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Abstract: This article is focused on investigating the mathematical model calibration of a reaction—
diffusion system arising in the mathematical model of the spread of an epidemic in a society. We
consider that the total population is divided into two classes of individuals, called susceptible
and infectious, where a susceptible individual can become infectious, and that upon recovery, an
infected individual can become susceptible again. We consider that the population lives in a spatially
heterogeneous environment, and that the spread of the dynamics is governed by a reaction—diffusion
system consisting of two equations, where the variables of the model are the densities of susceptible
and infected individuals. In the reaction term, the coefficients are the rates of disease transmission
and the rate of infective recovery. The main contribution of this study is the identification of the
reaction coefficients by assuming that the infective and susceptible densities at the end time of the
process and on overall spatial domain are observed. We apply the optimal control methodology to
prove the main findings: the existence of positive solutions for the state system, the existence of at
least one solution for the identification problem, the introduction of first-order necessary conditions,
and the local uniqueness of optimal solutions.

Keywords: inverse problem; optimal control; SIS model

MSC: 35R30; 49N45; 49K20; 92D30

1. Introduction

The mathematical approach to biological problems has become an important area of
research in recent decades, see for instance [1-6] and references therein. In this context,
mathematical models are important tools that are used to simulate a given biological
phenomenon, analyze the causes or consequences without laboratory experiments, estimate
some parameters which are relevant to their development, and control the dynamics.
Particularly, in this paper, we are interested in the problem of parameter identification
arising from the phenomenon of spreading epidemics. More precisely, we are concerned
with the following optimization problem:

inf I, B,7) = [0 T) ~ ™z 00 + IV (B Iz M

subject to u = (11, uy) solution of the following IBVP:

oy — Auy = —B(x)p(ug, up) + y(x)uy, inQr:=Qx]0,T], (2

Optiy — Aup = B(x)Pp(uy, uz) — y(x)ua, in Qr, 3)
Vuy-v=Vuy-v=0, inTr:=00x]0,T], (4)
(u1,u2)(x,0) = (u10, u20)(x) := up(x), on (), @)
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where ¢(u1,up) := ujun(uy +up)~ 1, T > 0,8 > 0, Q C R? with boundary 90, v is the
outward unit normal to 9Q), u°? is a measurement of the sate variable u at t = T, and ug is
a given function modeling the initial conditions. The set L?(Q)) is the Banach space of all
functions from Q) to R that are square integrable on (2 in the sense of Lebesgue.

The state system (2)—(5) is a mathematical model introduced to study the dynamics of
disease transmission in a population distributed over the spatial domain () and partitioned
into two classes of individuals: susceptible (with density u1) and infective (with density u5).
Basically, the the following assumptions on the behavior of populations are considered: the
susceptible individuals in the population can contract the disease from cross contacts with
infected individuals, which is modeled by the term B¢ (11, up) with B the transmission rate
coefficient; the infected individuals who are recovered are not immune and can contract
the disease, which is described by the term yu,, with 7 the recovery rate coefficient; the
space domain () is closed during the infection disease process, in the sense that there
is neither emigration nor immigration through d(}, which is described by the boundary
condition (4); and the spreading of the disease is also occasioned by the movement of
individuals on the domain, which is modeled by diffusion terms with identity diffusion [7,8].
We remark that, in the recent literature, there have been other proposals for the dynamics of
disease transmission that use advanced concepts of mathematical analysis; see, for instance,
refs. [9-16] for fractional calculus approaches.

The current analysis of reaction-diffusion equations can be developed by using several
mathematical methods, including, for instance, semigroup theory, fixed point theory, the
variational formulation approach, and symmetry-based methods. Particularly, related with
the symmetry analysis of reaction—diffusion, we refer to [17-21], where some reaction—
diffusion systems with nonlinear structures similar to (2)—(5) are studied.

The optimization problem (1)—(5) is the reformulation, as an optimal control problem,
of the inverse problem arising in the problem of coefficients identification from measure-
ments of the state variables at the end time of the process. Notice that the cost function,
given in (1), is more appropriate for determination of rates 8 and <, since the first term of |
is a comparison of the state solution and the observation in the L? norm and the second
term is a regularization term, where ¢ is a parameter to be appropriately selected in order
to obtain a unique solution of the optimization problem.

Recently, several works related with the control problem and parameter identification
problems in epidemiological compartmental models (SIS and SIR) were developed [8,22-26].
In [8], the authors obtained results for the one-dimensional case, which were extended
to the multidimensional case in [22,23]. In [24], a generalized SIR model for indirectly
transmitted diseases was considered, and the authors proved results for the existence of
optimal solutions, a first-order optimal condition, and the local uniqueness of the coefficient
identification problem. In [25,26], the authors study the optimal control problems in SIR
models related with vaccination such that the control variable force immunity. In a broad
sense, we should emphasize that the results in [8,22-24] are deduced by assuming that the
coefficients and the initial condition belong to appropriate holder spaces.

The main objective of this result is the extension of the results given on [8,22-24] to the
case when the coefficients belong C?(0)? and the initial condition belongs to the Sobolev
space H2(0)2.

In this paper, our analysis of the control problem (1)-(5) is given by the applica-
tion of Dubovitskii and Milyutin’s methodology [27]. In order to formulate the optimal
control problem in the context of Dubovitskii and Milyutin formalism, we begin by re-
calling the standard notation for the function spaces which are used to analyze parabolic
Equations [28-31], then we rewrite (1)—(5) in terms of some appropriate operators. Concern-
ing the Banach spaces that are considered in the analysis of the well-posedness of (2)—(5),
we consider the following notation:
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@) ={f:0-Rr :

1/
Ifleiey < € Il :—{ (o lFOPYP pe,ol, (6a)

ess sup,cq|f(x)| p=co,

W"Z"’(Q):{f:Q—HR : D"‘feL”(Q),V|a|:O,...,m}, ae (NULOD, |a| = |ag|+...+|agl,  (6b)

H™(Q) = W™(Q), H=L*Q)% where H' is the topological dual of H, (6¢)
W2(0, T; H) = { feL?0,T;H) : fieL0,T; H’)}, If w20, mm) = 2y + Ifell 2y (6d)
L(T,Q) = L2(0,T; H*(Q))> N L*(0, T; H'(Q))>. (6e)

In order to introduce the terminology and notation of Dubovitskii and Milyutin’s
theory, we define the set of functions E and E by the following relations:

E=WY(0,T;H)? x L>(Q0)%, E=L(T,Q) x H*(OQ)?, @)

Additionally, we define the operator M : E — E such that:

M(u/ ;Bf (Y) = (lplr 1‘/)2/ lp3/ l)b4) (8)
if and only if:
oy — Auq + B(x)p(ur, uz) — y(x)up = ¢y, in Qr, 9)
Ottty — Ay — B(x)Pp(uq,uz) + y(x)uz = o, in Or, (10)
Vu1 V= Vuz V= O, in FT, (11)
(u1,u2)(x,0) —up(x) = (Y3, 94), on Q). (12)

Hence, we have that | : E — R, and we can rewrite (1)—(5) as the following optimization
problem:

o0 T ), D {(wpy) €E : M(up7) =0} (13)
Notice that the system (9)—(12) is reduced to the system (2)—(5) when ¢; = Ofori =1,...,4. Re-
cently, in [32] and [33], an application of Dubovitskii-Milyutin formalism to control problems
for a reaction—diffusion modeling of the solidification phenomena and the pest—predator—
plants ecosystem under the assumptions of Lotka—Volterra competence, respectively.

The main contributions of this paper are the following four results: (a) the existence
and uniqueness of a positive solution of system (2)—(5); (b) existence of optimal solutions;
() the explicit calculus of descent and dual cones of | and other differentiability properties
of the operators M; and (d) the introduction of a first-order optimality condition, which is
characterized in terms of the optimal solution, the state system, and their corresponding
adjoint system. The results are deduced by considering the following assumptions on the
coefficients, the spatial domain, and the data:

O c R¥isan open and bounded set of C* class, (14)
uoeuoz{(u,v)€H2(Q)2 : Vu-v=Vo-v=0 ondQ }, up(x) >0 onQ), (15)
(B.7) € Una = {(B.7) € CQ? : (B,1)(x) € [B1,B] x [11,77] 0,12 on @ |, (16)
u’s c 12(0)2 (17)

In (15) the notation ug(x) > 0 is used for ujp(x) > 0 and uyy(x) > 0. Moreover, we
comment that the local uniqueness can be deduced by following the recent results given
in [22,23].
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2. Well-Posedness of State System (2)—(5)

The proof of the well-posedness will be developed following the ideas given in [26,33,34],
where the authors applied the theory of evolution equations in Banach spaces [35-37]. More
specifically, we apply the following theorem.

Theorem 1 ([35], Proposition 1.2, p. 175). Let X a Banach, A : D(A) C X — X be the
infinitesimal generator of a Co-semigroup of contractions on X, f : [0, T] x X — X be a function
which is measurable in t and is Lipschitz in x € X uniformly with respect to t € [0, T]. Ifyo € X,
then the initial value problem:

y'(t) =Ay(t) + f(ty(), te[0T], (18a)
y(0) = vo, (18b)

has a unique mild solution y € C([0, T]; X). Moreovet, if the assumptions X is a Hilbert space, A
is self-adjoint and dissipative on X, and yo € D(A) are satisfied, then the mild solution is a strong
solution such that y € W2(0, T; X).

Theorem 2. Consider the notation (6). If the assumptions (14)—(16) are satisfied, the system (2)—(5)
admits a unique positive global strong solution u € W'2(0,T; H)? such that u € L(T,Q).
Furthermore, the estimate:

[9rull 202 + [all 20 msm2 )2 + (o D) [ ) + [[all e (g2 < C, (19)
is satisfied.

Proof. We rewrite the system (2)—(5) in the context of Banach spaces. Let us consider the
following notation:

y=(u,u2),  y° = (u0,t), H=1%0)?  A:D(A)CH—H, (20)
Ay = (Ay1,Ayp), Yye D(A) = {y c HZ(Q)2 : Vy1-v=Vy,-v=00n BQ}, (21)

Flty(6) = (= BEPW1 (5, 32(8) + 1 (x)ya(), BRI (1), 12() — (X2 (1)) 22)

We observe that the initial boundary value problem (2)—(5) can be rewritten as the abstract
Cauchy problem (18), but we can not apply the Theorem 1, since f is not Lipschitz in the
second variable. Then, we consider the truncated Cauchy problem:

d
VN0 = Ay () + NN ), te0T] (23a)

yN(0) =", (23b)
where fN is defined in terms of the function f and N > 0, as follows:

_{ f(by(®), y(t) € [-N,NP?,
fN(t/y(t)) - { f(t,g(t)), g(t) c RZ o [—N,N]Z, (23C)

where
9(t) = ((min{|ya(£)], N} sgn(ya (£)), min{|y2()], N} sgn(ya(#)) ).

We notice that the function fV satisfies the hypothesis of Theorem 1, and consequently,
(23) admits a unique strong solution yN € W'2(0,T; H) with yN € L2(0, T; H*(Q))? N
L>(0, T; H(Q))>2.
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Let us prove that that yV is bounded on Q. Let us consider the following notation:
M = max { ||Vl o), ¥ Iy} A:D(A) S LAQ) = 12(Q),  (24)
Ay=Ay VyeD(A) = {yeHZ(Q) : VyszonBQ}, (25)
{S (t), t > O} the Cp-semi-group generated by the operator A, (26)
then, for i = 1,2, we can deduce that the functions YN (x, t) = yN (x, t) = Mt + [|[y°|| 1)
are solutions of the following initial value problems:

;th () =AYNH + NEyN@)£M, teo,T], (27a)

YY(0) = 7 £ 1y Iy (27b)

for i = 1,2. The mild solutions of (27) are given by:

YN0 =50 ( = 1¥limiey) + [ S=9) (A GyNEe) = M)ds, @)

for i = 1,2. The relation (28) implies that yN (¢, x) € [— —|ly° | oo (), Mt + |y° () }
for (x,t) € Qr, since, by the definition of M, we can deduce that y? — [|y?||.~(q) < 0,
NG yNGs)-M <0, 9+ ||y?||Loo(Q) > 0, and fN(s,yN(s)) — M > 0. Thus, we have
deduced that yN € L*(Qr).

Let us prove that yN is positive on Qr. From (23), we have that:

ayy — AyY = =By, v3) + v(x)yY, in Qr, (29)
ayy — Ayy = Bx)pyY, vd) — v(x)yy, in Qr, (30)
VN v =VyY v =0, inTr, (31)
(v, y5) (x,0) = (u0, u20)(x) := wo(x), on Q). (32)

Let us introduce the following notation:
N = ) =) N (%) = sup {y¥ (6,%),0}, (1) (tx) = —int {yN(t,x),0},
for (x,t) € Qr and i = 1,2. Multiplying (30) by (y))~ and integrating on ), we obtain:
1d N2
- m(/ () dx)
—/ ]V v2) \ dx+/ B, v2) (1) dx—/ﬂv(x)yz (y2') dx

_/ ‘V v2) ‘dx+/ B)or v ) (12 dx+/ yé_\l)f)zdx

—/Oﬁ(x)yyyiyg,((yy)) dx > —ﬁ*/ﬂ (63)7) 2ix.
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By application of Gronwall inequality, we obtain that (y)) ™ (x, ) = 0 on Qr, which implies

that yé\] (x,t) > 0 on Qr. Similarly, multiplying (29) by (y{\l )~ and integrating on ), we

deduce the following inequality:

2
= [ Vo) [ax— [ Bed v+ [ v o) dx
2
> _g* Ny\—
> —p O((yl) ) dx,
which implies that (y)¥) = (x,) = 0 on Qr, and consequently, yN(x,t) > 0 on Q7. Thus, we

deduce that y" is positive on Qr.
From (2) and integration by parts, we obtain:

Ik
= 2/Ot /Q dsu1Auqdsdx + '/Ot /Q (— B(x)p(uy, uz) + ’y(x)uz)zdsdx

= —2/Q ‘Aul‘zdx + 2/Q ‘Aulo‘zdx + ./O.t /Q (— B(x)p(ug, uz) + ’y(x)uz)stdx. (33)

2 t 2
o dsdx+/0 /Q Ay [ dsctx

Similarly, Equation (3) implies that:

b

= 2/0 ’Auzo’zdx—i-/ot/o (,B(x)gb(ul,uz) —'y(x)u2>2dsdx. (34)

2 t 2 2
asuz‘ dsdx+/ / ’Au2’ dsdx+2/ ’Auz‘ dx
0 JO Q

Then, using the facts that ug € H*(Q)?, (B,) € U,y and u is bounded on Q1, we deduce
that u € L(T, Q) and clearly (19) is satisfied. [I

3. Existence of an Optimal Solution

Theorem 3. If the assumptions (14)-(17) are satisfied, the optimal control problem (13) admits at
least one solution.

Proof. Let us consider the notation | = inf{J(u,8,&) : (u,B,a) € D}, where u is the cor-
responding solution of (2)-(5) for (B, a) € U,;. We observe that ] is finite, and consequently,
there exists a sequence (u”, 8", a") € E such that:
T<I(u", B a) < T+ (35)
and satisfying the identity M(u", p", &™) = 0.
Let us study the compactness of the sequence u”. We observe that the relation
M(u", p", a") = 0 is equivalently to:

oruy — Auy = —B"(x)p(uy, uz) + 7" (x)uz, in Qr, (36)
druy — Auy = B (x)p(uf, uz) — 7" (x)uz, in Qr, (37)
Vul -v=Vuj-v=0, inTT, (38)
(u7,uz)(x,0) = (u10,u20)(x) := uo(x), on Q). (39)
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Then, by application of Theorem 2 to system (36)—(39), we have that u” € L(T,(}) and that
it satisfies the following estimates:

||atun||L2(QT)2 <C ”un”LZ(O,T;HZ(Q))Z <C ”un('rt)HHl(Q) <C ”un”L‘”(QT)Z < C. (40)
Moreover, we note that:
|0 x)dx = [ () ()
t
+2 [ [upug - B g, ug)ut + " (g ] dxdz, @)
20 = [ (02 (x)dx

t
2 [ [ [yl + oG, uyud -9 (yudal|dxde,  42)

for all t € [0, T], by testing (36) and (37) by u} and u}, respectively. Then, from (40),
the relations (41) and (42), we obtain:

<Cls—t|, i=12. (43)

J ) = [ (s, x)dx

QO

Thus, we deduce the following two compactness properties related to the sequence u” : (i)
u” (-, t) is compact in L2(Q)? and (ii) u” is compact in C([0, T]; L>(Q2))?. The first result is
deduced from (40) and the compact embedded of H'(Q) in L?(Q)) and the second ones is
proved by (43) and application of the Ascoli-Arzela Theorem.

From the compactness results, the estimates (40), and the definition of i/,;, we deter-
mine that there is (u, 8, %) € E and a subsequence of the minimizing sequence, denoted
again by (u", ", a""), such that:

u" — U in L2(Q)? uniformly with respect tot, Au" — Au in L2(Qr)?,  (44)
ou" — 9/ in L2(Qr)?, u' —u inL?(0,T; H2(Q))?, (45)
u" =1 inL2(0,T; H2(Q))?, (B",a") — (B, &) in L®(Q)2. (46)

Hence, passing to the limit in (36)~(39), we obtain that (u,B,®) € D, and from (35), we
deduce that | = (u,B,x). O

4. Some Fundamental Results for Dubovitskii-Milyutin Formalism Application

Theorem 4. Consider the application M given on (8)—(12) and defining the constraint of the
problem (13). Then, the following assertions hold:

(a)  The descent and dual cones of | are defined by the following sets:
DC(J, (u,B,7)) = {(ﬁ,m) €E : <u —uObs,ﬁ> +5<<V(ﬁ,7),V(/§,’7)>> < o},
[DC(, ()] = {-AT: A 2 0).

Hereinafter < -, > and << -,- >> are the canonical inner products of L*(Q)) and L?(Q)?,
respectively.
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PN

(b) M is Gateaux differentiable with Gateaux derivative M, satisfying M (u, B,v) (4, B, §) =
($1, P2, 3, 4) for any (w, B, ) € E if and only if:

iy — Aty + B(x)V(u) - &+ B(x)p(u) — y(x)dy — 4 (x)uz = 1, nQr, (47)
ity — Aty — B(x)V(u) - & — B(x)p(u) + y(x)ly + (x)uz =, inQr, (48)
Vi -v=Vily-v=0, inTr, (49)

(011, 2)(x,0) = (3, Pa), on Q. (50)

(c) M is strictly differentiable and M’ (u, B,y) = M (u, B,y) is a surjective operator.
(d)  The tangent and dual cones to the set D at (4, B, %) are given by the following sets:

TC(D, (u,B,7)) = {(WB,9) € E : M'(u,B,7)(4,p,9) =0}, (51)
TC(D, (w, g, 7)) = {g € E' : g(8,4,9) =0, ¥(&B,9) € TC(D, (u,$,7)}, ()
respectively. Moreover, TC(D(4, B,%)) is a vector space.

Proof. [(a)] From the definition of ] given on (1), we deduced that | is Gateaux differen-
tiable and continuous, and therefore, it is Frechet differentiable and ]’ is defined by:

J'(w,B,7)(0,8,7) =2(u—u",w) +26((V(B,7), V(BA))). (53)

Moreover, ]’ is a convex and continuous operator, then from Theorem 7.3 of [27], we deduce
that | is regularly decreasing for all (i, 3,%) € E and

DC(], (u,,7) = {(ﬁ,ﬁ,w €E ¢ J(upm@pY) <0f
={@pn ek : 2(u—ua)+25((V(g), V(B D)) <0},

since DC(J, (u, B,7)) is given the continuous linear functional J'(u, B, ), its dual cone is
defined by

~€z

e, @ p)| ={-A@pr) : Azo},

for details, we refer to ([27], p. 69).

[(b)] Considering the notation M := M(u + k@, 8 + kB, v + k%) — M(u, B,~) and
using the definition of M given on (9)-(12), we obtain that the components of M are given
by:

OMy =kdyity — kAdiy + [(B + k) (x)p(u + kat) — B(x)p(w)]
— [(r 12 (x) (2 + i) — ()],

SM, =k, — kAtly — [(B +kB) (x)p(u + ktt) — B(x)¢p(u)]
[y + Kk9) () (2 4 Kita) = ()],

5M3 :kﬁl(x, 0), (5M4 = kﬁg(x, 0).

Then, using the relations for ; considered on system (47)—(50), we deduce that:
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DN 1 =2 [(B+kB) () k) — BIg()] — 1 [(+ K9) () (w2 4 i) — ()]
— B)V(u) - & — Bx)p(w) + 7 (x)it2 + T (), (54)
T = (B B ()t k) — B9 + & [(7 k9 () 12+ i) — 1 (x)]
+ B V() - @+ Blx)p(w) — ()it — F(x)ua, (55)
leb—l/}s %—IIAM—O (56)

We observe that the following identity:

% [(g + k&) (x)H(a + ka, b+ kb) — z;(x)H(a,b)}
B H(a+ka,b+kb) — H(a,b+kb) (a,b+kb) — H(a,b) | ;
={(x) Wi ki—a +€(x>l b b

+{(x) H(a+ka,b+kb),  V(ab,a,b)c R, Vk>0,

is valid for any functions H : R> — R and {,{ : R — R. In particular, for the case of

(H,0,8) = (¢(u), B, B) and (H,{,{) = (uz, v, 7), this implies that

LI(B+KB) (x)p(u + k) — B(x)p(w)]

. (P(ll'i‘kﬁ) —<p(u1,u2+kﬁ2) ([)(ul,uz-i-kflz) —qb(u) o+ B u a

N ‘B(X) < uy + kit — uq ! Uy + kily — up ) + ,B(X)4)( +k ), (57)
L+ K9 () 02+ Joa) — ()] = 7012+ 5(x) (2 + ), 58)

respectively. Now, replacing (57) and (58) in (54) and (55), and using the fact that:
(¢>(u + k) — p(uq, up + ki) ¢(uq, up + kilp) — ¢(u) ) — Vo(u)

u +kﬁ1—u1 ! u2+k122—u2

lim
k—0

:0,
E

we deduce that |[0M/k — (1, §2, 3, P4)||z — 0, when k — 0. Hence, by the Gateaux
derivative definition, we conclude the proof of item [(b)].

[(c)] We prove that M is a surjective operator, by arbitrarily selecting (11, 1, 113, 1i4) € E
and then applying similar ideas to Theorem 2 to deduce that the solution of (47)—(50)
belong to (i1, 1) € Wlfz(O, T, H )2. Furthermore, using the facts that M’ is continuous, to
obtain that M is strictly differentiable is enough to prove that the application (u, 8, y) —
M'(u, B,7) is continuous or equivalently that M’(u, 8,7) is bounded in E, which can
be deduced by the definition of the norm in E and the continuous Sobolev inclusion
H2(Q) C L*(Q).

[(d)] From the items (b) and (c) of Theorem 4, we have that M is is Gateaux differen-
tiable and in a neighborhood of (1, B, %), and M’ (4, B, %) is continuous in a neighborhood
of (@, B, %) and surjective. By applying the Theorem of Lyusternik (see for instance [38])
we obtain that D at (u, B, ) is the kernel of the operator M’ (u, B, ) and is given by the set
defined on (51). In particular, TC(D, u, , ) is a vector space, since is the kernel of a linear
operator. Meanwhile, the proof of (52) is a consequence of the definition of dual cone. O
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5. First-Order Necessary Optimality Condition and a Uniqueness Result

Theorem 5. Let us consider the hypothesis of Theorem 3. If (4, B,7) is a solution of the optimal
control problem (13), then there exists a p = (p1, p2) € L®(Qr)? solution of the following system:

dtp1+ Apr = —B(x)019(W) (p1 — p2), in Qr, (59)
dtp2 + Apa = [B(x)da¢ (W) — 7(x)] (p1 — p2), in Qr, (60)
Vp1-v=Vpy-v=0, inI't, (61)
p(x, T) =a(x,T) — u’®(x), on Q, (62)

such that the following inequality:

T — — 5 - —
| LAG=-nom - @-B@mem@) (¢ - p2) v
+6((V(B1),V(B-BT—7)) =0, (63)
is satisfied for any (B, ) € Uyg.

Proof. To prove the existence of solutions for (59)—(62), we adapt appropriately the corre-
sponding proof given in ([8], Theorem 3.3), which, in a broad sense, consists of the following
three steps: (i) transform the system (59)-(62) in an initial boundary value problem by intro-
ducing the change of variable s = T — t and for (x,s) € Qr, such that w(x,s) = p(x, T —s)
and u(x,s) = u(x, T — s); (ii) the existence of a solution for the transformed system (conse-
quently, for (59)—(62)) is deduced by applying similar ideas to those used in the proof of
Theorem 2; and (iii) the fact that p € L®(Qr)? is a consequence of H? energy estimates and
the continuous embedding of H?(Q) in L®(Q)).
If (6, B,7) is an optimal solution of problem (13), we have that:

DC(J, (@, ,7)) NTC(D, (4,B,7)) = ©.

Then, by the Dubovitskii and Milyutin Theorem [27], we have that there exist two continu-
ous functionals g1 € [DC(], (u,B,7))]* and g» € [TC(D, (u,B,7))]*, not both identically
zero, that satisfy the Euler-Lagrange equation:

§1+82=0. (64)

Opity — Aty + B(X) V(@) - & + B(x)p(W) — ¥ ()il = F(x)iz =0,  inQr,  (65)
it — Aty — B(x) V(@) - & — B(¥)9(a) + T(x)i2 + H(X)T =0,  inQr,  (66)
Vﬁl V= Vﬁz V= 0, in FT, (67)
a(x,0) =0, on (). (68)

~ We notice that the application of Theorem 4 implies that (&,  — B, 7 —7) € TC(D,
(u,B,7%)), and consequently, g>(i, B — B,% — ) = 0. From the characterization of decent
and dual cones given on Theorem 4 it follows that:

a@B—B7-7) = ME—u"a) +A((VEM), VBB T-7))) >0

for some A > 0. We note that A # 0, since if we assume that A = 0, we have that g1 = 0, and
from Equation (64), we deduce that go = 0, which is a contradiction with the Dubovitskii
and Milyutin Theorem. Moreover, we have that:

(@—ua) +6((VBTVB-BT-7)) 20 (69)

A
\
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by dividing (64) by A and we have fixed A = 1, for presentation convenience.
On the other hand, by multiplying the first and second equations of system (59)-(62)
by #i; and ily, respectively, and integrating by parts over Qr, we obtain:

/Q (1 (6, T) — w8 (x) ) (v, T)dx

- /QT { [atﬁl — Afly — B(x)aﬂp(ﬁ)al} m +B(x)al¢(ﬁ)a1p2}dxdt (70)
/Q (a0, T) — g (x) ) o v, T)dx

=/, {92 = 8tz + (Boag (@) — 7 ) o] po — (Boag(@) —7) fiopn paxat.  (71)

Summing (70) and (71) and using Equations (65) and (66), we obtain:

—
—
L
=

1 — Aity — BVG(R) - 6+ Tila | p1 + |94fiz — Ay + BYG(T) - 1 — Ty | py f e

{[- B-P@o@ + (7 -M@m|pr+ (B B)(x)(@) — (7~ ) (x)2] p2 pexdt

L L A(G-D0m — - Bg®) (1~ p2) Jaxit -

Thus, replacing (72) in (69), we deduce (63). O

Using the properties of u and p and the first-order optimality condition, we can prove
the continuous dependence of state variables and adjoint system solutions with respect to
the coefficients and observation functions, and we can also deduce the local uniqueness of
the optimal control problem. More precisely, we obtain the theorem.

Theorem 6. Let us consider the hypothesis of Theorem 3 and the notation of Theorem 5. Then,
the following mappings:

(B, ) = u from U,y C [L?(Q)]? to L®(0,t; L%(Q))?,
(B, 7, u’) = p from Uy (Q) x L2(Q) x L2(Q) C [L2(Q)]* to L*(0, t; L2(Y)),

are continuous for almost all time t in [0, T]. Moreover, given ¢ = (c1,¢2) € R2 (fixed), there
exists 7 € R such that the solution of (13) is uniquely defined, up an additive constant, on the

set U (QY) = {(ﬁ, Y) € Upa(Q) = [ (B, 7)dx = c} in the L?(Q) sense for any reqularization
parameter 'y > 7y.

Proof. We omit the details of the proof, since it can be deduced by a straightforward
application of the proof of ([22], Theorem 2.2, items (iv)—(vi)). O

6. Conclusions

In this paper, we present the application of the Dubovitskii and Milyutin Theorem for
a control problem arising in the parameter calibration of an SIS reaction-diffusion model.
The observed data consist of the profiles for state variables (susceptible and infective
densities) on the spatial domain at the end of the disease process. The parameter calibration
or the identification problem is formulated as an optimal control problem where the cost
functional consists of two terms: a comparison of the model solution with the observed
data in the L? sense and a regularization term. We have assumed the following behavior
of domain and data: the behavior of the transmission dynamics is developed under the
requirements of an SIS model; the spatial domain where the epidemics occur is an open and
bounded set; neither emigration nor immigration through the boundary spatial domain
take place during the disease process; the initial conditions are positive and belong to
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H?Z; the admissible set is a subset of the continuous functions; and the observed data are
L? integrable functions. Thus, we have deduced the following results: the existence and
uniqueness of a positive solution of the state system; the existence of optimal solutions;
the explicit calculus of descent and dual cones of cost functional and some differentiability
properties; and the introduction of a first-order optimality condition, which is characterized
in terms of the optimal solution, the state system and their corresponding adjoint system.
Moreover, we have observed that a local uniqueness result can be proved.

This paper generalizes the results of [8,22,23] in the sense that the assumption “the
initial condition and coefficients belong a Holder space” is replaced by “the initial condition
belongs H? and coefficients are continuous functions”. However, the paper also considers
the case of strong solutions. Thus, it will be interesting to study the case of the parameter
identification problem for an SIS reaction—diffusion model in the context of weak solutions
in a future work.
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