSS Heavy-quark spin symmetry
NN Nucleon–nucleon
OZI Okubo–Zweig–Iizuka
OBE One-boson exchange
OGE One-gluon exchange
OPE One-pion exchange
PDG Particle data group
QDCSM Quark delocalization and color screening model
RGM Resonating group method
SHO Simple harmonic oscillator
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131. Yang, Y.; Deng, C.; Ping, J.; Goldman, T. S-wave QQq̄q̄ state in the constituent quark model. Phys. Rev. D 2009, 80, 114023.

[CrossRef]
132. Manohar, A.V.; Wise, M.B. Exotic QQq̄q̄ states in QCD. Nucl. Phys. B 1993, 399, 17–33. [CrossRef]
133. Vijande, J.; Valcarce, A.; Richard, J.M. Stability of multiquarks in a simple string model. Phys. Rev. D 2007, 76, 114013. [CrossRef]
134. Ay, C.; Richard, J.M.; Rubinstein, J.H. Stability of asymmetric tetraquarks in the minimal-path linear potential. Phys. Lett. B 2009,

674, 227–231. [CrossRef]
135. Bicudo, P.; Wagner, M. Lattice QCD signal for a bottom-bottom tetraquark. Phys. Rev. D 2013, 87, 114511. [CrossRef]
136. Ikeda, Y.; Charron, B.; Aoki, S.; Doi, T.; Hatsuda, T.; Inoue, T.; Ishii, N.; Murano, K.; Nemura, H.; Sasaki, K. Charmed tetraquarks

Tcc and Tcs from dynamical lattice QCD simulations. Phys. Lett. B 2014, 729, 85–90. [CrossRef]
137. Du, M.L.; Chen, W.; Chen, X.L.; Zhu, S.L. Exotic QQq̄q̄, QQq̄s̄ and QQs̄s̄ states. Phys. Rev. D 2013, 87, 014003. [CrossRef]
138. Chen, W.; Steele, T.G.; Zhu, S.L. Exotic open-flavor bcq̄q̄, bcs̄s̄ and qcq̄b̄, scs̄b̄ tetraquark states. Phys. Rev. D 2014, 89, 054037.

[CrossRef]
139. Aaij, R. Observation of the doubly charmed baryon Ξ++

cc . Phys. Rev. Lett. 2017, 119, 112001. [CrossRef]
140. Deng, C.; Chen, H.; Ping, J. Systematical investigation on the stability of doubly heavy tetraquark states. Eur. Phys. J. A 2020,

56, 9. [CrossRef]
141. Karliner, M.; Rosner, J.L. Discovery of doubly-charmed Ξcc baryon implies a stable (bbūd̄) tetraquark. Phys. Rev. Lett. 2017,
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