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Abstract: As a top-down holographic approach, the D4/D8 model is expected to be a holographic
version of QCD, since it almost includes all the elementary features of QCD based on string theory.
In this manuscript, we review the fundamental properties of the D4/D8 model with respect to the
D4-brane background and the embedding of the flavor branes, holographic quark, gluon, meson,
baryon and glueball with various symmetries; then, we take a look at some interesting applications
and developments based on this model.
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1. Introduction

Although it has been about 25 years since the proposal of AdS/CFT and gauge—
gravity duality with holography [1-3], it continues to attract great interest today. The most
significant part of AdS/CFT and gauge—gravity duality is that people can evaluate strongly
coupled quantum field theory (QFT) by quantitatively analyzing its associated gravity
theory in the weak coupling region. Thus, it provides a holographic way to study strongly
coupled QFT, in which traditional QFT based on the perturbation method is out of reach.
Accordingly, a large number of publications on strongly coupled QFT through AdS/CFT
and gauge-gravity duality have appeared, for example, on the Wilson loop and quark
potential [4-6], the transport coefficient [7-9], the fermionic correlation function [10,11], the
Schwinger effect [12], quantum entanglement entropy [13,14] and quantum information on
black holes [15], which have become most remarkable works in this field.

On the other hand, QCD (quantum chromodynamics), as the fundamental theory
describing the property of strong interaction, is extremely complex in the strong coupling
region, especially at a finite temperature with dense matter, due to its asymptotic free-
dom [16,17]; hence, the holographic version of QCD is naturally becoming an interesting
topic. While there are several models and theories attempting to give a holographic ver-
sion of QCD (e.g., bottom-up approaches [18-20], the D3/D7 approach [21], the D4/D6
approach [22]), one of the most successful achievements in holography is the D4/D8
model (also called the Witten—Sakai-Sugimoto model) [23-25], which includes almost
all the elementary features of QCD in a very simple way, e.g., mesons, baryons [26-28],
glueballs [29-32], deconfinement transition [33-35], a chiral phase [36,37], a heavy fla-
vor [38-40], a 8 term and QCD axion [41-45], and a nucleon interaction [46-52]. The D4/D8
model is based on the holographic duality between the 11-dimensional (11d) M-theory on
AdS; x $* and the V' = (2,0) super conformal field theory (SCFT) on N, M5-branes [53].
By using the dimensional reduction in [23,54], it reduces to the correspondence of the pure
Yang-Mills theory on N, D4-branes compactified on a circle and 10d IIA supergravity
(SUGRA). Flavors as Ny pairs of D8- and anti-D8-branes (D8/ D8) can be further introduced
into the geometric background produced by the N. D4-branes, so the dual theory includes
flavored fundamental quarks, which would be more close to the realistic QCD. Moreover,
as the D4/D8 model is a T-dualized version of the D3 /D9 system [55], the fundamental
quark and meson in the D4/D8 model can therefore be identified to the 4-8 (The 4-8 string
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refers to the open string connecting the N D4-brane and N f D8-branes; it is similar for, e.g.,
the 8-8 or 4-8 string.) and 8-8 strings, respectively, by following the same discussion in
the D3/D9 system [55]. Moreover, the baryon vertex is identified as a D4-brane wrapped
on S$* [26], and the glueball is recognized to be the bulk gravitational polarization [29,30].
The chiral phase is determined by the embedding configuration of the D8/D8-branes due
to the gauge symmetry on their worldvolume [56], while the deconfinement transition is
suggested to be the Hawking—Page transition in this model [33-36]. Altogether, this model
includes all the fundamental elements of QCD; thus, it can be treated as a holographic
version of QCD.

In this review, we revisit the above properties of the D4/D8 model, then take a brief
look at some recently relevant developments and holographic approaches with this model.
The outline of this review is as follows. In Section 2, we review the relation of 11d M-theory
and IIA SUGRA with respect to the case of the M5-brane and D4-brane. Afterwards, we
review the embedding configuration of the D8 /D8-branes to the D4-brane background and
the holographic quark, gluon, meson, baryon and glueball with various symmetries, which
are all the relevant objects in hadron physics. In Section 3, we review several topics about
the developments and holographic approaches of this model, which include deconfinement
transition, chiral transition, the Higgs mechanism and heavy-light mesons or baryons,
interactions involving glueballs and the QCD 6 term in holography. In the Appendixs A, B
and C, we give the general form of the black brane solution in type Il SUGRA, the relevant
dimensional reduction for spinors and discussion about supersymmetric mesons, which
are useful to the main content of this paper.

2. The D4/D8 Model

In this section, we revisit the D4-brane background and the embedding of the probe
D8/D8-branes. Then, we review how to identify quarks, gluons, mesons, baryons and
glueballs with various symmetries in this model.

2.1. Eleven-Dimensional Supergravity and D4-Brane Background

The D4-brane background of the D4/D8 model is based on the holographic duality
between the type N/ = (2,0) super conformal field theory (SCFT) on coincident N. M5-
branes and 11-dimensional (11d) M-theory on AdS; x $#[53]. In order to obtain a geometric
solution, the effective action of the M-theory is necessary, which is known as the 11d
supergravity action. In the large-N; limit, the geometric background can be obtained by
solving its bosonic part, which consists of a metric (elfbein) and a three-form Cs: [57],

1 1 1
S&UGRA = 2l /dnx\/ —g[R(H) - 2|F42} - W/(% NFy N Fy, ¢))
11 11

where Fy = dCs. The convention in (1) is as follows. R(11) refers to the 11d scalar curvature;
%11 is the 11d gravity coupling constant, given by

1 9
2

where Gpj is 11d Newton’s constant and I, is the Planck length. The quantity |F \2 can be
obtained by a general notation of an n-form F:

2 1 AB _AB, _AB
‘Fn| - ﬁg ! 1g 2 2g ! nPAlAz...AnFB]Bz...Bn/ (3)

where gap refers to the metric on the manifold. We note that in (1), the last term is a
Chern-Simons structure. which is independent on the metric or elfbein, while the first term
depends on the metric or elfbein through the metric combination

S4B = 4 11apC%. 4)
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The solution for extremal coincident N. M5-branes is obtained:
_1 2
ds3 g = Hs(r) SymndxMdxN + I{35(r)3 (dr? +r2dQ3), )
3rg

3
s
Hs(r) = 143, ("Fa),010.5 =

T A2
r*Hg

where r denotes the radial coordinate to the M5-branes and M, N run over the M5-branes.
Using the BPS condition for M5-brane,

2« TmsNe = /5 o (6)
which leads to
r3 = N, 7)
where T5 = m refers to the tension of the M5-brane. Taking the near-horizon limit
P

3
Hs — % and replacing the variables

{7,75,96",04} — {rz,g,lxi,lﬂz;}, (8)

the metric presented in (5) reduces to
2 r* MoN Lo TP
dslld = ﬁﬂMNdx dx + 77 (d?" + 4d04>, (9)

describing the standard form of AdSy x S4, where the radius of $* is L/2. In addition,
the action (1) also allows for the near-extremal M5-brane solution, which, after taking
near-horizon limit and replacement (8), is

2

2 ..
Aty = 52 [~ f(r) (d20)? + E0, dxiaxl] + B [ 4% 4 7d03],
6
f) =1-1%,

The constant ry refers to the location of the horizon, which can be determined by
omitting the conical singularity,

(10)

2
By = 2L (11)

31’H !

where Br is the size of the compactified direction x.

In order to obtain a QCD-like low-energy theory in holography, Witten proposed
a scheme in [23] based on the above M5-brane solution. Specifically, the first step is to
compactify one spacial direction (denoted by x°) of M5-branes on a circle with periodic
condition for fermions, which means the supersymmetry remains. Accordingly, the resul-
tant theory is a supersymmetric gauge theory above the size of the circle. Then, recalling
the relation between M-theory and IIA string theory, the 11d metric presented in (9) or (10)
reduces to a 10d metric,

2
dstq = e~ 30dsTyy + e3¢ (dx"), (12)

with the nontrivial dilaton ¢? = (r/ L)3/ 2. For later use, let us introduce another radial
coordinate, U € [Upy, ), as follows:
2

U=, L=2R (13)

So, in the large N, limit, the 11th direction x° presented in (12) vanishes due to (7) and (8),
which means the coincident N, M5-branes correspond to coincident N, D4-branes for
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N¢ — oo. In addition, the remaining 10d metric in (12) becomes the near-extremal black
D4-brane solution (the extremal D4-brane solution can be obtained by setting Uy — 0):

3/2 5 . 3/2 ,

u 4 R au 2
it = (1) o] (8) ],
u3 _ 4
frU) =1 G F =3B eu, et = ()7, R = mgNel3
where ¢ refers to the volume form of a unit S*. Once the formula (12) is imposed to action
(1), the 11d SUGRA action reduces to the 10d type IIA SUGRA action exactly, which is
given as follows (there could be a Chern-Simons term to the IIA SUGRA action (15), such
as Séosd = — 4;3? f By A\ Fy A Fy with By = Ayuys. For the purely black brane solution, the

B, field can be gauged away by setting B, = 0, which implies that this CS term could be
absent in 10d action [53,57]):

gloa _ 1 / d10xy/=Ge 2 [RU0) + 49,92¢) - ﬁ / A% /—G|EP  (15)
10

IA — 5.2
2K10

where 23, = 167Gy = (2n)7l§g§ is the 10d gravity coupling constant. It would be
straightforward to verify that the solution (14) satisfies the equation of motion obtained by
varying action (15).

The next step is to perform the double Wick rotation {x? — —ix*, x* — —ix%} on the
metric (14), leading to a bubble D4-brane solution,

dhoq = (H)" [mwsterax’ + pan(aey’] + (8) [+ weaci],
fay =1-,

which is defined only for U € [Ukg, o). We renamed Uy as Ugg in (16), since there is not a
horizon in the bubble solution, as illustrated in Figure 1.
4

/_)f_\ X4
/’—’\
U U
’—”- ..~~‘

Figure 1. The compactified D4-brane geometry on U — xt plane. (Left) The black D4-brane back-
ground geometry. (Right) The D4 bubble geometry.

Now, the direction of x* is periodic:

4 3/2
2t 4nR (17)

4 4 4 5.4
X* ~xT 407, 0xF = = ,
Mgk 3UY2
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Sp,

because it is identified as the time direction in the black brane solution (14). Mgk refers to
the Klein—Kaluza (KK) energy scale, and the supersymmetry on the D4-branes breaks down
below Mgk by imposing the antiperiodic condition to the supersymmetric fermions along
x*. Accordingly, the low-energy zero modes on the D4-branes are the massless gauge field
on the D4-branes and the scalar fields as the transverse modes of the D4-branes. While the
scalar fields acquire mass via one-loop corrections, the trace part of the scalars ¢ and gauge
field along x* direction a4 remain massless. As they give irrelevant coupling terms in the
low-energy effective theory on the D4-branes, it means that the dual theory below Mgk only
contains 4d pure Yang-Mills gauge field, as expected. Note that the three-form C3 in 11d
SUGRA (1) corresponds to the Ramond-Ramond (R-R) three-form in type IIA string theory.

Moreover, as the wrap factor (U/ R)S/ % in (16) never goes to zero, the dual theory
will be able to exhibit confinement according to the behavior of the Wilson loop in this
geometry. Since the solution (16) allows for an arbitrarily large period for x°, it implies
that the dual theory on the D4-brane could be defined at a temperature of zero (or very
low). Furthermore, in order to obtain a deconfined version of holographic QCD based on
(16) at finite temperature, it is also possible to compactify one spacial direction (denoted
by x*) of the D4-branes in the background (14) with the antiperiodic condition for the
supersymmetric fermions (there might be an issue if we identify the black brane background
(14) to the deconfinement phase exactly since Wilson loop on this background may not match
to the deconfinement QCD [58,59]. Nevertheless, we can identify the black brane background
(14) to QCD phase at high temperature in which the deconfinement will occur), as is displayed
in (17) and Figure 1. In this case, the Hawking temperature T in compactified background (14)
is given by (11) as

1  47mR3/2
pr=7= SU (18)
H

which can, therefore, be identified as the temperature in the dual theory. The variables in
terms of the dual theory are summarized as

1 S
27 MKKls !

1 2 N 12 2
R = E%T”/ Uk = gg%MNcMKKlszf 8 =

where gy is the Yang-Mills (YM) coupling constant.

(19)

2.2. Embedding the Probe D8/D8-Branes

In the D4/D8 model, there is a stack of coincident N ¢ pairs of D8- and (anti-D8) D§-
branes as probes embedded into the bulk geometry illustrated in Figure 1. The relevant
D-brane configuration is given in Table 1.

Table 1. The D-brane configuration in the D4/D8 model. “-” denotes that the D-brane extends along
this direction.

0 1 2 3 4 5(U) 6 7 8 9
N; D4-branes - - - - -
Ny D8/D8-branes - - - - - - - i R

The embedding configuration of D8/D8-branes is determined by solving the bosonic
action for Dy-branes, which consists of Dirac-Born-Infeld (DBI) and Wess—Zumino (WZ)
terms. The action reads as follows [60]:

= Spp1 + Swz,

Spgr = *TDP po APt lxe=?STr |:\/ det[Eub + EH[(QU — 51])E1b + ZﬂD(/Pah] det(QI])] , (20)
Swz =gsIp, po Y01 Cp—ant1 A o (27a/) " TeF",
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with the D-brane tension Tp, = g;*(277) 7l P~!and ¢® = goe?,

Exp = (Gmn + Bun)0a XM, XN, Eqr = (Gumr + Bmir)0a XM,
Qly = o +2rd [¥1,¥)], Fuy = 9aAp — 9pAa + i[As, Ap), (21)
ab= 01.p, M,N=0,1.d, ,]=p+1,p+2.4d

Here Gyn, Bun and @ refer, respectively, to the metric, the antisymmetric tensor
and the dilaton field in the background spacetime. ¥! refers to the transverse mode of
the Dy-brane under the T-duality. By choosing p = 8, the action (20) leads to the action
for D8-brane on the N; D4-brane background as follows (in the D4/D8 approach, the
antisymmetric tensor By has been gauged away):

Sps = —Tps / dxe ST/~ det[gyy + (270" Fyp] + 52 (270’) g / C3 ATe(FAFAF). (22)
D8

u 3/2 u 3/2
dSZDS = (R) U;lvdxf‘dxv + <R>

3!

Using the induced metric on D8/D8-branes with respect to the bubble D4 back-
ground (16),

3
F(U) (x4’)2+ (R) i) dU? + R¥2U'/2d03, (23)

and the black D4-brane background (14),

dstg = (%)3/2 {—fT(U) (dx0)2 + (Sijdxidxj}

3720, N2 3 (24)
+(%) {(ﬁ) +(§) fT(lu)}dU2+R3/2ul/2dQﬁ,
the DBI action for D8-branes becomes, respectively,
. ) R\3 1 1/2
4 4
= =) 25
Sppr = —gsTpsV3Pale UKKdUU f(U)( ) +(u> | (25)
and
. ) R\ 3 1/2
Sper = —gsTD8V3,3TQ4/ auu? (x4) frl) + (U) (26)
Uy

Here, we use ()4 = 8712 /3 to refer to the volume of a unit S%. Note that the WZ action
is independent on the metric or elfbein. Varying actions (25) and (26) with respect to x*, the
associated equations of motion are, respectively, obtained as

i Ve (5%

and

d U fr(U)x*
et - (8)

As the D8- and D8-branes are the only probe branes, they could be connected smoothly
at the location U = U, which means x4’u:u0 — oo. With this boundary condition,
(27) and (28) reduce, respectively, to the following solutions:

(x4/)2 _ ugf(uo) R3
UBf(u)> UBf(U) — Ugf(Uo)’

=0. (28)

(29)
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and

N2 USfr(Uy) R?
(x ) — WBfr(U) UBfr(U) — US fr(Up) 0

In particular, in the bubble D4-brane background, solution (29) implies x| U—sco,Uy—Ugx =
Ba/4 and x4/|Uo:U1<1< = 0. Thus, x* = B,/4 is a solution to (29) representing D8- and
D8-branes located at the antipodal points of S!, while they are connected at U = Ugg,
because the size of x* shrinks to zero at U = Ugg. On the other hand, in the black D4-brane
background, if Uy = Upy, (30) also implies a constant solution for x*, while the separation
of the D8- and D8-branes could be arbitrary, but no more than B4/2. For Uy > Ugg, Up,
solutions (28) and (29) represent D8- and D8-branes joined into a single brane at U = Uj.
The configuration of the D8- and D8-branes in bubble and black D4-brane backgrounds is
illustrated in Figures 2 and 3.

U—-oc0o —

U= Ugg

Figure 2. The D8-brane configuration in the bubble D4-brane background. (Left) D8- and D8-branes
are located at the antipodal points of x*. (Right) D8- and D8-branes are located at the nonantipodal
points of x*.

x4 x4
/_’\ /_’\
_8| Dg’
. —— U—soc0 — '
\ 1 D8
L]
1 ]
D8 ' '
1 1
1 I
1 L]
1 1
1 ’
' U U ’
1 R
1 "— U=1U,
:
1
1
| ‘. SO, .
’—' “~‘ e ~d

Figure 3. The D8-brane configuration in the black D4-brane background. (Left) D8- and D8-branes
are parallelly located. (Right) D8- and D8-branes are connected at U = Uj.

2.3. Gluon, Quark and Symmetries

As the dual theory in the D4/D8 model is expected to be QCD in the large N, limit, it
is natural to identify the effective theory on N, D4-branes below Mk to the color sector in

QCD, which implies that the gauge field ADY on the D4-branes can be interpreted as gluon
p gaug p p g
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in holography. The reason is that the low-energy theory on N; D4-branes is U(N,) pure Yang-
Mills theory, and it has a SUGRA duality in the strong coupling region in the large N, limit, as
discussed in Section 2.1. We note that the Lorentz symmetry of the 10d spacetime breaks down
to SO(1 +4) x SO(5) when a stack of D4-branes is introduced. However, the worldvolume
symmetry of the D4-branes becomes SO(1 + 3), since the D4-branes are compactified on
a circle in the D4/D8 model. Furthermore, when the flavors, as D8- and D8-branes, are
introduced, it is possible to create chiral fermions in the low-energy theory, which can be
obtained by analyzing the spectrum of 4-8 or 4-8 strings in R-sector (Ramond-sector). Both the
spectra of 4-8 and 4-8 strings in R-sector contain spinors with positive and negative chirality
as the representations of the Lorentz group SO(1,3). Since the GSO (Gliozzi-Scherk—Olive)
projection removes the spinor with one of the chiralities in string theory, we can choose the
spinor with positive and negative chirality as the massless fermionic modes (denoted by g4 r)
of 4-8 and 4-8 strings, respectively, which accordingly can be identified as the fundamental
chiral quarks in the dual theory. We note that these chirally fermionic fields are complex
spinors since the 4-8 and 4-8 strings have two orientations. They are also the fundamental

representation of U(N;) and U(N f>. The massless modes and symmetries in the D4/D8
system are collected in Table 2.

Table 2. The fields in the D4/D8 model. Here 2., 2_denote the positive and negative chirality spinor
representations of SO(1,3). a4 and ¢’ are the trace parts of the gauge field along x* direction on the
N, D4-branes and the transverse modes of the N. D4-branes, which are decoupled to the gluon and
fundamental quarks in the low-energy theory.

Fields u(N,) SO(1,3) SO(5) U(Ny), x U(Np)
AlPY adj. 4 1 1,1

qL fund. 24 1 (fund., 1)

qr fund. 2_ 1 (1, fund.)

ay 1 1 1 1,71

¢ 1 1 5 1,1

Due to the above holographic correspondence, the chirally symmetric and broken
phase in the dual theory can be identified, respectively, to the disconnected and connected
configuration of the D8 /D8-branes. This would be clear if we employed the configuration
presented in Figure 2, for example. The effective action for the gauge fields A;,m) and

fundamental fermions gy, g on the N; D4-branes with N D8 /D8-branes can be evaluated
by expanding the DBI action, which leads to

S= Jos d5x./—g[(5(x4 — XL)qZG'V (iVu+Au)qL + 5(x4 — XR)q}L{(‘TV (iVyu+ Au)qr]

31
o Joa ®xy/=gTFay, MN =0,1..4, (31)

where X| r denotes the intersection of the D4- and D8-branes as well as the D4- and D8-
branes, and we omit the notation “D4” in A;,. As all the fields depend on {x”, x4}, qL
is identified to be g if X; = Xg, which leads to an action with single flavor symmetry

u (N f>. For the connected configurations, we can therefore see that the D8- and D8-branes
are separated at high energy (U — oo, X # Xg) according to the solutions (29) and (30),
which leads to an approximated U (N f) L X u (N f) R chiral symmetry. However, at low
energy (U — Uy, X; — Xg), D8- and D8-branes are joined into a single pair of D8-branes at
U = Uy (X}, = Xgr) which implies that the U (N f) iRe u (N f> < symmetry breaks down to

a single U (N f) . This configuration of D8/D8-branes provides a geometric interpretation
of chiral symmetry in this model [56].
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2.4. Mesons on the Flavor Brane

As meson is the bound state in the adjoint representation of the chiral symmetry group,
it is identified as the gauge field on the flavor branes, which is the massless mode excited
by 8-8 string (massless mode excited by 8-8 string is therefore identified as antimeson.).

The reason is that the gauge field is excited by 8-8 (and 8-8) is the generator of U (N f) .

(and U(N f) R). Hence, we consider the gauge field on the flavor branes with nonzero

components as Ay = {AM (x,2), Az(x,z) }, # = 0,1...3 in the bubble D4-brane background
(16). We note that while the supersymmetry on N, D4-branes breaks down by compactifying
x* on a circle, there is no mechanism to break down the supersymmetry on D8/D8-branes,
since D8/D8-branes are vertical to x*. Therefore, the 8-8 string is supersymmetric, leading
to a super partner fermion ¥ of the gauge field A, in the low-energy theory. As we see in
Appendix ??, this supersymmetric fermion is Majorana spinor, which leads to the fermionic
meson (mesino), while they are absent in the realistic QCD.

Nonetheless, let us assume that the supersymmetry on the flavor branes somehow
breaks down and the supersymmetric meson can be turned off in order to continue the
discussion about the QCD sector of this model. Since the D8-branes are probes, the
worldvolume gauge field is fluctuation. Thus, the effective action for A can be obtained
by expanding (22), which for Abelian case Ny = 11is

Sps = —Tpg [pgd’xe™?\/— det[g,y, + (271a”) Fyp]
= ~Tos Jog@xy/=ge? [L+ J 2! PEun MY + O(FY),

leading to the Yang-Mills (YM) action

(32)

SYM = —TDg fDS d9x\ / —86_4)%(277706/)2FMNFMN
= —%R3/2u11<§<2 (27[(36/)2TD804 f d*xdz (%U”‘DVVUFVVFPU + %UHVF]JZFVZ) (33)
= —x [d*xdZ (%K‘l/avyﬂpannypa + KM%(KW‘VFVZFM),

where we use the Cartesian coordinates z and dimensionless Z, defined as

z us
U = Uiy + Ukiz®, 2 = g K(Z) =1+ 22 = ) (34)
KK
and , AN
K = §R9/2u11<§<2 (27‘[06/)2TD804 = ﬁ,)\ = g%{MNc/ (35)
with the induced metric on the D8-branes,
3/2 3/2
4R
dsdg = G’{I) Hudxtdx’ + T%f“(d.zz + R32UM2402. (36)

We employ the configuration that D8/D8-branes are located at the antipodal points of
S1. Then, in order to obtain a 4d mesonic action, let us assume that Au(x,z), Az(x,z) can
be expanded in terms of complete sets {¢,,(z), pn(z) }:

Au(x,2) = Y B (0)n(2), Az(x,2) = Y9 (x)¢hu(2), (37)

n

where B;,n) (x), ") (x) refers to the 4d meson field. To obtain a finite action, the normaliza-

tion condition for ¥, (z) is chosen as

2% / AZK 3 = S, (38)
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with the eigen equation (n > 1),

—K'30z(Kdztpn) = Antpu, (39)

where A, is the associated eigenvalue. In this sense, the basic function ¢, (z) can be chosen
as(n > 1)

1 1 1
$o= V2 Uk Mk K
Keeping these in hand, imposing (38)—(40) into (33), then defining the vector field

= m;18Z¢n/ my = Ay Mgg. (40)

VPS") (x) by a gauge transformation,

V}En) — B}(j”) _ m;18ﬂ¢("), 41)

the Yang—Mills action (33) reduces to a 4d effective action for mesons:

Sym = —K/d4x< 39Vt (0 4 Z e 4 L S 2y My ("WD, (42)

where F;SZ) =9dy VV(") —dy V;En). Accordingly, go(o) can be interpreted as pion meson, which is

the Nambu—Goldstone boson associated with the chiral symmetry breaking. By analyzing
the parity, it turns out that ¢(©) is a pseudoscalar field, as expected.

The above discussion implicitly assumes that the gauge field A and its field strength
Fyn should vanish at |z| — oo in order to obtain a finite 4d mesonic action. However, there
is an alternative gauge choice A, = 0, which is recognized as a gauge transformation:

to (37). Here, A is solved:
A(x,z) = 9 (x)po(2) + Y my 9" (x)9u(2), (44)
n=1
where
/ dzeo( arctan( z ) (45)
0l \/ 7tk Mk Ukk )

Thus, the components of Ajs under gauge condition A, = 0 become

Aux2) = =300 ()0 (2) + X 1[ ><> 13,9 | (2)
= —0u0 0 (1)g0(2) + Ty VA" (1) (2), (46)
Az(x,z) = 0.

In the region |z| — oo, the gauge potential A, (x,z) — £/ 4¢ M , which implies that

the gauge field strength remains vanished and the effective 4d action remains finite.
The above setup for mesons can be generalized into multiflavor case by taking into
account the non-Abelian version of (33),

Ny
sir) — —xNj / d%dz[ 30y T (Fu Foo ) —|—KM12<K;7V"Tr(FHZF,,Z)}, (47)

where Fyy = OMAN — ONAM + [AMm, AN], M, N = 0,1,2,3,z is the gauge field strength
of U(N f). As has been discussed, in order to obtain a finite 4d action, the gauge field
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strength must vanish in the limit |z| — co. Under the gauge condition A; = 0, A, must
asymptotically take a pure gauge configuration for |z| — oo:

Ap(%,2) |l too — E(x)0, 851 (x). (48)

Compare this with (46); the gauge potential can be expanded with boundary condi-
tion (48),

Au(x2) = SR @P+E) + E- (@2 9=+ T Vi 0) g
au(x)olz) + Bu(x) + Ty Vi () (2),

with

Py = % + ¢, Po = % arctan( Tk
a(x) = (038 (x) — - (x)a < ) (50)
Bulx) = 3]+ (x)aue7 (%) + & (x > ()]

To obtain the chiral Lagrangian for mesons from the Yang-Mills action (47), we identify

the lowest vector meson field Vlsn) as the p meson V}El)

gauge conditions:

= py and choose the following

& (x) =U(x), - (x) =1, (51)

or

61 (x) = ¢ (x) = explin(x)/ fx]. (52)

Inserting (49) into action (47) with the gauge condition (51), the 4d Yang-Mills action
(47) includes a part of Skyrme model [61],

Nf) _ / 4 ﬁ -1 2 1 —1 —1 2
= dx[4Tr(u o) + oo Tr(Uuuou) .|, 63
where the coupling constants f;, e are given as

MMy N
2 = 6R3/2U11<§<2TD804(277‘" de UKK ( P4)? = 5+7lr<21’
2 [QR?’/zul/ZTDsm ) [zt v~ 17 = Fi, 69

" 2bAN,
= f 1/3 (arctan Z + ) (arctan Z — g)z ~ 15.25.
Moreover, the interaction terms of 77, p mesons would be determined by the Yang-Mills
action (47) with the gauge condition (52), as

55{1;40 = f d4xTr[ 0y oM T + %Wﬁv + m50% + a5 (0w, v ]WH + 2 [0,71, 0y 7] WP‘V}

+O(7‘c ,p‘fl),

where W, is the gauge field strength of p;,, and the associated coupling constants are given as

(55)

2 _ 6 B
= MMt = "R by Aot = 3 e b (56)
by = 045,b,0 ~ 1.6, Ay =~ 0.67.

Therefore, we can reach the meson tower or chiral Lagrangian starting with the D8-
brane action, which provides a description of the meson in holography.
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To close this section, let us finally take a look at the WZ term presented in action (22),
which can be integrated as

b8 — %(mw)z:ﬁ)g Jos Cs ATr(FAFAF)
= %—;\](me’) Tps fDS Fy A\ ws (57)
ﬁTr fM4><R CUS(A)
Here, F; = dCj is the Ramond-Ramond field given in (14), and ws(A) is the Chern—
Simons (CS) 5-form, given as

1 1
ws(A) = AF? — EA?’F + EA5, (58)

where F = dA + 1[A, A] is the gauge field strength. Under the gauge transformation on
the D8-brane,
OANA =dAN+[A,A],0pF = [F, A, (59)

we can compute

Tr(6pws) = Tr [dAd(AdA n %A3)
= d(Te[ad(Ada +14%)]) (60)
=dxs(A, A).

Hence, by defining the boundary value of the gauge potential as

Ay(x) = lim Ay(x,z), Af(x) = lim AR(x,z), (61)

z—+00 Z—»—00

the WZ term is reduced to the chiral anomaly of U (N f) X u (N f) R in QCD,

D8 _ N _ N z—r+00
oSy = 502 T [y 0w (A) = 5357 [ug, Xa(A A7

= 251% Ja, xa(AL, AL) — xa(Ar, AR)].

Moreover, the formula for the chiral anomaly can also be expressed in the gauge
condition A; = 0, which is used to perform the gauge transformation

(62)

A8 = gAg™! + gdg!. (63)
Then, the CS 5-form is reduced to

ws(A8) = ws(A) + 1 (3dg™)” + da, (64)

where

= —%Wl (AdA+daa+a%) + iwlAwlA ~Wi4,
Wy =dg . (©5)

Recalling Formulas (49) in the gauge A, = 0 and choosing gauge condition (51), the
WZ term (57) can be rewritten, after somewhat lengthy but straightforward calculations, as

N, N, 5

8 c c —1

D8 — T [ Lyzw — =T gdg

S Z 487[2 r/]\/14 W 2407[2 r/]\/[4><R< ) ! (66)
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where Lyzy is the Wess—Zumino-Witten (WZW) term in [62,63], given as
Lwzw = [(ArdAg +dARAR+ A%) (U 1AL U+ U 1dU) —pc
+(dARdUTALU — ) + |Ap(dU1U)’ —pe]
(67)

+1 [(ARdu—lu)2 _ p.c.] + [UARU A dUdU~! — p.c)]
— [ARdUTUARU AU — pc] + 3 (AUALU).

Note that “p.c.” refers to the terms by exchanging A; <> Ag,U <> U~ . One can
further work out the couplings to the vector mesons by using (49) with A, = 0.

2.5. The Wrapped D4-Brane and Baryon Vertex

In the SU(N,) gauge theory, a baryon vertex connects to N, external fundamental
quarks with the color wave function combined together by an N,-th antisymmetric tensor
of SU(N,) group. Accordingly, the baryon vertex in gauge—-gravity duality is recognized as
a D-brane wrapped on the internal sphere [26,64]. To clarify this briefly, let us first recall
the baryon vertex in the holographic duality between N' = 4 super Yang-Mills theory
and IIB string theory on AdSs x S°. As the fundamental quark in the super Yang-Mills
theory is created by the N, elementary superstrings in AdSs x S5, it is represented by
the endpoints of elementary superstrings at the boundary of AdSs. Hence, we need N,
elementary superstrings with the same orientation to somehow terminate in the AdSs x S°.

On the other hand, since the baryon current must be conserved, one needs to find
a source to cancel the N, charges (baryon charge) contributed by the N, elementary su-
perstrings. To figure out these problems and work out a baryon vertex, a probe D5-brane
wrapped on S° provides us with a good answer. The N, elementary superstrings ending on
the D5-brane contribute N, to the D5-brane; however, the WZ action for such a wrapped
D5-brane,

Swe ~ [, CiF /SSXRFE;A NC/RA, (68)

where F5 = dCy is the Ramond-Ramond field strength, nicely provides N, charges to cancel
the charges given by N, elementary superstrings (the sign of the N, charge depends on the
orientation of the elementary superstrings and D5-branes.). Therefore, the A current would
be conserved, which implies that the D5-brane is a baryon vertex.

The construction of the baryon vertex can also been employed in the D4/D8 model,
which is identified as a D4-brane (to distinguish the D4-branes as the baryon vertex from
the N. D4-branes, we denote the baryon vertex as D4'-brane in the rest of this paper)
wrapped on S* with N, elementary superstrings ending on it. A remarkable point here
is that the D4’-branes can be described equivalently by the instanton configuration of the
gauge field on the D8-branes [65,66]. To see this clearly, let us consider a D,-brane with its
worldvolume gauge field strength F. According to (20), The WZ action for such a Dy-brane
includes a term as a source,

Swz ~ gsTp, (27a’)? / C, 3TrF2. (69)

For the single instanton configuration, the gauge field strength can be integrated as
follows:

Tr / F? = 8n2, (70)
Hence, (69) can be written as

gsTDp (Zna’)z/Cp_g,Ter ngTDp,4/Cp—3/

giving rise to a same source included by a D,,_4-brane. Accordingly, we obtain a simple
and interesting conclusion here, that is, the instanton in the Dy-brane is the same object as
a D, 4-brane inside it.
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Let us return to the D4/D8 model; it implies that the D4’-branes as the baryon vertex are
equivalent to the instanton in the D8 /D8-branes. For multiple instantons, (70) is replaced by

Tr / F2 — 87%n, 71)

where 7 refers to the instanton number. Inserting the instanton configuration of the gauge field
denoted as A witha U (N f> . fluctuation A into the WZ action (57) of D8-brane, it reduces to

81\;“2 / ATrF2 = nN, / A, (72)

which implies that the instantons take U(1)y, charge nN,. Since the baryon number is defined
as 1/ N, times the charge of the diagonal U(1),, subgroup of the U (N f> , Symmetry, it is

obvious that the instanton number is equivalent to the baryon number in this holographic
system.
Moreover, when (71) is integrated out to be a Chern-Simons 3-form w3, as

: 1
T = [ Trws = / Tr (AF - A3), (73)
M,y M, 3
the baryon number can be obtained:
_1 2 _ 2o _ 1 “157)°
n—@Tr/RLLF _Tr/R3W3|H,OO_—24n2Tr/RS(u au)’, (74)
where we impose a similar boundary condition as is given in (51):
: o —17-1( )5 i\ g By —
ZETwAy(x ,z)=U <x )BZU(x ),ZgerAy(x ,z) = 0. (75)

Equation (74) gives the winding number of U, which means the homotopy is
T3 [U (N f)} o~ 7. This agrees with the baryon number charge in the Skyrme model [62,67].

The baryon mass mp can be roughly obtained by evaluating the energy carried by the
D4'-branes, which can be read from its DBI action as

SD4’ = —’111])4 fdxod?4€_4)\/—g00gs4
= — g MgxANZ [pdx®, (76)
= —mp [pdx’

where the bubble D4-brane background has been chosen for the confined property of baryon,
and g refers to the metric on S* presented in (16). This formula illustrates a stable position
of the baryonic D4’-brane by minimizing its energy, which is U = Uk, since the bubble
geometry shrinks at U = Ugg. In the black D4-brane, one can follow the same formula (76) to
evaluate the baryon mass. However, if the baryonic D4'-brane is the only probe brane, it can
not stay at U = Up stably in the black D4-brane background, since gravity will pull it into the
horizon. In this sense, the baryon vertex exists in the bubble D4-brane background only, and it
is consistent with its property of confinement. When the probe D8/D8-branes are embedded
into the bulk geometry, due to the balance condition, the baryonic D4’-brane can be restricted
inside the D8-branes if D8 /D8-branes are connected, as is displayed in Figure 4 (the authors
of [68] claim thataccording to the numerical calculation, there is not a wrapped configuration
for the baryonic D4’-brane in the black D4-brane background; thus, this background may
correspond to the deconfinement phase of QCD. We note that this issue is not figured out,
even if the baryon vertex is introduced into the black D4-brane background).
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D8 D8} D8 D8 DS A
D8 :
- IS ,\ -~
(a) (b) (c) (d)

Figure 4. Various D-brane configurations in the D4/D8 model. Purple refers to the baryon vertex
(D4’-brane) located at the stable position. When the D8/D8-branes are connected as in (a—c), the
baryon vertex can be located stably at the connected position inside the D8/D8-branes. There is no

stable position for baryon vertex if D8/D8-branes are parallel, as in (d).

Therefore, it can be described equivalently by the instanton configuration on the D8-
branes.

To obtain the baryon mass or baryon spectrum in this model, it is worth searching
for an exact instanton solution for the gauge field on the D8-branes. As baryon lives in
the low-energy region of QCD, we may find an approximated solution for the instanton
configuration in the strong coupling limit, i.e., A — oco. To achieve this goal, let us take a look
at the gauge field on the D8-branes, whose dynamic is described by the Yang-Mills action
(33) and the Chern—Simons action presented in (57) (as the size of instanton takes order of
AV 2 it may lead to a puzzle if the Yang—Mills action is taken into account, only because the
high-order derivatives in the DBI action contribute more importantly. However, according
to the holographic duality, taking the near-horizon limit requires a’ — 0, which implies that
the Yang-Mills action dominates the dynamics in the DBI action. This puzzle is not figured
out completely in [27,28], and we may additionally set #’A — 0 when Yang-Mills action is
taken into account only in this setup.). Since the size of instanton is of order A~1/2, it would
be convenient to rescale the coordinate {x°, xi, z} and the gauge potential A as

xM 5 AT ZM o 0 10
Ay — AY2Ay, Ay — A (77)
Fun — AFmn,  Fom — AY2Fom,
where M, N = 1,2,3,z. In the large A limit, the Yang—Mills action (33) can be expanded as
follows:
Svw= —% [dixdzTe[4R + (5 R+ 2R — By ) + O(A71)] -
% [ dtxdz| 3By + (-5 B2+ 202 - By ) + O (A7),

while the Chern-Simons action (57) remains under the rescaling (77). We employed the D-
brane configuration presented in Figure 4a. The U (N f> group is decomposed as U (N f> o~

U(l) x su (N f) , and correspondingly, its generator is decomposed as follows:

~

1 . 1
At ———A=A% 4 —— A4, (79)
NoY /2Ny

where A, A refers to the generators of U(1), SU (N f> , respectively, and t* (4 = 1, 2...N}% -1
are the normalized bases, satisfying

Tr(t”tb) — %fsﬂb. (80)
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So, the Chern-Simons action (57) can be derived as follows:

SU(N .
SCS = % w5 ( f) (A) %\/szeMNprdélde [ngTr(FMNFpQ)
—3 ApTr(90ANFpo) + SEMNTr(AoFpg) + & AoEmnEpg — YAmFonErg  (81)

+(total derivatives) | .

Furthermore, the equation of motion for A, A can be derived by varying actions (78)
and (81), which allows for an instanton solution as follows:

Ay = —if(§)g(x)amg ™", (82)

f@) =g = /(M- xMP,

SU) (y .
g(x) _ ( 8 0 ( ) 11\22 >’gsu(2)(x) — %[(ZfZ)lzfi(xl le)TZ].

(83)

Here, 1y is an N x N identity matrix and 7'’s are the Pauli matrices. The position and
the size of the instanton are denoted by the constants XM = {X',Z} and p, respectively
which have been rescaled as (77). The configuration (82) and (83) is the Belavin—Polyakov—
Schwartz-Tyupkin (BPST) solution embedding into SU (N f) , which represents the SU(2)

Euclidean instanton, and one may verify that this solution satisfies (70). Then, the U(1)
part of the gauge field is solved as follows:

A 2 1 1 o* .
Ad= [=——— —1—-—F | Ad =o. 84
\/ Ny 872a &2 [ (&2 + p2)? M (84)
which leads to a nonzero Ay,
1 1 4 2
cl %
=—=|1-—— || P,— —1 , (85)
0 16772a gZ[ (€2+P2)2 ( 2 Nf Nf)

where P, is an Ny X Ny matrix P, = diag(1,1,0,...0).

Keeping these in hand, it is possible to evaluate the classical baryon mass through
the soliton mass M with respect to the D8-brane action as S [Ad} = — [ Mdt, which is
obtained as follows:

8%k (p* 72 1
) P
M =8k + — (6 + +320n4a2p2>, (86)

by inserting (82)—(85) into action (78) plus (81). On the other hand, since the low-energy
effective theory on the D8-branes can reduce to Skyrme model, we can further employ the
idea in the Skyrme model of baryon, which is identified as the excitation of the collective
modes, in order to search for the baryon spectrum. The classically effective Lagrangian for
baryon describes the dynamics of the collective coordinates X'* in the moduli space by the
one instanton solution, which refers to the world line element with a baryonic potential
U(X*) in the moduli space:

L(x%) = XG50 %P — (%) + 0 (A1), 7)

“" o

where
{XM,p,y"}; and W = yt* is the SU(N f) orientation of the instanton. The potential

refers to the derivative respected to time; the collective coordinates A'* denote
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U(X*) is the classical soliton mass given by S [Ad} = — [dtU(X*). The basic idea to

quantize the classical Lagrangian (87) is to slowly move the classical soliton so that the
collective coordinates X'* are promoted to be time-dependent [69]. Approximately, the

su (N f) gauge field potential becomes time-dependent by a gauge transformation,

Am(t,x) = WA (x, XYW () —iW(BauW(t) !,
Ao(t,x) = WAL (x, X )W(t) ! + AA, (88)
Ap(t,x) =0, Ap(t x) = Ag(t,x),

and the associated field strength becomes

Fun = W(HFLWHT,

Fom = W(t)( 2% A5k - D= — D As ) w(n) ™, (89)
Fom= FE, Fun = FSy,
where
DS Ay = dmAg + i[A;@I, AO], ©0)
T = W) AAW(E) —iW () TITW (D).
A Ay must be determined by its equation of motion:
cd [ wN 0 cl .9 cl cl

While for generic Ny, the exact solution for £ may be out of reach, the solution with
Ny = 2,3 s collected, respectively, in [27,28]. Accordingly, the Lagrangian of the collective
modes is given by

S[A] = S|AY| = [dt{Lym(X™) + Les(X®)] = [ dtL(X*™)
Sym[A] — Sym |A| = [dtLywm(X®), (92)
ScslA] — Scs| AY| = [dtLcs(X%),

which leads to

L(X%) =—M+aN.Tr [ dxdz( XNFy + 02 Am — XNDGAS, — DY E 2+0()rl)
c o MN T 03 4M M4AIN M (93)
= —Mo+ "26; XX/ + Ly + Ly + Low + O(A71),
where
. mg (2 2 72 _Mp [ 2.2 K
Lz= H(Z-wZ%) Ly = zp(*"z_ W) ~ ke (94)
Low = =5 L, Co[Te(—iW W) ]%a = 1,2..N7 — 1
and " 5 2
My = 872k, mx = my = 7’) =87%kA LK = chz,w% = 4:%27 =3 (95)

Here, we note that the formulas in the unit of Mgx = 1, C,;’s are constants dependent
on the S U(N f) instanton, solution and the metric of the moduli space can be further
obtained by comparing (93) with (87). For example, we have C; 53 = 1 for N r=2,and
Ci23=1,Cs567 =1/2,Cs = 0 for Ny = 3. Afterwards, the baryon states can be obtained
by quantizing the Lagrangian (93), that is, to replace the derivative term by X% — — mixaa
straightforwardly. Hence, the quantized Hamiltonian associated with (93) is collected as
follows (we note that for generic N, the baryonic Hamiltonian must be supported by
additional constraint, according to [70] although it may not change the baryon spectrum):
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H= My+ Hz+ Hy+ Hpw,

Hy; = —ﬁ&% + %mzw%Z2,
— 1 1 1 2.2 K
Hp = =g 79 (079p) + 2mppp® + 5, (%)

2 .
How = 45 X, Co[Te(—iw W) |* = 2257, G ("),

where y = NJ% — 1 and J%’s are the operators of the angular momentum of SU (N f). The

baryon spectrum can be finally obtained by evaluating the eigenvalues of the Hamiltonian
(96), which fortunately takes an analytical formula [27,28].

2.6. Gravitational Wave as Glueball

According to AdS/CFT and gauge-gravity duality [29-32], the glueball operator O
can be identified as the source of gravitational fluctuation in bulk, since it is included in
energy-momentum tensor of Yang-Mills theory in the dual theory as O ~ F,,, F* ~ Ty
coupling to metric. Thus, due to the confined property of glueball, we can choose the
bubble D4-brane background (16) compactified on a circle with gravitational fluctuation in
order to investigate glueball in holography.

The dual field to the glueball operator is the gravitational fluctuation coupling the
energy-momentum, which therefore refers to the gravitational polarization. By employing
the relation of 11d M-theory and 10d type IIA string theory in Section 2.1, it would be con-
venient to find the gravitational polarization in 11d theory. For example, the lowest exotic
scalar glueball with quantum number J<¥ = 0+ corresponds to the exotic polarizations of
the bulk gravitational polarization, and its 11d components are given as (i,v =0, 1,2, 3):

dgu = —5f(r)Hp(r)Ge(x),

Sguw = DHe(r) [}lnw - (}1 + 52’%}:@}() a],\g] Ge(x),

0gss = {He(r)Ge(x), (97)
bgr = — Lo Hi(r)Ge (),

0%y = %HE(V)%GE(X)/

M212 (5r6—Zr%K)

where Hg/(r) must be determined by its eigen equation, given as

2,12
%% [r (r6 - r?q() ddrHE(r)} + l(;f?;? )2 + L4M%l He(r) =0, (98)
KK
and Gg(x) refers to the 4d glueball field. By imposing the metric with gravitational
fluctuation (97) as gun = gl(\%\] + dgmn and solution of Cs into 11d SUGRA action (1), we
can obtain
Sthbra = —CeBas [ d'x[(3,Ge)” + MEGE), 99)

representing the standard kinetic action for scalar glueball field Gg, where Bs, gggf)l\] refer,

respectively, to the size of x> and the bubble version of (10). Cr is a numerical constant, given as

4
Cr = 0.057396[H (rix) |5,

(100)
[He(rkk)] ™" = 0.0069183A1/2N. M.
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Hence, the eigenvalue of (98) determines the mass spectrum of exotic scalar glueball.
The mass spectrum for various glueballs can be obtained by taking into account different
gravitational polarizations, e.g., dilatonic scalar glueball with J¢7 = 0+,

0Gnn = —3§HD(7)GD(X)/ 101)
2 v 101
6Gu = BHp(r) [11”” _ a&%] Gp (),
and tensor glueball with J¢7 = 2++,
2

The eigen equations for Hp(r) and Hr(r) are given as

1d 6_ 6 \4 4712 —
ﬁa |:r (1’ - VKK) WHD,T(7>:| + L MD,THD,T(7> — 0, (103)
which determines the mass spectrum of dilatonic scalar and tensor glueball. The mass
spectrum of various glueballs are collected in Table 3 for the reader’s convenience. The
labels S, T, V,N, M, L refer to the solutions for six independent wave equations for various
scalar, vector and tensor modes of glueballs.

Table 3. Glueball mass spectrum n? of AdS; in the units of riK /LY = M12<1< /9in [32].

Mode Sy Ts A\ Ny My Ly
]PC ot+ ot+/t+ o—t1t— 1 ot+

n=20 7.30835 22.0966 31.9853 53.3758 83.0449 115.002

n=1 46.9855 55.5833 72.4793 109.446 143.581 189.632

n=2 94.4816 102.452 126.144 177.231 217.397 227.283

n=3 154.963 162.699 193.133 257.959 304.531 378.099

n=4 228.709 236.328 273.482 351.895 405.011 492.171

This model predicts the properties of glueballs in a very simple and powerful way.

3. Developments and Holographic Approaches to QCD

In this section, we will review some holographic approaches to QCD by using the D4/D8
model and some developments of this model in recent years, which includes the topics of
phase transition, heavy flavor, hadron interaction and the theta angle in QCD.

3.1. QCD Deconfinement Transition

While the confinement phase of QCD corresponds to the bubble D4-brane geometry
givenin (16), it is less clear whether the black D4-brane background (14) corresponds exactly
to the deconfinement phase in holography [58,59]. This issue is recognized by investigating
the associated Wilson loop in the bubble (16) and black brane backgrounds, (14) respectively.
Nonetheless, it would be interesting to compare the deconfinement transition in QCD with
the Hawking-Page transition in the D4-brane system through the gauge-gravity duality
to find an exact holographic description of the deconfinement transition. To achieve this
goal, let us first recall the holographic relation between the partition functions Z of the bulk
gravity and its dual field theory,

_gren

7Z =e¢F = ¢ Slcra, (104)
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which implies that the classical (onshell) renormalized SUGRA action Sgifg 4 is equivalent
to the free energy F of the dual theory (in the Euclidean version). The classical SUGRA
action Sgjg can be collected by

§0Gra = Siia + Scu + ST, (105)

where SIEI A Tefers to the Euclidean version of the IIA SUGRA action given in (15), and Sy
refers to the standard Gibbons-Hawking term given as [71]

1
Scn = — e VK, (106)
Ko JoM

where h1jpy refers to the metric on the holographic boundary o.M with oM = {r = ¢}, and

1 V |g|
K hMNV ar , 107
= MIN = 3l < T e (107)

is the trace of the extrinsic curvature. Sg‘}lk refers to the counterterm of the bulk fields
presented in action (15), given as [72]

Sbulk_iigs /dgxe—m/s\[ (108)

Using (105)—(108), by picking up the bubble (16) and black brane background (14) solu-
tions, respectively, we can obtain the free energy of the dual theory by a simple formula:

F _ gren, Jbub 2Z\ICZZVI%K)\V4
conf. SUGRA — 37 12 ’
7N2T6 4
lack 2 N:T° )LV4
Faecont. = Sg%l(t;)lfg = §7M271 (109)
KK

where Vj refers to the volume of R%; T is the Hawking temperature in the black D4-brane
solution (16). Comparing the free energies given in (109), we obtain the critical temperature
with Feons. = Fgecont.(T = T¢) for the Hawking-Page transition as follows:

Mkk

I, = ?/ (110)

which is expected to be the deconfinement transition in QCD in the large N, limit. While
this may be a trivial result for QCD, it is theoretically expected in the gravity side since,
the bubble solution (14) is obtained by a double Wick rotation to the black brane solution
(16), i.e., (110) means exactly B4 = Br. However, this does not mean that the Hawking-
Page transition has nothing to do with the QCD deconfinement transition, because the
fundamental flavored matter has not been taken into account.

In order to obtain a critical temperature close to the realistic QCD with the D4/D8
model, the flavored matter on the D8-branes must somehow contribute to the free energy.
This means that in the gravity side, flavor branes have to back-react to the bulk geometry;
thus, they would not be probes. For such a holographic setup, we require N¢/N. to be
fixed in the large N limit in order to go beyond the probe approximation for the flavor
branes. Moreover, we further need N [ /N < 1, otherwise the dynamics of the dual theory
is determined by flavors instead of colors, and in the gravity side, Ny/N. < 1 is also
necessary, since N, D4-branes must dominate the bulk geometry, otherwise the holographic
duality given in the previous sections would not be valid (see similar setups in [73-75] for
the D3/D7 system).

Then, the next step is to confirm the embedding configuration of the D8/D8-branes.
Since the configuration of the D8/D8-branes relates to the chiral symmetry discussed
in Sections 2.2 and 2.3, we can identify, respectively, the bubble D4-brane background,
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where D8/D8-branes are located at the antipodal points of x* (the left one in Figure 2) to
the confined phase with broken chiral symmetry; and the black D4-brane background,
where D8/D8-branes are parallel (the left one in Figure 3) to the deconfined phase with
the restored chiral symmetry. does not exactly distinguish the chiral transition from the
deconfinement transition and is not unique, it is the most simple setup to include the
elementary features in the QCD deconfinement transition. However, keeping the above
requirements in hand, it is not enough to give a holographic setup quantitatively, because
when the flavored backreaction is considered, it would be extremely challenging to search for
a SUGRA solution technologically with respect to the D-brane configuration in the D4/D8
model as in Table 1. To simplify the calculation and keep the fundamental features of QCD,
the authors of [34,35] suggest to consider the case that the D8 /D8-branes are smeared on the
x* direction homogeneously so that the harmonic function for the D8-branes is identified
uniquely; thus, it is possible to search for a geometric solution in this setup.

Altogether, let us write down the IIA SUGRA action plus the dynamics of Ny D8-

branes smeared on x* as the total action S,

S= g [d0x=Ge R0 4 40,90] — gl [ 4%/ =CIR[
8sNyTpg Mgk 410 —det[g+(2ma)F] (111)
T f XTE .

To search for an approximate solution under the condition Ny/N, < 1, the solution with
Ny = 0 is therefore the zero-th order solution to the equations of motion from (111), which
is nothing but the bubble and black D4-brane solution given in (14) and (16). Then, let us

attempt to find a solution of O (N i/ NC) to the bubble D4-brane (16) first. For a homogeneous
solution, the ansatz of the metric to solve the action (111) can be chosen as [33-35]

ds? = 2 (—df2 + dx;dx’) + e (dx4)2 + 12¢720dp? + 12¢27d ()3,

N 112
¢ =20—41—-A -4y, (112)

where ® refers to the dilaton field; A, A, @,v are unknown functions depending on the
holographic coordinate p only. p is the logarithmic coordinate, defined as

Uk, V2QelRg _ Uik

3 — 1 = = : 113
‘ T AR, g (19
Impose the ansatz (112) into (111); it reduces to a 1d effective action,
S =V [dp|—-4A2—R2— 424 @2+ V|,
Jdp [ ¢ } 114)

A= - R
V =12e2v—2¢ _ Q%e4)x+)x—4v—4go _ Qf€2)‘77+2’/*24’,

which has to be supported by the zero-energy constraint (dot refers to the derivative with
respect to p)

A2 N2 4t PV =0, (115)
with
37N, 3 RS 213N gs Tos Mk I? 1 27
= = — = ’ V = 7‘/ Q 71 . ].].6
Qc 7 2% b Qf - 22 3 4I3TMKK ;- (116)

Here, Bt is the size of x¥, representing the temperature in the dual theory fr = 1/T,
and the only nonzero component of the gauge field potential on the D8-branes is a constant



Symmetry 2023, 15,1213

22 of 46

Ay, representing the chemical potential in the dual theory. Next, we expand all the relevant
functions A, A, @,vuptoN ¢ / N., as follows:

¥ =¥+ ey + O(e}), (117)
where
R3/2ué/2gs 1 sz

So, the zero-th order solution of A, A, , v reads by comparing the metric ansatz (112)
with the bubble D4-brane solution (16) as follows:
Ao =fo+3 log Uk
Ao = fo— ap+4log Uk,

by = fo + 3 log Ukk | log gs, (119)
Vg = 3f0+ log =% UKK +logl ,
fo plog(1— 3”’))

Putting (117)—(119) back into the equation of motion varied from action (114), we can
obtain a series of equations for A, A, @1, V1

5\1 9 3 aX A O] =1 e*%ﬂp
3 - im( 1+ A — 1) =1z (1_67%213/6/
oo =12
3 - im (4)\1 +h @) =3 (1_6,3ap)13/6r (120)
. 3
P 9 e =2 e 2%
3 - 2(1573“‘)) (4)\1 + A — ) =13 (1_873@)13/6/
3 e~ 1o
3 - 2(167311’3)(4)\1 + A — 5 + 121/1) =1 (1727;/])13/6/
which can be solved analytically by
2\1 = %fl+y— %(lAz —Ap) — i(B%_ B1)ap,
M= —§f +y — §(A2 + Baap) - §(4 + Buap), (121)

@ =UYf+y+ 1(Ar+Buap) — 3(Ar + Boap),
v o=f+4,

with hypergeometrical functions

f= deBw/2,E, (, 113.3 3. e*?mp)

2/2/°67272/
y= Cp— coth(#) [C1+Co(3ap+1)] +z
3
= +[A1—5A,+ap(By—5By)] +3z— coth( L) My + Ma(3ap + 2)] + 2Ms, (122)
€—9up/2(€—35p+1)[96311p 31:2(%,%’%%’%/ —311p)+ 31:2(7,7’%,%’%’ —3/zp>]
162(1 e=%0)
8e=30/2(10e~ % +3) F (1 o—3ap ¢~ 1500/2 (38,30 18059 —40)
T s9(1—ew) 20 (5 2 i ) 273(17673@)13/5 ,

z= -

where Ajy,B12,C12, M, are integration constants. The integration constants can be
determined by analyzing the asymptotics and using the zero-energy constraint (115),
which leads to

813712 (—9+\/§7r—12 log2+9 logS)

Ay =241, 4 = 13120(2)231(~14/3)0(-2/3)F '’
m/2(3+/3m—-12log 2+91og 3) (123)
k =Ci+C = 78T(—2/3)T(1/6) ’

%k :Ml +M2/
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while the other constants must be confirmed by imposing additional physical conditions.
Nevertheless, one may find that the phase transition depends only on the integration
constants given in (123).

Following the same step, it is also possible to obtain a solution of order N¢/ N, to the
black D4-brane solution by using the metric ansatz:

ds2 = —ePhd 4 Prdxdxt + e (dxt)? 4 2e729dp? + 1262Vd 02, 124)
¢ =20 31— - A, —4v,
with a nonzero dynamical chemical potential:
2’ A = Adt. (125)

We note that Uy is replaced by Up in the black brane case. Putting (124) and (125)
into action (111), it leads to a 1d action:

S :Vfdp[—?;)iz—)?72\3—4172+<p2+V],

A3 35_1 A 3 H - (126)
V= 1202029 _ Q23 A+Adv—dg _ QfeiAszererszf(p\/l _ llze—z“zﬁ”A%.
S

Taking into account the near-horizon geometry, the DBI action presented in (126) can
be expanded with respect to small gauge field potential. Then, keeping the quadratic
action for A, we can obtain an analytical leading-order solution by the equations of motion

derived from (126):
A = %qUH(l V1= ) q= R3/8;L;5/2n
M _gis 1},‘7 gty —g(a —a3) — 3(by — by — b3)ap,
At =A—g+ig—a1— blap, (127)
M :5\14‘ 28—ﬂ3—b3ﬂp,
CDl = )\1 + 21f bzap,
Vi =g 168"‘“’

with
-~ 2(1—e—3ap 1/6_1 e—3ap 1/6+1

f= mﬂﬂftan 1[”} ++V3tan! [( \/g) }

—2tanh ! [(1 - 6’3"*’)1/6} — coth™! {(1 - e’gﬂp)l/6 + 1} ,

PRV
¢= %log( ~3ap/2.\ [Bap — 1 + 1) S IV ( )

¢ — [c1+ (1+ 3ap)cy) coth( ) +¢% +z,

2my — [ml + (24 3r)my] coth<3up> + 5 (a1 — 5ay + a3 + byap — 5byap + bzap)
+3z -7,

i= % {4\/1—e7*3”13+ (—9ap +6V1—e 3 — 6log(m+ 1)) coth(MTp)},
et (1 )0 () o (AR o (U )

(128)

7 = 546(e30 1)
l . 1—e™
+1(3% 1) 546 (3 —1) I

where a1 3, b12,3, €12, M1 7 are integration constants and n refers to the U(1) charge density.
The zero-energy constraint is given by
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~3A2 - A2 A2 - 4?4 g2 + %e%—“#”“wq’fﬁ P =0, (129)
S
with
P = 1202029 _ Q2N —dv—dp _ Qre e (130)

D8 __
S CT —

Now. it is possible to obtain the free energy of the dual theory involving the flavored
matters by imposing the above leading-order solutions into the action given in (111) after
holographic renormalization. Before this, we need to add an additional holographic
counterterm to (105) in order to cancel the divergence in the DBI action presented in (111),
which turned out to be [34,76-78]

Qf o Vh | R _od 2R? 8 V (/342)
d —_— 13— PBIK—Zn - VO —n. —Y20 ) | 131
K50l2 Jo x\/@ 831/3)(16 83/3)(26 3" " V844 (131

Here, n refers to the normal vector of d.M, and x1, are renormalized constants. For
example, with the back reaction from D8-branes to the bubble background, it leads to

631 2
= T 5005" 42 T T o145 (132)

For the black brane background, it leads to

607 4
X1= T 5005' X2 T T 15015° (133)

Hence, we finally obtained the renormalized SUGRA action,

F = S&cra = Stia + Scu + SP* + S&, (134)

with suitable choice of x1 . Respectively, the confined and deconfined free energy with flavors
can be computed straightforwardly by plugging the solutions of order N/ N. into (134)

_ 2N2ME AV 48 3/2
Feonf. = — . 37%154 {1 €fr( 2/3)1"(1/6)]’ (135)
2" N2TO 4 AV 72

F == — £ 4 1 + 76 1 + @ 7

deconf. 37M%<K [ 7 fT( 64 )}
where
o RY2U}{%g,Qr A2 2aT Ny <1 136)
fT= 2 ~ 1273 Mg N

and we use the choice of the relevant constants given in (123). Therefore, comparing the
free energy given in (135), we can obtain the critical temperature with flavors as follows:

3/2 N 2
Nl 127 B 27 Nf , (137)
I'(—2/3)r(1/6) 167t N, MiK

27T 1

My~ 126037 N,

where y is the chemical potential in the dual theory given by A; ] U—eo = H- The behavior of
the Hawking—Page transition given in (137) agrees qualitatively with the QCD deconfine-
ment transition [79-82].

Moreover, when the backreaction to the bulk geometry of the flavor branes is picked
up, it is also possible to evaluate QCD deconfinement transition under an external magnetic
field, because extremely strong magnetic field may also give rise to deconfinement transition
in QCD [83-86]. The setup mostly follows the same discussion given above, while we need
to turn on a constant magnetic field in the DBI action is presented in (111), as the only
nonzero component of the gauge field strength. Then, we can derive the effective 1d action
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by using the metric ansatz (112) and (124) with respect to the bubble and black D4-brane
background. Fortunately, it is possible to find an analytical solution, which leads to critical
temperature T; as

27T, Ny , B?
=14+ 2 XA2+ ——Y|, 138
Mgk Nc ( M (138)

by comparing free energy in the same way. Here, B refers to the external magnetic field,
and X, Y are numerical numbers. For the probe approximation limit of the D8-brane, X, Y
are calculated as

— 1 87%/2 ~ —4
X =0 [1 - 3r(1/7g)r(4/3)} ~5x 1077, (139)
_ _ 81 2773/2 ~
Y =—1|1- 3r(1/7g)r(4/3)} ~ —0.408.
By considering the backreaction of the D8-branes, X, Y are calculated as
X~5x107%Y ~ —2.44. (140)

The behavior of the critical temperature illustrated in (138) also coincides qualitatively
with the QCD deconfinement transition under external magnetic field predicted by lattice
QCD [83]. We plot out the behavior of the critical temperature given in (137) and (138) in
Figure 5. In this sense, we could conclude, at least, that investigating the Hawking—Page
transition in the D4/D8 model is very suggestive to study the QCD deconfinement transition
in holography, which also partly covers the discussion in some bottom-up approaches [87,88].

AT
D8
]
D8 :
|
deconfined
confined B

»

Figure 5. The critical temperature of Hawking—Page transition as the temperature of QCD deconfine-
ment transition in the D4/D8 model with chemical potential # or magnetic field B.

3.2. Phase Diagram with Chiral Transition

As we have reviewed the deconfinement transition in the D4 /D8 model, which can
not be distinguished from the chiral transition, let us focus on the chiral transition in the
D4/D8 model, since QCD has various phases with chiral symmetry.

Recalling the relation of D8/D8-brane configuration and chiral symmetry, the chiral
transition is identified as the transition from connected to disconnected configuration of
the D8/D8-branes. Hence, we need to choose the black D4-brane background in order to
include both the connected and disconnected D8/D8-brane configurations. The main idea
for evaluating the phase transition follows Section 3.1, which is to compute the free energy
in holography. As we will work with respect to the black D4-brane background only, the
contribution from the bulk geometry would be irrelevant, because the difference of the
free energy determines the phase transition. Keeping this in mind, we can quickly write
down the D8-brane action for mesonic (broken chiral symmetry) and quark matter phases
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(restored chiral symmetry) with a U(1) chemical potential Ay, which corresponds to the
connected and disconnected D8-brane configuration, respectively, in Figure 3 as follows
(we note that in this setup, the Chern-Simons action vanishes):

V [ee]
SR =N TS /l O duu5/2\/ 1+ udfr(x))* — a2, (141)

1

where the variables in (141) are dimensionless, as follows:

4t
OAMix’

>

u 1
R

—, N = 2TpgR% (MgkR) . (142)
(MkkR)

X4IX4MKK,MZ OZA

The equation of motion can be obtained by varying (141) with respect to x4 and 4y,
which are

u5/2ﬁ6 —n
T b (143)
ull/2 g0 - 1/2(%)”3
7

where “1” refers to the derivative with respect to 1. The constant n; corresponds to the U(1)
charge density, which is therefore the baryon number in this setup. In the mesonic phase, the
baryon number is zero, i.e., n; = 0, and the equations of motion in (143) can be solved by the
following boundary condition, according to the connected configuration in Figure 3:

1"y
/

(00) =,

0
xXh(ug) =oo0, L= f:;’ duxy, (144)

where constant y refers to the chemical potential in the dual theory; constant [ refers to the
separation of the D8/D8-branes at boundary u — co. Thus, the solution is

12 (uo)u '
S ()3 2 fud () — u fr(uo)

Putting the solution (145) back into action (141), we can obtain the free energy as
follows:

fo = p, %y = (145)

Fresonic = N/Oo dUUS/Z u4f%/2(u) . (146)
o B () — ufr (o)

For the quark matter phase, the boundary condition reads from the disconnected
configuration in Figure 3 as

ﬁo(uH) = 0, @0(00) = H, xfl = 0, (147)

which leads to a solution with the hypergeometrical functions

2/5 5
. n7/°T(3/10)T(6/5 116 u
110(”):]1_ ! ( \/E) ( ) +M2F1 (5/2/5/_nz> (148)
I
Therefore, the free energy is computed as follows:
ud

F

quarkmatter — N /u du (149)
H

——
\Jud +my
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We note that the condition dy(up) = 0 implies that n; is a function of u:

n/°T(3/10)(6/5)
\/E

Then, the phase diagram can be obtained by comparing the free energies given in (146)
and (150) with constraint (149). Notice that while the free energies given in (146) and (150)
are divergent, their difference, which determines the phase diagram, remains finite. Thus,
it is not necessary to perform holographic renormalization in this case.

For a more ambitious approach, let us include the baryonic phase in the black D4-
brane background, that is, to take into account the configuration (c) in Figure 4, which has
broken chiral symmetry with baryon vertex. Since baryon vertex is identified as D4'-brane,
described equivalently by instantons on the D8-branes, we employ the BPST instanton
solution given in (83) to represent baryon on the flavor brane. For multiple baryons, we
can summarize the instanton field strength as what we have discussed in Section 2.5; in
this sense, baryons are treated as instanton gas on the flavor brane. On the other hand,
as the instanton size takes order of A~/2 and the DBI action (20) does not define how to
treat it with non-Abelian gauge field (the symmetrized trace in DBI action is usually used
for all terms of O (F*) and higher; however, it is known to be incomplete, starting from
O(F®) [89]), we may generalize the DBI action by taking all orders of gauge field strength
into non-Abelian case through the identity of Abelian gauge field strength F as

_ 3/4 . 3 2.
\/det(g+2ma’F) = UA‘(%) {(ch’)szFizu + (1 +ud fraxff — ag) {1 + (%) mza)zl—?j]

3 2may fr (B Fgein )
+<§> (M)fT(AL’ hucis) 2

0=pu-—

116 ul

(151)

For non-Abelian generalization, we follow [90] to replace the quadratic terms of F by
its non-Abelian version F, then take trace of each term separately, as follows:

By — TeFy, B — TeFS, By — TrFF. (152)

Afterwards, we impose the BPST instanton solution (83) with multiple numbers n;
to F in order to represent baryons (Refs. [27,28] illustrate that in the case of Ny = 2, the
non-Abelian part of Ay presented in (85) vanishes. We do not attempt to consider baryons
with Ny > 2 in this section.). Altogether, we reach a generalized version of action for
baryonic phase,

V- )
Fbaryonic = SD8 = N% [\/(1 +g1 + uBfof - ﬁéz) (1 +g2> - ”1%(”)‘7(”) ’ (153)

Uce

where

u u1/2 3

$i1(n) = JHs (), fo(w) =1 {5,
w2/ fe(u 4

VI mig),q(2) = ¥

u) = 30772

(154)

- 4(Z2+p2)5/2 .

We note that the last term in (153) is the Chern-Simons action and g(Z) is the average
instanton field strength defined by the summary of the BPST instanton (83), as [91]

1 s 4(p/7)" _ 2,
V3n¥1/d X i=37 vq(Z)ny, (155)

(X %)+ @07 + o/

with the normalization condition

—+o00
/ 9(2)dZ = 1. (156)

—00
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2 1 g ) [+ i) —

X’On refers to the center of the n-th instanton. Z is the Cartesian coordinate, in the case
in Figure 4c, it is defined as

us = us +u.z?, (157)

where we use U, to denote the connected position of D8/D8-branes with instantons to
distinguish it from Uy, in which instantons are absent. Nj is the instanton number, which
relates to its number density nj, as ny = N 19671%/ (AZM%K). With the boundary condition

L / dux', dg(c0) = pi, (158)
Uc
the equations of motion obtained by varying (153) are

W52 /\/@ 0
\/1+g1+u3fo’2 ag - (159)
YT

Vel fral—ag

where k is an integration constant to be determined, and

u ud/2\/fe 30%uc +2(u® — u?
Qu) = / g(v)dv = 5 fe c - ( - 3C/)2, (160)
e (18 — u + p2uc)
can be solved as
a2 = (”1%)2 1481 ,
u 2 (mQ)
Lge— - +13
u® f- u
xff _ K , l+g€ , (161)
- 411
T4 ﬁ+<n{§)

Plugging solution (161) back into (153), we can obtain the free energy of the baryonic
phase. In order to obtain the phase transition, we need to further minimize the free energy
given in (153) with respect to 1, p, u. as the parameters, which leads to three constraints:

o [ud2 (0981 >—1 | 9% 4
o & T 0) TaQ| —

0 fc

oo [45/2 (9 9 A1 0
0= [, "7 glg + gzg +”“(/)ag} (162)
| = IRl (G + 5Re) + mia g,

where

7= vita _ (163)
R

With all of the above in hand, we can numerically obtain a holographic diagram
including mesonic, baryonic and quark matter phases of QCD by comparing the associated
free energies given in (146), (149) and (153). The resultant phase diagram is given in
Figure 6.

We can see that the holographic diagram includes all the elementary phases in realistic
QCD, although the confined geometry is not included in the current discussion.

We note that it is very difficult to work out a reasonable model describing QCD matter
over a very wide density regime with traditional models or theories of QCD. For example,
the quark-meson model (e.g., [92,93]) and the Nambu—Jona-Lasinio (NJL) model [94-98]
are very useful to obtain some insight into the chiral and deconfinement phase transitions
and quark matter phases; however, nuclear matter is usually not included in these models.
In addition, nucleon-meson models, e.g., [99-102] are based on the properties of nuclear
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matter, and may be able to describe moderately dense nuclear matter realistically, but they
give a poor description of quark matter with restored chiral symmetry. In this sense, this
holographic model provides a very powerful way to study QCD phase diagrams in a very
wide density regime based on string theory.

0.25

0.20 chirally symn il ‘
Quark—Gluon
0.15F Plasma
=
0.10F
Hadrons
0.05F
Nuclear

0.00 s . : . Quark Matter

0.01 0.1 1 10 \ Matter

ut? Ul

Figure 6. Holographic QCD phase diagram vs. realistic QCD phase diagram in the T — u plane.

3.3. Higgs Mechanism and Heavy—Light Meson Field

One of the interesting developments of the D4/D8 model is including heavy flavor
by using the Higgs mechanism in D-brane system. Recall that the fundamental quarks in
the D4/D8 model are identified to be the 4-8 and 4-8 strings; since N. D4-branes and N f
D8-branes are coincident, we find that the 4-8 and 4-8 strings have a vanishing vacuum
expectation value (VEV). Therefore, the fundamental quarks created by 4-8 and 4-8 strings
are massless, which implies that this model can describe the mesons with light flavors
only. Hence, it is naturally motivated to include the massive heavy flavor in this model. To
achieve this goal, in this section, we review the Higgs mechanism in D-brane system and
see how to use it to introduce heavy flavor.

First, we take a look at the Higgs mechanism in D-brane system by considering
the configuration of an open string connecting two stacks of the separated D-branes, as
illustrated in Figure 7a.

In this D-brane configuration, the worldvolume symmetry U(N; + N;) breaks down
to U(N7) x U(N,) when the D-branes move separately, where we use Nj, N; to refer to
the D-branes number in each stack. Accordingly, the transverse modes of the D-brane
acquire a nonzero VEV due to the separation of the D-branes. Hence, the multiplets
created by the open string connecting the separated D-branes become massive, just like
the Higgs mechanism in the standard model of particle physics [53,60]. Let us investigate
this mechanism quantitatively by recalling the D-brane action in (20). In the holographic
approach, we need the near-horizon limit, i.e.,  — 0; thus, the D-brane action can be
expanded to be a Yang-Mills plus Wess—Zumino action, as it is in Section 2.4. Now, we pick
up the transverse modes in the DBI action; it reduces to an additional quadratic action for
the transverse modes ¥! with &/ — 0:

S[Y'] =-Tp (271:‘,)2 po dp+1x\/Tetge_¢Tr{2Da‘PIDaTI + [1111,11;]]2},

p (164)
a =0,1.p, I,J=p+1.4d,
where the covariant derivative is
DY = 9,%! +i [Aa,‘I’I], (165)

and A, is the gauge field potential on the D-brane. Consider a stack of coincident Ny + N>
D-branes; A, could be the U(N; + N;) generator as an (Nj + N) x (N7 + N) matrix.
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However, if the coincident N7 4+ N, D-branes move apart to become two stacks of Nj and
N, D-branes, the gauge potential A, becomes

_ [ Aa Pq
A, = ( ot 0 ), (166)
where A, is the U(Nj ) gauge potential as an Nj x N matrix. ®, is the multiplet created by
the open string connecting to the two stacks of the D-brane, which is an N; x Np matrix-
valued field, and the last element can be gauged away by residual symmetry. On the other
hand, when the D-branes are separated, the transverse mode ¥ will have a nonzero VEV,

since the open string connecting the separated D-branes cannot shrink to zero. Therefore,
we can write ¥ with a VEV as

vl 9l v, (167)
where
V o
I
1% ( 0 o ) (168)

to represent U(Nj + Np) — U(N;) x U(Np). Thus, plugging (165)—(168) into (164), one
obtains a mass term in the action as follows:

Tr (V2d>;r<ba + vzcbucb;), (169)

and &, can be interpreted as the heavy-light field acquiring a mass through the VEV of the
transverse mode ¥'.

N1+N2 N1 N2 Baryon vertex
(a) (b)

Figure 7. The Higgs mechanism in string theory (a) and the configuration of heavy flavor in D4/D8
model (b). (a) Higgs mechanism in string theory: The gauge symmetry on a stack of coincident
Nj + N D-branes could be U(Nj + N;), while it breaks down to U(Np) x U(Njy) if the D-branes
somehow move apart to become two stacks of coincident N and N, D-branes. The open string
connecting the two stacks of the D-branes has a nonzero VEV; hence, its ground states acquire nonzero
mass, which corresponds to the separation of the D-branes. (b) Configuration of heavy flavor in
D4 /D8 model: Red line refers to the stack of N ¢ D8/D8-branes in the original model, which now
is identified as light flavor. Blue line refers to another pair of D8/D8-branes separated from Ny

D8/D8-branes, which is identified as heavy flavor. The green line refers to the open string connecting
the light and heavy brane, which is the heavy-light string, and it acquires nonzero VEV to create
massive ground states.

With this Higgs mechanism in string theory, let us employ it in the D4/D8 model by
considering Figure 7b. In this configuration, there is one pair of D8/D8-branes separated
from Ny D8/D8-branes, which are identified as heavy flavor branes with an open string
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(the heavy-light string) connecting them. We note that the configuration in Figure 7b is a
generalized version of Figure 7a in the curved spacetime. Then, we can write down the
D8-brane action with heavy flavor by imposing the following replacement:

o A, D, _ Eup + oy fub )

A — Aq ( q);iz- 0 )/Fﬂb = ( f;b iBap ’ (170)
to (33), where A, F;, are Ny X Ny matrix-valued fields, as we have specified in Section 2.
®, is an Ny X 1 matrix-valued multiplet created by the heavy-light string, which is inter-
preted as the heavy-light meson field, and the index in the square brackets is ranked as
Tiap) = % (Tap — Tpa), and we choose the gauge field as Hermitian field A} = A,:

gy = 2P @), up = 20 Dy,

) (171)
far = ZB[HCDb] + ZzA[qub] = ZD[anb],
we obtain the action (164) for @, as follows:
S[®u:] = —2¢Tr [ dzdxtf(2) (9,®f — 9,9} ) (910 — v r)
—«Tr [ dzdx*g(z) (8,4@; - BZCDL) (oHD, — 9, DH) (172)

—0Tr [ dzdx*a(z) [2f ()@ D, + g(z) DI D],

where z is the Cartesian coordinates given in (34), and the VEV of T-dualized Y4 = 271 x4
is chosen as [103]

y4 ( NN 0 ) (173)
0 v
with
o "2 R _9u(z)? _[u)1??
o =uk/(2ma")", f(z) = 4u(z),g(z) =8 U " z) = {R] . (174)

Note that ¥4 is the only transverse mode of D8-brane. The heavy-light meson tower
can be obtained by expanding ®,, -, as specified in Section 2.4. For example, the transverse
modes of heavy-light meson field are suggested, given as [38,39]

q);t = Z‘Pgl)(z)B;(ln) (x)/ q)z =0, (175)
n
which leads to
S[@u] =Y / d*x BamB%)*a[ﬂBWl +m2B Bk, (176)
with the normalization
dx / dzf (2)¢ (k) Py = Omns (177)
and eigenvalue equation
d d(i)g) ) H
- (g ) +2f(2) |-m + Pa(z) | 9l = 0. (178)

For the transverse modes and longitudinal modes, the expansion is suggested as

D= =Y i 1(2)8(2)en(2)]0, Dy (), (179)
D= ), €n(z)D”(x)’
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S[®,.] =Y / d*x(9,D}0" D, + m2D}D,), (180)
il
with the normalization
m2
2k = /dza(z)g(z)en(z)em(z) = 5—"(5,%. (181)

We note that with the replacement (170), the Chern-Simons action (57) for the D8-
branes reduces to additional terms as follows:

Les[@uz] = — 2% (DT AID + dDTAAD + OTdAdD)
+1;672 (ADTA2D + PTA%dD + PTAJAD + PTIAAD) (182)
+ 5Pt A0 + O A).
Using the expansions (175), (179) and (46), the DBI and CS term includes the interaction
between light and heavy-light mesons.
It is also possible to obtain the baryon spectrum with heavy flavor by considering
the baryon vertex as the instantons on the flavor brane [104-106]. Following the steps in

Section 2.5, the equations of motion for the heavy-light meson field are derived as follows:

DyDy®N — DNDy®um + 2iFEun®p + O (A7) =0,
D (Do®pm — Dy®o) — iF*Md (183)
—a-emnroKunpg + O(A7Y) =0,

where M,N =1,2,3,z, and

5i

AMANApD,  (184)

where F = dA + 3[A, A] is computed by the BPST instanton solution given in (82)—(85).
Thus, ®, ; can be solved as ®,,, = ei’mHtgbylz(x) with

1 25 7
Po = 1oi4a7r2 [2(x2+p2)5/2 + p(x2+p2)3/2:|X’ (185)
e G

where oy, is the embedded Pauli matrices, as o /2 = (t;, —1 Ny ) and x is the SU [ Ny

spinor independent on x, z. The soliton mass as the baryonic potential can be evaluated by
inserting (185) and the BPST solution (82)—(85) to the full action for the D8-branes. After-
wards, one reaches to an effective Hamiltonian for baryon state by following Section 2.5, as
given in [105,106]. We note that [40] also gives another generalization with heavy flavor
into black D4-brane background.

3.4. Interactions of Hadrons and Glueballs

The interaction of hadrons relates to many significant topics in QCD and nuclear
physics, and its holographic description by the D4/D8 model was reviewed briefly in
Section 2 and [24,25]. In this section, we will take a look at the interactions in hadron
physics involving glueballs, since the D4/D8 model provides explicit definitions of mesons,
baryons and glueballs.

The main idea to include the interactions of mesons and glueballs is to consider the D8-
brane action with a gravitational fluctuation. Recalling the discussion in Sections 2.4 and 2.6,
since meson is identified as the gauge field on the D8-branes (created by 8-8 string) and
glueball is identified as the gravitational polarization (closed string), the interaction of
meson and glueball is nothing but the interaction of open and closed strings, which can
therefore be included into the D8-brane action when the metric fluctuation is picked up.
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SEP =

For example, when we put the gravitational polarization (97) into the D8-brane action (32)
with the meson tower given in (37), by integrating out the z dependence (the holographic
coordinate), it reduces to an interaction action involving 7, p meson and exotic glueball G,
after some straightforward but messy calculations, as follows:

—Trfd4x{c1 {;aynavna"a GE + 1 (0u71) (1 - az) GE]

+eaMiy [2PHPV T Ge+ i(on) (1 - 131%) GE]

+c3 %U”a[ypa]a[vm]%& — §0[,0401p" <1 + 82%> GE} + C4ﬁpya[ﬂpv]avGE (186)
+cs |dumt[r, pv] GE + 18 urt[7T, p¥] (1 - )GE}

+ [%51 (aun) + %52M12<1<(PM)2 + EEBa[va]a[”PV] + 553#”[”/:0”]} GE}r

where the c; and & coefficients are coupling constants and are numerically computed as (in
the unit of A’l/ZNC’lME}()

o = [dzBe =626, =2k [dZK(y})HE =71,
c3 =2k [dZK V3(y)*Hy = 69.7,

0y =2kM%y [dZ 52132§ s He = 10.6M%,,

s =/ dz"’lf? — 2019.6N1/2,
& = [dZHE =164, &= ix [dZK(¢})*HE =30,
G =k [dZKY3(p))*He =181, &5 = [dZ¥%EE = 5082N /2.

(187)

Then, the associated amplitude of glueball decay can be further evaluated by using
the effective action SgE_p with the coupling constants. One can also compute the effective
action of meson involving other types of glueball by changing the formulas of the bulk
gravitational polarization, as discussed in [29-32].

The current setup to obtain an effective action of meson and glueball interaction can
also be generalized by including heavy flavor [107], which is to take into account the
configuration in Figure 7b and the heavy-light meson field. The main idea is to pick up the
gravitational polarization in bulk metric when we write down the D8-brane action with
heavy flavor brane (i.e., with the replacement given in (170)). For example, by considering
the gravitational polarization for the exotic glueball Gg in (97), the effective action of
heavy-light meson and glueball provides such terms as

9*Gd,QarQY,0°Ge Q) Q",8°Ged, Q" Q,8°GeQ'Q,
M9 Gpa, QF9,QY, 99" Gra,Q"9,Q, 99" Ge Qf, Qu,
Gra,Qfo"Q", GeQ}QY, GeQ'Q,
3:GEPQ79,Q, 9oGEdP Q7 Qp, ' GEQQ,

which are the same types as the interaction given in (186). Here, we use Q,, Q to denote the
vector and scalar heavy-light meson field, and the lowest heavy-light meson is identified
to be D-meson with a charm quark. Accordingly, the effective action with heavy flavor and
glueball may be useful to study the oscillation of D-meson pairs (D — D) or B-meson pairs
(B — B) [108,109]. Note that since the heavy-light multiplet is created by the heavy-light
string, even if the heavy flavor is taken into account, the interaction of heavy-light meson
and glueball remains an open/closed string interaction through holography. Moreover,
in the presence of the heavy-light meson and glueball, the effective action also mixes the
interaction terms of glueball, light and heavy-light meson, which may describe the various
interactions in hadron physics.

It is also possible to include the interaction of baryon (or baryonic meson) and glueball
in a parallel way, that is, to consider the interaction of baryonic D4'-branes and bulk closed

(188)
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AH(t) ~ cos(wt){— >

string [110]. Specifically, one can derive the Yang-Mills action presented in (32) with
the gravitational polarization (97), then insert the BPST instanton configuration (82)—(85)
as baryon under the large A rescaling (77). Afterwards, by following the discussion in
Section 2.5, we can obtain additional terms to the collective Hamiltonian (96) as follows:

27 , 590497t*  27M2+468 L/ _, 5
= — 27
Tt [ 2000 T 16 " (222 +¢7)

A lro (A*Z) } (189)

Using the standard technique in quantum mechanics for the time-dependent perturbed
Hamiltonian, it is possible to work out the decay rate of baryon involving glueball and its
associated select rule. We note that when the heavy flavor is included, as in Section 2.3, the
decay rate of heavy-light baryon or baryonic meson involving glueball can be achieved.
For example, considering the exotic gravitational polarization (97), we can reach the time-
dependent perturbed Hamiltonian, given as [111]:

AH(t) ~ A7V2M ) ( 5 fénm%{ + 1;2"25 > Gex'x, (190)
where we take the limit my — oo followed A — oo to simplify the formula, and x"x = Np
refers to the number of heavy flavor quarks in the heavy-light meson. Then, the decay of
heavy-light baryonic matter involving glueball can be evaluated using (190) to the quantum
mechanical system (96) with heavy flavors. To close this section, we summarize the strings
as various hadrons in the D4/D8 model in Figure 8, and we can see the various interactions
of hadrons are interactions of strings through gauge—gravity duality in this model.

glueball
ey d y e

light meson > ?‘
lanti light meson
anti quark
I - L
quark - (\__\ ;

N, D4

4

heaw-light meson w«

4 baryon vertex

glueball
glueball

Figure 8. Strings as various hadrons in the D4/D8 model.

3.5. Theta Dependence in QCD

In Yang-Mills theory, there could be an topological term proportional to the 6 an-
gle [112]. In the large N, limit, the full Lagrangian takes the following form:

S = NCTr/ spap_i M8

T2 872 N,

While the value of angle § may be experimentally small, it leads to many interesting
effects, e.g., glueball spectrum [113], deconfinement transition [114,115], chiral magnetic
effect [116,117], especially its large N, limit [118]. Since the D4/D8 model is a holographic
version of QCD, it is possible to introduce the 6 term to the dual theory through the
gauge—gravity duality.

Tr / FAF. (191)
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ds? :H’l/z{— o 2 fr(U) (@x)? + HY 2dxidxl] + HY2HY? | A0 + ud0d],

ds?
Hy

=1+ R

— — 2 2
— H; 1/2 H1/2;7 deydvarHO 1/2f(u)(dx4) } +Hi/2Hé/2[ du + u2d0?],
R Hy=1— Sk O o0 — g V434 ) = —igHiodx‘*, F, = 3R3g; L.

The main goal of including a Yang-Mills 6 term in holography is to introduce coinci-
dent Ny DO-branes acting to the N; D4-brane background (14). In this sense, we have to
require Ny/ N, to be fixed when N; — co. For the SUGRA approach, the dynamics of the
Ramond-Ramond 1-form C; must be picked up into the IIA SUGRA action (15) in order to
include the charge in the DO-branes:

St = 55 [ a0/ =Ge 2 [R09 + 49,09 -

2
210

/ 0xV=G(|Eaf + |R[*), (192)

2
410

where F, = dC;. To obtain an analytical solution, we assume that the D0-branes are
smeared homogeneously along x*; hence, the associated equations of motion to (192) can
be solved as follows:

fr(U)

3
3 Hy =1— 19, e0 = HyVAHY ¢y = O [Laxt, Fy = 3R%;,

(193)

w’

where @ is a constant parameter. Taking the near-horizon limit so that H; — R3/U® and
imposing the double Wick rotation, as discussed in Section 2.1, we can obtain a D0-D4
bubble background associated to (16), as follows:

Fray + (194)

u3 1re2/°¢

Due to the presence of the DO-branes, we can see that the dual theory of (194) is pure
Yang-Mills theory, with a 6 term if a probe D4-brane located at the holographic boundary
is taken into account:

Sps = [ — TpsSTr [ d*xdte ¢/~ det(G + 27a’F) + g Tpy [ Cs
+1(2ma') ¢ Toy [ C1L AFAF] e (195)

o~ zgg Trf*F/\F+zgYM9TrfPAF+0(F4),

which further implies that the bare 6 angle relates to the © parameter in the solution (194)
by
A [0+ 2k
=—|—— ) keZ 196
82 ( N ) < (196)

as a fixed constant in the large N, limit.

With the geometry background (194), it is possible to evaluate several properties of
Yang-Mills theory with a 6 term by following the discussions in previous sections; let us
take a brief look at them for examples. First, we focus on the the ground state energy, which
can be evaluated by using (104)—(108) as follows:

2N2A Mgy
32 (14 02)°

In the expansion with respect to small ®, (197) reduces to the minimized free energy dif-
ference,

F(®) = — (197)

4

. 62 0
min[F(©) ~ F(0)] ~ 1 xg6|1+bryry  +hig

as the energy of the 6 vacuum, and the topological susceptlblhty reads as

+0 (96)] (198)

A3 My

—, 199
32(3m)° (129)

Xg =
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with

_ A2 514
by=———,by = —— .
3274 3 x 21178
Moreover, one can consider a constant C; in the black D4-brane background (14), so
that F, = dC; = 0. Hence, the ground state energy of deconfined Yang-Mills theory with a
constant f term can be identified as Fyeconf., presented in (109).
Then, the QCD deconfinement phase transition can be obtained by comparing the free
energy (197) with Fgecont, in (109) which leads to the critical temperature

(200)

Mgx 1 Mgk A2 2 3704 64 6°
«(0) 21 /1+02 27 12874 N2 t ot 8 N + N© (201)

Second, the QCD string tension also takes a correction due to the presence of 0 term.
Consider an open string stretched in the background (194) ending on a probe D4-brane at
boundary. Using the AdS/CFT dictionary, the Wilson loop in the dual theory relates to the
classical Nambu-Goto (NG) action Sy of the open string corresponding to the tension T
with quark potential V, as follows:

(W(C)) ~ e SN e TV, (202)
In the static gauge, the relevant string embedding can be chosen as follows:
1=20€0,T],0c =x¢€[-1/2,1/2],U = U(x), (203)

then the NG action is given as

1 1
Sng = ol /d'rda\/—gngw = o /d'rda\/—goo [gxx +guuu’(x)2}, (204)

To quickly evaluate the QCD tension, let us consider the limit [ — oco. In this limit, the
open string must minimize its energy as much as possible; it forces the factor /—go0gxx
to become minimal to take the value at U = Ugg, since the size of x* shrinks at U = Ugg.
Therefore, the QCD tension T; is obtained from

1
SNG _ﬁﬂ\/ —8008xx|u=ugx = —TsT1, (205)
as
To= L goge it = oM (206)
s 27ta 8008 xx U=Ugx — 2771 KK (1 +®2)2’

Next, let us investigate the glueball mass with the background (194). As the glue-
ball corresponds to the gravitational fluctuation, by adding a perturbation to the metric
presented in (194) as gmn — gmN + hpn, it reduces to an equation of motion for hyn,
given as

1 1
5 VM VI + 5V - (VKVMhNK + VKVNhMK) - %hMN —0.  (207)
Here, since IIA SUGRA can be obtained by the dimension reduction from 11d M-
theory, hyn refers to the fluctuation on AdS;, which means M, N runs over 0-6. Setting

hyn = Hyn (U)e** with the ansatz

Hyn(U) = %H(U)diag <0, 1,1,1,0, —1+3®2,0>, (208)
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it gives the eigen equation for H(U) as

4u3 _ u3 2R2

H"(U) + ————FK&H(U) - %H(u) =0, (209)
U (U® — Ugg) U — Ugg
which implies that the mass spectrum M with a correction due to © is
M(0)

~ 210
V1+e? 10

The presence of 6 also decreases the baryon mass g,

A 1

= — — 211
mp 277TNCMKK(1+®2)3/2/ (211)

by imposing the metric presented in (194) into (76), which implies the evidence of metastable
particles in QCD. By further analyzing the entanglement entropy on (194), it agrees consis-
tently with the property of the possible metastable states in this model. Moreover, when we
follow the discussion in Section 2.2, it is possible to introduce flavored meson in the D0-D4
background. The meson mass also acquires the correction by the 6 angle, as in [41,42].
Further, following the instantonic description for baryon in Section 2.5, one can see the
metastable baryonic spectrum in this model, as in [119]. In this sense, the Witten-Sakai—
Sugimoto model in the D0-D4 brane background is recognized as a holographic version of
QCD with a 6 term.

4. Summary and Outlook

In this review, we look back to the fundamental properties of the D4/D8 model, which
include the D4-brane background, the embedding of the D8/D8-branes, and how to identify
mesons, baryons and glueballs in this model. Moreover, we revisit some interesting topics
about QCD by using this model, which relate to the deconfinement transition, chiral phase,
heavy flavor, various interactions of hadrons and the 6 term in QCD. This review illustrates
that string theory can provide a powerful method for studying the strongly coupled regime of
QCD, which is out of the reach of the traditional methods of perturbative QFT. We particularly
note here that there are additional interesting approaches based on this model that are absent
in the main text of this review; they relate to the holographic Schwinger effect [120-123], the
fluid / gravity correspondence [124-128], corrections to the instanton as baryon [129,130], the
approaches to the D3/D7 model [131,132] and applications in studying neutron stars [133,134].
With all of these achievements, it may be possible to work out an exact holographic version of
QCD based on the D4/D8 model in future work, to reinterpret the fundamental element of
strong interactions according to gauge—gravity duality.
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Appendix A. The Type II Supergravity Solution

In this appendix, let us collect the D,-brane solution in the type Il SUGRA. We note
that all the discussion in this appendix is valid to the gravity solution presented in the main
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text if we set p = 4. In the string frame, the action for type Il SUGRA sourced by a stack of
N coincident D)-branes can be written as

1 2
1=, [/ (mr ) - inef],
K10

where 22, = 1671Gyg = (27‘[)7lfg§ is the 10d gravity coupling constant, R, ¢,C,1 are,
respectively the 10d curvature, dilaton and Ramond-Ramond p + 1-form field with F, > =
dCp1. Note that in string theory, the dilaton field may also be defined as ® by

O — Oy = P, e = g, (A2)

Since a D)-brane for p = 4,5, 6 is magnetically dual to the Dy-brane for p = 2,1,0 and
the D3-brane is self-dual, we only consider the case for p < 7 in (Al). Varying action (A1)
with respect to gpmn, ¢, Cp11, the associated equations of motion are collected as follows:

0 = R+4V2p—4(Vp)?
_ 8N<\/_ngNM1‘..MP+1)’
= Rumn — 38R +2V MV ne + 28mn (V) — 28mn V2

2 Ki.K ,
g 2 1--Kpi1 (p+1)! 2
2(P-S|r1)le ’ [FM FNKy Ky — 72 gMN|Fp+2| .

(A3)

The solution for (A3) can be obtained by using the simply homogeneous ansatz,

_1 1
ds? = H, Zryahdx”dxb + Hj (dr2 + rzdﬂé_p), a,b=0,1..p

where the harmonic function Hy, is solved through (A3) as follows:
7-p
Hy(r) =1+ ;—p' (A5)

Here, r refers to the radial coordinate vertical to the D-brane; Qg p is the associated
angle coordinate in the transverse space. The constant k), relates to the charge of the
D,-brane, computed as follows:

_ 5— 7 — _
h; P = (2v/7) ”gsN,,r<2p)zZ P, (A6)

Solution (A4), representing extremal black D,-branes, reduces to the BPS condition as
follows:

2og:To, Ny = [ “Fpeay (A7)

due to the action for the Ramond-Ramond (R-R) field C; 1 with a source of N, coincident
D,-branes,

1
s,:——/P A *E +T/ Coor. A8
R-R e p+2 p+2 + 8s1p, — (A8)

The equations of motion (A3) also allow for the near-extremal solution, as follows:

1 .. 1 2
ds? = Hy ? [f(r)df? + Sydxidl] + H} |42 + a3,
_pr3 —1r7-1 (7—p)gs*1h;”" (A9)
et = Hp rCOL..p = &s Hp /FrOL..p = W,
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where i, j run over the spacial index of the D,-branes. The functions f(r), H,(r) are solved,
respectively, as follows:

1,7H—p r;—p

where 7 refers to the horizon of the Dj-branes. Notice that the equation of motion (A3)
reduces to a constraint,

-3
4V ugpVMg -2V = Eo g2 F, o), (A11)
which implies that
7 2(7 I\

So, we have r, — hp if ry — 0; thus, the near-extremal solution will return to the
extremal solution in this limit.

Appendix B. Dimensional Reduction for Spinors

In this section, we collect the dimensional reduction for spinors, and one can see
that various boundary conditions determine the associated mass of fermion in the lower
dimension. Consider a complex massless spinor ¥ in R*+1 satisfying the Dirac equation

Moy =0, (A13)

where M runs over R4*1. When one of the spatial directions is compactified on a circle S?,
R9*+1 becomes R x S!. Let us denote the coordinates on Rd, ST as x, y, respectively. Then
Fourier series of ¥ can be written as the summary of its modes on S! as

¥(x,y) = YT pr(xh), (A14)
k

where L refers to the radius of S! and k is integer or half-integer. Thus, the boundary of the
spinor ¥ can be periodic or antiperiodic:

¥ (x*,y) = £¥(x¥,y +271L), (A15)

where k is integer and half-integer, respectively. Mostly, the antiperiodic boundary con-
dition for fermion is permitted, since observables are usually the combination of an even
power of spinors. Inserting (A14) into (A13), it leads to

(727 et =0, (16

where . = 7¥. So, we can see that y;(x*) is massive spinor in R? with an effective mass
iYx %, unless k = 0. This implies that under the dimension reduction, the spinor in the lower
dimension is always massive if the antiperiodic boundary condition is imposed. Note
that in the low-energy theory, only the mode with minimal k is of concern; thus, it means
that the fermion is massless/massive with periodic and antiperiodic boundary conditions,
respectively, in the low-energy theory.

Appendix C. Supersymmetric Meson on the Flavor Brane

While the D4/D8 model achieves great success, it contains issues. The most important
issue is that due to the remaining supersymmetry on the D8-branes, the D4/D8 model
contains supersymmetrically fermionic mesons (mesino) on the flavor Ny D8/ D8-branes,
which should not be presented in QCD [135]. As we specified in Section 2.1, the super-
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S

-

;Tos / d9xe—4’STr\/ —det[gqp + (270 Fp| ¥ (1 — I'pg) (I°De — A+ Lpg) ¥, (A17)

(2ma’ )y

4
Y =K /%y K(Z)=1+27%T = (g) TpgQ (2mx’)2(

symmetry on N. D4-branes breaks down due to its compactified direction x%: however,
there is no mechanism to break down the supersymmetry on the flavor branes, since the Ny
D8/D8-branes are perpendicular to the compactified direction x*. Therefore, in principle,
there is no reason to neglect the supersymmetric fermions in this model. So, let us pick up
the fermionic action for the D8-branes in addition to their bosonic action (22). Up to the
quadratic order, the fermionic action for the D8-brane reads as follows [136-138]:

2
where Y refers to 32-component Majorana spinor in 10d spacetime, and

__ /~detlgal Opiy ()
fos == det[guw(sza')ﬂb} Tps T Xy~ T Fayay oo Fagy 10y
- ~det[g,] 0 oyt .
bos =m0 Teli T (] s L1 (<q—1)!)2a—*1 L2071 Foy gy Fagy 108" Dy
0 _ _ e _ _rlips Al8
FDg 9!\/mra]‘..ag r r 7 ( )
A = 3TMIyp — §418se? FynpoT MNP,

Dy =Vum-— %%gNs§¢FMNPQFMNPQTM,
VM =dm—+ %a)M*FM.

Action (A17) is the fermionic action for D8-brane obtained under T-duality. The
notation in (A17) and (A18) is given as follows. The index labeled by capital letters
M, N, P, Q runs over 10d spacetime, and that labeled by lowercase letters runs over D8-
brane. The index with underline corresponds to index in the flat tangent space used by
elfbein, e.g., gpMn = e%;ywe%; so, we have, e.g., ¥ = g”babXMeAM/ITM. I'M refers to the
Dirac matrix, satisfying {T'™M, TN} = 2¢MN and w MM refers to the spin connection. Fyinpg
refers to the components of the Ramond-Ramond F; and ¢ is the dilaton field, which are
all given in Section 2. The gamma matrix TMNPQ is given by TMNPQ — TIMPNTPTQl, Here,
Fap = Eup + Bap, where Fyy, is the gauge field strength on the flavor brane and By, is the
antisymmetric tensor By induced on the flavor brane, which can be set to zero.

Imposing the bubble solution given in (16) and supergravity solutions for the dilaton
¢ and Ramond-Ramond F; to (A17), after some calculations, it becomes

i / d*xdZdQ ¥ P {ZM K2rmvS 4 K=2/3T89, + MyxTadz |'¥ (A19)
4 T 2 Mk m 7 Kkl40z |1,

4, . . .
where FﬂVfﬂ is the Dirac operator on S4 ie., the index m runs over §%, and

> 21/2

31\41;512),13_ = %(1 — I'pg). (A20)
KK

Since we are interested in the fermionic part, the gauge field included by F; is turned

off, i.e., F,;, = 0. Afterwards, in order to obtain a 5d effective action, such as the mesonic

action given in (33), we can decompose the spinor ¥ into a 3+1-dimensional part ¢(x, Z) as

mesino, an S$* part x and a remaining 2d part A, as follows:

Y=o X(s‘*) ® A. (A21)
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The associated gamma matrices can be chosen as

It =qeyte1,u=0123
It =71,
R =nmneley,

mm =01yt m==6,7,8,9, (422)
v =iy,
¥ =iyyIy8ye,

where 07 5 3 refer to the Pauli matrices. In this decomposition, the 10d chirality matrix
takes a very simple form as I'! = 03 ® 1 ® 1. If we chose the 03 representation, A can be
decomposed by the eigenstates of o3 with

0'3)\:|: = Ai,01/\i = )\:F,(Tg)\i = :ti/\:,:, (A23)

where A4 refers to the two eigenstates of 3. Since the kappa symmetry fixes the condition
'Y = ¥, we have to chose A = A. Moreover, as x must satisfy the Dirac equation on %,

it can be decomposed by the spherical harmonic function. So, the eigenstates of I mvf}f can
be chosen as [139],

TS s — iNE S AF = +(241),1=0,1... (A24)

where s, | are angular quantum numbers carried by spherical harmonic function.
Putting (A21) into (A19) with the decomposition (A22)—-(A24) for x and A, we finally
reach a 5d effective action for then mesino field:

S =iT / d*xdZ{ <—§MKK/\K1/ 24 K399, + MKK7BZ> . (A25)

The 5d mesino i can be further decomposed by working with

(e ) ") " (z)
P z) = ( Y- ) B 2[ lpz})(x)fJ(:")(Z)

where fi”) (Z) are real eigenfunctions of the coupled equations

, (A26)

—%Kil/zf_(,_n) + aszr") = AnMKKKfz/Sfﬁn)

(A27)
_%Kfl/ZfS") _ azfiﬂ) _ AnMKKKiz/gf_s_n)
with the normalizations
T/dZK R A R (A28)

Plugging (A26)—(A28) into (A25), the action takes the canonical form of (M;, = A, Mgk)

(m)t

——/d4x2{l/)(,n)+iayayl/)(j)+lp+ i 9, + My [p" gl + Ty L. (a29)

Defining the Dirac spinor written in the Wely basis as
(n) P (x)
i) = tp(n) o ) (A30)
action (A29) can be rewritten as ({y#,v"} = 2y"")

5= z/d4xz D) + M, )], (A31)
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leading to a standard action for fermion. As we can see, the fermionic action illustrates that
the mesino mass takes the same order of meson mass; hence, it should be not neglected in
principle, and the authors of [140] also confirm this conclusion, which is consistent with
the remaining supersymmetry on D8-branes.

Moreover, when the bosonic gauge field is turned on, action (A17) reduces to interac-
tion terms of meson and mesino up to O (.F , ‘1’2) , as follows:

Sint = 11 [dx\/=ge $FTsTIIF,, (I°De — A) Y
—i138 [dx/=ge ¥ (1 —T5) I T F,PD, Y.

Using decomposition (46) for A, and (A22)-(A24) for ¥, action (A32) includes interac-
tion of 7t meson and mesino as follows:

(A32)

Sipt = MKk Yup [ d* 30,70 [Mickctren, p ity P 1p(P)]

JnM;, A33
+l7't,nt,lﬂl/3(n) (_7)”+P+1aylp(p)/ ( )

where the coupling constant is evaluated numerically as
oy =3 JAZKSS [P O )

ln,n,p — deK_3/2fJ(rn)f£p).

One can further work out the interaction terms of p meson and mesino similarly. Since
there is no mechanism to suppress the interaction of meson and mesino or break down the
supersymmetry on the D8-brane, we have to take into account these interactions in this
model in principle while they are absent in realistic QCD.

Although we do not attempt to figure out this issue completely in this review, we give
some comments that may be suggestive. The way to break down the supersymmetry on D8-
branes may follow the discussion in [23], that is, to compactify one of the directions of the
D8-brane (which is vertical to the N, D4-branes) on another circle, then impose the periodic
and antiperiodic boundary condition to the meson and mesino, respectively. Afterwards,
the supersymmetry on the D8-branes breaks down, then the spectrum of meson and mesino
is separated by a energy scale 1/ 5, where B refers to the size of the compactified direction
of the D8-brane. Another alternative scheme is to consider that the bubble solution (16)
has a period Br with Br > 1; hence, the dual theory is nonsupersymmetric above the
size Br if we perform the same dimension reduction as [23]. Therefore, it means that the
supersymmetry gets to rise only at a temperature of exactly zero due to fr = 1/T, which
is the ideal case, out of reach physically. So, the dual theory on the D8-brane would be
nonsupersymmetrical at any finite temperature.
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