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Abstract: In the study of systems’ dynamics the presence of symmetry dramatically reduces the
complexity, while in chemistry, symmetry plays a central role in the analysis of the structure, bonding,
and spectroscopy of molecules. In a more general context, the principle of equivalence, a principle of
local symmetry, dictated the dynamics of gravity, of space-time itself. In certain instances, especially
in the presence of symmetry, we end up having to deal with an equation with multiple roots. A variety
of optimal methods have been proposed in the literature for multiple roots with known multiplicity,
all of which need derivative evaluations in the formulations. However, in the literature, optimal
methods without derivatives are few. Motivated by this feature, here we present a novel optimal
family of fourth-order methods for multiple roots with known multiplicity, which do not use any
derivative. The scheme of the new iterative family consists of two steps, namely Traub-Steffensen
and Traub-Steffensen-like iterations with weight factor. According to the Kung-Traub hypothesis, the
new algorithms satisfy the optimality criterion. Taylor’s series expansion is used to examine order
of convergence. We also demonstrate the application of new algorithms to real-life problems, i.e.,
Van der Waals problem, Manning problem, Planck law radiation problem, and Kepler’s problem.
Furthermore, the performance comparisons have shown that the given derivative-free algorithms are
competitive with existing optimal fourth-order algorithms that require derivative information.

Keywords: multiple roots; convergence; nonlinear equations; derivative-free method

MSC: 49M15; 65HO05; 41A25

1. Introduction

Simple systems often embed a good amount of symmetry. Take for instance the
characteristic polynomial (ChP) of hydrocarbons [1]. Considering 3 cases here, propane
(ChP is x*> — 2x), normal butane (ChP is x* — 3x? + x) and isobutane (ChP is x* — 3x?),
one should easily notice that the highest symmetry is in isobutane. At the same time,
isobutane is the one having multiple roots in the characteristic polynomial. Same symmetry
is responsible for the presence of the multiple roots in the ChP of 2,2,4,4-Tetramethylpentane
(ChP is x? — 8x7 + 15x°, see a_25 in [2]). One should notice that, in the selected cases, the
multiple root is banal (x = 0); however, in general, in more complex cases, the multiple
root is not any more banal.

Much research has been conducted on the solution of nonlinear equations and sys-
tems of nonlinear equations. There are numerous publications on the topic, including
those given in reference [3-10], and Traub’s book [11] has a whole chapter devoted to
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it. It can be particularly difficult to find multiple roots for a given nonlinear equation;
hence, many scholars have proposed several iterative algorithms for this purpose (see
Refs. [12-19]). Multiple zero, repeating root, or multiple point are other names for roots
having a multiplicity m. The root is referred to as a simple zero when m = 1. It is very
challenging to solve a nonlinear equation with multiple zeros. The goal of this article is to
build iterative algorithms for a given nonlinear equation x(t) = 0 to find a multiple root a
with a multiplicity of m, i.e., X(f)(a) =0,j=0,1,2,...,m—1and 7((’”)(5) #0.

The use of multiple steps to improve the solution in iterative algorithms is commonly
referred to as multi-point iterations in literature. Many scholars are now interested in
these algorithms because of some interesting aspects. These can first overcome the one-
point algorithms’ low efficiency index, and can also minimize the number of iterations and
improve the order of convergence with multiple steps, which also lessens the computational
burden in numerical work. Many researchers [20-28] have developed higher-order iterative
techniques using the first-order derivative to locate the multiple roots of a nonlinear
problem. One function and two derivative evaluations are needed per iteration for the
optimal fourth-order methods established in the literature [20,21,23-25,27,28]. Li et al.
have introduced six new fourth-order methods in [22]. The first four methods require one
function and three-derivative evaluations per iteration, whereas the last two require one
function and two derivative evaluations per iteration. A class of two-point sixth-order
multiple-zero finders, using two functions and two derivative evaluations per step, has
been proposed in [26].

In science and engineering, iterative techniques without derivatives are useful tools
in finding multiple roots of complicated equations. These techniques do not rely on the
computation of derivatives, which in the case of complex systems can be time-consuming
and computationally expensive. For any complex problem, when the derivative of function
x is difficult to calculate or is expensive to evaluate, then derivative-free algorithms are im-
portant [29,30]. Derivative-free iterative approaches are crucial for optimizing complex sys-
tems and resolving difficult engineering problems [31]. In the literature, researchers [32-39]
have also developed the derivative-free multiple root iterative algorithms that are based
on second-order modified Traub-Steffensen iteration [11]. The modified Traub-Steffensen
method is given by

X(tp)

7 :0/11213/"' (1)
X[Up/ tp] P

where v, = t, + Bx(tp),p € R — {0} and x[vp,t,] = w Forp=1landm =1

this method is Steffensen’s method [40]. Note that this method is obtained from New-
ton’s method
x(tp)

tho1=ty,—m , 2)
p+ P X/(tp)

replacing the derivative x'(t,) by divided difference x[v, tp].

Our goal in this study is to develop efficient derivative-free algorithms for multiple
roots with known multiplicity. Therefore, we describe a class of derivative-free fourth-order
algorithms that require three new pieces of function x information per iteration and so
have optimal fourth-order convergence, as defined by the Kung-Traub conjecture [41].
The scheme uses iteration (1) in the first step and in the second step uses a weight function
with Traub-Steffensen-like iteration. The algorithms are tested numerically on many real-
life problems such as the Van der Waals problem, the Manning (isentropic supersonic flow)
problem, the Planck law radiation problem, the Kepler’s problem, etc. The performance,
in the context of accuracy and CPU time, of proposed methods is compared with existing
ones that require derivative evaluations.

Let us briefly introduce here the practical problems that we will consider for numer-
ical testing. Their mathematical forms are given in later sections. The Van der Waals
equation [42] corrects the deviations from ideal gas behavior, allowing for more accurate
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predictions of gas properties under non-ideal conditions. It is used to understand the
behavior of gases at high pressures and low temperatures, where intermolecular attrac-
tions and molecular volume become significant. The Manning isentropic supersonic flow
problem has multiple uses. Among them, the gas and particle dynamics in first-generation
needle-free drug delivery devices [43] are of medical interest. Additionally, it is applicable
to the Plank law radiation problem, which relates to the principles of phototherapy and
photochemotherapy [44]. The use of the ChP in structure-activity studies is reported in
previous works [45-48]. Kepler’s problem [49] has significant applications in celestial
mechanics, spacecraft navigation, and astrodynamics.

2. Development of Method

We considered a fourth-order family with a simple and compact body structure for
multiple zeros m > 2, which is described by the following:

t
z, =t, —m x( p) .
X[Upftp]
x(tp)
tya1 =2y — w(xy, ypy) ——1—, 3
p+1 = Zp (xp yp)x[vp,tp] 3)

| X(Zp) — mfx(@p)
X)) I =\ ()
vicinity of (0,0). The second step is weighted by the factor w(x, y); hence, w is called the
weight function.
In what follows, we will prove the convergence results of the scheme (3). For a better
understanding (as we will point out in Remark 1), few results are proved separately depend-
ing on multiplicity m. First, we consider the case m = 2 and prove the following theorem:

and w : C2 — C is a differential function in the

where Xp =

Theorem 1. Assuming that x : C — C is an analytic function in a domain surrounding a with

multiplicity m = 2. Let us consider an initial guess ty is close to a. Then, scheme (3) has at least

a convergence order of 4, provided that woo = 0, w19 = 3, wy1 = 0, wyg = 8, w1 = —1 and
- o ai+j ..

wep = 0, where w;j = Ww(xp/yp)|(x,7:0,y,,:0)/f07’ 0<ij<2

Proof. Assuming thate, = t, — a is an error at p-th stage, then, using the Taylor’s series
expansion of x(t,) around & and allowing that x(a) = 0, x’(a) = 0 and x? (&) #0,
we have

x?@@) , 2 3 4
X(tp) = 2| ep(1+Alep+A26p+A36p+A46p+ c ')/ (4)
where A, = 2 _x*@) forn € N.

! O ()
Similarly, the expansion of x(v,) about a can be written as follows:

@) (5
x(vp) = XT()e%,, (1+ Aseo, + Asel + Azey + Agey +---), ()

2 (3
where e;, = vy, —a =¢p + /52627!(3)6,%(1 + Avep + Ages + Azey + Agey + -+ ).
Then, Equation (3) becomes

eZp -

@) (5
- %(MT@ +Ar1)el - 11? ((Bx?(a))? — 88x P (a) Ay + 1243 — 16A7) e

+ (XD @) 2085 (2)A3 + 7243 + 642 (a) A2
— 1041 ((Bx'?(3))? + 16A2) +96A3)ey + O(e5 ). (6)
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Similarly, expanding x(z,) about a gives us

@) (a
X(Zp) f— X 2'( )egp(1+Alezl,+Azegp+...)_ (7)

Using (4), (5) and (7), we have

xp = 1<M A )ep = 1 ((BXP (@) — 6px® (a) 4r +16(4F — 42))é}

2\ 2
+ 612 ((Bx?(a))® — 228x?) (a) AT + 4(29A7 + 14px ) (3) A2)
—2A1 (3(Bx? (3))? + 104A2) + 96A3) e + O(e}) (8)
and
yp=1+ ﬁ"i)(a)ep (1+ %Alep - i(ﬁx(z) (8)A1 +842)el +0(e}) ). ©)

Next, we develop w(xyp, yp) by Taylor series in the neighborhood of origin (0, 0):

1 2 1 2
w(xp,yp) ~ wop + Xpw1o + Ypwor + Expro + XpYypwi1 + E]/prz, (10)

where w;; = %w(xp,yp)kxpzo,yp:o), for 0 < i,j < 2. Inserting (4)—(10) in the second

step of (3), we get

ep+1 = — i(woz + 2wwoo + 2wo1 )ep
2 (B2 (2 (4 + 200 — 2tn — Betz — 2n0 — 2u0n)
+2(4 + 2w + 2wo1 + wep — 2w — 2w11)A1)e§,
- 614 ((Bf@(a))*(4 + 2wo — 2wor + woa — 4wig + wa)

+ 4‘3f(2) (5) (*8 — 4wog + 2wpr + wig + 3wt + a)zo)Al
+ 4(12 + 6wy + 6wp1 + 3wy — 10w — 10w + a)zo)A%
—16(4 + 2wgo + 2wo1 + wey — 2wip — 2w11) Az) ey +71e, +O(e3), (1)

where 17 = (B, A1, Az, A3, woo, W1g, Wo1, Wao, w11, wo2). The expression of 7 is very lengthy,
so it is not produced here.

It is clear from (11), if we set coefficients of ey, e% and e“;’, simultaneously equal to zero,
then after some simple calculation, one gets

wo =0, wig=3, wer =0, wyp =8, wig=-1, wp=0. (12)

Consequently, the error Equation (11) is given by

2)(3
epi1 = %6 (@‘T@ + A1) ((Bx® ()2 +3Bx® (2) A1 +114% — 44z)e} + O(c}). (1)

Hence, the result is proved. O

Next, we consider the case m = 3 and prove the following theorem:

Theorem 2. Assuming the hypothesis of Theorem 1, the convergence order of (3) for m = 3 is at least
4, if wor = —2wop, wag = 12, wyy = 3 — wyg and wep = 2woo, wherein {|wool, |wip|} < co.
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Proof. Let x(a) =0, x'(a) = 0, x' (a) = 0 and x©®)(a) # 0,. Then, expanding X(tp) about
a using Taylor’s expansion,

x¥ @)

X(tp) = Te:;(l+B1€p+B2€§+Bgé’;’,+B4€%+ e '), (14)
where B,, = ﬁ% forn € N.
Similarly, we can expand x(v,) about a as
x(@) ; 2 3 4
x(vp) = T (14 Bieo, + Baey, + Baey, + Baey, ++++), (15)

where e, = v, —a =¢, + ﬂX3 (@) ;3 p(1+B1€p+Bze —|—Bg€ +B4e 4 ).
Then, the first step of (3) yields

__ B 1 -
ez, =2zp—a= & + s (38x°) (a) — 8B2 + 12B;)e,

1
+ —

> (16B} + 3B, (2Bx®) (a) — 13By) +27B3) e} + O(e5). (16)

The expansion of x(zp) about a is

x9(@) 5 2 3 4
x(zp) = TR (1+ Biez, + Boez, + Baez + Byel + -+ ). (17)

Then, from (14), (15) and (17), it follows that
By

Xp = ?e,, 8 (3[5;( )(a) — 10B} + 12B,)¢3
+ 5 (2333 + 331 (3x®)(a)B — 32B,) + 27B3)e +0(ey) (18)
and
yp=1+ X(s?i!(a) per(1+ %Blep - ngef, +0(e}))- (19)

By using (10) and (14)—(19) in the last step of (3), we have

1 1
ept1 = — 3 (2wpo + 2wo1 + sz)Ep + 18 (6 + 2wy + 2w + wop — 2w — 26011)316?,
1
~ 108 ( (24 + 8wgp + 8wy + 4wy — 12wyg — 12w11 + sz)B2
—3(Bf¥(a) (2won — woz — 2(—3 + wig + wi1))
+ 4(6 + 2wqy + 2wt + wop — 2w — 2(4]11)32) )6‘?, + (Pe;% + O(E;), (20)

where 47 == (P(,B/ Bl/ BZ/ B3/ woo, W10, Wo1, W20, W11, wOZ) .
The above Equation (20) will yield minimum fourth order convergence if the coeffi-
cients of e, e% and ef, satisfy the following conditions:

wo1 = —2wpp, wyo =12, wi1 =3 —wig, wWo2 = 2wWpo. (21)

Then, the final form of the error Equation (20) is given by

B
epy1 = 5—; ((wio — 6)px® (a) + 1282 — 6B2)e§ + O(eg). (22)

Thus, the theorem is proved. [
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Next, we state the results for the cases m = 4, 5, 6 in the form of corollaries. The proofs
are similar to the above-proved Theorems 1 and 2.

Corollary 1. Assuming the hypothesis of Theorem 1, the convergence of (3) for m = 4 is at least 4, pro-
vided that wyg = 16, w11 = 4 — wig and wyy = —2(woo + wor ), where {|wool, |wrol, |wor |} < 0.
Moreover, the error equation is given by

1 i
ep1 = 557 (4(wor + 2woo) Bx™ (@) +39C} — 24C1Gy)ep + O(e5),

(4+n) (5

— 4 x*(a)

where Cn = WW forn e N.

Corollary 2. Assuming the hypothesis of Theorem 1, the convergence of (3) for m = 5 is at least 4, pro-
vided that woy = 20, w11 = 5 — wigand wy = —2(woo + wor ), wherein {|woo|, |wigl, |wor|} < oo.
Then, the final error equation is given by

1
ep+1 = o2 (7D —5D1D3)e;, + O(e)),

51 X(5+n)(é)
Gl xo@ JrnEN

where D, =
Corollary 3. Assuming the hypothesis of Theorem 1, the convergence order of (3) for m = 6
is at least 4, provided that wyy = 24, wyy = 6 — wyg and wy = —2(wgo + we1), where
{]wool, |wiol, |wo1|} < oo. Moreover, the error equation of the method is

1
el = 11 (5E} —4E1E2)e, +O(ey),
(6+n) (5
where E;, = (6_?7!71)!%(;;) forn e N,

Remark 1. Notice that the parameter B, which is used in the expression of vy, appears only in the
error equations for m = 2,3,4, but not for m = 5. However, we have noticed that for m > 5, this
parameter appears in terms involving ef, and higher orders. In general, such terms are difficult to
calculate. Moreover, we do not require these to demonstrate the required fourth-order convergence.
For these reasons the convergence conditions for m > 5 are explored separately in the next section.

3. Main Result

For the reason stated in remark 1, we prove the following unified result for m > 5:

Theorem 3. Assuming the hypothesis of Theorem 1, the convergence order of (3) for m > 5
is at least 4, provided that wyy = 4m, w1 = m — wyg and wy = —2(woo + wo1), wherein
{lwool, |wio], |wo1|} < oo. Moreover, the error is given by

(9 +m)K3 — 2mK; K,
ep_;,_l = 2171’13 E;l] +

Proof. Keeping in mind that X(j)(é) =0,7=0,1,2,..,m —1and x"(a) # 0, then Taylor’s
series expansion of x(t,) about a is given by

m(z
a
x(tp) = Xm(! )e;”(l + Kiep + Koej + Koep + Kaéy +---), @3

(m+n) (5
where K;, = (’”%‘”)'XXT)(S) forn € N.
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Similarly, the expansion of x(v,) about a gives

(s
a
x(vp) = Xm(! )eg; (1+Kieo, + Ko+ Kaey + Kael 4+ ), (24)

where e;, = v, —a =¢ep + 'me,(a) ey (1+Kqep + Kze%, + K3e‘;’, + I<4e;17 4.

m!

From the first step of (3)

K —(1 K2 4+ 2mK
12 4 (+m)1+mze3

€p = Zp—a= "% 2 p
(14 m)2K3 — m(4+3m)K1 Ky + 3m?K3
+ 1 3 ¢, +0(e). (25)
Expanding x(z,) about &, we have
_Xm(é)le Koi? 4+ Kad® 4 Kaiet 5
X(zp) = ez, (1+Kiez, + KoeZ + Kaez, +KageZ + ). (26)
Using (23), (24) and (26), we have that
K — (24 m)K? +2mK; ,
Xp = Zep—i— 2 €y
7 +7m +2m?)K3 — 2m(7 + 3m)K1 Ky 4+ 6m?K
| (74 7m & 2m)KG = 2m(7 + 3m)Kak + m 23 +0(e) (27)
2m3 p p

and

xX"(a)
yp=1+ por ﬁ(l—i- - ep +

(m+1)Ky -, (m +m2)K2 e+ (m +m3)K3 e+ O(efa))' @)

Putting (10) and (23)—(28) in the last step of (3), it follows that

1
2wqo + 2wo1 + cuoz)e,, + 7(2&]00 + 2wo1 + wop — 2w1p — 2w11 + 2m)K1€%,

1
€p+1 = — %( 2

~ 5.5 ((wop — 6w1g — 6w11 + wag + 2m + m wop — 2m wyg — 2m wyq
+2m? 4 2(1 + m) woo + 2(1 4 m)wer ) K2
— 2m (2w + 2wo1 + woz — 2w10 — 2wt +2m)Ka ey + ey + O(e3), (29)

where ¢ = 9(m, Ky, Ky, K3, woo, wio, wor, w20, wi1, wo2)-
Equation (29) will yield minimum fourth order convergence if the coefficients of e, e%,
and 2;3, satisfy the following conditions

wyo = 4m, wiy =m—wig, we = —2(weo + wot)- (30)
Then, Equation (29) is given by

o (94 m)K3 —2mK1K2e4
p+l = 2m3 P

+0(e3). (31)
Thus, the theorem is proved. O

Remark 2. If the criteria of the above theorems are satisfied, the proposed scheme (3) achieves fourth-
order convergence. Only three functional evaluations viz. x(t,), x(vp) and x(zp) per iteration are
used to achieve this convergence rate. So the iterative scheme (3) is the optimal according to the
Kung-Traub hypothesis [41].
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Some Special Cases

We can construct various special iterative schemes of (3) based on the function w(x,y),

which satisfies the conditions explored in the preceding theorems and corollaries. However,
we shall limit our options to low-degree polynomials or simple rational functions. These
selections can allow the resulting algorithms for m > 2 to converge to the root with order
four. The following simple forms of w(x, y) are chosen:

(1) w(xp,yp) = xp(3(m — 1) 4+ 2mx, + (3 —2m)yy),

(2) w(xp/yp) =
(3) W(xp/yp) =

(4) W(xp/yp) =

x(tp) | X(zp) _ m|X(@p)
In each case above z, = t, — mx[vpt]tp] »Xp = X(tz) and yp = \/jtpp)

2mad + x5y + xp(1+23) (3(=1+ m +y,) — 2my,)
1+x%
Xp( =3+ B =53y +mB+yp+yp+2(xp + yp(xp + xpyp — 7))
L+yp +v5

((SV?? +2m(1+yp))x; — xp(1+yp) (3(1 — yp) (1 + xp)

4

1
1+xp+yp+xpyp

+ mxp(2yp —5) +m(2y, — 3)))

The corresponding algorithm to each of the above forms can be demonstrated as follows:
Method 1 (NM1) :

X(tp)
X[vp: tp} .

tpi1 = zp — Xp(3(m — 1) + 2mx, + (3 —2m)y))

Method 2 (NM2) :

2mx + Xpyp + xp(1+25) 3(=1 4 m +yp) —2my,)  x(tp)

tpr1 = 2p —

1+ x?, X[Upr tp] '
Method 3 (NM3) :
1 3\,,3 2
R ST (xp(=3+ G =)y} +mB+yy+v3
x(tp)
+2(xp +yp(xp + xpyp — y,%))))) ;([vpptp] :
Method 4 (NM4) :
_ _ 1 4 3 _
B e R TR ((Syp +2m(1 + )3 — xp(1+ yp) (3(1 — yp) (1 + xp)
x(tp)
iy 2y =)+ m(2y, =) b

4. Numerical Results

To check the validity and stability of the new algorithms, we have considered some real-

life problems which prove the results that we have shown in the preceding sections. Moreover,
new algorithms are compared with existing fourth order algorithms that use derivatives in
the formulas. For example, the following five schemes are taken for comparison:
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Li et al. method [21] (LLC):

o 2m x(tp)
PP m +2 X (tp)’
m_\~"Mm_y 2.1
o M= 2) () "X )~ () ()
4 - 'p — .
X (tp) = (3z) "X (zp) 2x'(tp)
Li et al. method [22] (LCN):
oo 2m x(tp)
PP m2 ) ()
X(t X(t
tp—l—l — tp — ( P) ( P)

where

1 (mﬁz)mm(m4 +4m3 — 16m — 16)
N = — =

2 m3 —4m + 8 ’
G= (8 —4m +m>)?
m(m? +2m — 4)(m* + 4m3 — 4m? — 16m + 16)’
m?(m® — 4m + 8)
a3 —

(722)" (m2 +2m — 4) (m* + 4m3 — 4m? — 16m + 16)

Sharma-Sharma method [23] (SS):

Zy = 727771)((%)
P M—I—Zx’(tp)'
e =ty = g [0 =) - 2o mp2 ()"
<Comn-eom() T

Zhou et al. method [24] (ZCS):

~2m x(tp)
P m+2x'(tp)’

=5l (5 Geti) -2 em (5 )

4 (3 + 6m? + 8m + 8)} ;C(,((tt”)) .
p

Zp =

Soleymani et al. method [25] (SBL):

[ 2m x(tp)
prp m+2x'(tp)’

X’(ZP)X(HJ)

T T @ P 42X )X () 3 ()

where

1
1= em’ " (m+2)",

8- mm+2)(m2—2)
a 8m

q2

7
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_ i o m—1 3—m

The numerical work of this study is performed in software Mathematica [50]. In com-
putation, we use the value 0.01 for parameter . The idea for taking small value is clear
from the Traub-Steffensen formula (1), developed by replacing the derivative in the New-
ton formula (2) with the divided difference, as shown above in the Introduction section,
since small values of B will give a more accurate approximation. The results displayed in
Tables 1-5 are performed in respect of the following:

(i) The number of iterations (p + 1) taken by the algorithms and the satisfaction of the
stopping criterion |t,41 — tp| + [x(tp41)] < 107190,

(ii) The first three iterations’ error [t, 1 — tp|.

(iii) The calculated convergence order (CCO).

(iv) The total time (in seconds) consumed by the algorithms.

To calculate the convergence order (CCO), we use the formula (see [51])

_ loglepia/epial

CCO = , foreach p=1,2,..., 32
loglep11/¢y] 7 2

wheree, =, —a.
Let us consider the following problems for the testing:
Problem 1: The Van der Waals equation for a gas [42,52] is given by

2
an
<P+?>(V—na2) — nRT (33)
where, R: universal gas constant, T: temperature, P: pressure, V: volume, n: number of
moles, a1, a: variables with values depending on the gas. To calculate the volume V, we
can write (33) as

PV — (nayP + nRT)V? 4+ a1n®V — ajayn® = 0. (34)

One can find values of n, P, T, a; and a; of a particular gas [52] such that Equation (34)
has three roots. So, by using a specific set of values, we have

xi(t) = t3 — 5.22£% +9.0825¢ — 5.2675,

that has three roots 2 = 1.72,1.75,1.75. So, our desired root is @ = 1.75 with m = 2.
The methods are tested for two initial guesses ty = 2.45, 3. Computed results are given
in Table 6. Figures 1 and 2 represent the graph of the errors committed by methods as
iteration proceeds for xj (t) at ty = 2.45 and ¢y = 3, respectively. However, some graphs
overlap each other. So, to make it more clear, we further draw the graphs in Figures 3 and 4
for the following methods: LLC, LCN, SS, ZCS, SBL, and Figures 5 and 6 for the methods:
NM1, NM2, NM3 and NM4. To make the pictures more clear, the bending portion of the
lines is shown in sub-figures within the Figures 1-6. It can be observed from the graphs
that newly proposed methods are good competitors to existing Newton-like methods.
Figures 1-6 are drawn using the Mathematica software. These figures are the geometrical
representation of the errors shown in columns 3, 4, and 5 of Table 6 that help us visualize
methods’ behavior for different initial guesses.
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Table 1. Numerical problems 2-5.

Problem Root Multiplicity Initial Guess Results’ Table
2: Isentropic supersonic flow problem [53]
x2(t) = [tarf1 (@) —tan~1 (/12 — 1)
3
+v6(tan ! (y/£51) —tan1 (1/3)) - B] 18411, 3 15& 1.7 2
3: Planck law of radiation problem [54]
4
xa(t) = (e =1+ §) 4.9651. .. 4 258&55 3
4: Kepler’s problem [49]
5
xa(t) = (t — Lsin(t) — g) 0.8093. . 5 1& 14 4
5: Complex root problem
x5(t) = H(E2 +1)(2e+1 + 12 — 1)Cosh4("7t> i 6 11i&13i 5
Table 2. Numerical results of methods for problem 2.
Methods p+1 |t2 — t'1| |l’3 — t2| |t4 — t3| CCoO CPU-Time
th=15
LLC 4 819 x107% 264x107 287 x 107! 4 2.1224
LCN 4 819x107% 261x10" 273x10°° 4 2.4660
SS 4 819x107* 255x10°1 244 x10°° 4 2.4653
ZCS 4 819%x107* 240x107% 1.79 x 107! 4 2.4492
SBL 4 819 x107% 253x10°° 234 x10°° 4 2.7765
NM1 4 276 x107° 829 x 1072  675x 108 4 1.8522
NM2 4 276 107 8.05x107%1 583x10°% 4 1.8878
NM3 4 276 x107° 829 %1072  6.75x 108 4 1.8867
NM4 4 276 x107°  7.69 x 10721 4.65 x 1078 4 1.9042
to =17
LLC 4 701 x107® 1.42x1072 243 x10~% 4 2.6054
LCN 4 700x107¢ 140x1073 227 x10~% 4 2.8556
ss 4 698x107° 136x10"%3 193 x10~* 4 29173
ZCS 4 693%x107% 124x1072 127 x107% 4 2.8868
SBL 4 697 x107® 1.34x1072 1.82x10~% 4 3.2764
NM1 4 404x107% 382x10"2% 3.04 x10°% 4 2.4214
NM2 4 399 %107 351x107%# 211x10°% 4 2.5285
NM3 4 404 x1076 382x107%* 3.04x10"% 4 2.5432
NM4 4 390 x 1076  3.09x107%# 121x10°% 4 2.4967
Table 3. Numerical results of methods for problem 3.
Methods p+1 |i’2 — i’1| |t3 — tzl |i’4 — i‘3| CcCco CPU-Time
th=25
LLC 5 2.94 8.02x1073  4.02x10712 4 0.8893
LCN 5 2.93 794 %1073  3.86x 10712 4 1.2483
Ss 5 2.90 7.78x107%  3.56 x 10712 4 1.2791
ZCS 5 2.86 755x 1073  3.16x 1012 4 1.2172
SBL 5 2.77 7.03x 1073 237 x 10712 4 1.4986
NM1 5 4.68 9.00x107* 9.07x10°Y 4 0.5946
NM2 5 458 865x107* 7.67x10"V 4 0.6385
NM3 5 4.66 894x107* 882x1077 4 0.6843
NM4 5 4.87 9.62x107% 1.15x 10716 4 0.6682
to =55
LLC 4 491x107° 570x 10721 1.03 x 10784 4 0.6545
LCN 4 491x107°> 570x10721  1.03 x 10~% 4 1.0772
SS 4 492x107° 571 x10721  1.04 x10~% 4 1.0301
ZCS 4 492 %107 572x10721  1.05x10 % 4 1.0142
SBL 4 492 %107 573x10721  1.06 x 108 4 1.2646
NM1 3 557 x 107  1.33 x 107% 0 4 0.4534
NM2 3 553x107° 1.28x 1075 0 4 0.5173
NM3 3 557 x107¢ 1.33x10~% 0 4 0.5238
NM4 3 547 x107¢ 121 x10°% 0 4 0.4923
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Table 4. Numerical results of methods for problem 4.
Methods 4 +1 Ii’z — t1| |t3 — t2| |t4 — t3| CcCoO CPU-Time
th =
0LLC 4 124 %107 279x1072  712x107% 4 0.8422
LCN 4 124x107° 274x1072  6.60 x10~% 4 0.9675
SS 4 123x107° 261x1072  540x10°% 4 0.9833
7CS 4 121x107° 245x1072 414 x10°% 4 0.9215
SBL 4 115%x107° 194 x10"2 157 x107% 4 1.1863
NM1 4 537 x107% 228x107%# 742x10°%8 4 0.5865
NM2 4 499x107° 154x107% 139x10"%8 4 0.6246
NM3 4 538x 107 229x10%* 748 x10~%8 4 0.5934
NM4 4 444 x107% 8.08x107%*  8.88x 107100 4 0.6440
th=1.4
LLC 4 508 x 1074 7.79x 1071 430 x 109 4 0.8114
LCN 4 503x107% 744 x1071® 356 x10"% 4 1.0320
) 4 488x107%* 657 x10716  215x107% 4 1.0146
7CS 4 469x107%* 557x107% 111 x10°% 4 0.9998
SBL 4 395x107* 272x1071® 610 x 107% 4 1.1393
NM1 4 689 x107% 617x1071 396 x 10°%* 4 0.6155
NM2 4 656 x107* 459 x 1071 110 x 10-%* 4 0.6442
NM3 4 689 x107* 6.19x1071° 403 x10-% 4 0.6561
NM4 4 6.08x107* 285x1071°  1.38 x107% 4 0.6240
Table 5. Numerical results of methods for problem 5.
Methods 4 +1 Ii’z — tll |t3 — t2| |t4 — t3| CcCoO CPU-Time
to=1.1i
LLC 4 1.75x107%  3.01x1072 266 x 10~77 4 1.7604
LCN 4 1.75x107°  3.02x10720 268 x 1077 4 2.4491
) 4 1.75x107%>  3.03x 1072 273 x 107 4 2.4653
7CS 4 1.75x107%  3.05x 1072 279 x 10-7° 4 2.5426
SBL 4 1.76 x 107> 316 x 10720  3.28 x 10~7? 4 3.1042
NM1 4 674x107% 293x1072  1.05x10°% 4 0.5311
NM2 4 6.69x107° 282x107%2 887 x10°%8 4 0.5380
NM3 4 674x107° 293x1072  1.05x 10~% 4 0.5935
NM4 4 6.63x107° 266x1072 692 x 108 4 0.5468
tg = 1.3i
LLC 4 131 x107* 941 x107Y7 253 x10°% 4 1.6234
LCN 4 131 x107* 942x107Y7 254 x10°% 4 2.5432
Ss 4 131 x107* 943 x 10717 256 x 10~ 4 2.6216
ZCS 4 131x107% 945x10°Y7 258 x10°% 4 2.6217
SBL 4 131x107% 957 x107Y7 275 x 107 4 3.1824
NM1 4 286x1075 954x102 1.18x10°77 4 0.5162
NM2 4 286x107° 941x1072 1.10x10"7 4 0.6243
NM3 4 286 x107° 954x1072 118 x 1077 4 0.5922
NM4 4 286 x1075 923x10720 998 x 1078 4 0.5610
Table 6. Numerical results of methods for problem 1.
Methods p+1 |t, — #1] |ts — 2] |ty — 3] CCO CPU-Time
to =245
LLC 6 847x1072 716x1073 1.61x107° 4 0.0787
LCN 6 847 x1072 716x1073 1.61x107° 4 0.0786
ss 6 863x1072 7.67x107% 217 x107° 4 0.1095
ZCS 6 896 x 1072 883x1073 4.03x107° 4 0.0786
SBL 6 847 x1072 716x107% 1.61x107° 4 0.0938
NM1 6 921x 1072 965x107% 6.36x 1072 4 0.0753
NM2 6 9.11x1072 925x1073 527 x107> 4 0.0821
NM3 6 922x1072  9.68x1073 643 x 107> 4 0.0778
NM4 6 894 x1072 868x1073 3.94x107° 4 0.0782
to =
LLC 6 153x10°1  1.71x1072 226x10°* 4 0.0982
LCN 6 153%x107!  171x1072 226x107* 4 0.1102
ss 6 1.56 x10~1  1.81x1072 280x10~* 4 0.1096
7CS 6 1.61 x 1071 202x10"2 432x107* 4 0.1145
SBL 6 153 %1071 1.71x1072 226x107* 4 0.0944
NM1 6 1.69x 1071  222x1072 6.10x 1074 4 0.0682
NM2 6 167 x107!  214x1072 537x107* 4 0.0924
NM3 6 1.69 x 1071 222x1072 6.15x107¢ 4 0.0947
NM4 6 1.63x 1071 203x1072 437x107* 4 0.0936
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Figure 3. Error of LLC, LCN, SS, ZCS, SBL for x1(t) at ty = 2.45.
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Figure 5. Error of NM1, NM2, NM3, NM4 for x1 (t) at tg = 2.45.
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Figure 6. Error of NM1, NM2, NM3, NM4 for x; () at fg = 3.

The rest of the problems (2-5) are shown in Table 1. This table has five columns: col-
umn 1 contains the considered problem, column 2 contains the desired root of the problem,
column 3 contains the multiplicity of the root, column 4 displays the initial guess and
column 5 shows the table number of the numerical results of the corresponding problem.
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We can see from the computed results in Tables 6 and Tables 2-5 that the new methods
have good convergence behavior. The increment in precision per iteration, as seen by the
numerical results, is the reason for good convergence. This also describes the stable nature
of the methods. It is also clear from the computed results that the new methods have
better authenticity than those calculated by the existing methods. We display the value 0/
in Table 3 at the stage when the stopping criterion has been satisfied. The calculation of
the convergence order in each problem, as shown in the tables, implies verification of the
theoretical convergence order four. Efficiency of the new methods can also be judged by
the fact that the amount of CPU time required by the methods is less than that required
by the existing ones. This is shown in Figures 7-11 where we draw a bar chart of the time
consumed by the methods.

Time Consumed by Methods
0.12f tg=2.45

tg=3

LLC
LCN
0.10

0.08 ZCS
NM1
NM2
NM3
NM4

HE IR EIOERENEODGE
8

Methods

Figure 7. Bar Chart for x1 (¢).
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Figure 8. Bar Chart for x,(f).
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Figure 9. Bar Chart for x3(¢).
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Figure 10. Bar Chart for x4(t).
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0s = NM3
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Figure 11. Bar Chart for x5(t).

Note that, in general, the new methods are more efficient than the existing ones.
The new methods are also applied to many different practical problems to confirm their
consistency. We conclude this section by the remark that new derivative-free iterative
schemes are more effective.

5. Conclusions

In the presence of symmetry in a system, when deriving the equations characterizing
the system, we end up having to deal with equations with multiple roots. This study
presents a family of optimal methods for solving nonlinear equations with multiple roots.
Some special cases of the family have been presented. The main advantage of the new
methods is that they are derivative-free. We have employed the methods on some nonlinear
real-life problems viz. the Van der Waals problem, Manning problem, Planck law radiation
problem, and the Kepler’s problem. The new methods have also been compared with
existing methods of the same order. It has been observed that the performance of the
methods may be the same geometrically even if they are different mathematically. Finally,
we conclude this study with a remark: the derivative-free algorithms presented here can be
the better choice for existing Newton-type algorithms in the cases where derivatives are
difficult to obtain or expensive to compute.
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