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Abstract: This review dealt with generalized Melvin solutions for simple finite-dimensional Lie
algebras. Each solution appears in a model which includes a metric and n scalar fields coupled to n
Abelian 2-forms with dilatonic coupling vectors determined by simple Lie algebra of rank n. The set
of n moduli functions Hs(z) comply with n non-linear (ordinary) differential equations (of second
order) with certain boundary conditions set. Earlier, it was hypothesized that these moduli functions
should be polynomials in z (so-called “fluxbrane” polynomials) depending upon certain parameters
ps > 0, s = 1, . . . , n. Here, we presented explicit relations for the polynomials corresponding to Lie
algebras of ranks n = 1, 2, 3, 4, 5 and exceptional algebra E6. Certain relations for the polynomials
(e.g., symmetry and duality ones) were outlined. In a general case where polynomial conjecture holds,
2-form flux integrals are finite. The use of fluxbrane polynomials to dilatonic black hole solutions
was also explored.
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1. Introduction

In this review article, we dealt with a certain generalization of the Melvin solution [1],
which was studied earlier in Ref. [2]. It occurs in the model which contains metric, n Abelian
2-forms Fs = dAs and l scalar fields ϕα (l ≥ n). This solution is governed by a certain
non-degenerate matrix (Asl) (“quasi-Cartan” matrix), s, l = 1, . . . , n. It is a particular case
of the so-called generalized fluxbrane solutions presented earlier in Ref. [3].

The original 4d Melvin’s solution, which describes the gravitational field of a magnetic
flux tube, has numerous multidimensional analogs, supported by certain configurations of
form fields. These analogs are usually referred to as fluxbranes. The fluxbrane solutions
originally appear in superstring/brane models. For generalized Melvin and fluxbrane
solutions, see [4–26] and references therein.

It is important to note that the solutions from Ref. [3] are governed by a set of moduli
functions Hs(z) > 0 defined on the interval (0,+∞). Here, z = ρ2 and ρ is a radial vari-
able. These functions obey a set of n non-linear ordinary differential equations of second
order—so-called master equations, governed by the matrix (Ass′) (in fact, they are equiva-
lent to Toda-like equations). The moduli functions should also obey the boundary condi-
tions: Hs(+0) = 1, s = 1, ..., n.

Here, we assume that the matrix (Ass′) is just a Cartan matrix of a simple finite-
dimensional Lie algebra G of rank n. (Obviously, Ass = 2 for all s). Due to “polynomial
conjecture” from Ref. [3], the solutions to master equations with the boundary conditions
imposed have a polynomial structure:

Hs(z) = 1 +
ns

∑
k=1

P(k)
s zk, (1)
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where P(k)
s are constants (P(ns)

s 6= 0) and

ns = 2
n

∑
s′=1

Ass′ . (2)

Here, we denote (Ass′) = (Ass′)
−1. The parameters ns are integers, which are called

components of a twice-dual Weyl vector in the basis of simple roots [27].
In Refs. [2,28], a program (in Maple) for the calculation of these (fluxbrane) polynomi-

als for a classical series of Lie algebras (An, Bn, Cn, Dn) was presented.
The fluxbrane polynomials Hs define special solutions to open Toda chain equa-

tions [29–32], corresponding to simple finite-dimensional Lie algebra G,

d2ys

du2 = −4Ps exp(
n

∑
l=1

Aslyl), (3)

where
Hs = exp(−ys(u)− nsu), (4)

Ps > 0, s = 1, ..., n, and z = e−2u. These special solutions obey

ys(u) = −nsu + o(1), (5)

as u→ +∞.
In Section 2, we describe the generalized Melvin solution related to a simple finite-

dimensional Lie algebra G [2]. In Section 3 and in Appendices A and B, we present
fluxbrane polynomials for Lie algebras of ranks n = 1, 2, 3, 4, 5 and also for E6. Here,
we also outline the so-called symmetry and duality identities for these polynomials and
consider certain relations between them. In Section 4, we present calculations of 2-form flux
integrals Φs =

∫
M∗

Fs over a certain 2d submanifold M∗. It is amazing that these integrals
(fluxes) are finite for all parameters of fluxbrane polynomials. In Section 5, we outline
possible applications of fluxbrane polynomials to dilatonic black hole solutions.

It should be noted that definitions of fluxbrane polynomials can be easily extended to
(finite dimensional) semisimple Lie algebras.

2. The Solutions

We consider a model governed by the action

S =
∫

dDx
√
|g|
{

R[g]− hαβgMN∂M ϕα∂N ϕβ − 1
2

n

∑
s=1

exp[2λs(ϕ)](Fs)2
}

, (6)

where g = gMN(x)dxM ⊗ dxN is a metric, ϕ = (ϕα) ∈ Rl is a set of scalar fields, and (hαβ)

is a constant symmetric non-degenerate l × l matrix (l ∈ N), Fs = dAs = 1
2 Fs

MNdxM ∧
dxN is a 2-form, λs is a 1-form on Rl : λs(ϕ) = λsα ϕα, s = 1, ..., n; α = 1, . . . , l. Here,
(λsα), s = 1, . . . , n, are dilatonic coupling vectors. In (6) we denote |g| = |det(gMN)|,
(Fs)2 = Fs

M1 M2
Fs

N1 N2
gM1 N1 gM2 N2 , s = 1, . . . , n.

Here, we deal with a family of exact solutions to field equations which correspond to
the action (6) and depend on one variable ρ. These solutions are defined on the manifold,

M = (0,+∞)×M1 ×M2, (7)
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where M1 is a one-dimensional manifold (say S1 or R) and M2 is a (D− 2)-dimensional
Ricci-flat manifold. The solution (from the family under consideration) reads [2]

g =
( n

∏
s=1

H2hs/(D−2)
s

){
wdρ⊗ dρ +

( n

∏
s=1

H−2hs
s

)
ρ2dφ⊗ dφ + g2

}
, (8)

exp(ϕα) =
n

∏
s=1

Hhsλα
s

s , (9)

Fs = qs

(
n

∏
l=1

H−Asl
l

)
ρdρ ∧ dφ, (10)

s = 1, . . . , n; α = 1, . . . , l, where w = ±1, g1 = dφ⊗ dφ is a metric on M1 and g2 is a
Ricci-flat metric on M2. Here, qs 6= 0 are integration constants (qs = −Qs in notations of
Ref. [2]), s = 1, . . . , n.

The moduli functions Hs(z) > 0, z = ρ2 obey the master equations,

d
dz

(
z

Hs

d
dz

Hs

)
= Ps

n

∏
l=1

H−Asl
l , (11)

with the following boundary conditions:

Hs(+0) = 1, (12)

where
Ps =

1
4

Ksq2
s , (13)

s = 1, . . . , n. For w = +1, the boundary conditions (12) are necessary to avoid a conic
singularity (for our metric (8)) in the limit ρ = +0.

The parameters hs obey the relations,

hs = K−1
s , Ks = Bss > 0, (14)

where
Bss′ ≡ 1 +

1
2− D

+ λsαλs′βhαβ, (15)

s, s′ = 1, ..., n, with (hαβ) = (hαβ)
−1. In the relations above we denote λα

s = hαβλsβ

and
(Ass′) = (2Bss′/Bs′s′). (16)

This is the so-called quasi-Cartan matrix.
The constants Bss′ and Ks = Bss are related to scalar products of so-called “brane

vectors” Us, belonging to a certain linear space (in our case it has dimension l + 2). We have
Bss′ = (Us, Us′) and Ks = (Us, Us), with certain scalar product (., .) defined in Refs. [33,34].
Such scalar products appear in various solutions with branes (black branes, fluxbranes,
S-branes etc), e.g., in calculations of certain physical parameters (Hawking temperature,
black hole/brane entropy, PPN parameters etc), see Ref. [34].

Product relation (16) defines generalized intersection rules for branes [33], while
numbers Ks are invariant under dimensional reductions with typical value Ks = 2 for brane
U-vectors which appear in numerous supergravity models, e.g., for D = 10, 11 [35].

It can be readily shown that if the matrix (hαβ) is of Euclidean signature, l ≥ n, and
(Ass′) is a Cartan matrix of certain simple Lie algebra of rank n, then there exist co-vectors
λ1, . . . , λn obeying (16).

Our solution is nothing more than a special case of the fluxbrane (for w = +1, M1 = S1)
and S-brane (w = −1) solutions from Refs. [3] and [25], respectively.
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If we put w = +1 and choose Ricci-flat metric g2 of pseudo-Euclidean signature on
manifold M2 of dimension d2 > 2 , we obtain a higher dimensional generalization of the
Melvin’s solution [1].

The Melvin’s solution does not contain scalar fields. It corresponds (in our notations)
to D = 4, n = 1, w = +1, l = 0, M1 = S1 (0 < φ < 2π), M2 = R2, g2 = −dt⊗ dt + dx⊗ dx,
and Lie algebra G = A1 = sl(2).

For the case of w = −1 and g2 of Euclidean signature, one can obtain a cosmological
solution with a horizon (as ρ = +0) if M1 = R (−∞ < φ < +∞).

3. Examples of Solutions for Certain Lie Algebras

Here, we deal with the generalized Melvin-like solution for n = l, w = +1 and
M1 = S1, which corresponds to simple (finite dimensional) Lie algebra of certain rank n
with the Cartan matrix A = (Asl).

We put here hαβ = δαβ and denote (λsα) = (λα
s ) = ~λs, s = 1, . . . , n.

Due to (14)–(16) we get

Ks =
D− 3
D− 2

+~λ2
s , (17)

hs = K−1
s , and

~λs~λl =
1
2

Kl Asl −
D− 3
D− 2

≡ Gsl , (18)

s, l = 1, . . . , n; (17) just follows from (18).

Remark 1. For large enough Ks in (18) (or large enough~λ2
s ), there exist vectors~λs obeying (18)

(and hence (17)). Indeed, the matrix G = (Gsl) is positive definite if Ks > K∗, where K∗ is some
positive number. Hence, there exists a matrix Λ, such that ΛTΛ = G. We put (Λas) = (λa

s ) and
get a set of vectors obeying (18).

Here, as in [36], we use another parameter ps instead of Ps:

ps = Ps/ns, (19)

s = 1, ..., n. This is carried out to avoid big denominators for P(k)
s in relation (1).

Remark 2. The parameters ps give us the coefficients P(1)
s in (1):

P(1)
s = Ps = psns, (20)

s = 1, ..., n. These relations can be readily obtained by putting z = +0 into master
Equation (11) and using the boundary conditions (12). Moreover, for given Lie algebra one can
deduce recurrent relations for higher coefficients P(k+1)

s in (1) as functions of P(k)
s , . . . , P(1)

s = Ps

and solve the chain of recurrent relations, justifying that P(ns+1)
s = 0, for all s = 1, ..., n.

We note also that, for a special choice of ps parameters: ps = p > 0, the polynomials
have the following simple form [3]:

Hs(z) = (1 + pz)ns , (21)

s = 1, ..., n. This relation may be considered a nice tool for the verification of general
solutions for polynomials.

3.1. Rank-1 Case

A1-case. We start with the simplest example, which occurs for the Lie algebra
A1 = sl(2). We obtain [3]

H1 = 1 + p1z. (22)
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Here, n1 = 1.
In this case (due to (14)–(16)), we have

K1 =
D− 3
D− 2

+~λ2
1, (23)

h1 = K−1
1 .

Due to (22), we get the following asymptotical behavior:

H1 = H1(z, p1) ∼ p1z ≡ Has
1 (z, p1), (24)

as z→ ∞.
Relations (22) and (24) imply the following identity.

Duality Relation

Proposition 1. The fluxbrane polynomial corresponding to Lie algebra A1 obeys for all p1 6= 0
and z 6= 0 the identity

H1(z, p1) = Has
1 (z, p1)H1(z−1, p−1

1 ). (25)

3.2. Rank-2 Case

Now, we proceed with the solutions which correspond to simple Lie algebras G of
rank 2, i.e., the matrix A = (Asl) is just a Cartan matrix,

(Ass′) =

(
2 −1
−k 2

)
, (26)

where k = 1, 2, 3 for G = A2, C2 ∼= B2, G2, respectively [37].
The matrix A is described graphically by the Dynkin diagrams presented in Figure 1

(for any of these three Lie algebras).

u u
1 2

u u
1 2

< u u
1 2

<

1

Figure 1. The Dynkin diagrams for the Lie algebras A2, C2, G2, respectively.

It follows from (14)–(16) that

h1

h2
=

K2

K1
=

A21

A12
= k, (27)

where k = 1, 2, 3 for G = A2, C2, G2, respectively.

3.2.1. Polynomials

A2-case. For the Lie algebra A2 = sl(3), we have [3,25,36]

H1 = 1 + 2p1z + p1 p2z2, (28)

H2 = 1 + 2p2z + p1 p2z2. (29)

C2-case. In the case of Lie algebra C2 = so(5), we get the following polynomials [25,36]:

H1 = 1 + 3p1z + 3p1 p2z2 + p2
1 p2z3, (30)

H2 = 1 + 4p2z + 6p1 p2z2 + 4p2
1 p2z3 + p2

1 p2
2z4. (31)

G2-case. For the Lie algebra G2 , the fluxbrane polynomials read [25,36]:



Symmetry 2023, 15, 1199 6 of 41

H1 = 1 + 6p1z + 15p1 p2z2 + 20p2
1 p2z3 + (32)

15p3
1 p2z4 + 6p3

1 p2
2z5 + p4

1 p2
2z6,

H2 = 1 + 10p2z + 45p1 p2z2 + 120p2
1 p2z3 + p2

1 p2(135p1 + 75p2)z4 (33)

+252p3
1 p2

2z5 + p3
1 p2

2

(
75p1 + 135p2

)
z6 + 120p4

1 p3
2z7

+45p5
1 p3

2z8 + 10p6
1 p3

2z9 + p6
1 p4

2z10.

Let us denote
Hs = Hs(z) = Hs(z, (pi)), (34)

s = 1, 2; where (pi) = (p1, p2).
We have the following asymptotical relations for polynomials:

Hs = Hs(z, (pi)) ∼
(

2

∏
l=1

(pl)
νsl

)
zns ≡ Has

s (z, (pi)), (35)

s = 1, 2, as z→ ∞.
Here, ν = (νsl) is the integer valued matrix,

ν =

(
1 1
1 1

)
,

(
2 1
2 2

)
,

(
4 2
6 4

)
, (36)

for Lie algebras A2, C2, G2, respectively.
For last two cases (C2 and G2), we have ν = 2A−1 (A−1 is inverse Cartan matrix). For

the A2-case, the matrix ν reads
ν = A−1(I + P), (37)

where I is a 2× 2 identity matrix and

P =

(
0 1
1 0

)
. (38)

is a permutation matrix. It corresponds to the permutation σ ∈ S2 (S2 is symmetric group)

σ : (1, 2) 7→ (2, 1), (39)

by the following relation P = (Pi
j ) = (δi

σ(j)). Here, σ is the generator of the group
S2 = {σ, id}—the group of symmetry of the Dynkin diagram (for A2), which is isomorphic
to the group Z2.

Here, in all cases we get
2

∑
l=1

νsl = ns, (40)

s = 1, 2.
Now, we denote p̂i = pσ(i) for the A2-case and p̂i = pi for C2 and G2 cases, i = 1, 2.

We call the ordered set ( p̂i) a dual one to the ordered set (pi). Using the relations for poly-
nomials, we obtain the following identities (which can be readily verified just “by hands”).

3.2.2. Symmetry Relations

Proposition 2. The fluxbrane polynomials for A2 obey for all pi and z the identities:

Hσ(s)(z, (pi)) = Hs(z, ( p̂i)), (41)

s = 1, 2.
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3.2.3. Duality Relations

Proposition 3. The fluxbranes polynomials corresponding to Lie algebras A2, C2 and G2 obey for
all pi > 0 and z > 0 the identities

Hs(z, (pi)) = Has
s (z, (pi))Hs(z−1, ( p̂−1

i )), (42)

s = 1, 2.

We call relations (42) duality ones.

3.3. Rank-3 Algebras

Now, we deal with polynomials which correspond to simple Lie algebras G of rank 3,
when the matrix A = (Asl) coincides with one of the Cartan matrices,

(Ass′) =

 2 −1 0
−1 2 −1
0 −1 2

,

 2 −1 0
−1 2 −2
0 −1 2

,

 2 −1 0
−1 2 −1
0 −2 2

 (43)

for G = A3, B3, C3, respectively [38].
Any of these matrices is described graphically by a Dynkin diagram pictured in

Figure 2.

u u u
1 2 3

u u u
1 2 3

> u u u
1 2 3

<

2

Figure 2. The Dynkin diagrams for the Lie algebras A3, B3, C3, respectively.

It follows from (14), (16) that

hs

hl
=

Kl
Ks

=
Bll
Bss

=
Bls
Bss

Bll
Bsl

=
Als
Asl

, (44)

for any s 6= l obeying Asl , Als 6= 0. This implies

K1 = K2 = K, K3 = K,
1
2

K, 2K (45)

or
h1 = h2 = h, h3 = h, 2h,

1
2

h, (46)

(h = K−1) for G = A3, B3, C3, respectively.

3.3.1. Polynomials

The set of moduli functions (H1(z), H2(z), H3(z)), obeying Equations (11) and (12)
with the matrix A = (Asl) from (43) are polynomials with powers (n1, n2, n3) = (3, 4, 3),
(6, 10, 6), (5, 8, 9) for G = A3, B3, C3, respectively. We get the
following polynomials [38].

A3-case. For the Lie algebra A3 ∼= sl(4) we have [28,36]

H1 = 1 + 3p1z + 3p1 p2z2 + p1 p2 p3z3, (47)

H2 = 1 + 4p2z + (3p1 p2 + 3p2 p3)z2 + 4p1 p2 p3z3 + p1 p2
2 p3z4, (48)

H3 = 1 + 3p3z + 3p2 p3z2 + p1 p2 p3z3. (49)

B3-case. In the case of Lie algebra B3 ∼= so(7) , the fluxbrane polynomials read [28]
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H1 = 1 + 6p1z + 15p1 p2z2 + 20p1 p2 p3z3 + 15p1 p2 p2
3z4 + 6p1 p2

2 p2
3z5 + p2

1 p2
2 p2

3z6, (50)

H2 = 1 + 10p2z + (15p1 p2 + 30p2 p3)z2 +
(

80p1 p2 p3 + 40p2 p2
3

)
z3

+
(

50p1 p2
2 p3 + 135p1 p2 p2

3 + 25p2
2 p2

3

)
z4 + 252p1 p2

2 p2
3z5 +

(
25p2

1 p2
2 p2

3 + 135p1 p3
2 p2

3 + 50p1 p2
2 p3

3

)
z6 (51)

+
(

40p2
1 p3

2 p2
3 + 80p1 p3

2 p3
3

)
z7 +

(
30p2

1 p3
2 p3

3 + 15p1 p3
2 p4

3

)
z8 + 10p2

1 p3
2 p4

3z9 + p2
1 p4

2 p4
3z10,

H3 = 1 + 6p3z + 15p2 p3z2 +
(

10p1 p2 p3 + 10p2 p2
3

)
z3 + 15p1 p2 p2

3z4 + 6p1 p2
2 p2

3z5 + p1 p2
2 p3

3z6. (52)

C3-case. For the Lie algebra C3 ∼= sp(3), we obtain (with the use of MATHEMATICA)
the following polynomials:

H1 = 1 + 5p1z + 10p1 p2z2 + 10p1 p2 p3z3 + 5p1 p2
2 p3z4 + p2

1 p2
2 p3z5, (53)

H2 = 1 + 8p2z + (10p1 p2 + 18p2 p3)z2 +
(

40p1 p2 p3 + 16p2
2 p3

)
z3 + 70p1 p2

2 p3z4

+
(

16p2
1 p2

2 p3 + 40p1 p3
2 p3

)
z5 +

(
18p2

1 p3
2 p3 + 10p1 p3

2 p2
3

)
z6 (54)

+8p2
1 p3

2 p2
3z7 + p2

1 p4
2 p2

3z8,

H3 = 1 + 9p3z + 36p2 p3z2 +
(

20p1 p2 p3 + 64p2
2 p3

)
z3 +

(
90p1 p2

2 p3 + 36p2
2 p2

3

)
z4

+
(

36p2
1 p2

2 p3 + 90p1 p2
2 p2

3

)
z5 +

(
64p2

1 p2
2 p2

3 + 20p1 p3
2 p2

3

)
z6 (55)

+36p2
1 p3

2 p2
3z7 + 9p2

1 p4
2 p2

3z8 + p2
1 p4

2 p3
3z9.

We denote
Hs = Hs(z) = Hs(z, (pi)), (56)

where (pi) = (p1, p2, p3).
Due to obtained relations for polynomials, we get the asymptotical behavior

Hs = Hs(z, (pi)) ∼
(

3

∏
l=1

(pl)
νsl

)
zns ≡ Has

s (z, (pi)), (57)

as z→ ∞.
Here, ν = (νsl) is the integer valued matrix

ν =

 1 1 1
1 2 1
1 1 1

,

 2 2 2
2 4 4
1 2 3

,

 2 2 1
2 4 2
2 4 3

, (58)

for Lie algebras A3, B3, C3, respectively.
For Lie algebras B3 and C3 we have

ν = 2A−1, (59)

where A−1 is inverse Cartan matrix. For the A3-case the matrix ν reads as follows:

ν = A−1(I + P), (60)

where I is 3× 3 identity matrix and

P =

 0 0 1
0 1 0
1 0 0

 (61)
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is a permutation matrix, which corresponds to the permutation σ ∈ S3 (S3 is symmetric group)

σ : (1, 2, 3) 7→ (3, 2, 1), (62)

by the following formula P = (Pi
j ) = (δi

σ(j)). Here, σ is the generator of the group
G = {σ, id}—the group of symmetry of the Dynkin diagram (for A3), which is isomorphic
to the group Z2.

Here, in all three cases we have

3

∑
l=1

νsl = ns, (63)

s = 1, 2, 3.
Now, we introduce notations: p̂i = pσ(i) for the A3 and p̂i = pi for B3 and C3

algebras, i = 1, 2, 3. Using relations for rank-3 polynomials, we obtain (with a help of
MATHEMATICA) the following identities.

3.3.2. Symmetry Relations

Proposition 4. The fluxbrane polynomials for A3 algebra obey for all pi and z the identities:

Hσ(s)(z, (pi)) = Hs(z, ( p̂i)), (64)

s = 1, 2, 3.

3.3.3. Duality Relations

Proposition 5. The fluxbranes polynomials corresponding to Lie algebras A3, B3 and C3 obey for
all pi > 0 and z > 0 the identities

Hs(z, (pi)) = Has
s (z, (pi))Hs(z−1, ( p̂−1

i )), (65)

s = 1, 2, 3.

3.4. Rank-4 Algebras

In this subsection, we deal with the solutions related to Lie algebras G of rank 4, i.e.,
the matrix A = (Asl) coincides with one of the Cartan matrices.

(Ass′) =


2 −1 0 0
−1 2 −1 0
0 −1 2 −1
0 0 −1 2

,


2 −1 0 0
−1 2 −1 0
0 −1 2 −2
0 0 −1 2

,


2 −1 0 0
−1 2 −1 0
0 −1 2 −1
0 0 −2 2

,


2 −1 0 0
−1 2 −1 −1
0 −1 2 0
0 −1 0 2

,


2 −1 0 0
−1 2 −2 0
0 −1 2 −1
0 0 −1 2

 (66)

for G = A4, B4, C4, D4, F4, respectively.
These matrices are graphically described using the Dynkin diagrams pictured in

Figure 3.
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Figure 3. The Dynkin diagrams for the Lie algebras A4, B4, C4, D4, F4, respectively.

It follows from (14), (16) that

hs

hl
=

Kl
Ks

=
Bll
Bss

=
Bls
Bss

Bll
Bsl

=
Als
Asl

(67)

for any s 6= l obeying Asl , Als 6= 0. This implies

K1 = K2 = K3 = K, K4 = K,
1
2

K, 2K, K, (68)

or
h1 = h2 = h3 = h, h4 = h, 2h,

1
2

h, h, (69)

(h = K−1) for G = A4, B4, C4, D4, respectively, and

K1 = K2 = K, K3 = K4 =
1
2

K, (70)

or
h1 = h2 = h, h3 = h4 = 2h, (71)

(h = K−1) for G = F4.

3.4.1. Polynomials

Due to polynomial conjecture, the functions H1(z), ..., H4(z), obeying Equations (11)
and (12) with the Cartan matrix A = (Asl) from (66) should be polynomials with powers
(n1, n2, n3, n4) = (4, 6, 6, 4), (8, 14, 18, 10), (7, 12, 15, 16), (6, 10, 6, 6), (22, 42, 30, 16) (see (2))
for Lie algebras A4, B4, C4, D4, F4, respectively.

One can verify this conjecture by using appropriate MATHEMATICA algorithm, which
follows from master Equation (11). Below we present a list of the obtained polynomials [39,40].

A4-case. For the Lie algebra A4
∼= sl(5) we find

H1 = 1 + 4p1z + 6p1 p2z2 + 4p1 p2 p3z3 + p1 p2 p3 p4z4, (72)

H2 = 1 + 6p2z + (6p1 p2 + 9p2 p3)z2 + (16p1 p2 p3 + 4p2 p3 p4)z3

+
(

6p1 p2
2 p3 + 9p1 p2 p3 p4

)
z4 + 6p1 p2

2 p3 p4z5 + p1 p2
2 p2

3 p4z6, (73)

H3 = 1 + 6p3z + (9p2 p3 + 6p3 p4)z2 + (4p1 p2 p3 + 16p2 p3 p4)z3

+
(

9p1 p2 p3 p4 + 6p2 p2
3 p4

)
z4 + 6p1 p2 p2

3 p4z5 + p1 p2
2 p2

3 p4z6, (74)

H4 = 1 + 4p4z + 6p3 p4z2 + 4p2 p3 p4z3 + p1 p2 p3 p4z4. (75)

B4-case. In the case of Lie algebra B4
∼= so(9), the fluxbrane polynomials read:
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H1 = 1 + 8p1z + 28p1 p2z2 + 56p1 p2 p3z3 + 70p1 p2 p3 p4z4 + 56p1 p2 p3 p2
4z5

+ 28p1 p2 p2
3 p2

4z6 + 8p1 p2
2 p2

3 p2
4z7 + p2

1 p2
2 p2

3 p2
4z8, (76)

H2 = 1 + 14p2z + (28p1 p2 + 63p2 p3)z2 + (224p1 p2 p3 + 140p2 p3 p4)z3

+ (196p1 p2
2 p3 + 630p1 p2 p3 p4 + 175p2 p3 p2

4)z
4

+
(

980p1 p2
2 p3 p4 + 896p1 p2 p3 p2

4 + 126p2 p2
3 p2

4

)
z5

+
(

490p1 p2
2 p2

3 p4 + 1764p1 p2
2 p3 p2

4 + 700p1 p2 p2
3 p2

4 + 49p2
2 p2

3 p2
4

)
z6 + 3432p1 p2

2 p2
3 p2

4z7

+
(

49p2
1 p2

2 p2
3 p2

4 + 700p1 p3
2 p2

3 p2
4 + 1764p1 p2

2 p3
3 p2

4 + 490p1 p2
2 p2

3 p3
4

)
z8

+
(

126p2
1 p3

2 p2
3 p2

4 + 896p1 p3
2 p3

3 p2
4 + 980p1 p2

2 p3
3 p3

4

)
z9

+
(

175p2
1 p3

2 p3
3 p2

4 + 630p1 p3
2 p3

3 p3
4 + 196p1 p2

2 p3
3 p4

4

)
z10 +

(
140p2

1 p3
2 p3

3 p3
4 + 224p1 p3

2 p3
3 p4

4

)
z11

+
(

63p2
1 p3

2 p3
3 p4

4 + 28p1 p3
2 p4

3 p4
4

)
z12 + 14p2

1 p3
2 p4

3 p4
4z13 + p2

1 p4
2 p4

3 p4
4z14, (77)

H3 = 1 + 18p3z + (63p2 p3 + 90p3 p4)z2 +
(

56p1 p2 p3 + 560p2 p3 p4 + 200p3 p2
4

)
z3

+
(

630p1 p2 p3 p4 + 630p2 p2
3 p4 + 1575p2 p3 p2

4 + 225p2
3 p2

4

)
z4

+
(

1260p1 p2 p2
3 p4 + 2016p1 p2 p3 p2

4 + 5292p2 p2
3 p2

4

)
z5

+
(

490p1 p2
2 p2

3 p4 + 9996p1 p2 p2
3 p2

4 + 1225p2
2 p2

3 p2
4 + 5103p2 p3

3 p2
4 + 1750p2 p2

3 p3
4

)
z6

+
(

5616p1 p2
2 p2

3 p2
4 + 12600p1 p2 p3

3 p2
4 + 3528p2

2 p3
3 p2

4 + 5040p1 p2 p2
3 p3

4 + 5040p2 p3
3 p3

4

)
z7

+
(

441p2
1 p2

2 p2
3 p2

4 + 17172p1 p2
2 p3

3 p2
4 + 4410p1 p2

2 p2
3 p3

4 + 15750p1 p2 p3
3 p3

4 + 4410p2
2 p3

3 p3
4 + 1575p2 p3

3 p4
4

)
z8

+
(

2450p2
1 p2

2 p3
3 p2

4 + 5600p1 p3
2 p3

3 p2
4 + 32520p1 p2

2 p3
3 p3

4 + 5600p1 p2 p3
3 p4

4 + 2450p2
2 p3

3 p4
4

)
z9

+
(

1575p2
1 p3

2 p3
3 p2

4 + 4410p2
1 p2

2 p3
3 p3

4 + 15750p1 p3
2 p3

3 p3
4 + 4410p1 p2

2 p4
3 p3

4 + 17172p1 p2
2 p3

3 p4
4 + 441p2

2 p4
3 p4

4

)
z10

+
(

5040p2
1 p3

2 p3
3 p3

4 + 5040p1 p3
2 p4

3 p3
4 + 3528p2

1 p2
2 p3

3 p4
4 + 12600p1 p3

2 p3
3 p4

4 + 5616p1 p2
2 p4

3 p4
4

)
z11

+
(

1750p2
1 p3

2 p4
3 p3

4 + 5103p2
1 p3

2 p3
3 p4

4 + 1225p2
1 p2

2 p4
3 p4

4 + 9996p1 p3
2 p4

3 p4
4 + 490p1 p2

2 p4
3 p5

4

)
z12

+
(

5292p2
1 p3

2 p4
3 p4

4 + 2016p1 p3
2 p5

3 p4
4 + 1260p1 p3

2 p4
3 p5

4

)
z13

+
(

225p2
1 p4

2 p4
3 p4

4 + 1575p2
1 p3

2 p5
3 p4

4 + 630p2
1 p3

2 p4
3 p5

4 + 630p1 p3
2 p5

3 p5
4

)
z14

+
(

200p2
1 p4

2 p5
3 p4

4 + 560p2
1 p3

2 p5
3 p5

4 + 56p1 p3
2 p5

3 p6
4

)
z15

+
(

90p2
1 p4

2 p5
3 p5

4 + 63p2
1 p3

2 p5
3 p6

4

)
z16 + 18p2

1 p4
2 p5

3 p6
4z17 + p2

1 p4
2 p6

3 p6
4z18, (78)

H4 = 1 + 10p4z + 45p3 p4z2 +
(

70p2 p3 p4 + 50p3 p2
4

)
z3 +

(
35p1 p2 p3 p4 + 175p2 p3 p2

4

)
z4

+
(

126p1 p2 p3 p2
4 + 126p2 p2

3 p2
4

)
z5 +

(
175p1 p2 p2

3 p2
4 + 35p2 p2

3 p3
4

)
z6

+
(

50p1 p2
2 p2

3 p2
4 + 70p1 p2 p2

3 p3
4

)
z7 + 45p1 p2

2 p2
3 p3

4z8 + 10p1 p2
2 p3

3 p3
4z9 + p1 p2

2 p3
3 p4

4z10. (79)
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C4-case. For the Lie algebra C4
∼= sp(6), we have the following polynomials:

H1 = 1 + 7p1z + 21p1 p2z2 + 35p1 p2 p3z3 + 35p1 p2 p3 p4z4

+ 21p1 p2 p2
3 p4z5 + 7p1 p2

2 p2
3 p4z6 + p2

1 p2
2 p2

3 p4z7, (80)

H2 = 1 + 12p2z + (21p1 p2 + 45p2 p3)z2 + (140p1 p2 p3 + 80p2 p3 p4)z3

+
(

105p1 p2
2 p3 + 315p1 p2 p3 p4 + 75p2 p2

3 p4

)
z4 +

(
420p1 p2

2 p3 p4 + 336p1 p2 p2
3 p4 + 36p2

2 p2
3 p4

)
z5

+ 924p1 p2
2 p2

3 p4z6 +
(

36p2
1 p2

2 p2
3 p4 + 336p1 p3

2 p2
3 p4 + 420p1 p2

2 p3
3 p4

)
z7

+
(

75p2
1 p3

2 p2
3 p4 + 315p1 p3

2 p3
3 p4 + 105p1 p2

2 p3
3 p2

4

)
z8 +

(
80p2

1 p3
2 p3

3 p4 + 140p1 p3
2 p3

3 p2
4

)
z9

+
(

45p2
1 p3

2 p3
3 p2

4 + 21p1 p3
2 p4

3 p2
4

)
z10 + 12p2

1 p3
2 p4

3 p2
4z11 + p2

1 p4
2 p4

3 p2
4z12, (81)

H3 = 1 + 15p3z + (45p2 p3 + 60p3 p4)z2 +
(

35p1 p2 p3 + 320p2 p3 p4 + 100p2
3 p4

)
z3

+
(

315p1 p2 p3 p4 + 1050p2 p2
3 p4

)
z4 +

(
1302p1 p2 p2

3 p4 + 576p2
2 p2

3 p4 + 1125p2 p3
3 p4

)
z5

+
(

1050p1 p2
2 p2

3 p4 + 2240p1 p2 p3
3 p4 + 1215p2

2 p3
3 p4 + 500p2 p3

3 p2
4

)
z6

+
(

225p2
1 p2

2 p2
3 p4 + 3990p1 p2

2 p3
3 p4 + 1260p1 p2 p3

3 p2
4 + 960p2

2 p3
3 p2

4

)
z7

+
(

960p2
1 p2

2 p3
3 p4 + 1260p1 p3

2 p3
3 p4 + 3990p1 p2

2 p3
3 p2

4 + 225p2
2 p4

3 p2
4

)
z8

+
(

500p2
1 p3

2 p3
3 p4 + 1215p2

1 p2
2 p3

3 p2
4 + 2240p1 p3

2 p3
3 p2

4 + 1050p1 p2
2 p4

3 p2
4

)
z9

+
(

1125p2
1 p3

2 p3
3 p2

4 + 576p2
1 p2

2 p4
3 p2

4 + 1302p1 p3
2 p4

3 p2
4

)
z10 +

(
1050p2

1 p3
2 p4

3 p2
4 + 315p1 p3

2 p5
3 p2

4

)
z11

+
(

100p2
1 p4

2 p4
3 p2

4 + 320p2
1 p3

2 p5
3 p2

4 + 35p1 p3
2 p5

3 p3
4

)
z12 +

(
60p2

1 p4
2 p5

3 p2
4 + 45p2

1 p3
2 p5

3 p3
4

)
z13

+ 15p2
1 p4

2 p5
3 p3

4z14 + p2
1 p4

2 p6
3 p3

4z15, (82)

H4 = 1 + 16p4z + 120p3 p4z2 +
(

160p2 p3 p4 + 400p2
3 p4

)
z3

+
(

70p1 p2 p3 p4 + 1350p2 p2
3 p4 + 400p2

3 p2
4

)
z4 +

(
672p1 p2 p2

3 p4 + 1296p2
2 p2

3 p4 + 2400p2 p2
3 p2

4

)
z5

+
(

1400p1 p2
2 p2

3 p4 + 1512p1 p2 p2
3 p2

4 + 4096p2
2 p2

3 p2
4 + 1000p2 p3

3 p2
4

)
z6

+
(

400p2
1 p2

2 p2
3 p4 + 5600p1 p2

2 p2
3 p2

4 + 1120p1 p2 p3
3 p2

4 + 4320p2
2 p3

3 p2
4

)
z7

+
(

2025p2
1 p2

2 p2
3 p2

4 + 8820p1 p2
2 p3

3 p2
4 + 2025p2

2 p4
3 p2

4

)
z8

+
(

4320p2
1 p2

2 p3
3 p2

4 + 1120p1 p3
2 p3

3 p2
4 + 5600p1 p2

2 p4
3 p2

4 + 400p2
2 p4

3 p3
4

)
z9

+
(

1000p2
1 p3

2 p3
3 p2

4 + 4096p2
1 p2

2 p4
3 p2

4 + 1512p1 p3
2 p4

3 p2
4 + 1400p1 p2

2 p4
3 p3

4

)
z10

+
(

2400p2
1 p3

2 p4
3 p2

4 + 1296p2
1 p2

2 p4
3 p3

4 + 672p1 p3
2 p4

3 p3
4

)
z11

+
(

400p2
1 p4

2 p4
3 p2

4 + 1350p2
1 p3

2 p4
3 p3

4 + 70p1 p3
2 p5

3 p3
4

)
z12 +

(
400p2

1 p4
2 p4

3 p3
4 + 160p2

1 p3
2 p5

3 p3
4

)
z13

+ 120p2
1 p4

2 p5
3 p3

4z14 + 16p2
1 p4

2 p6
3 p3

4z15 + p2
1 p4

2 p6
3 p4

4z16. (83)
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D4-case. In the case of Lie algebra D4
∼= so(8), we obtain the following polynomials

H1 = 1 + 6p1z + 15p1 p2z2 + (10p1 p2 p3 + 10p1 p2 p4)z3 + 15p1 p2 p3 p4z4

+ 6p1 p2
2 p3 p4z5 + p2

1 p2
2 p3 p4z6, (84)

H2 = 1 + 10p2z + (15p1 p2 + 15p2 p3 + 15p2 p4)z2 + (40p1 p2 p3 + 40p1 p2 p4 + 40p2 p3 p4)z3

+
(

25p1 p2
2 p3 + 25p1 p2

2 p4 + 135p1 p2 p3 p4 + 25p2
2 p3 p4

)
z4 + 252p1 p2

2 p3 p4z5

+
(

25p2
1 p2

2 p3 p4 + 135p1 p3
2 p3 p4 + 25p1 p2

2 p2
3 p4 + 25p1 p2

2 p3 p2
4

)
z6

+
(

40p2
1 p3

2 p3 p4 + 40p1 p3
2 p2

3 p4 + 40p1 p3
2 p3 p2

4

)
z7 +

(
15p2

1 p3
2 p2

3 p4 + 15p2
1 p3

2 p3 p2
4 + 15p1 p3

2 p2
3 p2

4

)
z8

+ 10p2
1 p3

2 p2
3 p2

4z9 + p2
1 p4

2 p2
3 p2

4z10, (85)

H3 = 1 + 6p3z + 15p2 p3z2 + (10p1 p2 p3 + 10p2 p3 p4)z3 + 15p1 p2 p3 p4z4

+ 6p1 p2
2 p3 p4z5 + p1 p2

2 p2
3 p4z6, (86)

H4 = 1 + 6p4z + 15p2 p4z2 + (10p1 p2 p4 + 10p2 p3 p4)z3 + 15p1 p2 p3 p4z4

+ 6p1 p2
2 p3 p4z5 + p1 p2

2 p3 p2
4z6. (87)

F4-case. Now we consider the exceptional Lie algebra F4. We obtain the following
polynomials

H1 = 1 + 22p1z + 231p1 p2z2 + 1540p1 p2 p3z3 + (5775p1 p2 p2
3 + 1540p1 p2 p3 p4)z4 + (9702p1 p2

2 p2
3 + 16632p1 p2 p2

3 p4)z5

+ (5929p2
1 p2

2 p2
3 + 53900p1 p2

2 p2
3 p4 + 14784p1 p2 p2

3 p2
4)z

6 + (47432p2
1 p2

2 p2
3 p4 + 33000p1 p2

2 p3
3 p4 + 90112p1 p2

2 p2
3 p2

4)z
7

+ (65340p2
1 p2

2 p3
3 p4 + 108900p2

1 p2
2 p2

3 p2
4 + 145530p1 p2

2 p3
3 p2

4)z
8 + (33880p2

1 p3
2 p3

3 p4 + 355740p2
1 p2

2 p3
3 p2

4 + 107800p1 p2
2 p4

3 p2
4)z

9

+ (10164p2
1 p3

2 p4
3 p4 + 211750p2

1 p3
2 p3

3 p2
4 + 379456p2

1 p2
2 p4

3 p2
4 + 45276p1 p3

2 p4
3 p2

4)z
10 + 705432p2

1 p3
2 p4

3 p2
4z11

+ (45276p3
1 p3

2 p4
3 p2

4 + 379456p2
1 p4

2 p4
3 p2

4 + 211750p2
1 p3

2 p5
3 p2

4 + 10164p2
1 p3

2 p4
3 p3

4)z
12

+ (107800p3
1 p4

2 p4
3 p2

4 + 355740p2
1 p4

2 p5
3 p2

4 + 33880p2
1 p3

2 p5
3 p3

4)z
13

+ (145530p3
1 p4

2 p5
3 p2

4 + 108900p2
1 p4

2 p6
3 p2

4 + 65340p2
1 p4

2 p5
3 p3

4)z
14

+ (90112p3
1 p4

2 p6
3 p2

4 + 33000p3
1 p4

2 p5
3 p3

4 + 47432p2
1 p4

2 p6
3 p3

4)z
15 + (14784p3

1 p5
2 p6

3 p2
4 + 53900p3

1 p4
2 p6

3 p3
4 + 5929p2

1 p4
2 p6

3 p4
4)z

16

+ (16632p3
1 p5

2 p6
3 p3

4 + 9702p3
1 p4

2 p6
3 p4

4)z
17 + (1540p3

1 p5
2 p7

3 p3
4 + 5775p3

1 p5
2 p6

3 p4
4)z

18 + 1540p3
1 p5

2 p7
3 p4

4z19 + 231p3
1 p5

2 p8
3 p4

4z20

+ 22p3
1 p6

2 p8
3 p4

4z21 + p4
1 p6

2 p8
3 p4

4z22,
(88)
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H2 = 1 + 42p2z + (231p1 p2 + 630p2 p3)z2 + (6160p1 p2 p3 + 4200p2 p2
3 + 1120p2 p3 p4)z3

+ (16170p1 p2
2 p3 + 51975p1 p2 p2

3 + 11025p2
2 p2

3 + 13860p1 p2 p3 p4 + 18900p2 p2
3 p4)z4

+ (407484p1 p2
2 p2

3 + 64680p1 p2
2 p3 p4 + 266112p1 p2 p2

3 p4 + 88200p2
2 p2

3 p4 + 24192p2 p2
3 p2

4)z
5

+ (148225p2
1 p2

2 p2
3 + 916839p1 p3

2 p2
3 + 404250p1 p2

2 p3
3 + 3132668p1 p2

2 p2
3 p4 + 73500p2

2 p3
3 p4 + 369600p1 p2 p2

3 p2
4 + 200704p2

2 p2
3 p2

4)z
6

+ (996072p2
1 p3

2 p2
3 + 2716560p1 p3

2 p3
3 + 1707552p2

1 p2
2 p2

3 p4 + 9055200p1 p3
2 p2

3 p4 + 6035040p1 p2
2 p3

3 p4 + 6044544p1 p2
2 p2

3 p2
4 + 423360p2

2 p3
3 p2

4)z
7

+ (3735270p2
1 p3

2 p3
3 + 2546775p1 p3

2 p4
3 + 12450900p2

1 p3
2 p2

3 p4 + 3201660p2
1 p2

2 p3
3 p4 + 43423380p1 p3

2 p3
3 p4 + 4365900p1 p2

2 p4
3 p4 + 5336100p2

1 p2
2 p2

3 p2
4 + 23654400p1 p3

2 p2
3 p2

4
+ 18918900p1 p2

2 p3
3 p2

4 + 396900p2
2 p4
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2 p13
3 p6

4 + 6044544p5
1 p10

2 p14
3 p6

4 + 6035040p5
1 p10

2 p13
3 p7

4 + 9055200p5
1 p9

2 p14
3 p7

4 + 1707552p4
1 p10

2 p14
3 p7

4 + 2716560p5
1 p9

2 p13
3 p8

4 + 996072p4
1 p9

2 p14
3 p8

4)z
35

+ (200704p6
1 p10

2 p14
3 p6

4 + 369600p5
1 p11

2 p14
3 p6

4 + 73500p6
1 p10

2 p13
3 p7

4 + 3132668p5
1 p10

2 p14
3 p7

4 + 404250p5
1 p10

2 p13
3 p8

4 + 916839p5
1 p9

2 p14
3 p8

4 + 148225p4
1 p10

2 p14
3 p8

4)z
36

+ (24192p6
1 p11

2 p14
3 p6

4 + 88200p6
1 p10

2 p14
3 p7

4 + 266112p5
1 p11

2 p14
3 p7

4 + 64680p5
1 p10

2 p15
3 p7

4 + 407484p5
1 p10

2 p14
3 p8

4)z
37

+ (18900p6
1 p11

2 p14
3 p7

4 + 13860p5
1 p11

2 p15
3 p7

4 + 11025p6
1 p10

2 p14
3 p8

4 + 51975p5
1 p11

2 p14
3 p8

4 + 16170p5
1 p10

2 p15
3 p8

4)z
38

+ (1120p6
1 p11

2 p15
3 p7

4 + 4200p6
1 p11

2 p14
3 p8

4 + 6160p5
1 p11

2 p15
3 p8

4)z
39

+ (630p6
1 p11

2 p15
3 p8

4 + 231p5
1 p11

2 p16
3 p8

4)z
40 + 42p6

1 p11
2 p16

3 p8
4z41 + p6

1 p12
2 p16

3 p8
4z42,

(89)
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H3 = 1 + 30p3z + (315p2 p3 + 120p3 p4)z2 + (770p1 p2 p3 + 1050p2 p2
3 + 2240p2 p3 p4)z3

+ (5775p1 p2 p2
3 + 6930p1 p2 p3 p4 + 14700p2 p2

3 p4)z4 + (9702p1 p2
2 p2

3 + 90552p1 p2 p2
3 p4 + 31500p2 p3

3 p4 + 10752p2 p2
3 p2

4)z
5

+ (8085p1 p2
2 p3

3 + 161700p1 p2
2 p2

3 p4 + 249480p1 p2 p3
3 p4 + 36750p2

2 p3
3 p4 + 92400p1 p2 p2

3 p2
4 + 45360p2 p3

3 p2
4)z

6

+ (1181400p1 p2
2 p3

3 p4 + 316800p1 p2
2 p2

3 p2
4 + 443520p1 p2 p3

3 p2
4 + 94080p2

2 p3
3 p2

4)z
7

+ (177870p2
1 p2

2 p3
3 p4 + 1358280p1 p3

2 p3
3 p4 + 782100p1 p2

2 p4
3 p4 + 3490575p1 p2

2 p3
3 p2

4 + 44100p2
2 p4

3 p2
4)z

8

+ (830060p2
1 p3

2 p3
3 p4 + 2633400p1 p3

2 p4
3 p4 + 711480p2

1 p2
2 p3

3 p2
4 + 4928000p1 p3

2 p3
3 p2

4 + 5035250p1 p2
2 p4

3 p2
4 + 168960p1 p2

2 p3
3 p3

4)z
9

+ (2144604p2
1 p3

2 p4
3 p4 + 1559250p1 p3

2 p5
3 p4 + 3811500p2

1 p3
2 p3

3 p2
4 + 853776p2

1 p2
2 p4

3 p2
4 + 16967181p1 p3

2 p4
3 p2

4
+ 3234000p1 p2

2 p5
3 p2

4 + 1474704p1 p2
2 p4

3 p3
4)z

10

+ (2439360p2
1 p3

2 p5
3 p4 + 18117750p2

1 p3
2 p4

3 p2
4 + 26826030p1 p3

2 p5
3 p2

4 + 5174400p1 p3
2 p4

3 p3
4 + 2069760p1 p2

2 p5
3 p3

4)z
11

+ (711480p2
1 p4

2 p5
3 p4 + 2371600p2

1 p4
2 p4

3 p2
4 + 38368225p2

1 p3
2 p5

3 p2
4 + 6338640p1 p4

2 p5
3 p2

4
+ 14437500p1 p3

2 p6
3 p2

4 + 5336100p2
1 p3

2 p4
3 p3

4 + 18929680p1 p3
2 p5

3 p3
4)z

12

+ (21783930p2
1 p4

2 p5
3 p2

4 + 32524800p2
1 p3

2 p6
3 p2

4 + 8731800p1 p4
2 p6

3 p2
4 + 29988000p2

1 p3
2 p5

3 p3
4 + 8279040p1 p4

2 p5
3 p3

4
+ 16678200p1 p3

2 p6
3 p3

4 + 1774080p1 p3
2 p5

3 p4
4)z

13

+ (1584660p3
1 p4

2 p5
3 p2

4 + 46973475p2
1 p4

2 p6
3 p2

4 + 25194480p2
1 p4

2 p5
3 p3

4 + 43705200p2
1 p3

2 p6
3 p3

4
+ 17948700p1 p4

2 p6
3 p3

4 + 5488560p2
1 p3

2 p5
3 p4

4 + 4527600p1 p3
2 p6

3 p4
4)z

14

+ (5588352p3
1 p4

2 p6
3 p2

4 + 15937152p2
1 p5

2 p6
3 p2

4 + 5808000p2
1 p4

2 p7
3 p2

4 + 3234000p3
1 p4

2 p5
3 p3

4 + 93982512p2
1 p4

2 p6
3 p3

4
+ 3234000p1 p4

2 p7
3 p3

4 + 5808000p2
1 p4

2 p5
3 p4

4 + 15937152p2
1 p3

2 p6
3 p4

4 + 5588352p1 p4
2 p6

3 p4
4)z

15

+ (4527600p3
1 p5

2 p6
3 p2

4 + 5488560p2
1 p5

2 p7
3 p2

4 + 17948700p3
1 p4

2 p6
3 p3

4 + 43705200p2
1 p5

2 p6
3 p3

4
+ 25194480p2

1 p4
2 p7

3 p3
4 + 46973475p2

1 p4
2 p6

3 p4
4 + 1584660p1 p4

2 p7
3 p4

4)z
16

+ (1774080p3
1 p5

2 p7
3 p2

4 + 16678200p3
1 p5

2 p6
3 p3

4 + 8279040p3
1 p4

2 p7
3 p3

4 + 29988000p2
1 p5

2 p7
3 p3

4
+ 8731800p3

1 p4
2 p6

3 p4
4 + 32524800p2

1 p5
2 p6

3 p4
4 + 21783930p2

1 p4
2 p7

3 p4
4)z

17

+ (18929680p3
1 p5

2 p7
3 p3

4 + 5336100p2
1 p5

2 p8
3 p3

4 + 14437500p3
1 p5

2 p6
3 p4

4 + 6338640p3
1 p4

2 p7
3 p4

4
+ 38368225p2

1 p5
2 p7

3 p4
4 + 2371600p2

1 p4
2 p8

3 p4
4 + 711480p2

1 p4
2 p7

3 p5
4)z

18

+ (2069760p3
1 p6

2 p7
3 p3

4 + 5174400p3
1 p5

2 p8
3 p3

4 + 26826030p3
1 p5

2 p7
3 p4

4 + 18117750p2
1 p5

2 p8
3 p4

4 + 2439360p2
1 p5

2 p7
3 p5

4)z
19

+ (1474704p3
1 p6

2 p8
3 p3

4 + 3234000p3
1 p6

2 p7
3 p4

4 + 16967181p3
1 p5

2 p8
3 p4

4 + 853776p2
1 p6

2 p8
3 p4

4
+ 3811500p2

1 p5
2 p9

3 p4
4 + 1559250p3

1 p5
2 p7

3 p5
4 + 2144604p2

1 p5
2 p8

3 p5
4)z

20

+ (168960p3
1 p6

2 p9
3 p3

4 + 5035250p3
1 p6

2 p8
3 p4

4 + 4928000p3
1 p5

2 p9
3 p4

4 + 711480p2
1 p6

2 p9
3 p4

4 + 2633400p3
1 p5

2 p8
3 p5

4 + 830060p2
1 p5

2 p9
3 p5

4)z
21

+ (44100p4
1 p6

2 p8
3 p4

4 + 3490575p3
1 p6

2 p9
3 p4

4 + 782100p3
1 p6

2 p8
3 p5

4 + 1358280p3
1 p5

2 p9
3 p5

4 + 177870p2
1 p6

2 p9
3 p5

4)z
22

+ (94080p4
1 p6

2 p9
3 p4

4 + 443520p3
1 p7

2 p9
3 p4

4 + 316800p3
1 p6

2 p10
3 p4

4 + 1181400p3
1 p6

2 p9
3 p5

4)z
23

+ (45360p4
1 p7

2 p9
3 p4

4 + 92400p3
1 p7

2 p10
3 p4

4 + 36750p4
1 p6

2 p9
3 p5

4 + 249480p3
1 p7

2 p9
3 p5

4 + 161700p3
1 p6

2 p10
3 p5

4 + 8085p3
1 p6

2 p9
3 p6

4)z
24

+ (10752p4
1 p7

2 p10
3 p4

4 + 31500p4
1 p7

2 p9
3 p5

4 + 90552p3
1 p7

2 p10
3 p5

4 + 9702p3
1 p6

2 p10
3 p6

4)z
25

+ (14700p4
1 p7

2 p10
3 p5

4 + 6930p3
1 p7

2 p11
3 p5

4 + 5775p3
1 p7

2 p10
3 p6

4)z
26 + (2240p4

1 p7
2 p11

3 p5
4 + 1050p4

1 p7
2 p10

3 p6
4 + 770p3

1 p7
2 p11

3 p6
4)z

27

+ (120p4
1 p8

2 p11
3 p5

4 + 315p4
1 p7

2 p11
3 p6

4)z
28 + 30p4

1 p8
2 p11

3 p6
4z29 + p4

1 p8
2 p12

3 p6
4z30,

(90)

H4 = 1 + 16p4z + 120p3 p4z2 + 560p2 p3 p4z3 + (770p1 p2 p3 p4 + 1050p2 p2
3 p4)z4 + (3696p1 p2 p2

3 p4 + 672p2 p2
3 p2

4)z
5

+ (4312p1 p2
2 p2

3 p4 + 3696p1 p2 p2
3 p2

4)z
6 + (2640p1 p2

2 p3
3 p4 + 8800p1 p2

2 p2
3 p2

4)z
7 + 12870p1 p2

2 p3
3 p2

4z8

+ (8800p1 p2
2 p4

3 p2
4 + 2640p1 p2

2 p3
3 p3

4)z
9 + (3696p1 p3

2 p4
3 p2

4 + 4312p1 p2
2 p4

3 p3
4)z

10 + (672p2
1 p3

2 p4
3 p2

4 + 3696p1 p3
2 p4

3 p3
4)z

11

+ (1050p2
1 p3

2 p4
3 p3

4 + 770p1 p3
2 p5

3 p3
4)z

12 + 560p2
1 p3

2 p5
3 p3

4z13 + 120p2
1 p4

2 p5
3 p3

4z14 + 16p2
1 p4

2 p6
3 p3

4z15 + p2
1 p4

2 p6
3 p4

4z16.

(91)

Now we denote

Hs ≡ Hs(z) = Hs(z, (pi)), (pi) ≡ (p1, p2, p3, p4). (92)

The asymptotic formulae for the polynomials read:

Hs = Hs(z, (pi)) ∼
(

4

∏
l=1

(pl)
νsl

)
zns ≡ Has

s (z, (pi)), as z→ ∞, (93)

where the matricies ν = (νsl) have the following form

ν =


1 1 1 1
1 2 2 1
1 2 2 1
1 1 1 1

,


2 2 2 2
2 4 4 4
2 4 6 6
1 2 3 4

,


2 2 2 1
2 4 4 2
2 4 6 3
2 4 6 4

,


2 2 1 1
2 4 2 2
1 2 2 1
1 2 1 2

,


4 6 8 4
6 12 16 8
4 8 12 6
2 4 6 4

 (94)
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for Lie algebras A4, B4, C4, D4, F4, respectively. In all these cases we are led to the relations

4

∑
l=1

νsl = ns, s = 1, 2, 3, 4. (95)

In the case of Lie algebras B4, C4, D4 and F4 we have

ν(G) = 2A−1, G = B4, C4, D4, F4, (96)

where A−1 is inverse Cartan matrix, whereas in the A4-case the matrix ν reads as follows

ν(G) = A−1(I + P), G = A4. (97)

Here, I is 4× 4 identity matrix and

P =


0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 0

 (98)

is a matrix which corresponds to the permutation σ ∈ S4 (S4 is symmetric group)

σ : (1, 2, 3, 4) 7→ (4, 3, 2, 1), (99)

due to relation P = (Pi
j ) = (δi

σ(j)). Here, σ is the generator of the group of symmetry of the
Dynkin diagram for A4: G = {σ, id}. This group is isomorphic to the group Z2.

For the Lie algebra D4, we are led to the group of symmetry of the Dynkin diagram
G′, which is isomorphic to the symmetric group S3. This group is acting on the set of three
vertices of the diagram {1, 3, 4} by their permutations. The groups symmetry G ∼= Z2 and
G′ ∼= S3 imply certain identity properties for the polynomials Hs(z).

Now, we introduce the dual (ordered) set: ( p̂i) = (pσ(i)) for the algebra A4 , and
( p̂i) = (pi) for algebras B4, C4, D4, F4 (i = 1, 2, 3, 4). The dual set for A4 case is a result of
action of the generator σ of the group G ∼= Z2 on vertices of the Dynkin diagram.

Afterwards we obtain symmetry and duality identities. They were verified by using
certain MATHEMATICA algorithm.

3.4.2. Symmetry Relations

Proposition 6. The fluxbrane polynomials satisfy for all pi and z the following identities:

Hσ(s)(z, (pi)) = Hs(z, ( p̂i)) for A4 case,

Hσ′(s)(z, (pi)) = Hs(z, (pσ′(i)) for D4 case, (100)

for any σ′ ∈ S3, s = 1, . . . , 4.

3.4.3. Duality Relations

Proposition 7. The fluxbrane polynomials corresponding to Lie algebras A4, B4, C4, D4 and F4
obey for all pi > 0 and z > 0 the identities:

Hs(z, (pi)) = Has
s (z, (pi))Hs(z−1, ( p̂−1

i )), (101)

s = 1, 2, 3, 4.
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3.5. Rank-5 Algebras

Now turn our attention to the solutions corresponding to Lie algebras of rank 5 when
the matrix A = (Asl) is coinciding with one of the Cartan matrices

(Ass′) =


2 −1 0 0 0
−1 2 −1 0 0
0 −1 2 −1 0
0 0 −1 2 −1
0 0 0 −1 2

,


2 −1 0 0 0
−1 2 −1 0 0
0 −1 2 −1 0
0 0 −1 2 −2
0 0 0 −1 2

,


2 −1 0 0 0
−1 2 −1 0 0
0 −1 2 −1 0
0 0 −1 2 −1
0 0 0 −2 2

,


2 −1 0 0 0
−1 2 −1 0 0
0 −1 2 −1 −1
0 0 −1 2 0
0 0 −1 0 2

.

(102)

for G = A5, B5, C5, D5, respectively.
Figure 4 gives us graphical presentations of these matrices by Dynkin diagrams.

u u u u u
1 2 3 4 5

u u u u u
1 2 3 4 5

> u u u u u
1 2 3 4 5

<

u u u u
u�

��

@
@@

1 2 3

4

5

4

Figure 4. Dynkin diagrams for the Lie algebras A5, B5, C5, D5, respectively.

3.5.1. Polynomials

According to the conjecture from Ref. [3], the functions H1(z), ..., H5(z) obeying
Equations (11) and (12) with any matrix A = (Asl) from (102), should be polynomi-
als. Relation (2) gives us the powers of these polynomials: (n1, n2, n3, n4, n5) = (5, 8, 9, 8, 5),
(10, 18, 24, 28, 15), (9, 16, 21, 24, 25), (8, 14, 18, 10, 10) for Lie algebras A5, B5, C5, D5,
respectively.

In this case the verification (or proof) of the polynomial conjecture [3] is following: we
solve the set of algebraic equations for the coefficients of the polynomials (1) which follow
from the master Equation (11).

In this subsection, we present the structures (or “truncated versions”) of these polyno-
mials. The total list of the polynomials is presented in Appendix A. The polynomials were
obtained by using a certain MATHEMATICA algorithm in Ref. [41].

A5-case. For the Lie algebra A5 the polynomials have the following structure

H1 =1 + 5p1z + 10p1 p2z2 + 10p1 p2 p3z3 + 5p1 p2 p3 p4z4 + p1 p2 p3 p4 p5z5,
H2 =1 + 8p2z + (10p1 p2 + 18p2 p3)z2 + · · ·+ (10p1 p2

2 p2
3 p4 + 18p1 p2

2 p3 p4 p5)z6 + 8p1 p2
2 p2

3 p4 p5z7 + p1 p2
2 p2

3 p2
4 p5z8,

H3 =1 + 9p3z + (18p2 p3 + 18p3 p4)z2 + · · ·+ (18p1 p2
2 p2

3 p4 p5 + 18p1 p2 p2
3 p2

4 p5)z7 + 9p1 p2
2 p2

3 p2
4 p5z8 + p1 p2

2 p3
3 p2

4 p5z9,
H4 =1 + 8p4z + (18p3 p4 + 10p4 p5)z2 + · · ·+ (18p1 p2 p3 p2

4 p5 + 10p2 p2
3 p2

4 p5)z6 + 8p1 p2 p2
3 p2

4 p5z7 + p1 p2
2 p2

3 p2
4 p5z8,

H5 =1 + 5p5z + 10p4 p5z2 + 10p3 p4 p5z3 + 5p2 p3 p4 p5z4 + p1 p2 p3 p4 p5z5.

B5-case. In the case of Lie algebra B5 the polynomial structure is following

H1 =1 + 10p1z + 45p1 p2z2 + · · ·+ 45p1 p2 p2
3 p2

4 p2
5z8 + 10p1 p2

2 p2
3 p2

4 p2
5z9 + p2

1 p2
2 p2

3 p2
4 p2

5z10,
H2 =1+ 18p2z+ (45p1 p2 + 108p2 p3)z2 + · · ·+ (108p2

1 p3
2 p3

3 p4
4 p4

5 + 45p1 p3
2 p4

3 p4
4 p4

5)z
16 + 18p2

1 p3
2 p4

3 p4
4 p4

5z17 + p2
1 p4

2 p4
3 p4

4 p4
5z18,

H3 =1 + 24p3z + (108p2 p3 + 168p3 p4)z2 + · · ·+ (168p2
1 p4

2 p5
3 p5

4 p6
5 + 108p2

1 p3
2 p5

3 p6
4 p6

5)z
22 + 24p2

1 p4
2 p5

3 p6
4 p6

5z23

+ p2
1 p4

2 p6
3 p6

4 p6
5z24,
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H4 =1 + 28p4z + (168p3 p4 + 210p4 p5)z2 + · · ·+ (210p2
1 p4

2 p6
3 p7

4 p7
5 + 168p2

1 p4
2 p5

3 p7
4 p8

5)z
26 + 28p2

1 p4
2 p6

3 p7
4 p8

5z27

+ p2
1 p4

2 p6
3 p8

4 p8
5z28,

H5 =1 + 15p5z + 105p4 p5z2 + · · ·+ 105p1 p2
2 p3

3 p3
4 p4

5z13 + 15p1 p2
2 p3

3 p4
4 p4

5z14 + p1 p2
2 p3

3 p4
4 p5

5z15.

C5-case. The polynomials corresponding to Lie algebra C5 have the following structure:

H1 =1 + 9p1z + 36p1 p2z2 + · · ·+ 36p1 p2 p2
3 p2

4 p5z7 + 9p1 p2
2 p2

3 p2
4 p5z8 + p2

1 p2
2 p2

3 p2
4 p5z9,

H2 =1 + 16p2z + (36p1 p2 + 84p2 p3)z2 + · · ·+ (84p2
1 p3

2 p3
3 p4

4 p2
5 + 36p1 p3

2 p4
3 p4

4 p2
5)z

14 + 16p2
1 p3

2 p4
3 p4

4 p2
5z15 + p2

1 p4
2 p4

3 p4
4 p2

5z16,
H3 =1+ 21p3z+ (84p2 p3 + 126p3 p4)z2 + · · ·+ (126p2

1 p4
2 p5

3 p5
4 p3

5 + 84p2
1 p3

2 p5
3 p6

4 p3
5)z

19 + 21p2
1 p4

2 p5
3 p6

4 p3
5z20 + p2

1 p4
2 p6

3 p6
4 p3

5z21,
H4 =1 + 24p4z + (126p3 p4 + 150p4 p5)z2 + · · ·+ (150p2

1 p4
2 p6

3 p7
4 p3

5 + 126p2
1 p4

2 p5
3 p7

4 p4
5)z

22 + 24p2
1 p4

2 p6
3 p7

4 p4
5z23

+ p2
1 p4

2 p6
3 p8

4 p4
5z24,

H5 =1 + 25p5z + 300p4 p5z2 + · · ·+ 300p2
1 p4

2 p6
3 p7

4 p4
5z23 + 25p2

1 p4
2 p6

3 p8
4 p4

5z24 + p2
1 p4

2 p6
3 p8

4 p5
5z25.

D5-case. In the case of Lie algebra D5, we are led to the the following structure of
polynomials

H1 =1 + 8p1z + 28p1 p2z2 + · · ·+ 28p1 p2 p2
3 p4 p5z6 + 8p1 p2

2 p2
3 p4 p5z7 + p2

1 p2
2 p2

3 p4 p5z8,
H2 =1 + 14p2z + (28p1 p2 + 63p2 p3)z2 + · · ·+ (63p2

1 p3
2 p3

3 p2
4 p2

5 + 28p1 p3
2 p4

3 p2
4 p2

5)z
12 + 14p2

1 p3
2 p4

3 p2
4 p2

5z13 + p2
1 p4

2 p4
3 p2

4 p2
5z14,

H3 =1 + 18p3z + (63p2 p3 + 45p3 p4 + 45p3 p5)z2 + · · ·+ (45p2
1 p4

2 p5
3 p3

4 p2
5 + 45p2

1 p4
2 p5

3 p2
4 p3

5 + 63p2
1 p3

2 p5
3 p3

4 p3
5)z

16

+ 18p2
1 p4

2 p5
3 p3

4 p3
5z17 + p2

1 p4
2 p6

3 p3
4 p3

5z18,
H4 =1 + 10p4z + 45p3 p4z2 + · · ·+ 45p1 p2

2 p2
3 p2

4 p5z8 + 10p1 p2
2 p3

3 p2
4 p5z9 + p1 p2

2 p3
3 p2

4 p2
5z10,

H5 =1 + 10p5z + 45p3 p5z2 + · · ·+ 45p1 p2
2 p2

3 p4 p2
5z8 + 10p1 p2

2 p3
3 p4 p2

5z9 + p1 p2
2 p3

3 p2
4 p2

5z10.
By using notations

Hs ≡ Hs(z) = Hs(z, (pi)), (pi) ≡ (p1, p2, p3, p4, p5) (103)

we write asymptotic relations for polynomials

Hs = Hs(z, (pi)) ∼
(

5

∏
l=1

(pl)
νsl

)
zns ≡ Has

s (z, (pi)), as z→ ∞. (104)

Here, we denote by ν = (νsl) the integer valued matrix. It has the form

ν =


1 1 1 1 1
1 2 2 2 1
1 2 3 2 1
1 2 2 2 1
1 1 1 1 1

,


2 2 2 2 2
2 4 4 4 4
2 4 6 6 6
2 4 6 8 8
1 2 3 4 5

,


2 2 2 2 1
2 4 4 4 2
2 4 6 6 3
2 4 6 8 4
2 4 6 8 5

,


2 2 2 1 1
2 4 4 2 2
2 4 6 3 3
1 2 3 2 2
1 2 3 2 2

 (105)

for Lie algebras A5, B5, C5, D5, respectively.
One can readily verify that any matrix ν = (νsl) obeys the following identity

5

∑
l=1

νsl = ns, s = 1, 2, 3, 4, 5. (106)

For Lie algebras B5, C5, the matrix ν is twice inverse Cartan matrix A−1:

ν(G) = 2A−1, G = B5, C5, (107)

and in the A5 and D5 cases we are led to another relation:

ν(G) = A−1(I + P(G)), G = A5, D5. (108)
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Here, we use the notations: I—for 5 × 5 identity matrix and P(G)—for a matrix
corresponding to a certain permutation σ ∈ S5 (S5 is symmetric group), P = (Pi

j ) = (δi
σ(j)),

where σ is the generator of the group G = {σ, id}. The group G is isomorphic to the
group Z2. For A5 and D5 the group of symmetry of the Dynkin diagram acts on the set of
corresponding five vertices via their permutations.

The explicit forms for the permutation matrix P and the generator σ for both Lie
algebras A5, D5 read as follows:

P(A5) =


0 0 0 0 1
0 0 0 1 0
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0

, σ : (1, 2, 3, 4, 5) 7→ (5, 4, 3, 2, 1); (109)

P(D5) =


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 1
0 0 0 1 0

, σ : (1, 2, 3, 4, 5) 7→ (1, 2, 3, 5, 4). (110)

The above symmetry groups control certain identity properties for polynomials Hs(z).
We also denote p̂i = pσ(i) for the A5 and D5 cases, and p̂i = pi for B5 and C5 cases

(i = 1, 2, 3, 4, 5).
By using MATHEMATICA algorithms we were able to verify the validity of the

following identities.

3.5.2. Symmetry Relations

Proposition 8. The fluxbrane polynomials, corresponding to Lie algebras A5 and D5, obey for all
pi and z the following identities:

Hσ(s)(z, (pi)) = Hs(z, ( p̂i)), (111)

where σ ∈ S5, s = 1, . . . , 5, is defined for each algebra by Equations (109) and (110).

3.5.3. Duality Relations

Proposition 9. The fluxbrane polynomials which correspond to Lie algebras A5, B5, C5, D5, satisfy
for all pi > 0 and z > 0 the following identities

Hs(z, (pi)) = Has
s (z, (pi))Hs(z−1, ( p̂−1

i )), (112)

s = 1, 2, 3, 4, 5.

3.6. E6 Algebra

Now we deal with the exceptional Lie algebra E6. The matrix A is coinciding with the
Cartan matrix (for E6)

A = (Ass′) =



2 −1 0 0 0 0
−1 2 −1 0 0 0
0 −1 2 −1 0 −1
0 0 −1 2 −1 0
0 0 0 −1 2 0
0 0 −1 0 0 2

. (113)
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This matrix is graphically depicted by the Dynkin diagram in Figure 5.

u u u u u
u

1 2 3 4 5

6

5

Figure 5. The Dynkin diagram for the Lie algebra E6.

The inverse Cartan matrix for E6

A−1 = (Ass′) =



4
3

5
3 2 4

3
2
3 1

5
3

10
3 4 8

3
4
3 2

2 4 6 4 2 3
4
3

8
3 4 10

3
5
3 2

2
3

4
3 2 5

3
4
3 1

1 2 3 2 1 2


(114)

implies due to (2)

(n1, n2, n3, n4, n5, n6) = (16, 30, 42, 30, 16, 22). (115)

For the Lie algebra E6 we find the set of six fluxbrane polynomials [42], which are
listed in Appendix B.

The polynomials have the following structure:

H1 = 1 + 16p1z + 120p1 p2z2 + · · ·+ 120p2
1 p3

2 p4
3 p2

4 p5 p2
6z14

+ 16p2
1 p3

2 p4
3 p3

4 p5 p2
6z15 + p2

1 p3
2 p4

3 p3
4 p2

5 p2
6z16,

H2 = 1 + 30p2z + (120p1 p2 + 315p3 p2)z2

· · ·+ (120p3
1 p6

2 p5
4 p2

5 p4
6 p8

3 + 315p3
1 p6

2 p5
4 p3

5 p4
6 p7

3)z
28

+ 30p3
1 p6

2 p8
3 p5

4 p3
5 p4

6z29 + p3
1 p6

2 p8
3 p6

4 p3
5 p4

6z30,

H3 = 1 + 42p3z + (315p2 p3 + 315p4 p3 + 231p6 p3)z2

· · ·+ (315p4
1 p7

2 p8
4 p4

5 p6
6 p11

3 + 315p4
1 p8

2 p7
4 p4

5 p6
6 p11

3 + 231p4
1 p8

2 p8
4 p4

5 p5
6 p11

3 )z40

+ 42p4
1 p8

2 p11
3 p8

4 p4
5 p6

6z41 + p4
1 p8

2 p12
3 p8

4 p4
5 p6

6z42, (116)

H4 = 1 + 30p4z + (315p3 p4 + 120p5 p4)z2

· · ·+ (120p2
1 p5

2 p6
4 p3

5 p4
6 p8

3 + 315p3
1 p5

2 p6
4 p3

5 p4
6 p7

3)z
28

+ 30p3
1 p5

2 p8
3 p6

4 p3
5 p4

6z29 + p3
1 p6

2 p8
3 p6

4 p3
5 p4

6z30,

H5 = 1 + 16p5z + 120p4 p5z2 + · · ·+ 120p1 p2
2 p4

3 p3
4 p2

5 p2
6z14

+ 16p1 p3
2 p4

3 p3
4 p2

5 p2
6z15 + p2

1 p3
2 p4

3 p3
4 p2

5 p2
6z16,

H6 = 1 + 22p6z + 231p3 p6z2 + · · ·+ 231p2
1 p4

2 p5
3 p4

4 p2
5 p3

6z20

+ 22p2
1 p4

2 p6
3 p4

4 p2
5 p3

6z21 + p2
1 p4

2 p6
3 p4

4 p2
5 p4

6z22.



Symmetry 2023, 15, 1199 21 of 41

The powers of polynomials are in agreement with the relation (115). In what follows we
denote

Hs = Hs(z) = Hs(z, (pi)), (117)

s = 1, . . . , 6; where (pi) = (p1, p2, p3, p4, p5, p6).
Due to (116) the asymptotical relations for the polynomials read as follows

Hs = Hs(z, (pi)) ∼
(

6

∏
l=1

(pl)
νsl

)
zns ≡ Has

s (z, (pi)), (118)

s = 1, . . . , 6, as z→ ∞. Here,

ν = (νsl) =



2 3 4 3 2 2
3 6 8 6 3 4
4 8 12 8 4 6
3 6 8 6 3 4
2 3 4 3 2 2
2 4 6 4 2 4

. (119)

This matrix reads
ν = A−1(I + P), (120)

where A−1 is inverse Cartan matrix, I is 6× 6 identity matrix and

P =



0 0 0 0 1 0
0 0 0 1 0 0
0 0 1 0 0 0
0 1 0 0 0 0
1 0 0 0 0 0
0 0 0 0 0 1

. (121)

is permutation matrix. This matrix is related to the permutation σ ∈ S6 (S6 is symmetric group)

σ : (1, 2, 3, 4, 5, 6) 7→ (5, 4, 3, 2, 1, 6), (122)

by the following formula P = (Pi
j ) = (δi

σ(j)). Here, σ is the generator of the group of
symmetry of the Dynkin diagram G = {σ, id}. (G is isomorphic to the group Z2.) σ is a
composition of two transpositions: (1 7→ 5) and (2 7→ 4).

We note that the matrix ν is symmetric one and

6

∑
s=1

νsl = nl , (123)

l = 1, . . . , 6.
Now we introduce the dual (ordered) set ( p̂i) = (pσ(i)), i = 1, . . . , 6. By using the

relations for polynomials from Appendix B we are led to the following two identities which
are verified with the aid of MATHEMATICA.

3.6.1. Symmetry Relations

Proposition 10. For all pi and z

Hσ(s)(z, (pi)) = Hs(z, ( p̂i)), (124)

s = 1, . . . , 6.
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3.6.2. Duality Relations

Proposition 11. For all pi > 0 and z > 0

Hs(z, (pi)) = Has
s (z, (pi))Hs(z−1, ( p̂−1

i )), (125)

s = 1, . . . , 6.

The solution (8)–(10) reads in our case

g =
( 6

∏
s=1

H2h/(D−2)
s

){
dρ⊗ dρ +

( 6

∏
s=1

H−2h
s

)
ρ2dφ⊗ dφ + g2

}
, (126)

exp(ϕa) =
6

∏
s=1

Hhλa
s

s , (127)

Fs = Bsρdρ ∧ dφ, (128)

a, s = 1, . . . , 6, where g1 = dφ ⊗ dφ is a metric on M1 = S1 (0 < φ < 2π), g2 is a
Ricci-flat metric on M2 of signature (−,+, . . . ,+). Here,

Bs = −Qs

(
6

∏
l=1

H−Asl
l

)
(129)

and due to (14)–(16)

K = Ks =
D− 3
D− 2

+~λ2
s , (130)

hs = h = K−1,
~λs~λs′ =

1
2

KAss′ −
D− 3
D− 2

≡ Gss′ , (131)

s, s′ = 1, . . . , 6.

3.7. Some Relations between Polynomials

Here, we denote the set of polynomials corresponding to a set of parameters p1 > 0,
..., pn > 0 as following

Hs = Hs(z, p1, ..., pn; A), (132)

s = 1, . . . , n, where A = A[G] is the Cartan matrix corresponding to a (semi)simple
Lie algebra G of rank n.

3.7.1. Cn+1-Polynomials from A2n+1-Ones

It was conjectured in Ref. [28] that the set of polynomials corresponding to the Lie
algebra Cn+1 may be obtained from the set of polynomials corresponding to the Lie algebra
A2n+1 according to the following relations

Hs(z, p1, ..., pn+1; A[Cn+1]) = Hs(z, p1, ..., pn+1, pn+2 = pn, ..., p2n+1 = p1; A[A2n+1]), (133)

s = 1, . . . , n + 1, i.e., the parameters p1, ..., pn+1, pn+2, ..., p2n+1 are identified symmet-
rically with respect to pn+1.

Relation (133) may be readily verified at least for n = 1, 2 by using explicit relations
for corresponding polynomials presented above.
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3.7.2. Bn-Polynomials from Dn+1-Ones

Due to the conjecture from Ref. [28], the set polynomials corresponding to the Lie
algebra Bn can be obtained from the set of polynomials corresponding to the Lie algebra
Dn+1 according to the following relation

Hs(z, p1, ..., pn; A[Bn]) = Hs(z, p1, ..., pn, pn+1 = pn; A[Dn+1]), (134)

s = 1, . . . , n, i.e., the parameters pn and pn+1 are identified.
Relation (134) can be readily verified at least for n = 3, 4 by using explicit relations for

corresponding polynomials presented above.

3.7.3. G2-Polynomials from D4-Ones

It can be readily checked that G2-polynomials may be obtained just by imposing the
following relations on parameters of D4-polynomials: p1 = p3 = p4. We obtain

H1(z, p1, p2, p1, p1; A[D4]) = H1(z, p1, p2; A[G2]), (135)

H2(z, p1, p2, p1, p1; A[D4]) = H2(z, p1, p2; A[G2]). (136)

It looks like we glue the symmetric points (1, 3 and 4) at the Dynkin graph for D4
algebra (see Figure 3) in order to obtain the Dynkin graph for G2 algebra (see Figure 1).

3.7.4. F4-Polynomials from E6-Ones

It can be verified that F4-polynomials may be obtained by imposing the following
relations on parameters of E6-polynomials: p1 = p5 = p̄4, p2 = p4 = p̄3, p3 = p̄2, p6 = p̄1.
We obtain

H1(z, p1, p2, p3, p2, p1, p6; A[E6]) = H4(z, p̄1, p̄2, p̄3, p̄4; A[F4]), (137)

H2(z, p1, p2, p3, p2, p1, p6; A[E6]) = H3(z, p̄1, p̄2, p̄3, p̄4; A[F4]), (138)

H3(z, p1, p2, p3, p2, p1, p6; A[E6]) = H2(z, p̄1, p̄2, p̄3, p̄4; A[F4]), (139)

H6(z, p1, p2, p3, p2, p1, p6; A[E6]) = H1(z, p̄1, p̄2, p̄3, p̄4; A[F4]). (140)

It looks like we glue the symmetric points (1 and 5, 2 and 4) at the Dynkin graph for
E6 algebra (see Figure 5) in order to obtain the Dynkin graph for F4 algebra (see Figure 3).

3.7.5. Reduction Formulas

Here, we denote the Cartan matrix in the following way: A = AΓ, where Γ is the
related Dynkin graph. Let i be a node of Γ. We denote by Γi a Dynkin graph (which
corresponds to a certain semi-simple Lie algebra) that is obtained from Γ by erasing all
lines that have endpoints at i. It can be verified (e.g., by using MATHEMATICA) that for
the polynomials presented above the following reduction formulae hold

Hs(z, p1, ..., pi = 0, ..., pn; AΓ) = Hs(z, p1, ..., pi−1, pi+1, ..., pn; AΓi ), (141)

s = 1, . . . , i− 1, i + 1, . . . , n, and

Hi(z, p1, ..., pi = 0, ..., pn; AΓ) = 1. (142)

This means that by setting pi = 0 we reduce the set of polynomials by replacing
the Cartan matrix AΓ with the Cartan matrix AΓi . In this case the polynomial Hi = 1
corresponds to A1-subalgebra (represented by the node i) and the parameter pi = 0.

As an example of reduction formulas we present the following relations

Hs(z, p1, ..., pn, pn+1 = 0; A[G]) = Hs(z, p1, ..., pn; A[An]), (143)

s = 1, . . . , n, for G = An+1, Bn+1, Cn+1, Dn+1 with suitable restrictions on n. These rela-
tions are valid at least for all ABCD-polynomials presented above. In writing relation (141)
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we use the numbering of the nodes in accordance with the Dynkin diagrams shown in the
figures presented above.

The reduction formulas (142) for A5-polynomials with p3 = 0 are shown in Figure 6.
The reduced polynomials coincide with those corresponding to semisimple Lie algebra
A2
⊕

A1
⊕

A2.

u u u u u
1 2 3 4 5

6

Figure 6. Dynkin diagram for semisimple Lie algebra A2
⊕

A1
⊕

A2 describing the set of
A5-polynomials with p3 = 0 [28].

4. Flux Integrals

As in the previous section, we deal here with the solution (8)–(10) with n = l, w = +1
and M1 = S1 and hαβ = δαβ.

We denote (λsa) = (λa
s ) = ~λs, s = 1, . . . , n. The solution corresponds to a simple

finite-dimensional Lie algebra G, i.e., the matrix A = (Ass′) is coinciding with the Cartan
matrix of this Lie algebra.

In this case, we get relations (17), (18) for hs = K−1
s > 0 and scalar products ~λs~λl

which follow from (14)–(16).
Due to (14)–(16) that

hi
hj

=
Kj

Ki
=

Bjj

Bii
=

Bji

Bii

Bjj

Bij
=

Aji

Aij
(144)

for any i 6= j obeying Aij = Aji 6= 0; i, j = 1, . . . , n.
It follows from (144) and the connectedness of the Dynkin diagram for a simple Lie

algebra that
hi
hj

=
Kj

Ki
=

rj

ri
(145)

i 6= j, where ri = (αi, αi) is length squared of a simple root αi of the Lie algebra G.
Here, ((., .) is dual Killing–Cartan form and

Aij = 2(αi, αj)/(αj, αj), (146)

i, j = 1, . . . , n. Due to (145) we obtain

Ki =
1
2

Kri, (147)

i = 1, . . . , n, where K > 0.
Now we consider the oriented 2-dimensional manifold M∗ = (0,+∞)× S1. The flux

integrals read

Φs =
∫

M∗
Fs =

∫ +∞

0
dρ
∫ 2π

0
dφ ρBs(ρ2) = 2π

∫ +∞

0
dρ ρBs(ρ2), (148)

where

Bs(ρ2) = qs

n

∏
l=1

(Hl(ρ
2))−Asl . (149)

Due to (13) and (19) we have

ps =
Ps

ns
=

Ks

4ns
q2

s . (150)
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The integrals (148) are convergent for all s = 1, . . . , n, if the conjecture on polynomial
structure of moduli functions Hs is satisfied for the Lie algebra G under consideration.

Indeed, polynomial assumption (1) implies

Hs(ρ
2) ∼ Csρ2ns , Cs = P(ns)

s , (151)

as ρ → +∞; s = 1, . . . , n. From (149), (151) and the identities ∑n
1 Aslnl = 2, following

from (2), we obtain

Bs(ρ2) ∼ qsCsρ−4, Cs =
n

∏
l=1

C−Asl
l . (152)

Hence the integral (148) is convergent for any s = 1, . . . , n.
From master Equation (11), we obtain∫ +∞

0
dρρBs(ρ2) = qsP−1

s
1
2

∫ +∞

0
dz

d
dz

(
z

Hs

d
dz

Hs

)
(153)

=
1
2

qsP−1
s lim

z→+∞

(
z

Hs

d
dz

Hs

)
=

1
2

nsqsP−1
s ,

which implies (see (13)) [43]
Φs = 4πnsq−1

s hs, (154)

s = 1, . . . , n.
Thus, we see that any flux Φs depends only upon one integration constant qs 6= 0.

This is a nontrivial fact since the integrand form Fs depends upon all constants: q1, . . . , qn.
It should be noted that, for D = 4 and g2 = −dt⊗ dt + dx⊗ dx, qs is coinciding with

the value of the x-component of the magnetic field on the axis of symmetry.
For the case of Gibbons–Maeda dilatonic generalization of the Melvin solution, corre-

sponding to D = 4, n = l = 1 and G = A1 [6], the flux from (154) (s = 1) is in agreement
with that obtained in Ref. [26]. For the Melvin’s solution and some higher dimensional
extensions (with G = A1) see also Ref. [15].

Owing to (145) the ratios
qiΦi

qjΦj =
nihi
njhj

=
nirj

njri
(155)

are just fixed numbers which depend upon the Cartan matrix (Aij) of a simple finite-
dimensional Lie algebra G.

Since the manifold M∗ = (0,+∞)× S1 is isomorphic to the manifold R2
∗ = R2 \ {0},

the solution (8)–(10) may be rewritten (by pull-backs) onto manifold R2
∗ ×M2. In this new

presentation of the solution coordinates ρ, φ are understood as polar coordinates on R2
∗.

Since they are not globally defined one may consider two charts with coordinates ρ, φ = φ1
and ρ, φ = φ2, where ρ > 0, 0 < φ1 < 2π and −π < φ2 < π. Here, exp(iφ1) = exp(iφ2).
For both charts we have x = ρ cos φ and y = ρ sin φ, where x, y are standard (Euclidean)
coordinates of R2. By using the identity ρdρ ∧ dφ = dx ∧ dy we obtain

Fs = qs

n

∏
l=1

(Hl(x2 + y2))−Asl dx ∧ dy, (156)

s = 1, . . . , n.
Now, let us show that 2-forms (156) are well-defined on R2. Indeed, due to con-

jecture from Ref. [3] any polynomial Hs(z) is a smooth function on R = (−∞,+∞)
obeying Hs(z) > 0 for z ∈ (−εs,+∞), where εs > 0. This is so since due to polyno-
mial conjecture from Ref. [3] we have Hs(z) > 0 for z > 0 and Hs(+0) = 1. Hence,(
∏n

l=1(Hl(x2 + y2))−Asl
)

is a smooth function since it is just a composition of two well-
defined smooth functions:

(
∏n

l=1(Hl(z))−Asl
)

and z = x2 + y2.
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Now, we show that there exist 1-forms As obeying Fs = dAs which are globally
defined on R2. Let us consider the open submanifold R2

∗. The 1-forms

As =

(∫ ρ

0
dρ̄ρ̄Bs(ρ̄2)

)
dφ =

1
2

(∫ ρ2

0
dz̄Bs(z̄)

)
dφ (157)

are well defined on R2
∗ and obey Fs = dAs, s = 1, . . . , n. It is obvious that here

dφ = (x2 + y2)−1(−ydx + xdy). (158)

It follows from the master Equation (11) that

As =
qs

2Ps

(∫ ρ2

0
dz̄

d
dz̄

(
z̄

Hs(z̄)
d
dz̄

Hs(z̄)
))

dφ (159)

=
2hs

qs

H
′
s(ρ

2)

Hs(ρ2)
ρ2dφ,

s = 1, . . . , n. Here, H′s = d
dz Hs. Due to relation ρ2dφ = −ydx + xdy, we obtain

As =
2hs

qs

H
′
s(x2 + y2)

Hs(x2 + y2)
(−ydx + xdy), (160)

s = 1, . . . , n. Thus, we are led to 1-forms (160) which are well-defined (smooth) 1-forms
on R2.

It should be noted that in case of Gibbons–Maeda solution [6] (with D = 4, n = l = 1
and G = A1) the gauge potential from (159) coincides (up to notations) with that considered
in Ref. [8].

Now we verify the formula (154) for flux integrals by using the relation (160) for
1-forms As. Let us consider a 2d oriented manifold (disk)

DR = {(x, y) : x2 + y2 ≤ R2} (161)

with the boundary
∂DR = CR = {(x, y) : x2 + y2 = R2}. (162)

Here, CR is a circle of radius R. It is just an 1d oriented manifold with the orientation
(inherited from that of DR) obeying the relation

∫
CR

dφ = 2π. Using the Stokes–Cartan
theorem we obtain

Φs(R) =
∫

DR

Fs =
∫

DR

dAs =
∫

CR

As =
4πhs

qs

H
′
s(R2)

Hs(R2)
R2, (163)

s = 1, . . . , n. By using the asymptotic relation (151) we get

lim
R→+∞

Φs(R) = lim
R→+∞

∫
DR

Fs =
4πhsns

qs
= Φs, (164)

s = 1, . . . , n, in agreement with (154).
We note that, according to the definition of Abelian Wilson loop (factor), we have

Ws(CR) = exp(i
∫

CR

As) = exp(iΦs(R)), (165)

s = 1, . . . , n. As a consequence (see (164)), we obtain finite limits

lim
R→+∞

Ws(CR) = exp(iΦs), (166)
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s = 1, . . . , n.
Finally, we note that the metric and scalar fields for our solution with w = +1 and

l = n can be extended to the manifold R2 ×M2.
Indeed, in standard x, y coordinates on R2 the metric (8) and scalar fields (9) read as

follows [43]

g =
( n

∏
s=1

H2hs/(D−2)
s

){
dx⊗ dx + dy⊗ dy + F(−ydx + xdy)2

⊗ + g2
}

, (167)

ϕa =
n

∑
s=1

hsλa
s ln Hs, (168)

a = 1, . . . , n. Here, Hs = Hs(x2 + y2), s = 1, . . . , n, ω2
⊗ = ω ⊗ ω and F = F(x2 + y2),

where

F(z) =

(( n

∏
s=1

(Hs(z))−2hs
)
− 1

)
z−1, (169)

for z 6= 0 and

F(0) = lim
z→0

F(z) =
n

∑
s=1

(−2hs ps). (170)

The metric and scalar fields are smooth on the manifold R2 ×M2 [43].

5. Dilatonic Black Holes

Relations on dilatonic coupling vectors (14)–(16) also appear for dilatonic black hole
(DBH) solutions defined on the manifold

M = (R0,+∞)× (M0 = S2)× (M1 = R)×M2, (171)

where R0 = 2µ > 0 and M2 is a Ricci-flat manifold. These DBH solutions on M from (171)
for the model under consideration may be extracted just from more general black brane
solutions, see Refs. [35,36,44]. They read:

g =
( n

∏
s=1

H2hs/(D−2)
s

){
f−1dR⊗ dR + R2g0 −

( n

∏
s=1

H−2hs
)

f dt⊗ dt + g2
}

, (172)

exp(ϕa) =
n

∏
s=1

Hhsλa
s , (173)

Fs = −QsR−2

(
n

∏
l=1

H−Asl
l

)
dR ∧ dt, (174)

s, a = 1, . . . , n, where f = 1− 2µR−1, g0 is the standard metric on M0 = S2 and g2 is
a Ricci-flat metric of signature (+, . . . ,+) on M2. Here, Qs 6= 0 are integration constants
(charges).

The functions Hs = Hs(R) > 0 obey the master equations

R2 d
dR

(
f

R2

Hs

d
dR

Hs

)
= Bs

n

∏
l=1

H−Asl
l , (175)

with the following boundary conditions (on the horizon and at infinity) imposed:

Hs(R0 + 0) = Hs0 > 0, Hs(+∞) = 1, (176)

where
Bs = −KsQ2

s , (177)

s = 1, . . . , n.
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It was shown in Ref. [36] that these polynomials may be obtained (at least for small
enough Qs) from fluxbrane polynomials Hs(z) presented in this paper.

Indeed, let us denote f = f (z) = 1− 2µz, z = 1/R. Then, the relations (175) may be
rewritten as follows

d
d f

(
f

Hs

d
d f

Hs

)
= Bs(2µ)−2

n

∏
l=1

H−Asl
l , (178)

s = 1, . . . , n. These relations could be solved (at least for small enough Qs) by using
fluxbrane polynomials Hs( f ) = Hs( f ; p), given by n × n Cartan matrix (Asl), where
p = (p1, . . . , pn) is the set of parameters [36]. Here we impose the restrictions ps 6= 0 for
all s.

Due to approach of Ref. [36] we put

Hs(z) = Hs( f (z); p)/Hs(1; p) (179)

for s = 1, . . . , n. Then, the relations (178), are satisfied identically if [36]

ns ps

n

∏
l=1

(Hl(1; p))−Asl = Bs/(2µ)2, (180)

s = 1, ..., n.
We call the set of parameters p = (p1, . . . , pn) (pi 6= 0) a proper one if [36]

Hs( f ; p) > 0 (181)

for all f ∈ [0, 1] and s = 1, . . . , n. Here, we consider only proper p. Due to relations (180)
and Bs < 0, we have ps < 0 for all s = 1, . . . , n, i.e., one should use fluxbrane polynomials
with negative parameters ps for a description of black hole solutions under consideration.

The boundary conditions (176) are valid, since

Hs((2µ)−1 − 0) = 1/Hs(1; p) > 0, (182)

s = 1, . . . , n (see definition (179)).
For small enough pi, the set (p1, . . . , pn) is proper and relation (180) defines one-to-one

correspondence between the sets of parameters (p1, . . . , pn) and (Q2
1, . . . , Q2

n).
Relations (182) imply the following formula for the Hawking temperature [36]

TH =
1

8πµ

n

∏
s=1

(Hs(1; p))hs . (183)

It should be noted that fluxbrane polynomials were used in Refs. [45–47] in the
context of dyon-like black hole solutions. (To a certain extent these papers were inspired by
Ref. [48].)

6. Conclusions

Here, we have explored a multidimensional generalization of the Melvin’s solution cor-
responding to a simple finite-dimensional Lie algebra G. It takes place in a D-dimensional
model which contains metric n Abelian 2-forms Fs = dAs and l ≥ n scalar fields ϕα. (Here,
we have put l = n for simplicity.)

The solution is governed by a set of n moduli functions Hs(z), s = 1, . . . , n, which were
assumed earlier to be polynomials—so-called fluxbrane polynomials. These polynomials
define special solutions to open Toda chain equations corresponding to the Lie algebra G.
The polynomials Hs(z) also depend upon parameters ps ∼ q2

s , where qs are coinciding for
D = 4 (up to a sign) with the values of colored magnetic fields on the axis of symmetry.

Here, we have presented examples of polynomials corresponding to Lie algebras
of rank r = 1, 2, 3, 4, 5 and exceptional Lie algebra E6 and have outlined the symmetry
and duality relations for these polynomials. The so-called duality relations for fluxbrane
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polynomials describe a behavior of the solutions under the inversion: ρ → 1/ρ, which
makes the model in tune with so-called T-duality in string models. These relations can be
also mathematically understood in terms of the discrete groups of symmetry of Dynkin
diagrams for the corresponding Lie algebras.

We have presented calculations of 2d flux integrals Φs =
∫

Fs, where Fs are 2-forms,
s = 1, . . . , n. It is remarkable that any flux Φs depends only upon one parameter qs, while
the integrand Fs depends upon all parameters q1, . . . , qn.

Here, we have also outlined possible applications of fluxbrane polynomials for seeking
dilatonic black hole solutions (e.g., 4d ones) in the model under consideration.

It should be noted that fluxbrane polynomials may also describe certain subclass of
self-dual solutions to Yang-Mills equations in a flat space of signature (+,+,−,−) [49].
This subclass belong to a more general Toda chain class of self-dual solutions.

Here, an interesting question occurs: how can the nice properties of polynomials (sym-
metries, duality relations, reduction formulas) be used for a description of geometries of
Melvin-like solutions (and other fluxbrane ones) and possible generating of new solutions?
This and other related questions may be a subject of future publications.
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Appendix A. Polynomials for A5, B5, C5, D5

Here, we present the polynomials corresponding to Lie algebras of rank 5 [41].
A5-case. For the Lie algebra A5 ∼= sl(6) the polynomials read

H1 =1 + 5p1z + 10p1 p2z2 + 10p1 p2 p3z3 + 5p1 p2 p3 p4z4 + p1 p2 p3 p4 p5z5

H2 =1 + 8p2z + (10p1 p2 + 18p2 p3)z2 + (40p1 p2 p3 + 16p2 p3 p4)z3 + (20p1 p2
2 p3 + 45p1 p2 p3 p4 + 5p2 p3 p4 p5)z4

+ (40p1 p2
2 p3 p4 + 16p1 p2 p3 p4 p5)z5 + (10p1 p2

2 p2
3 p4 + 18p1 p2

2 p3 p4 p5)z6 + 8p1 p2
2 p2

3 p4 p5z7 + p1 p2
2 p2

3 p2
4 p5z8

H3 =1+ 9p3z+(18p2 p3 + 18p3 p4)z2 +(10p1 p2 p3 + 64p2 p3 p4 + 10p3 p4 p5)z3 +(45p1 p2 p3 p4 + 36p2 p2
3 p4 + 45p2 p3 p4 p5)z4

+ (45p1 p2 p2
3 p4 + 36p1 p2 p3 p4 p5 + 45p2 p2

3 p4 p5)z5 + (10p1 p2
2 p2

3 p4 + 64p1 p2 p2
3 p4 p5 + 10p2 p2

3 p2
4 p5)z6 + (18p1 p2

2 p2
3 p4 p5

+ 18p1 p2 p2
3 p2

4 p5)z7 + 9p1 p2
2 p2

3 p2
4 p5z8 + p1 p2

2 p3
3 p2

4 p5z9

H4 =1 + 8p4z + (18p3 p4 + 10p4 p5)z2 + (16p2 p3 p4 + 40p3 p4 p5)z3 + (5p1 p2 p3 p4 + 45p2 p3 p4 p5 + 20p3 p2
4 p5)z4

+ (16p1 p2 p3 p4 p5 + 40p2 p3 p2
4 p5)z5 + (18p1 p2 p3 p2

4 p5 + 10p2 p2
3 p2

4 p5)z6 + 8p1 p2 p2
3 p2

4 p5z7 + p1 p2
2 p2

3 p2
4 p5z8

H5 =1 + 5p5z + 10p4 p5z2 + 10p3 p4 p5z3 + 5p2 p3 p4 p5z4 + p1 p2 p3 p4 p5z5

B5-case. For the Lie algebra B5 ∼= so(11) we find

H1 =1 + 10p1z + 45p1 p2z2 + 120p1 p2 p3z3 + 210p1 p2 p3 p4z4 + 252p1 p2 p3 p4 p5z5 + 210p1 p2 p3 p4 p2
5z6 + 120p1 p2 p3 p2

4 p2
5z7

+ 45p1 p2 p2
3 p2

4 p2
5z8 + 10p1 p2

2 p2
3 p2

4 p2
5z9 + p2

1 p2
2 p2

3 p2
4 p2

5z10

H2 =1 + 18p2z + (45p1 p2 + 108p2 p3)z2 + (480p1 p2 p3 + 336p2 p3 p4)z3 + (540p1 p2
2 p3 + 1890p1 p2 p3 p4 + 630p2 p3 p4 p5)z4

+ (3780p1 p2
2 p3 p4 + 4032p1 p2 p3 p4 p5 + 756p2 p3 p4 p2

5)z
5 + (2520p1 p2

2 p2
3 p4 + 10206p1 p2

2 p3 p4 p5 + 5250p1 p2 p3 p4 p2
5

+ 588p2 p3 p2
4 p2

5)z
6 + (12096p1 p2

2 p2
3 p4 p5 + 15120p1 p2

2 p3 p4 p2
5 + 4320p1 p2 p3 p2

4 p2
5 + 288p2 p2

3 p2
4 p2

5)z
7

+ (5292p1 p2
2 p2

3 p2
4 p5 + 22680p1 p2

2 p2
3 p4 p2

5 + 13500p1 p2
2 p3 p2

4 p2
5 + 2205p1 p2 p2

3 p2
4 p2

5 + 81p2
2 p2

3 p2
4 p2

5)z
8

+ 48620p1 p2
2 p2

3 p2
4 p2

5z9 + (81p2
1 p2

2 p2
3 p2

4 p2
5 + 2205p1 p3

2 p2
3 p2

4 p2
5 + 13500p1 p2

2 p3
3 p2

4 p2
5 + 22680p1 p2

2 p2
3 p3

4 p2
5

+ 5292p1 p2
2 p2

3 p2
4 p3

5)z
10 + (288p2

1 p3
2 p2

3 p2
4 p2

5 + 4320p1 p3
2 p3

3 p2
4 p2

5 + 15120p1 p2
2 p3

3 p3
4 p2

5 + 12096p1 p2
2 p2

3 p3
4 p3

5)z
11

+ (588p2
1 p3

2 p3
3 p2

4 p2
5 + 5250p1 p3

2 p3
3 p3

4 p2
5 + 10206p1 p2

2 p3
3 p3

4 p3
5 + 2520p1 p2

2 p2
3 p3

4 p4
5)z

12 + (756p2
1 p3

2 p3
3 p3

4 p2
5

+ 4032p1 p3
2 p3

3 p3
4 p3

5 + 3780p1 p2
2 p3

3 p3
4 p4

5)z
13 + (630p2

1 p3
2 p3

3 p3
4 p3

5 + 1890p1 p3
2 p3

3 p3
4 p4

5 + 540p1 p2
2 p3

3 p4
4 p4

5)z
14

+ (336p2
1 p3

2 p3
3 p3

4 p4
5 + 480p1 p3

2 p3
3 p4

4 p4
5)z

15 + (108p2
1 p3

2 p3
3 p4

4 p4
5 + 45p1 p3

2 p4
3 p4

4 p4
5)z

16 + 18p2
1 p3

2 p4
3 p4

4 p4
5z17 + p2

1 p4
2 p4

3 p4
4 p4

5z18

H3 =1 + 24p3z + (108p2 p3 + 168p3 p4)z2 + (120p1 p2 p3 + 1344p2 p3 p4 + 560p3 p4 p5)z3 + (1890p1 p2 p3 p4 + 2016p2 p2
3 p4

+ 5670p2 p3 p4 p5 + 1050p3 p4 p2
5)z

4 + (5040p1 p2 p2
3 p4 + 9072p1 p2 p3 p4 p5 + 15120p2 p2

3 p4 p5 + 12096p2 p3 p4 p2
5
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+ 1176p3 p2
4 p2

5)z
5 + (2520p1 p2

2 p2
3 p4 + 43008p1 p2 p2

3 p4 p5 + 11760p2 p2
3 p2

4 p5 + 21000p1 p2 p3 p4 p2
5 + 40824p2 p2

3 p4 p2
5

+ 14700p2 p3 p2
4 p2

5 + 784p2
3 p2

4 p2
5)z

6 + (27216p1 p2
2 p2

3 p4 p5 + 42336p1 p2 p2
3 p2

4 p5 + 126000p1 p2 p2
3 p4 p2

5
+ 27000p1 p2 p3 p2

4 p2
5 + 123552p2 p2

3 p2
4 p2

5)z
7 + (47628p1 p2

2 p2
3 p2

4 p5 + 90720p1 p2
2 p2

3 p4 p2
5 + 424710p1 p2 p2

3 p2
4 p2

5
+ 3969p2

2 p2
3 p2

4 p2
5 + 43200p2 p3

3 p2
4 p2

5 + 98784p2 p2
3 p3

4 p2
5 + 26460p2 p2

3 p2
4 p3

5)z
8 + (14112p1 p2

2 p3
3 p2

4 p5 + 434720p1 p2
2 p2

3 p2
4 p2

5
+ 147000p1 p2 p3

3 p2
4 p2

5 + 17496p2
2 p3

3 p2
4 p2

5 + 408240p1 p2 p2
3 p3

4 p2
5 + 86016p2 p3

3 p3
4 p2

5 + 117600p1 p2 p2
3 p2

4 p3
5

+ 82320p2 p2
3 p3

4 p3
5)z

9 + (1296p2
1 p2

2 p2
3 p2

4 p2
5 + 291720p1 p2

2 p3
3 p2

4 p2
5 + 567000p1 p2

2 p2
3 p3

4 p2
5 + 370440p1 p2 p3

3 p3
4 p2

5
+ 37800p2

2 p3
3 p3

4 p2
5 + 190512p1 p2

2 p2
3 p2

4 p3
5 + 387072p1 p2 p2

3 p3
4 p3

5 + 90720p2 p3
3 p3

4 p3
5 + 24696p2 p2

3 p3
4 p4

5)z
10

+ (10584p2
1 p2

2 p3
3 p2

4 p2
5 + 52920p1 p3

2 p3
3 p2

4 p2
5 + 960960p1 p2

2 p3
3 p3

4 p2
5 + 127008p1 p2

2 p3
3 p2

4 p3
5 + 680400p1 p2

2 p2
3 p3

4 p3
5

+ 444528p1 p2 p3
3 p3

4 p3
5 + 45360p2

2 p3
3 p3

4 p3
5 + 126000p1 p2 p2

3 p3
4 p4

5 + 48384p2 p3
3 p3

4 p4
5)z

11 + (9408p2
1 p3

2 p3
3 p2

4 p2
5

+ 30618p2
1 p2

2 p3
3 p3

4 p2
5 + 257250p1 p3

2 p3
3 p3

4 p2
5 + 252000p1 p2

2 p4
3 p3

4 p2
5 + 1605604p1 p2

2 p3
3 p3

4 p3
5 + 252000p1 p2

2 p2
3 p3

4 p4
5

+ 257250p1 p2 p3
3 p3

4 p4
5 + 30618p2

2 p3
3 p3

4 p4
5 + 9408p2 p3

3 p4
4 p4

5)z
12 + (48384p2

1 p3
2 p3

3 p3
4 p2

5 + 126000p1 p3
2 p4

3 p3
4 p2

5
+ 45360p2

1 p2
2 p3

3 p3
4 p3

5 + 444528p1 p3
2 p3

3 p3
4 p3

5 + 680400p1 p2
2 p4

3 p3
4 p3

5 + 127008p1 p2
2 p3

3 p4
4 p3

5 + 960960p1 p2
2 p3

3 p3
4 p4

5
+ 52920p1 p2 p3

3 p4
4 p4

5 + 10584p2
2 p3

3 p4
4 p4

5)z
13 + (24696p2

1 p3
2 p4

3 p3
4 p2

5 + 90720p2
1 p3

2 p3
3 p3

4 p3
5 + 387072p1 p3

2 p4
3 p3

4 p3
5

+ 190512p1 p2
2 p4

3 p4
4 p3

5 + 37800p2
1 p2

2 p3
3 p3

4 p4
5 + 370440p1 p3

2 p3
3 p3

4 p4
5 + 567000p1 p2

2 p4
3 p3

4 p4
5 + 291720p1 p2

2 p3
3 p4

4 p4
5

+ 1296p2
2 p4

3 p4
4 p4

5)z
14 + (82320p2

1 p3
2 p4

3 p3
4 p3

5 + 117600p1 p3
2 p4

3 p4
4 p3

5 + 86016p2
1 p3

2 p3
3 p3

4 p4
5 + 408240p1 p3

2 p4
3 p3

4 p4
5

+ 17496p2
1 p2

2 p3
3 p4

4 p4
5 + 147000p1 p3

2 p3
3 p4

4 p4
5 + 434720p1 p2

2 p4
3 p4

4 p4
5 + 14112p1 p2

2 p3
3 p4

4 p5
5)z

15 + (26460p2
1 p3

2 p4
3 p4

4 p3
5

+ 98784p2
1 p3

2 p4
3 p3

4 p4
5 + 43200p2

1 p3
2 p3

3 p4
4 p4

5 + 3969p2
1 p2

2 p4
3 p4

4 p4
5 + 424710p1 p3

2 p4
3 p4

4 p4
5 + 90720p1 p2

2 p4
3 p5

4 p4
5

+ 47628p1 p2
2 p4

3 p4
4 p5

5)z
16 + (123552p2

1 p3
2 p4

3 p4
4 p4

5 + 27000p1 p3
2 p5

3 p4
4 p4

5 + 126000p1 p3
2 p4

3 p5
4 p4

5 + 42336p1 p3
2 p4

3 p4
4 p5

5
+ 27216p1 p2

2 p4
3 p5

4 p5
5)z

17 + (784p2
1 p4

2 p4
3 p4

4 p4
5 + 14700p2

1 p3
2 p5

3 p4
4 p4

5 + 40824p2
1 p3

2 p4
3 p5

4 p4
5 + 21000p1 p3

2 p5
3 p5

4 p4
5

+ 11760p2
1 p3

2 p4
3 p4

4 p5
5 + 43008p1 p3

2 p4
3 p5

4 p5
5 + 2520p1 p2

2 p4
3 p5

4 p6
5)z

18 + (1176p2
1 p4

2 p5
3 p4

4 p4
5 + 12096p2

1 p3
2 p5

3 p5
4 p4

5
+ 15120p2

1 p3
2 p4

3 p5
4 p5

5 + 9072p1 p3
2 p5

3 p5
4 p5

5 + 5040p1 p3
2 p4

3 p5
4 p6

5)z
19 + (1050p2

1 p4
2 p5

3 p5
4 p4

5 + 5670p2
1 p3

2 p5
3 p5

4 p5
5

+ 2016p2
1 p3

2 p4
3 p5

4 p6
5 + 1890p1 p3

2 p5
3 p5

4 p6
5)z

20 + (560p2
1 p4

2 p5
3 p5

4 p5
5 + 1344p2

1 p3
2 p5

3 p5
4 p6

5 + 120p1 p3
2 p5

3 p6
4 p6

5)z
21

+ (168p2
1 p4

2 p5
3 p5

4 p6
5 + 108p2

1 p3
2 p5

3 p6
4 p6

5)z
22 + 24p2

1 p4
2 p5

3 p6
4 p6

5z23 + p2
1 p4

2 p6
3 p6

4 p6
5z24

H4 =1 + 28p4z + (168p3 p4 + 210p4 p5)z2 + (336p2 p3 p4 + 2240p3 p4 p5 + 700p4 p2
5)z

3 + (210p1 p2 p3 p4 + 5670p2 p3 p4 p5

+ 3920p3 p2
4 p5 + 9450p3 p4 p2

5 + 1225p2
4 p2

5)z
4 + (4032p1 p2 p3 p4 p5 + 17640p2 p3 p2

4 p5 + 27216p2 p3 p4 p2
5 + 49392p3 p2

4 p2
5)z

5

+ (15876p1 p2 p3 p2
4 p5 + 11760p2 p2

3 p2
4 p5 + 21000p1 p2 p3 p4 p2

5 + 209916p2 p3 p2
4 p2

5 + 19600p2
3 p2

4 p2
5 + 74088p3 p3

4 p2
5

+ 24500p3 p2
4 p3

5)z
6 + (18816p1 p2 p2

3 p2
4 p5 + 195120p1 p2 p3 p2

4 p2
5 + 202176p2 p2

3 p2
4 p2

5 + 411600p2 p3 p3
4 p2

5
+ 87808p2

3 p3
4 p2

5 + 158760p2 p3 p2
4 p3

5 + 109760p3 p3
4 p3

5)z
7 + (5292p1 p2

2 p2
3 p2

4 p5 + 277830p1 p2 p2
3 p2

4 p2
5 + 35721p2

2 p2
3 p2

4 p2
5

+ 425250p1 p2 p3 p3
4 p2

5 + 961632p2 p2
3 p3

4 p2
5 + 176400p1 p2 p3 p2

4 p3
5 + 238140p2 p2

3 p2
4 p3

5 + 771750p2 p3 p3
4 p3

5 + 164640p2
3 p3

4 p3
5

+ 51450p3 p3
4 p4

5)z
8 + (109760p1 p2

2 p2
3 p2

4 p2
5 + 1292760p1 p2 p2

3 p3
4 p2

5 + 308700p2
2 p2

3 p3
4 p2

5 + 537600p2 p3
3 p3

4 p2
5

+ 470400p1 p2 p2
3 p2

4 p3
5 + 907200p1 p2 p3 p3

4 p3
5 + 2731680p2 p2

3 p3
4 p3

5 + 411600p2 p3 p3
4 p4

5 + 137200p2
3 p3

4 p4
5)z

9

+ (7056p2
1 p2

2 p2
3 p2

4 p2
5 + 666680p1 p2

2 p2
3 p3

4 p2
5 + 1029000p1 p2 p3

3 p3
4 p2

5 + 340200p2
2 p3

3 p3
4 p2

5 + 190512p1 p2
2 p2

3 p2
4 p3

5
+ 4484844p1 p2 p2

3 p3
4 p3

5 + 833490p2
2 p2

3 p3
4 p3

5 + 2268000p2 p3
3 p3

4 p3
5 + 576240p2 p2

3 p4
4 p3

5 + 525000p1 p2 p3 p3
4 p4

5
+ 2163672p2 p2

3 p3
4 p4

5 + 38416p2
3 p4

4 p4
5)z

10 + (81648p2
1 p2

2 p2
3 p3

4 p2
5 + 1132320p1 p2

2 p3
3 p3

4 p2
5 + 2621472p1 p2

2 p2
3 p3

4 p3
5

+ 4939200p1 p2 p3
3 p3

4 p3
5 + 1632960p2

2 p3
3 p3

4 p3
5 + 1524096p1 p2 p2

3 p4
4 p3

5 + 1128960p2 p3
3 p4

4 p3
5 + 3591000p1 p2 p2

3 p3
4 p4

5
+ 1000188p2

2 p2
3 p3

4 p4
5 + 2721600p2 p3

3 p3
4 p4

5 + 1100736p2 p2
3 p4

4 p4
5)z

11 + (166698p2
1 p2

2 p3
3 p3

4 p2
5 + 257250p1 p3

2 p3
3 p3

4 p2
5

+ 272160p2
1 p2

2 p2
3 p3

4 p3
5 + 6419812p1 p2

2 p3
3 p3

4 p3
5 + 1190700p1 p2

2 p2
3 p4

4 p3
5 + 3111696p1 p2 p3

3 p4
4 p3

5 + 882000p2
2 p3

3 p4
4 p3

5
+ 2666720p1 p2

2 p2
3 p3

4 p4
5 + 6431250p1 p2 p3

3 p3
4 p4

5 + 2480058p2
2 p3

3 p3
4 p4

5 + 2500470p1 p2 p2
3 p4

4 p4
5 + 540225p2

2 p2
3 p4

4 p4
5

+ 3358656p2 p3
3 p4

4 p4
5 + 144060p2 p2

3 p4
4 p5

5)z
12 + (65856p2

1 p3
2 p3

3 p3
4 p2

5 + 987840p2
1 p2

2 p3
3 p3

4 p3
5 + 1778112p1 p3

2 p3
3 p3

4 p3
5

+ 5551504p1 p2
2 p3

3 p4
4 p3

5 + 403200p2
1 p2

2 p2
3 p3

4 p4
5 + 10190880p1 p2

2 p3
3 p3

4 p4
5 + 2744000p1 p2

2 p2
3 p4

4 p4
5 + 9560880p1 p2 p3

3 p4
4 p4

5
+ 4000752p2

2 p3
3 p4

4 p4
5 + 1053696p2 p3

3 p5
4 p4

5 + 470400p1 p2 p2
3 p4

4 p5
5 + 635040p2 p3

3 p4
4 p5

5)z
13 + (493920p2

1 p3
2 p3

3 p3
4 p3

5
+ 714420p2

1 p2
2 p3

3 p4
4 p3

5 + 2160900p1 p3
2 p3

3 p4
4 p3

5 + 529200p1 p2
2 p4

3 p4
4 p3

5 + 1852200p2
1 p2

2 p3
3 p3

4 p4
5 + 3333960p1 p3

2 p3
3 p3

4 p4
5

+ 291600p2
1 p2

2 p2
3 p4

4 p4
5 + 21364200p1 p2

2 p3
3 p4

4 p4
5 + 291600p2

2 p4
3 p4

4 p4
5 + 3333960p1 p2 p3

3 p5
4 p4

5 + 1852200p2
2 p3

3 p5
4 p4

5
+ 529200p1 p2

2 p2
3 p4

4 p5
5 + 2160900p1 p2 p3

3 p4
4 p5

5 + 714420p2
2 p3

3 p4
4 p5

5 + 493920p2 p3
3 p5

4 p5
5)z

14 + (635040p2
1 p3

2 p3
3 p4

4 p3
5

+ 470400p1 p3
2 p4

3 p4
4 p3

5 + 1053696p2
1 p3

2 p3
3 p3

4 p4
5 + 4000752p2

1 p2
2 p3

3 p4
4 p4

5 + 9560880p1 p3
2 p3

3 p4
4 p4

5 + 2744000p1 p2
2 p4

3 p4
4 p4

5
+ 10190880p1 p2

2 p3
3 p5

4 p4
5 + 403200p2

2 p4
3 p5

4 p4
5 + 5551504p1 p2

2 p3
3 p4

4 p5
5 + 1778112p1 p2 p3

3 p5
4 p5

5 + 987840p2
2 p3

3 p5
4 p5

5
+ 65856p2 p3

3 p5
4 p6

5)z
15 + (144060p2

1 p3
2 p4

3 p4
4 p3

5 + 3358656p2
1 p3

2 p3
3 p4

4 p4
5 + 540225p2

1 p2
2 p4

3 p4
4 p4

5 + 2500470p1 p3
2 p4

3 p4
4 p4

5
+ 2480058p2

1 p2
2 p3

3 p5
4 p4

5 + 6431250p1 p3
2 p3

3 p5
4 p4

5 + 2666720p1 p2
2 p4

3 p5
4 p4

5 + 882000p2
1 p2

2 p3
3 p4

4 p5
5 + 3111696p1 p3

2 p3
3 p4

4 p5
5

+ 1190700p1 p2
2 p4

3 p4
4 p5

5 + 6419812p1 p2
2 p3

3 p5
4 p5

5 + 272160p2
2 p4

3 p5
4 p5

5 + 257250p1 p2 p3
3 p5

4 p6
5 + 166698p2

2 p3
3 p5

4 p6
5)z

16

+ (1100736p2
1 p3

2 p4
3 p4

4 p4
5 + 2721600p2

1 p3
2 p3

3 p5
4 p4

5 + 1000188p2
1 p2

2 p4
3 p5

4 p4
5 + 3591000p1 p3

2 p4
3 p5

4 p4
5 + 1128960p2

1 p3
2 p3

3 p4
4 p5

5
+ 1524096p1 p3

2 p4
3 p4

4 p5
5 + 1632960p2

1 p2
2 p3

3 p5
4 p5

5 + 4939200p1 p3
2 p3

3 p5
4 p5

5 + 2621472p1 p2
2 p4

3 p5
4 p5

5 + 1132320p1 p2
2 p3

3 p5
4 p6

5
+ 81648p2

2 p4
3 p5

4 p6
5)z

17 + (38416p2
1 p4

2 p4
3 p4

4 p4
5 + 2163672p2

1 p3
2 p4

3 p5
4 p4

5 + 525000p1 p3
2 p5

3 p5
4 p4

5 + 576240p2
1 p3

2 p4
3 p4

4 p5
5

+ 2268000p2
1 p3

2 p3
3 p5

4 p5
5 + 833490p2

1 p2
2 p4

3 p5
4 p5

5 + 4484844p1 p3
2 p4

3 p5
4 p5

5 + 190512p1 p2
2 p4

3 p6
4 p5

5 + 340200p2
1 p2

2 p3
3 p5

4 p6
5

+ 1029000p1 p3
2 p3

3 p5
4 p6

5 + 666680p1 p2
2 p4

3 p5
4 p6

5 + 7056p2
2 p4

3 p6
4 p6

5)z
18 + (137200p2

1 p4
2 p4

3 p5
4 p4

5 + 411600p2
1 p3

2 p5
3 p5

4 p4
5
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+ 2731680p2
1 p3

2 p4
3 p5

4 p5
5 + 907200p1 p3

2 p5
3 p5

4 p5
5 + 470400p1 p3

2 p4
3 p6

4 p5
5 + 537600p2

1 p3
2 p3

3 p5
4 p6

5 + 308700p2
1 p2

2 p4
3 p5

4 p6
5

+ 1292760p1 p3
2 p4

3 p5
4 p6

5 + 109760p1 p2
2 p4

3 p6
4 p6

5)z
19 + (51450p2

1 p4
2 p5

3 p5
4 p4

5 + 164640p2
1 p4

2 p4
3 p5

4 p5
5 + 771750p2

1 p3
2 p5

3 p5
4 p5

5
+ 238140p2

1 p3
2 p4

3 p6
4 p5

5 + 176400p1 p3
2 p5

3 p6
4 p5

5 + 961632p2
1 p3

2 p4
3 p5

4 p6
5 + 425250p1 p3

2 p5
3 p5

4 p6
5 + 35721p2

1 p2
2 p4

3 p6
4 p6

5
+ 277830p1 p3

2 p4
3 p6

4 p6
5 + 5292p1 p2

2 p4
3 p6

4 p7
5)z

20 + (109760p2
1 p4

2 p5
3 p5

4 p5
5 + 158760p2

1 p3
2 p5

3 p6
4 p5

5 + 87808p2
1 p4

2 p4
3 p5

4 p6
5

+ 411600p2
1 p3

2 p5
3 p5

4 p6
5 + 202176p2

1 p3
2 p4

3 p6
4 p6

5 + 195120p1 p3
2 p5

3 p6
4 p6

5 + 18816p1 p3
2 p4

3 p6
4 p7

5)z
21 + (24500p2

1 p4
2 p5

3 p6
4 p5

5
+ 74088p2

1 p4
2 p5

3 p5
4 p6

5 + 19600p2
1 p4

2 p4
3 p6

4 p6
5 + 209916p2

1 p3
2 p5

3 p6
4 p6

5 + 21000p1 p3
2 p5

3 p7
4 p6

5 + 11760p2
1 p3

2 p4
3 p6

4 p7
5

+ 15876p1 p3
2 p5

3 p6
4 p7

5)z
22 + (49392p2

1 p4
2 p5

3 p6
4 p6

5 + 27216p2
1 p3

2 p5
3 p7

4 p6
5 + 17640p2

1 p3
2 p5

3 p6
4 p7

5 + 4032p1 p3
2 p5

3 p7
4 p7

5)z
23

+ (1225p2
1 p4

2 p6
3 p6

4 p6
5 + 9450p2

1 p4
2 p5

3 p7
4 p6

5 + 3920p2
1 p4

2 p5
3 p6

4 p7
5 + 5670p2

1 p3
2 p5

3 p7
4 p7

5 + 210p1 p3
2 p5

3 p7
4 p8

5)z
24 + (700p2

1 p4
2 p6

3 p7
4 p6

5
+ 2240p2

1 p4
2 p5

3 p7
4 p7

5 + 336p2
1 p3

2 p5
3 p7

4 p8
5)z

25 +(210p2
1 p4

2 p6
3 p7

4 p7
5 + 168p2

1 p4
2 p5

3 p7
4 p8

5)z
26 + 28p2

1 p4
2 p6

3 p7
4 p8

5z27 + p2
1 p4

2 p6
3 p8

4 p8
5z28

H5 =1 + 15p5z + 105p4 p5z2 + (280p3 p4 p5 + 175p4 p2
5)z

3 + (315p2 p3 p4 p5 + 1050p3 p4 p2
5)z

4 + (126p1 p2 p3 p4 p5

+ 1701p2 p3 p4 p2
5 + 1176p3 p2

4 p2
5)z

5 + (840p1 p2 p3 p4 p2
5 + 3675p2 p3 p2

4 p2
5 + 490p3 p2

4 p3
5)z

6 + (2430p1 p2 p3 p2
4 p2

5
+ 1800p2 p2

3 p2
4 p2

5 + 2205p2 p3 p2
4 p3

5)z
7 + (2205p1 p2 p2

3 p2
4 p2

5 + 1800p1 p2 p3 p2
4 p3

5 + 2430p2 p2
3 p2

4 p3
5)z

8 + (490p1 p2
2 p2

3 p2
4 p2

5
+ 3675p1 p2 p2

3 p2
4 p3

5 + 840p2 p2
3 p3

4 p3
5)z

9 + (1176p1 p2
2 p2

3 p2
4 p3

5 + 1701p1 p2 p2
3 p3

4 p3
5 + 126p2 p2

3 p3
4 p4

5)z
10 + (1050p1 p2

2 p2
3 p3

4 p3
5

+ 315p1 p2 p2
3 p3

4 p4
5)z

11 + (175p1 p2
2 p3

3 p3
4 p3

5 + 280p1 p2
2 p2

3 p3
4 p4

5)z
12 + 105p1 p2

2 p3
3 p3

4 p4
5z13 + 15p1 p2

2 p3
3 p4

4 p4
5z14

+ p1 p2
2 p3

3 p4
4 p5

5z15

C5-case. For the Lie algebra C5 ∼= sp(5) we obtain

H1 =1 + 9p1z + 36p1 p2z2 + 84p1 p2 p3z3 + 126p1 p2 p3 p4z4 + 126p1 p2 p3 p4 p5z5 + 84p1 p2 p3 p2
4 p5z6 + 36p1 p2 p2

3 p2
4 p5z7

+ 9p1 p2
2 p2

3 p2
4 p5z8 + p2

1 p2
2 p2

3 p2
4 p5z9

H2 =1 + 16p2z + (36p1 p2 + 84p2 p3)z2 + (336p1 p2 p3 + 224p2 p3 p4)z3 + (336p1 p2
2 p3 + 1134p1 p2 p3 p4 + 350p2 p3 p4 p5)z4

+ (2016p1 p2
2 p3 p4 + 2016p1 p2 p3 p4 p5 + 336p2 p3 p2

4 p5)z5 + (1176p1 p2
2 p2

3 p4 + 4536p1 p2
2 p3 p4 p5 + 2100p1 p2 p3 p2

4 p5
+ 196p2 p2

3 p2
4 p5)z6 + (4704p1 p2

2 p2
3 p4 p5 + 5376p1 p2

2 p3 p2
4 p5 + 1296p1 p2 p2

3 p2
4 p5 + 64p2

2 p2
3 p2

4 p5)z7

+ 12870p1 p2
2 p2

3 p2
4 p5z8 + (64p2

1 p2
2 p2

3 p2
4 p5 + 1296p1 p3

2 p2
3 p2

4 p5 + 5376p1 p2
2 p3

3 p2
4 p5 + 4704p1 p2

2 p2
3 p3

4 p5)z9

+ (196p2
1 p3

2 p2
3 p2

4 p5 + 2100p1 p3
2 p3

3 p2
4 p5 + 4536p1 p2

2 p3
3 p3

4 p5 + 1176p1 p2
2 p2

3 p3
4 p2

5)z
10 + (336p2

1 p3
2 p3

3 p2
4 p5

+ 2016p1 p3
2 p3

3 p3
4 p5 + 2016p1 p2

2 p3
3 p3

4 p2
5)z

11 + (350p2
1 p3

2 p3
3 p3

4 p5 + 1134p1 p3
2 p3

3 p3
4 p2

5 + 336p1 p2
2 p3

3 p4
4 p2

5)z
12

+ (224p2
1 p3

2 p3
3 p3

4 p2
5 + 336p1 p3

2 p3
3 p4

4 p2
5)z

13 + (84p2
1 p3

2 p3
3 p4

4 p2
5 + 36p1 p3

2 p4
3 p4

4 p2
5)z

14 + 16p2
1 p3

2 p4
3 p4

4 p2
5z15 + p2

1 p4
2 p4

3 p4
4 p2

5z16

H3 =1 + 21p3z + (84p2 p3 + 126p3 p4)z2 + (84p1 p2 p3 + 896p2 p3 p4 + 350p3 p4 p5)z3 + (1134p1 p2 p3 p4 + 1176p2 p2
3 p4

+ 3150p2 p3 p4 p5 + 525p3 p2
4 p5)z4 +(2646p1 p2 p2

3 p4 + 4536p1 p2 p3 p4 p5 + 7350p2 p2
3 p4 p5 + 5376p2 p3 p2

4 p5 + 441p2
3 p2

4 p5)z5

+ (1176p1 p2
2 p2

3 p4 + 18816p1 p2 p2
3 p4 p5 + 8400p1 p2 p3 p2

4 p5 + 25872p2 p2
3 p2

4 p5)z6 + (10584p1 p2
2 p2

3 p4 p5
+ 68112p1 p2 p2

3 p2
4 p5 + 2304p2

2 p2
3 p2

4 p5 + 16464p2 p3
3 p2

4 p5 + 18816p2 p2
3 p3

4 p5)z7 + (48510p1 p2
2 p2

3 p2
4 p5 + 48384p1 p2 p3

3 p2
4 p5

+ 8400p2
2 p3

3 p2
4 p5 + 66150p1 p2 p2

3 p3
4 p5 + 24696p2 p3

3 p3
4 p5 + 7350p2 p2

3 p3
4 p2

5)z
8 + (784p2

1 p2
2 p2

3 p2
4 p5 + 65142p1 p2

2 p3
3 p2

4 p5
+ 75264p1 p2

2 p2
3 p3

4 p5 + 91854p1 p2 p3
3 p3

4 p5 + 14336p2
2 p3

3 p3
4 p5 + 29400p1 p2 p2

3 p3
4 p2

5 + 17150p2 p3
3 p3

4 p2
5)z

9

+ (5376p2
1 p2

2 p3
3 p2

4 p5 + 18900p1 p3
2 p3

3 p2
4 p5 + 196812p1 p2

2 p3
3 p3

4 p5 + 42336p1 p2
2 p2

3 p3
4 p2

5 + 72576p1 p2 p3
3 p3

4 p2
5

+ 12600p2
2 p3

3 p3
4 p2

5 + 4116p2 p3
3 p4

4 p2
5)z

10 + (4116p2
1 p3

2 p3
3 p2

4 p5 + 12600p2
1 p2

2 p3
3 p3

4 p5 + 72576p1 p3
2 p3

3 p3
4 p5

+ 42336p1 p2
2 p4

3 p3
4 p5 + 196812p1 p2

2 p3
3 p3

4 p2
5 + 18900p1 p2 p3

3 p4
4 p2

5 + 5376p2
2 p3

3 p4
4 p2

5)z
11 + (17150p2

1 p3
2 p3

3 p3
4 p5

+ 29400p1 p3
2 p4

3 p3
4 p5 + 14336p2

1 p2
2 p3

3 p3
4 p2

5 + 91854p1 p3
2 p3

3 p3
4 p2

5 + 75264p1 p2
2 p4

3 p3
4 p2

5 + 65142p1 p2
2 p3

3 p4
4 p2

5
+ 784p2

2 p4
3 p4

4 p2
5)z

12 + (7350p2
1 p3

2 p4
3 p3

4 p5 + 24696p2
1 p3

2 p3
3 p3

4 p2
5 + 66150p1 p3

2 p4
3 p3

4 p2
5 + 8400p2

1 p2
2 p3

3 p4
4 p2

5
+ 48384p1 p3

2 p3
3 p4

4 p2
5 + 48510p1 p2

2 p4
3 p4

4 p2
5)z

13 + (18816p2
1 p3

2 p4
3 p3

4 p2
5 + 16464p2

1 p3
2 p3

3 p4
4 p2

5 + 2304p2
1 p2

2 p4
3 p4

4 p2
5

+ 68112p1 p3
2 p4

3 p4
4 p2

5 + 10584p1 p2
2 p4

3 p5
4 p2

5)z
14 + (25872p2

1 p3
2 p4

3 p4
4 p2

5 + 8400p1 p3
2 p5

3 p4
4 p2

5 + 18816p1 p3
2 p4

3 p5
4 p2

5
+ 1176p1 p2

2 p4
3 p5

4 p3
5)z

15 + (441p2
1 p4

2 p4
3 p4

4 p2
5 + 5376p2

1 p3
2 p5

3 p4
4 p2

5 + 7350p2
1 p3

2 p4
3 p5

4 p2
5 + 4536p1 p3

2 p5
3 p5

4 p2
5

+ 2646p1 p3
2 p4

3 p5
4 p3

5)z
16 + (525p2

1 p4
2 p5

3 p4
4 p2

5 + 3150p2
1 p3

2 p5
3 p5

4 p2
5 + 1176p2

1 p3
2 p4

3 p5
4 p3

5 + 1134p1 p3
2 p5

3 p5
4 p3

5)z
17

+ (350p2
1 p4

2 p5
3 p5

4 p2
5 + 896p2

1 p3
2 p5

3 p5
4 p3

5 + 84p1 p3
2 p5

3 p6
4 p3

5)z
18 + (126p2

1 p4
2 p5

3 p5
4 p3

5 + 84p2
1 p3

2 p5
3 p6

4 p3
5)z

19 + 21p2
1 p4

2 p5
3 p6

4 p3
5z20

+ p2
1 p4

2 p6
3 p6

4 p3
5z21

H4 =1 + 24p4z + (126p3 p4 + 150p4 p5)z2 + (224p2 p3 p4 + 1400p3 p4 p5 + 400p2
4 p5)z3 + (126p1 p2 p3 p4 + 3150p2 p3 p4 p5

+ 7350p3 p2
4 p5)z4 + (2016p1 p2 p3 p4 p5 + 20832p2 p3 p2

4 p5 + 7056p2
3 p2

4 p5 + 12600p3 p3
4 p5)z5 + (15288p1 p2 p3 p2

4 p5
+ 29400p2 p2

3 p2
4 p5 + 57344p2 p3 p3

4 p5 + 23814p2
3 p3

4 p5 + 8750p3 p3
4 p2

5)z
6 + (22752p1 p2 p2

3 p2
4 p5 + 14400p2

2 p2
3 p2

4 p5
+ 50400p1 p2 p3 p3

4 p5 + 178752p2 p2
3 p3

4 p5 + 50400p2 p3 p3
4 p2

5 + 29400p2
3 p3

4 p2
5)z

7 + (16758p1 p2
2 p2

3 p2
4 p5

+ 180900p1 p2 p2
3 p3

4 p5 + 98304p2
2 p2

3 p3
4 p5 + 98784p2 p3

3 p3
4 p5 + 50400p1 p2 p3 p3

4 p2
5 + 279300p2 p2

3 p3
4 p2

5 + 11025p2
3 p4

4 p2
5)z

8

+ (3136p2
1 p2

2 p2
3 p2

4 p5 + 143472p1 p2
2 p2

3 p3
4 p5 + 163296p1 p2 p3

3 p3
4 p5 + 89600p2

2 p3
3 p3

4 p5 + 321600p1 p2 p2
3 p3

4 p2
5

+ 194400p2
2 p2

3 p3
4 p2

5 + 274400p2 p3
3 p3

4 p2
5 + 117600p2 p2

3 p4
4 p2

5)z
9 + (29400p2

1 p2
2 p2

3 p3
4 p5 + 233100p1 p2

2 p3
3 p3

4 p5
+ 322812p1 p2

2 p2
3 p3

4 p2
5 + 516096p1 p2 p3

3 p3
4 p2

5 + 315000p2
2 p3

3 p3
4 p2

5 + 142200p1 p2 p2
3 p4

4 p2
5 + 147456p2

2 p2
3 p4

4 p2
5

+ 255192p2 p3
3 p4

4 p2
5)z

10 + (50400p2
1 p2

2 p3
3 p3

4 p5 + 50400p1 p3
2 p3

3 p3
4 p5 + 75264p2

1 p2
2 p2

3 p3
4 p2

5 + 932400p1 p2
2 p3

3 p3
4 p2

5
+ 268128p1 p2

2 p2
3 p4

4 p2
5 + 550368p1 p2 p3

3 p4
4 p2

5 + 470400p2
2 p3

3 p4
4 p2

5 + 98784p2 p3
3 p5

4 p2
5)z

11 + (17150p2
1 p3

2 p3
3 p3

4 p5
+ 229376p2

1 p2
2 p3

3 p3
4 p2

5 + 255150p1 p3
2 p3

3 p3
4 p2

5 + 78400p2
1 p2

2 p2
3 p4

4 p2
5 + 1544004p1 p2

2 p3
3 p4

4 p2
5 + 78400p2

2 p4
3 p4

4 p2
5

+ 255150p1 p2 p3
3 p5

4 p2
5 + 229376p2

2 p3
3 p5

4 p2
5 + 17150p2 p3

3 p5
4 p3

5)z
12 + (98784p2

1 p3
2 p3

3 p3
4 p2

5 + 470400p2
1 p2

2 p3
3 p4

4 p2
5
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+ 550368p1 p3
2 p3

3 p4
4 p2

5 + 268128p1 p2
2 p4

3 p4
4 p2

5 + 932400p1 p2
2 p3

3 p5
4 p2

5 + 75264p2
2 p4

3 p5
4 p2

5 + 50400p1 p2 p3
3 p5

4 p3
5

+ 50400p2
2 p3

3 p5
4 p3

5)z
13 + (255192p2

1 p3
2 p3

3 p4
4 p2

5 + 147456p2
1 p2

2 p4
3 p4

4 p2
5 + 142200p1 p3

2 p4
3 p4

4 p2
5 + 315000p2

1 p2
2 p3

3 p5
4 p2

5
+ 516096p1 p3

2 p3
3 p5

4 p2
5 + 322812p1 p2

2 p4
3 p5

4 p2
5 + 233100p1 p2

2 p3
3 p5

4 p3
5 + 29400p2

2 p4
3 p5

4 p3
5)z

14 + (117600p2
1 p3

2 p4
3 p4

4 p2
5

+ 274400p2
1 p3

2 p3
3 p5

4 p2
5 + 194400p2

1 p2
2 p4

3 p5
4 p2

5 + 321600p1 p3
2 p4

3 p5
4 p2

5 + 89600p2
1 p2

2 p3
3 p5

4 p3
5 + 163296p1 p3

2 p3
3 p5

4 p3
5

+ 143472p1 p2
2 p4

3 p5
4 p3

5 + 3136p2
2 p4

3 p6
4 p3

5)z
15 + (11025p2

1 p4
2 p4

3 p4
4 p2

5 + 279300p2
1 p3

2 p4
3 p5

4 p2
5 + 50400p1 p3

2 p5
3 p5

4 p2
5

+ 98784p2
1 p3

2 p3
3 p5

4 p3
5 + 98304p2

1 p2
2 p4

3 p5
4 p3

5 + 180900p1 p3
2 p4

3 p5
4 p3

5 + 16758p1 p2
2 p4

3 p6
4 p3

5)z
16 + (29400p2

1 p4
2 p4

3 p5
4 p2

5
+ 50400p2

1 p3
2 p5

3 p5
4 p2

5 + 178752p2
1 p3

2 p4
3 p5

4 p3
5 + 50400p1 p3

2 p5
3 p5

4 p3
5 + 14400p2

1 p2
2 p4

3 p6
4 p3

5 + 22752p1 p3
2 p4

3 p6
4 p3

5)z
17

+ (8750p2
1 p4

2 p5
3 p5

4 p2
5 + 23814p2

1 p4
2 p4

3 p5
4 p3

5 + 57344p2
1 p3

2 p5
3 p5

4 p3
5 + 29400p2

1 p3
2 p4

3 p6
4 p3

5 + 15288p1 p3
2 p5

3 p6
4 p3

5)z
18

+ (12600p2
1 p4

2 p5
3 p5

4 p3
5 + 7056p2

1 p4
2 p4

3 p6
4 p3

5 + 20832p2
1 p3

2 p5
3 p6

4 p3
5 + 2016p1 p3

2 p5
3 p7

4 p3
5)z

19 + (7350p2
1 p4

2 p5
3 p6

4 p3
5

+ 3150p2
1 p3

2 p5
3 p7

4 p3
5 + 126p1 p3

2 p5
3 p7

4 p4
5)z

20 + (400p2
1 p4

2 p6
3 p6

4 p3
5 + 1400p2

1 p4
2 p5

3 p7
4 p3

5 + 224p2
1 p3

2 p5
3 p7

4 p4
5)z

21

+ (150p2
1 p4

2 p6
3 p7

4 p3
5 + 126p2

1 p4
2 p5

3 p7
4 p4

5)z
22 + 24p2

1 p4
2 p6

3 p7
4 p4

5z23 + p2
1 p4

2 p6
3 p8

4 p4
5z24

H5 =1+ 25p5z + 300p4 p5z2 + (700p3 p4 p5 + 1600p2
4 p5)z3 + (700p2 p3 p4 p5 + 9450p3 p2

4 p5 + 2500p2
4 p2

5)z
4 + (252p1 p2 p3 p4 p5

+ 10752p2 p3 p2
4 p5 + 15876p2

3 p2
4 p5 + 26250p3 p2

4 p2
5)z

5 + (4200p1 p2 p3 p2
4 p5 + 39200p2 p2

3 p2
4 p5 + 37800p2 p3 p2

4 p2
5

+ 78400p2
3 p2

4 p2
5 + 17500p3 p3

4 p2
5)z

6 + (16200p1 p2 p2
3 p2

4 p5 + 25600p2
2 p2

3 p2
4 p5 + 16800p1 p2 p3 p2

4 p2
5 + 245000p2 p2

3 p2
4 p2

5
+ 44800p2 p3 p3

4 p2
5 + 132300p2

3 p3
4 p2

5)z
7 +(22050p1 p2

2 p2
3 p2

4 p5 + 115200p1 p2 p2
3 p2

4 p2
5 + 202500p2

2 p2
3 p2

4 p2
5 + 25200p1 p2 p3 p3

4 p2
5

+ 617400p2 p2
3 p3

4 p2
5 + 99225p2

3 p4
4 p2

5)z
8 + (4900p2

1 p2
2 p2

3 p2
4 p5 + 198450p1 p2

2 p2
3 p2

4 p2
5 + 353400p1 p2 p2

3 p3
4 p2

5
+ 691200p2

2 p2
3 p3

4 p2
5 + 137200p2 p3

3 p3
4 p2

5 + 627200p2 p2
3 p4

4 p2
5 + 30625p2

3 p4
4 p3

5)z
9 + (50176p2

1 p2
2 p2

3 p2
4 p2

5 + 798504p1 p2
2 p2

3 p3
4 p2

5
+ 145152p1 p2 p3

3 p3
4 p2

5 + 280000p2
2 p3

3 p3
4 p2

5 + 405000p1 p2 p2
3 p4

4 p2
5 + 1048576p2

2 p2
3 p4

4 p2
5 + 296352p2 p3

3 p4
4 p2

5
+ 245000p2 p2

3 p4
4 p3

5)z
10 + (235200p2

1 p2
2 p2

3 p3
4 p2

5 + 491400p1 p2
2 p3

3 p3
4 p2

5 + 1411200p1 p2
2 p2

3 p4
4 p2

5 + 340200p1 p2 p3
3 p4

4 p2
5

+ 1075200p2
2 p3

3 p4
4 p2

5 + 180000p1 p2 p2
3 p4

4 p3
5 + 518400p2

2 p2
3 p4

4 p3
5 + 205800p2 p3

3 p4
4 p3

5)z
11 + (179200p2

1 p2
2 p3

3 p3
4 p2

5
+ 56700p1 p3

2 p3
3 p3

4 p2
5 + 490000p2

1 p2
2 p2

3 p4
4 p2

5 + 2118900p1 p2
2 p3

3 p4
4 p2

5 + 313600p2
2 p4

3 p4
4 p2

5 + 793800p1 p2
2 p2

3 p4
4 p3

5
+ 268800p1 p2 p3

3 p4
4 p3

5 + 945000p2
2 p3

3 p4
4 p3

5 + 34300p2 p3
3 p5

4 p3
5)z

12 + (34300p2
1 p3

2 p3
3 p3

4 p2
5 + 945000p2

1 p2
2 p3

3 p4
4 p2

5
+ 268800p1 p3

2 p3
3 p4

4 p2
5 + 793800p1 p2

2 p4
3 p4

4 p2
5 + 313600p2

1 p2
2 p2

3 p4
4 p3

5 + 2118900p1 p2
2 p3

3 p4
4 p3

5 + 490000p2
2 p4

3 p4
4 p3

5
+ 56700p1 p2 p3

3 p5
4 p3

5 + 179200p2
2 p3

3 p5
4 p3

5)z
13 + (205800p2

1 p3
2 p3

3 p4
4 p2

5 + 518400p2
1 p2

2 p4
3 p4

4 p2
5 + 180000p1 p3

2 p4
3 p4

4 p2
5

+ 1075200p2
1 p2

2 p3
3 p4

4 p3
5 + 340200p1 p3

2 p3
3 p4

4 p3
5 + 1411200p1 p2

2 p4
3 p4

4 p3
5 + 491400p1 p2

2 p3
3 p5

4 p3
5 + 235200p2

2 p4
3 p5

4 p3
5)z

14

+ (245000p2
1 p3

2 p4
3 p4

4 p2
5 + 296352p2

1 p3
2 p3

3 p4
4 p3

5 + 1048576p2
1 p2

2 p4
3 p4

4 p3
5 + 405000p1 p3

2 p4
3 p4

4 p3
5 + 280000p2

1 p2
2 p3

3 p5
4 p3

5
+ 145152p1 p3

2 p3
3 p5

4 p3
5 + 798504p1 p2

2 p4
3 p5

4 p3
5 + 50176p2

2 p4
3 p6

4 p3
5)z

15 + (30625p2
1 p4

2 p4
3 p4

4 p2
5 + 627200p2

1 p3
2 p4

3 p4
4 p3

5
+ 137200p2

1 p3
2 p3

3 p5
4 p3

5 + 691200p2
1 p2

2 p4
3 p5

4 p3
5 + 353400p1 p3

2 p4
3 p5

4 p3
5 + 198450p1 p2

2 p4
3 p6

4 p3
5 + 4900p2

2 p4
3 p6

4 p4
5)z

16

+ (99225p2
1 p4

2 p4
3 p4

4 p3
5 + 617400p2

1 p3
2 p4

3 p5
4 p3

5 + 25200p1 p3
2 p5

3 p5
4 p3

5 + 202500p2
1 p2

2 p4
3 p6

4 p3
5 + 115200p1 p3

2 p4
3 p6

4 p3
5

+ 22050p1 p2
2 p4

3 p6
4 p4

5)z
17 + (132300p2

1 p4
2 p4

3 p5
4 p3

5 + 44800p2
1 p3

2 p5
3 p5

4 p3
5 + 245000p2

1 p3
2 p4

3 p6
4 p3

5 + 16800p1 p3
2 p5

3 p6
4 p3

5
+ 25600p2

1 p2
2 p4

3 p6
4 p4

5 + 16200p1 p3
2 p4

3 p6
4 p4

5)z
18 + (17500p2

1 p4
2 p5

3 p5
4 p3

5 + 78400p2
1 p4

2 p4
3 p6

4 p3
5 + 37800p2

1 p3
2 p5

3 p6
4 p3

5
+ 39200p2

1 p3
2 p4

3 p6
4 p4

5 + 4200p1 p3
2 p5

3 p6
4 p4

5)z
19 + (26250p2

1 p4
2 p5

3 p6
4 p3

5 + 15876p2
1 p4

2 p4
3 p6

4 p4
5 + 10752p2

1 p3
2 p5

3 p6
4 p4

5
+ 252p1 p3

2 p5
3 p7

4 p4
5)z

20 + (2500p2
1 p4

2 p6
3 p6

4 p3
5 + 9450p2

1 p4
2 p5

3 p6
4 p4

5 + 700p2
1 p3

2 p5
3 p7

4 p4
5)z

21 + (1600p2
1 p4

2 p6
3 p6

4 p4
5

+ 700p2
1 p4

2 p5
3 p7

4 p4
5)z

22 + 300p2
1 p4

2 p6
3 p7

4 p4
5z23 + 25p2

1 p4
2 p6

3 p8
4 p4

5z24 + p2
1 p4

2 p6
3 p8

4 p5
5z25

D5-case. In the case of the Lie algebra D5 ∼= so(10) we get the following polynomials:

H1 =1 + 8p1z + 28p1 p2z2 + 56p1 p2 p3z3 + (35p1 p2 p3 p4 + 35p1 p2 p3 p5)z4 + 56p1 p2 p3 p4 p5z5 + 28p1 p2 p2
3 p4 p5z6

+ 8p1 p2
2 p2

3 p4 p5z7 + p2
1 p2

2 p2
3 p4 p5z8

H2 =1 + 14p2z + (28p1 p2 + 63p2 p3)z2 + (224p1 p2 p3 + 70p2 p3 p4 + 70p2 p3 p5)z3 + (196p1 p2
2 p3 + 315p1 p2 p3 p4

+ 315p1 p2 p3 p5 + 175p2 p3 p4 p5)z4 + (490p1 p2
2 p3 p4 + 490p1 p2

2 p3 p5 + 896p1 p2 p3 p4 p5 + 126p2 p2
3 p4 p5)z5

+ (245p1 p2
2 p2

3 p4 + 245p1 p2
2 p2

3 p5 + 1764p1 p2
2 p3 p4 p5 + 700p1 p2 p2

3 p4 p5 + 49p2
2 p2

3 p4 p5)z6 + 3432p1 p2
2 p2

3 p4 p5z7

+ (49p2
1 p2

2 p2
3 p4 p5 + 700p1 p3

2 p2
3 p4 p5 + 1764p1 p2

2 p3
3 p4 p5 + 245p1 p2

2 p2
3 p2

4 p5 + 245p1 p2
2 p2

3 p4 p2
5)z

8 + (126p2
1 p3

2 p2
3 p4 p5

+ 896p1 p3
2 p3

3 p4 p5 + 490p1 p2
2 p3

3 p2
4 p5 + 490p1 p2

2 p3
3 p4 p2

5)z
9 + (175p2

1 p3
2 p3

3 p4 p5 + 315p1 p3
2 p3

3 p2
4 p5 + 315p1 p3

2 p3
3 p4 p2

5
+ 196p1 p2

2 p3
3 p2

4 p2
5)z

10 + (70p2
1 p3

2 p3
3 p2

4 p5 + 70p2
1 p3

2 p3
3 p4 p2

5 + 224p1 p3
2 p3

3 p2
4 p2

5)z
11 + (63p2

1 p3
2 p3

3 p2
4 p2

5 + 28p1 p3
2 p4

3 p2
4 p2

5)z
12

+ 14p2
1 p3

2 p4
3 p2

4 p2
5z13 + p2

1 p4
2 p4

3 p2
4 p2

5z14

H3 =1 + 18p3z + (63p2 p3 + 45p3 p4 + 45p3 p5)z2 + (56p1 p2 p3 + 280p2 p3 p4 + 280p2 p3 p5 + 200p3 p4 p5)z3 + (315p1 p2 p3 p4

+ 315p2 p2
3 p4 + 315p1 p2 p3 p5 + 315p2 p2

3 p5 + 1575p2 p3 p4 p5 + 225p2
3 p4 p5)z4 + (630p1 p2 p2

3 p4 + 630p1 p2 p2
3 p5

+ 2016p1 p2 p3 p4 p5 + 5292p2 p2
3 p4 p5)z5 + (245p1 p2

2 p2
3 p4 + 245p1 p2

2 p2
3 p5 + 9996p1 p2 p2

3 p4 p5 + 1225p2
2 p2

3 p4 p5
+ 5103p2 p3

3 p4 p5 + 875p2 p2
3 p2

4 p5 + 875p2 p2
3 p4 p2

5)z
6 + (5616p1 p2

2 p2
3 p4 p5 + 12600p1 p2 p3

3 p4 p5 + 3528p2
2 p3

3 p4 p5
+ 2520p1 p2 p2

3 p2
4 p5 + 2520p2 p3

3 p2
4 p5 + 2520p1 p2 p2

3 p4 p2
5 + 2520p2 p3

3 p4 p2
5)z

7 + (441p2
1 p2

2 p2
3 p4 p5 + 17172p1 p2

2 p3
3 p4 p5

+ 2205p1 p2
2 p2

3 p2
4 p5 + 7875p1 p2 p3

3 p2
4 p5 + 2205p2

2 p3
3 p2

4 p5 + 2205p1 p2
2 p2

3 p4 p2
5 + 7875p1 p2 p3

3 p4 p2
5 + 2205p2

2 p3
3 p4 p2

5
+ 1575p2 p3

3 p2
4 p2

5)z
8 + (2450p2

1 p2
2 p3

3 p4 p5 + 5600p1 p3
2 p3

3 p4 p5 + 16260p1 p2
2 p3

3 p2
4 p5 + 16260p1 p2

2 p3
3 p4 p2

5 + 5600p1 p2 p3
3 p2

4 p2
5

+ 2450p2
2 p3

3 p2
4 p2

5)z
9 + (1575p2

1 p3
2 p3

3 p4 p5 + 2205p2
1 p2

2 p3
3 p2

4 p5 + 7875p1 p3
2 p3

3 p2
4 p5 + 2205p1 p2

2 p4
3 p2

4 p5 + 2205p2
1 p2

2 p3
3 p4 p2

5
+ 7875p1 p3

2 p3
3 p4 p2

5 + 2205p1 p2
2 p4

3 p4 p2
5 + 17172p1 p2

2 p3
3 p2

4 p2
5 + 441p2

2 p4
3 p2

4 p2
5)z

10 + (2520p2
1 p3

2 p3
3 p2

4 p5 + 2520p1 p3
2 p4

3 p2
4 p5
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+ 2520p2
1 p3

2 p3
3 p4 p2

5 + 2520p1 p3
2 p4

3 p4 p2
5 + 3528p2

1 p2
2 p3

3 p2
4 p2

5 + 12600p1 p3
2 p3

3 p2
4 p2

5 + 5616p1 p2
2 p4

3 p2
4 p2

5)z
11 +(875p2

1 p3
2 p4

3 p2
4 p5

+ 875p2
1 p3

2 p4
3 p4 p2

5 + 5103p2
1 p3

2 p3
3 p2

4 p2
5 + 1225p2

1 p2
2 p4

3 p2
4 p2

5 + 9996p1 p3
2 p4

3 p2
4 p2

5 + 245p1 p2
2 p4

3 p3
4 p2

5 + 245p1 p2
2 p4

3 p2
4 p3

5)z
12

+ (5292p2
1 p3

2 p4
3 p2

4 p2
5 + 2016p1 p3

2 p5
3 p2

4 p2
5 + 630p1 p3

2 p4
3 p3

4 p2
5 + 630p1 p3

2 p4
3 p2

4 p3
5)z

13 + (225p2
1 p4

2 p4
3 p2

4 p2
5 + 1575p2

1 p3
2 p5

3 p2
4 p2

5
+ 315p2

1 p3
2 p4

3 p3
4 p2

5 + 315p1 p3
2 p5

3 p3
4 p2

5 + 315p2
1 p3

2 p4
3 p2

4 p3
5 + 315p1 p3

2 p5
3 p2

4 p3
5)z

14 + (200p2
1 p4

2 p5
3 p2

4 p2
5

+ 280p2
1 p3

2 p5
3 p3

4 p2
5 + 280p2

1 p3
2 p5

3 p2
4 p3

5 + 56p1 p3
2 p5

3 p3
4 p3

5)z
15 + (45p2

1 p4
2 p5

3 p3
4 p2

5 + 45p2
1 p4

2 p5
3 p2

4 p3
5 + 63p2

1 p3
2 p5

3 p3
4 p3

5)z
16

+ 18p2
1 p4

2 p5
3 p3

4 p3
5z17 + p2

1 p4
2 p6

3 p3
4 p3

5z18

H4 =1 + 10p4z + 45p3 p4z2 + (70p2 p3 p4 + 50p3 p4 p5)z3 + (35p1 p2 p3 p4 + 175p2 p3 p4 p5)z4 + (126p1 p2 p3 p4 p5

+ 126p2 p2
3 p4 p5)z5 + (175p1 p2 p2

3 p4 p5 + 35p2 p2
3 p2

4 p5)z6 + (50p1 p2
2 p2

3 p4 p5 + 70p1 p2 p2
3 p2

4 p5)z7 + 45p1 p2
2 p2

3 p2
4 p5z8

+ 10p1 p2
2 p3

3 p2
4 p5z9 + p1 p2

2 p3
3 p2

4 p2
5z10

H5 =1 + 10p5z + 45p3 p5z2 + (70p2 p3 p5 + 50p3 p4 p5)z3 + (35p1 p2 p3 p5 + 175p2 p3 p4 p5)z4 + (126p1 p2 p3 p4 p5

+ 126p2 p2
3 p4 p5)z5 + (175p1 p2 p2

3 p4 p5 + 35p2 p2
3 p4 p2

5)z
6 + (50p1 p2

2 p2
3 p4 p5 + 70p1 p2 p2

3 p4 p2
5)z

7 + 45p1 p2
2 p2

3 p4 p2
5z8

+ 10p1 p2
2 p3

3 p4 p2
5z9 + p1 p2

2 p3
3 p2

4 p2
5z10

Appendix B. Polynomials for E6

In this subsection we present polynomials corresponding to the Lie algebra E6 [42].

H1 = p2
1 p3

2 p4
3 p3

4 p2
5 p2

6z16 + 16p2
1 p3

2 p4
3 p3

4 p5 p2
6z15 + 120p2

1 p3
2 p4

3 p2
4 p5 p2

6z14 + 560p2
1 p3

2 p3
3 p2

4 p5 p2
6z13 + (1050p2

1 p2
2 p2

4 p5 p2
6 p3

3
+ 770p2

1 p3
2 p2

4 p5 p6 p3
3)z

12 + (672p1 p2
2 p2

4 p5 p2
6 p3

3 + 3696p2
1 p2

2 p2
4 p5 p6 p3

3)z
11 + (3696p1 p2

2 p2
4 p5 p6 p3

3 + 4312p2
1 p2

2 p2
4 p5 p6 p2

3)z
10

+ (8800p1 p2
2 p2

4 p5 p6 p2
3 + 2640p2

1 p2
2 p4 p5 p6 p2

3)z
9 + (660p2

1 p2
2 p4 p6 p2

3 + 4125p1 p2 p2
4 p5 p6 p2

3 + 8085p1 p2
2 p4 p5 p6 p2

3)z
8

+ (2640p1 p2
2 p4 p6 p2

3 + 8800p1 p2 p4 p5 p6 p2
3)z

7 + (4312p1 p2 p4 p6 p2
3 + 3696p1 p2 p4 p5 p6 p3)z6 + (672p1 p2 p3 p4 p5 + 3696p1 p2 p3 p4 p6)z5

+ (1050p1 p2 p3 p4 + 770p1 p2 p3 p6)z4 + 560p1 p2 p3z3 + 120p1 p2z2 + 16p1z + 1

H2 = p3
1 p6

2 p8
3 p6

4 p3
5 p4

6z30 + 30p3
1 p6

2 p8
3 p5

4 p3
5 p4

6z29 + (120p3
1 p6

2 p5
4 p2

5 p4
6 p8

3 + 315p3
1 p6

2 p5
4 p3

5 p4
6 p7

3)z
28 + (1050p3

1 p5
2 p5

4 p3
5 p4

6 p7
3 + 2240p3

1 p6
2 p5

4 p2
5 p4

6 p7
3

+ 770p3
1 p6

2 p5
4 p3

5 p3
6 p7

3)z
27 + (1050p2

1 p5
2 p5

4 p3
5 p4

6 p7
3 + 9450p3

1 p5
2 p5

4 p2
5 p4

6 p7
3 + 4200p3

1 p6
2 p4

4 p2
5 p4

6 p7
3 + 5775p3

1 p5
2 p5

4 p3
5 p3

6 p7
3

+ 6930p3
1 p6

2 p5
4 p2

5 p3
6 p7

3)z
26 + (10752p2

1 p5
2 p5

4 p2
5 p4

6 p7
3 + 31500p3

1 p5
2 p4

4 p2
5 p4

6 p7
3 + 8316p2

1 p5
2 p5

4 p3
5 p3

6 p7
3 + 59136p3

1 p5
2 p5

4 p2
5 p3

6 p7
3

+ 23100p3
1 p6

2 p4
4 p2

5 p3
6 p7

3 + 9702p3
1 p5

2 p5
4 p3

5 p3
6 p6

3)z
25 + (45360p2

1 p5
2 p4

4 p2
5 p4

6 p7
3 + 92400p2

1 p5
2 p5

4 p2
5 p3

6 p7
3 + 249480p3

1 p5
2 p4

4 p2
5 p3

6 p7
3

+ 36750p3
1 p5

2 p4
4 p2

5 p4
6 p6

3 + 26950p2
1 p5

2 p5
4 p3

5 p3
6 p6

3 + 8085p3
1 p5

2 p4
4 p3

5 p3
6 p6

3 + 107800p3
1 p5

2 p5
4 p2

5 p3
6 p6

3 + 26950p3
1 p6

2 p4
4 p2

5 p3
6 p6

3)z
24

+ (443520p2
1 p5

2 p4
4 p2

5 p3
6 p7

3 + 94080p2
1 p5

2 p4
4 p2

5 p4
6 p6

3 + 16500p2
1 p4

2 p5
4 p3

5 p3
6 p6

3 + 32340p2
1 p5

2 p4
4 p3

5 p3
6 p6

3 + 316800p2
1 p5

2 p5
4 p2

5 p3
6 p6

3
+ 1132560p3

1 p5
2 p4

4 p2
5 p3

6 p6
3)z

23 + (44100p2
1 p4

2 p4
4 p2

5 p4
6 p6

3 + 44550p2
1 p4

2 p4
4 p3

5 p3
6 p6

3 + 202125p2
1 p4

2 p5
4 p2

5 p3
6 p6

3 + 3256110p2
1 p5

2 p4
4 p2

5 p3
6 p6

3
+ 242550p3

1 p4
2 p4

4 p2
5 p3

6 p6
3 + 495000p3

1 p5
2 p3

4 p2
5 p3

6 p6
3 + 32340p3

1 p5
2 p4

4 p5 p3
6 p6

3 + 177870p3
1 p5

2 p4
4 p2

5 p2
6 p6

3 + 1358280p3
1 p5

2 p4
4 p2

5 p3
6 p5

3)z
22

+ (2674100p2
1 p4

2 p4
4 p2

5 p3
6 p6

3 + 2182950p2
1 p5

2 p3
4 p2

5 p3
6 p6

3 + 168960p2
1 p5

2 p4
4 p5 p3

6 p6
3 + 178200p3

1 p5
2 p3

4 p5 p3
6 p6

3 + 711480p2
1 p5

2 p4
4 p2

5 p2
6 p6

3
+ 23100p2

1 p4
2 p4

4 p3
5 p3

6 p5
3 + 4928000p2

1 p5
2 p4

4 p2
5 p3

6 p5
3 + 1131900p3

1 p4
2 p4

4 p2
5 p3

6 p5
3 + 1478400p3

1 p5
2 p3

4 p2
5 p3

6 p5
3 + 830060p3

1 p5
2 p4

4 p2
5 p2

6 p5
3)z

21

+ (155232p1 p4
2 p4

4 p2
5 p3

6 p6
3 + 3234000p2

1 p4
2 p3

4 p2
5 p3

6 p6
3 + 349272p2

1 p4
2 p4

4 p5 p3
6 p6

3 + 970200p2
1 p5

2 p3
4 p5 p3

6 p6
3 + 853776p2

1 p4
2 p4

4 p2
5 p2

6 p6
3

+ 9315306p2
1 p4

2 p4
4 p2

5 p3
6 p5

3 + 7074375p2
1 p5

2 p3
4 p2

5 p3
6 p5

3 + 1559250p3
1 p4

2 p3
4 p2

5 p3
6 p5

3 + 577500p3
1 p5

2 p3
4 p5 p3

6 p5
3 + 5082p2

1 p4
2 p4

4 p3
5 p2

6 p5
3

+ 3811500p2
1 p5

2 p4
4 p2

5 p2
6 p5

3 + 996072p3
1 p4

2 p4
4 p2

5 p2
6 p5

3 + 1143450p3
1 p5

2 p3
4 p2

5 p2
6 p5

3)z
20 + (2069760p2

1 p4
2 p3

4 p5 p3
6 p6

3 + 1478400p1 p4
2 p4

4 p2
5 p3

6 p5
3

+ 4331250p2
1 p3

2 p4
4 p2

5 p3
6 p5

3 + 21801780p2
1 p4

2 p3
4 p2

5 p3
6 p5

3 + 369600p2
1 p4

2 p4
4 p5 p3

6 p5
3 + 3326400p2

1 p5
2 p3

4 p5 p3
6 p5

3 + 693000p3
1 p4

2 p3
4 p5 p3

6 p5
3

+ 11384100p2
1 p4

2 p4
4 p2

5 p2
6 p5

3 + 6225450p2
1 p5

2 p3
4 p2

5 p2
6 p5

3 + 2439360p3
1 p4

2 p3
4 p2

5 p2
6 p5

3 + 508200p3
1 p5

2 p3
4 p5 p2

6 p5
3)z

19 + (1559250p1 p3
2 p4

4 p2
5 p3

6 p5
3

+ 3056130p1 p4
2 p3

4 p2
5 p3

6 p5
3 + 14437500p2

1 p3
2 p3

4 p2
5 p3

6 p5
3 + 14314300p2

1 p4
2 p3

4 p5 p3
6 p5

3 + 2032800p1 p4
2 p4

4 p2
5 p2

6 p5
3 + 8575875p2

1 p3
2 p4

4 p2
5 p2

6 p5
3

+ 28420210p2
1 p4

2 p3
4 p2

5 p2
6 p5

3 + 127050p2
1 p4

2 p4
4 p5 p2

6 p5
3 + 3176250p2

1 p5
2 p3

4 p5 p2
6 p5

3 + 1372140p3
1 p4

2 p3
4 p5 p2

6 p5
3 + 6338640p2

1 p4
2 p3

4 p2
5 p3

6 p4
3

+ 2371600p2
1 p4

2 p4
4 p2

5 p2
6 p4

3 + 711480p3
1 p4

2 p3
4 p2

5 p2
6 p4

3)z
18 + (5913600p1 p3

2 p3
4 p2

5 p3
6 p5

3 + 1774080p1 p4
2 p3

4 p5 p3
6 p5

3 + 10187100p2
1 p3

2 p3
4 p5 p3

6 p5
3

+ 577500p2
1 p4

2 p2
4 p5 p3

6 p5
3 + 3811500p1 p3

2 p4
4 p2

5 p2
6 p5

3 + 7470540p1 p4
2 p3

4 p2
5 p2

6 p5
3 + 32524800p2

1 p3
2 p3

4 p2
5 p2

6 p5
3 + 18705960p2

1 p4
2 p3

4 p5 p2
6 p5

3
+ 8731800p2

1 p3
2 p3

4 p2
5 p3

6 p4
3 + 8279040p2

1 p4
2 p3

4 p5 p3
6 p4

3 + 4446750p2
1 p3

2 p4
4 p2

5 p2
6 p4

3 + 16625700p2
1 p4

2 p3
4 p2

5 p2
6 p4

3 + 711480p3
1 p4

2 p3
4 p5 p2

6 p4
3)z

17

+ (4527600p1 p3
2 p3

4 p5 p3
6 p5

3 + 18295200p1 p3
2 p3

4 p2
5 p2

6 p5
3 + 5488560p1 p4

2 p3
4 p5 p2

6 p5
3 + 24901800p2

1 p3
2 p3

4 p5 p2
6 p5

3 + 508200p2
1 p4

2 p2
4 p5 p2

6 p5
3

+ 3880800p1 p3
2 p3

4 p2
5 p3

6 p4
3 + 11884950p2

1 p3
2 p3

4 p5 p3
6 p4

3 + 2182950p2
1 p4

2 p2
4 p5 p3

6 p4
3 + 2268750p1 p3

2 p4
4 p2

5 p2
6 p4

3 + 4446750p1 p4
2 p3

4 p2
5 p2

6 p4
3

+ 45530550p2
1 p3

2 p3
4 p2

5 p2
6 p4

3 + 1334025p2
1 p4

2 p2
4 p2

5 p2
6 p4

3 + 18478980p2
1 p4

2 p3
4 p5 p2

6 p4
3 + 108900p3

1 p4
2 p2

4 p5 p2
6 p4

3 + 1584660p2
1 p4

2 p3
4 p2

5 p6 p4
3)z

16

+ (15937152p1 p3
2 p3

4 p5 p2
6 p5

3 + 5588352p1 p3
2 p3

4 p5 p3
6 p4

3 + 3234000p2
1 p3

2 p2
4 p5 p3

6 p4
3 + 34036496p1 p3

2 p3
4 p2

5 p2
6 p4

3 + 5808000p2
1 p3

2 p2
4 p2

5 p2
6 p4

3
+ 5808000p1 p4

2 p3
4 p5 p2

6 p4
3 + 53742416p2

1 p3
2 p3

4 p5 p2
6 p4

3 + 6203600p2
1 p4

2 p2
4 p5 p2

6 p4
3 + 5588352p2

1 p3
2 p3

4 p2
5 p6 p4

3 + 3234000p2
1 p4

2 p3
4 p5 p6 p4

3
+ 15937152p2

1 p3
2 p3

4 p2
5 p2

6 p3
3)z

15 + (108900p2
1 p4

3 p2
4 p2

6 p4
2 + 1334025p1 p4

3 p2
4 p5 p2

6 p4
2 + 508200p2

1 p3
3 p2

4 p5 p2
6 p4

2 + 2182950p2
1 p4

3 p2
4 p5 p6 p4

2
+ 1584660p1 p4

3 p2
4 p5 p3

6 p3
2 + 18295200p1 p3

3 p3
4 p2

5 p2
6 p3

2 + 4446750p1 p4
3 p2

4 p2
5 p2

6 p3
2 + 5488560p2

1 p3
3 p2

4 p2
5 p2

6 p3
2 + 45530550p1 p4

3 p3
4 p5 p2

6 p3
2

+ 24901800p2
1 p3

3 p3
4 p5 p2

6 p3
2 + 18478980p2

1 p4
3 p2

4 p5 p2
6 p3

2 + 3880800p1 p4
3 p3

4 p2
5 p6 p3

2 + 4527600p2
1 p3

3 p3
4 p2

5 p6 p3
2 + 11884950p2

1 p4
3 p3

4 p5 p6 p3
2

+ 2268750p1 p4
3 p3

4 p2
5 p2

6 p2
2)z

14 + (577500p2
1 p3

3 p2
4 p5 p6 p4

2 + 711480p2
1 p4

3 p2
4 p2

6 p3
2 + 7470540p1 p3

3 p2
4 p2

5 p2
6 p3

2 + 32524800p1 p3
3 p3

4 p5 p2
6 p3

2
+ 16625700p1 p4

3 p2
4 p5 p2

6 p3
2 + 18705960p2

1 p3
3 p2

4 p5 p2
6 p3

2 + 5913600p1 p3
3 p3

4 p2
5 p6 p3

2 + 1774080p2
1 p3

3 p2
4 p2

5 p6 p3
2 + 8731800p1 p4

3 p3
4 p5 p6 p3

2
+ 10187100p2

1 p3
3 p3

4 p5 p6 p3
2 + 8279040p2

1 p4
3 p2

4 p5 p6 p3
2 + 3811500p1 p3

3 p3
4 p2

5 p2
6 p2

2 + 4446750p1 p4
3 p3

4 p5 p2
6 p2

2)z
13 + (711480p1 p3

2 p2
4 p2

6 p4
3

+ 2371600p1 p2
2 p2

4 p5 p2
6 p4

3 + 6338640p1 p3
2 p2

4 p5 p6 p4
3 + 1372140p2

1 p3
2 p2

4 p2
6 p3

3 + 2032800p1 p2
2 p2

4 p2
5 p2

6 p3
3 + 8575875p1 p2

2 p3
4 p5 p2

6 p3
3

+ 28420210p1 p3
2 p2

4 p5 p2
6 p3

3 + 127050p2
1 p2

2 p2
4 p5 p2

6 p3
3 + 3176250p2

1 p3
2 p4 p5 p2

6 p3
3 + 1559250p1 p2

2 p3
4 p2

5 p6 p3
3 + 3056130p1 p3

2 p2
4 p2

5 p6 p3
3

+ 14437500p1 p3
2 p3

4 p5 p6 p3
3 + 14314300p2

1 p3
2 p2

4 p5 p6 p3
3)z

12 + (2439360p1 p3
3 p2

4 p2
6 p3

2 + 508200p2
1 p3

3 p4 p2
6 p3

2 + 6225450p1 p3
3 p4 p5 p2

6 p3
2

+ 693000p2
1 p3

3 p2
4 p6 p3

2 + 21801780p1 p3
3 p2

4 p5 p6 p3
2 + 2069760p2

1 p2
3 p2

4 p5 p6 p3
2 + 3326400p2

1 p3
3 p4 p5 p6 p3

2 + 11384100p1 p3
3 p2

4 p5 p2
6 p2

2
+ 1478400p1 p3

3 p2
4 p2

5 p6 p2
2 + 4331250p1 p3

3 p3
4 p5 p6 p2

2 + 369600p2
1 p3

3 p2
4 p5 p6 p2

2)z
11 + (1143450p1 p3

3 p4 p2
6 p3

2 + 1559250p1 p3
3 p2

4 p6 p3
2
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+ 577500p2
1 p3

3 p4 p6 p3
2 + 3234000p1 p2

3 p2
4 p5 p6 p3

2 + 7074375p1 p3
3 p4 p5 p6 p3

2 + 970200p2
1 p2

3 p4 p5 p6 p3
2 + 996072p1 p3

3 p2
4 p2

6 p2
2

+ 5082p3
3 p2

4 p5 p2
6 p2

2 + 853776p1 p2
3 p2

4 p5 p2
6 p2

2 + 3811500p1 p3
3 p4 p5 p2

6 p2
2 + 155232p1 p2

3 p2
4 p2

5 p6 p2
2 + 9315306p1 p3

3 p2
4 p5 p6 p2

2
+ 349272p2

1 p2
3 p2

4 p5 p6 p2
2)z

10 + (1478400p1 p3
3 p4 p6 p3

2 + 178200p2
1 p2

3 p4 p6 p3
2 + 2182950p1 p2

3 p4 p5 p6 p3
2 + 830060p1 p3

3 p4 p2
6 p2

2
+ 711480p1 p2

3 p4 p5 p2
6 p2

2 + 1131900p1 p3
3 p2

4 p6 p2
2 + 23100p3

3 p2
4 p5 p6 p2

2 + 2674100p1 p2
3 p2

4 p5 p6 p2
2 + 4928000p1 p3

3 p4 p5 p6 p2
2

+ 168960p2
1 p2

3 p4 p5 p6 p2
2)z

9 + (495000p1 p2
3 p4 p6 p3

2 + 177870p1 p2
3 p4 p2

6 p2
2 + 44100p1 p2

3 p2
4 p5 p2

2 + 242550p1 p2
3 p2

4 p6 p2
2

+ 1358280p1 p3
3 p4 p6 p2

2 + 32340p2
1 p2

3 p4 p6 p2
2 + 44550p2

3 p2
4 p5 p6 p2

2 + 3256110p1 p2
3 p4 p5 p6 p2

2 + 202125p1 p2
3 p2

4 p5 p6 p2)z8

+ (94080p1 p2
3 p4 p5 p2

2 + 1132560p1 p2
3 p4 p6 p2

2 + 32340p2
3 p4 p5 p6 p2

2 + 443520p1 p3 p4 p5 p6 p2
2 + 16500p2

3 p2
4 p5 p6 p2

+ 316800p1 p2
3 p4 p5 p6 p2)z7 + (36750p1 p2

3 p4 p2
2 + 45360p1 p3 p4 p5 p2

2 + 26950p1 p2
3 p6 p2

2 + 8085p2
3 p4 p6 p2

2 + 249480p1 p3 p4 p6 p2
2

+ 107800p1 p2
3 p4 p6 p2 + 26950p2
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6 p11
3

+ 133056p3
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3 + 133056p4
1 p7
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6 p10
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6 p10
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6 p11
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1 p6
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5 p5
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6 p10
3 + 1539384p4
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6 p10
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6 p10
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6 p10
3 + 1853280p3

1 p6
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5 p5
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3 + 1164240p3
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2 p6
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6 p10
3

+ 6044544p3
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2 p7
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6 p10

3 + 1164240p4
1 p6
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4 p3
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6 p10

3 + 1853280p4
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2 p6
4 p3
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6 p10

3 + 853776p3
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6 p10
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4 p3
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6 p10

3
+ 4527600p3

1 p7
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6 p9
3 + 1358280p4

1 p6
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5 p5

6 p9
3 + 1358280p4
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5 p5

6 p9
3 + 4527600p4

1 p7
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6 p9
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3 + 291060p2
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3 + 2182950p3
1 p6

2 p6
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1 p6
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3 + 9168390p3
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+ 2182950p4
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3 + 1600830p3

1 p6
2 p7
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+ 13222440p3
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3 + 8489250p3
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3 + 23654400p3
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3
+ 13222440p4
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6 p9
3 + 6225450p3
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6 p9
3 + 1867635p4
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6 p9
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6 p9
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3 + 3773000p2
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6 p9
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3 + 202848030p3
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1 p6
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1 p5
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6 p8
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3
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2 p7
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3 + 29052100p2
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2 p6
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5 p4

6 p8
3 + 253998360p3

1 p5
2 p6
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5 p4
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2 p7
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3
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2 p6
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1 p6
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1 p6
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1 p5
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5 p5
6 p9
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1 p5
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3
+ 1644128640p2
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3 + 1075757760p2
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3 + 3585859200p3
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2 p5
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6 p9
3 + 292723200p2

1 p6
2 p6
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3

+ 1075757760p3
1 p5
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3 + 413887320p2
1 p5
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5 p5
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3 + 356548500p2
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2 p5
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5 p5
6 p8

3
+ 1189465200p3

1 p5
2 p5

4 p3
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6 p8
3 + 356548500p3

1 p5
2 p6

4 p2
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6 p8
3 + 413887320p3

1 p6
2 p5

4 p2
5 p5

6 p8
3 + 268939440p2

1 p5
2 p6

4 p4
5 p4

6 p8
3

+ 48024900p3
1 p5

2 p5
4 p4

5 p4
6 p8

3 + 133402500p2
1 p5

2 p7
4 p3

5 p4
6 p8

3 + 672348600p2
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2 p6
4 p3
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6 p8

3 + 4320547560p3
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2 p6
4 p3
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6 p8

3
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1 p6
2 p5
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6 p8
3 + 48024900p4

1 p5
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4 p3
5 p4

6 p8
3 + 672348600p3
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2 p6
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6 p8
3 + 133402500p3

1 p7
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4 p2
5 p4

6 p8
3

+ 268939440p4
1 p6

2 p5
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6 p8

3 + 35218260p3
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6 p8
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4 p3

5 p3
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+ 119528640p3
1 p5

2 p6
4 p4

5 p4
6 p7

3 + 398428800p3
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4 p3

5 p4
6 p7

3 + 119528640p4
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2 p5
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5 p4
6 p7
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6 p9
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+ 3585859200p2
1 p5
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6 p9

3 + 1075757760p2
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5 p4
6 p9

3 + 1075757760p2
1 p6

2 p5
4 p2
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6 p9

3 + 3585859200p3
1 p5
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5 p4
6 p9

3
+ 54573750p2

1 p4
2 p6
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5 p5

6 p8
3 + 1671169500p2

1 p5
2 p5

4 p3
5 p5

6 p8
3 + 298045440p2

1 p5
2 p6

4 p2
5 p5

6 p8
3 + 298045440p2
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2 p5
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5 p5

6 p8
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+ 1671169500p3
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2 p5
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3
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1 p5
2 p6
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6 p8
3 + 300155625p3
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2 p6

4 p3
5 p4

6 p8
3 + 3054383640p2

1 p6
2 p5

4 p3
5 p4

6 p8
3 + 14283282150p3
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2 p5

4 p3
5 p4

6 p8
3

+ 300155625p3
1 p6

2 p4
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5 p4
6 p8

3 + 446054400p2
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6 p8

3 + 3054383640p3
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6 p8

3 + 4609356210p3
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2 p5
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6 p8

3
+ 48024900p4

1 p5
2 p5

4 p2
5 p4

6 p8
3 + 24502500p4

1 p6
2 p4

4 p2
5 p4

6 p8
3 + 35218260p2

1 p5
2 p6

4 p4
5 p3

6 p8
3 + 117394200p2

1 p6
2 p6

4 p3
5 p3

6 p8
3

+ 607296690p3
1 p5

2 p6
4 p3

5 p3
6 p8
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1 p6

2 p5
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5 p3
6 p8
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5 p3
6 p8
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4 p2

5 p3
6 p8

3
+ 499167900p3

1 p5
2 p5

4 p3
5 p5

6 p7
3 + 186763500p2

1 p5
2 p6

4 p4
5 p4

6 p7
3 + 56029050p3

1 p5
2 p5

4 p4
5 p4

6 p7
3 + 2655776970p3

1 p5
2 p6

4 p3
5 p4

6 p7
3

+ 2655776970p3
1 p6

2 p5
4 p3

5 p4
6 p7

3 + 56029050p4
1 p5

2 p5
4 p3

5 p4
6 p7

3 + 186763500p4
1 p6

2 p5
4 p2

5 p4
6 p7

3 + 41087970p3
1 p5

2 p6
4 p4

5 p3
6 p7

3
+ 136959900p3

1 p6
2 p6

4 p3
5 p3

6 p7
3 + 41087970p4

1 p6
2 p5

4 p3
5 p3

6 p7
3)z

28 + (4079910912p2
1 p5

2 p5
4 p2

5 p4
6 p9

3 + 323400000p2
1 p4

2 p5
4 p3

5 p5
6 p8

3
+ 2253071744p2

1 p5
2 p5

4 p2
5 p5

6 p8
3 + 323400000p3

1 p5
2 p4

4 p2
5 p5

6 p8
3 + 11383680p1 p5

2 p6
4 p3

5 p4
6 p8

3 + 830060000p2
1 p4

2 p6
4 p3

5 p4
6 p8

3
+ 18476731056p2

1 p5
2 p5

4 p3
5 p4

6 p8
3 + 1778700000p3

1 p4
2 p5

4 p3
5 p4

6 p8
3 + 1778700000p3

1 p5
2 p4

4 p3
5 p4

6 p8
3 + 4063973760p2

1 p5
2 p6

4 p2
5 p4

6 p8
3

+ 4063973760p2
1 p6

2 p5
4 p2

5 p4
6 p8

3 + 18476731056p3
1 p5

2 p5
4 p2

5 p4
6 p8

3 + 830060000p3
1 p6

2 p4
4 p2

5 p4
6 p8

3 + 11383680p3
1 p6

2 p5
4 p5 p4

6 p8
3

+ 871627680p2
1 p5

2 p6
4 p3

5 p3
6 p8

3 + 766975440p2
1 p6

2 p5
4 p3

5 p3
6 p8

3 + 2414513024p3
1 p5

2 p5
4 p3

5 p3
6 p8

3 + 766975440p3
1 p5

2 p6
4 p2

5 p3
6 p8

3
+ 871627680p3

1 p6
2 p5

4 p2
5 p3

6 p8
3 + 887409600p2

1 p5
2 p5

4 p3
5 p5

6 p7
3 + 887409600p3

1 p5
2 p5

4 p2
5 p5

6 p7
3 + 50820000p2

1 p4
2 p6

4 p4
5 p4

6 p7
3

+ 99607200p2
1 p5

2 p5
4 p4

5 p4
6 p7

3 + 3252073440p2
1 p5

2 p6
4 p3

5 p4
6 p7

3 + 622545000p3
1 p4

2 p6
4 p3

5 p4
6 p7

3 + 2075150000p2
1 p6

2 p5
4 p3

5 p4
6 p7

3
+ 19480302576p3

1 p5
2 p5

4 p3
5 p4

6 p7
3 + 622545000p3

1 p6
2 p4

4 p3
5 p4

6 p7
3 + 2075150000p3

1 p5
2 p6

4 p2
5 p4

6 p7
3 + 3252073440p3

1 p6
2 p5

4 p2
5 p4

6 p7
3

+ 99607200p4
1 p5

2 p5
4 p2

5 p4
6 p7

3 + 50820000p4
1 p6

2 p4
4 p2

5 p4
6 p7

3 + 73045280p2
1 p5

2 p6
4 p4

5 p3
6 p7

3 + 21913584p3
1 p5

2 p5
4 p4

5 p3
6 p7

3
+ 1016898960p3

1 p5
2 p6

4 p3
5 p3

6 p7
3 + 1016898960p3

1 p6
2 p5

4 p3
5 p3

6 p7
3 + 21913584p4

1 p5
2 p5

4 p3
5 p3

6 p7
3 + 73045280p4

1 p6
2 p5

4 p2
5 p3

6 p7
3)z

27

+ (356548500p2
1 p4

2 p5
4 p2

5 p5
6 p8

3 + 356548500p2
1 p5

2 p4
4 p2

5 p5
6 p8

3 + 48024900p1 p4
2 p6

4 p3
5 p4

6 p8
3 + 94128804p1 p5

2 p5
4 p3

5 p4
6 p8

3
+ 5042614500p2

1 p4
2 p5

4 p3
5 p4

6 p8
3 + 1961016750p2

1 p5
2 p4

4 p3
5 p4

6 p8
3 + 588305025p2

1 p4
2 p6

4 p2
5 p4

6 p8
3 + 27835512516p2

1 p5
2 p5

4 p2
5 p4

6 p8
3

+ 1961016750p3
1 p4

2 p5
4 p2

5 p4
6 p8

3 + 588305025p2
1 p6

2 p4
4 p2

5 p4
6 p8

3 + 5042614500p3
1 p5

2 p4
4 p2

5 p4
6 p8

3 + 94128804p3
1 p5

2 p5
4 p5 p4

6 p8
3

+ 48024900p3
1 p6

2 p4
4 p5 p4

6 p8
3 + 264136950p2

1 p4
2 p6

4 p3
5 p3

6 p8
3 + 4790284884p2

1 p5
2 p5

4 p3
5 p3

6 p8
3 + 880456500p2

1 p5
2 p6

4 p2
5 p3

6 p8
3

+ 880456500p2
1 p6

2 p5
4 p2

5 p3
6 p8

3 + 4790284884p3
1 p5

2 p5
4 p2

5 p3
6 p8

3 + 264136950p3
1 p6

2 p4
4 p2

5 p3
6 p8

3 + 305613000p2
1 p4

2 p5
4 p3

5 p5
6 p7

3
+ 1669054464p2

1 p5
2 p5

4 p2
5 p5

6 p7
3 + 305613000p3

1 p5
2 p4

4 p2
5 p5

6 p7
3 + 34303500p2

1 p4
2 p5

4 p4
5 p4

6 p7
3 + 1413304200p2

1 p4
2 p6

4 p3
5 p4

6 p7
3

+ 30824064054p2
1 p5

2 p5
4 p3

5 p4
6 p7

3 + 6565308750p3
1 p4

2 p5
4 p3

5 p4
6 p7

3 + 6565308750p3
1 p5

2 p4
4 p3

5 p4
6 p7

3 + 3902976000p2
1 p5

2 p6
4 p2

5 p4
6 p7

3
+ 3902976000p2

1 p6
2 p5

4 p2
5 p4

6 p7
3 + 30824064054p3

1 p5
2 p5

4 p2
5 p4

6 p7
3 + 1413304200p3

1 p6
2 p4

4 p2
5 p4

6 p7
3 + 34303500p4

1 p5
2 p4

4 p2
5 p4

6 p7
3

+ 25155900p2
1 p4

2 p6
4 p4

5 p3
6 p7

3 + 49305564p2
1 p5

2 p5
4 p4

5 p3
6 p7

3 + 1445944500p2
1 p5

2 p6
4 p3

5 p3
6 p7

3 + 308159775p3
1 p4

2 p6
4 p3

5 p3
6 p7

3
+ 1027199250p2

1 p6
2 p5

4 p3
5 p3

6 p7
3 + 8951787306p3

1 p5
2 p5

4 p3
5 p3

6 p7
3 + 308159775p3

1 p6
2 p4

4 p3
5 p3

6 p7
3 + 1027199250p3

1 p5
2 p6

4 p2
5 p3

6 p7
3

+ 1445944500p3
1 p6

2 p5
4 p2

5 p3
6 p7

3 + 49305564p4
1 p5

2 p5
4 p2

5 p3
6 p7

3 + 25155900p4
1 p6

2 p4
4 p2

5 p3
6 p7

3 + 8199664704p3
1 p5

2 p5
4 p3

5 p4
6 p6

3)z
26

+ (409812480p1 p4
2 p5

4 p3
5 p4

6 p8
3 + 122943744p1 p5

2 p5
4 p2

5 p4
6 p8

3 + 7991343360p2
1 p4

2 p5
4 p2

5 p4
6 p8

3 + 7991343360p2
1 p5

2 p4
4 p2

5 p4
6 p8

3
+ 122943744p2

1 p5
2 p5

4 p5 p4
6 p8

3 + 409812480p3
1 p5

2 p4
4 p5 p4

6 p8
3 + 2253968640p2

1 p4
2 p5

4 p3
5 p3

6 p8
3 + 8611029504p2

1 p5
2 p5

4 p2
5 p3

6 p8
3

+ 2253968640p3
1 p5

2 p4
4 p2

5 p3
6 p8

3 + 599001480p2
1 p4

2 p5
4 p2

5 p5
6 p7

3 + 599001480p2
1 p5

2 p4
4 p2

5 p5
6 p7

3 + 114345000p1 p4
2 p6

4 p3
5 p4

6 p7
3

+ 224116200p1 p5
2 p5

4 p3
5 p4

6 p7
3 + 19609868880p2

1 p4
2 p5

4 p3
5 p4

6 p7
3 + 9158882040p2

1 p5
2 p4

4 p3
5 p4

6 p7
3 + 2858625000p3

1 p4
2 p4

4 p3
5 p4

6 p7
3

+ 1400726250p2
1 p4

2 p6
4 p2

5 p4
6 p7

3 + 59798117736p2
1 p5

2 p5
4 p2

5 p4
6 p7

3 + 9158882040p3
1 p4

2 p5
4 p2

5 p4
6 p7

3 + 1400726250p2
1 p6

2 p4
4 p2

5 p4
6 p7

3
+ 19609868880p3

1 p5
2 p4

4 p2
5 p4

6 p7
3 + 224116200p3

1 p5
2 p5

4 p5 p4
6 p7

3 + 114345000p3
1 p6

2 p4
4 p5 p4

6 p7
3 + 30187080p2

1 p4
2 p5

4 p4
5 p3

6 p7
3

+ 966735000p2
1 p4

2 p6
4 p3

5 p3
6 p7

3 + 17946116496p2
1 p5

2 p5
4 p3

5 p3
6 p7

3 + 3421632060p3
1 p4

2 p5
4 p3

5 p3
6 p7

3 + 3421632060p3
1 p5

2 p4
4 p3

5 p3
6 p7

3
+ 2096325000p2

1 p5
2 p6

4 p2
5 p3

6 p7
3 + 2096325000p2

1 p6
2 p5

4 p2
5 p3

6 p7
3 + 17946116496p3

1 p5
2 p5

4 p2
5 p3

6 p7
3 + 966735000p3

1 p6
2 p4

4 p2
5 p3

6 p7
3

+ 30187080p4
1 p5

2 p4
4 p2

5 p3
6 p7

3 + 439267752p3
1 p5

2 p5
4 p3

5 p2
6 p7

3 + 16734009600p2
1 p5

2 p5
4 p3

5 p4
6 p6

3 + 5020202880p3
1 p4

2 p5
4 p3

5 p4
6 p6

3
+ 5020202880p3

1 p5
2 p4

4 p3
5 p4

6 p6
3 + 16734009600p3

1 p5
2 p5

4 p2
5 p4

6 p6
3 + 6754454784p3

1 p5
2 p5

4 p3
5 p3

6 p6
3)z

25 + (557800320p1 p4
2 p5

4 p2
5 p4

6 p8
3

+ 1859334400p2
1 p4

2 p4
4 p2

5 p4
6 p8

3 + 557800320p2
1 p5

2 p4
4 p5 p4

6 p8
3 + 3067901760p2

1 p4
2 p5

4 p2
5 p3

6 p8
3 + 3067901760p2

1 p5
2 p4

4 p2
5 p3

6 p8
3

+ 221852400p2
1 p4

2 p4
4 p2

5 p5
6 p7

3 + 2212838320p1 p4
2 p5

4 p3
5 p4

6 p7
3 + 1985156250p2

1 p3
2 p5

4 p3
5 p4

6 p7
3 + 6097637700p2

1 p4
2 p4

4 p3
5 p4

6 p7
3

+ 520396800p1 p5
2 p5

4 p2
5 p4

6 p7
3 + 40830215370p2

1 p4
2 p5

4 p2
5 p4

6 p7
3 + 40830215370p2

1 p5
2 p4

4 p2
5 p4

6 p7
3 + 6097637700p3

1 p4
2 p4

4 p2
5 p4

6 p7
3

+ 1985156250p3
1 p5

2 p3
4 p2

5 p4
6 p7

3 + 520396800p2
1 p5

2 p5
4 p5 p4

6 p7
3 + 2212838320p3

1 p5
2 p4

4 p5 p4
6 p7

3 + 69877500p1 p4
2 p6

4 p3
5 p3

6 p7
3

+ 136959900p1 p5
2 p5

4 p3
5 p3

6 p7
3 + 16980581310p2

1 p4
2 p5

4 p3
5 p3

6 p7
3 + 5281747240p2

1 p5
2 p4

4 p3
5 p3

6 p7
3 + 2862182400p3

1 p4
2 p4

4 p3
5 p3

6 p7
3

+ 855999375p2
1 p4

2 p6
4 p2

5 p3
6 p7

3 + 41763159900p2
1 p5

2 p5
4 p2

5 p3
6 p7

3 + 5281747240p3
1 p4

2 p5
4 p2

5 p3
6 p7

3 + 855999375p2
1 p6

2 p4
4 p2

5 p3
6 p7

3
+ 16980581310p3

1 p5
2 p4

4 p2
5 p3

6 p7
3 + 136959900p3

1 p5
2 p5

4 p5 p3
6 p7

3 + 69877500p3
1 p6

2 p4
4 p5 p3

6 p7
3 + 1220188200p2

1 p5
2 p5

4 p3
5 p2

6 p7
3

+ 1220188200p3
1 p5

2 p5
4 p2

5 p2
6 p7

3 + 18993314340p2
1 p4

2 p5
4 p3

5 p4
6 p6

3 + 10676646750p2
1 p5

2 p4
4 p3

5 p4
6 p6

3 + 3890016900p3
1 p4

2 p4
4 p3

5 p4
6 p6

3
+ 38856294400p2

1 p5
2 p5

4 p2
5 p4

6 p6
3 + 10676646750p3

1 p4
2 p5

4 p2
5 p4

6 p6
3 + 18993314340p3

1 p5
2 p4

4 p2
5 p4

6 p6
3 + 3913140p2

1 p4
2 p5

4 p4
5 p3

6 p6
3

+ 81523750p2
1 p4

2 p6
4 p3

5 p3
6 p6

3 + 16798204500p2
1 p5

2 p5
4 p3

5 p3
6 p6

3 + 5039461350p3
1 p4

2 p5
4 p3

5 p3
6 p6

3 + 5039461350p3
1 p5

2 p4
4 p3

5 p3
6 p6

3
+ 16798204500p3

1 p5
2 p5

4 p2
5 p3

6 p6
3 + 81523750p3

1 p6
2 p4

4 p2
5 p3

6 p6
3 + 3913140p4

1 p5
2 p4

4 p2
5 p3

6 p6
3 + 1423552900p3

1 p5
2 p5

4 p3
5 p2

6 p6
3)z

24

+ (457380000p1 p3
2 p5

4 p3
5 p4

6 p7
3 + 896464800p1 p4

2 p4
4 p3

5 p4
6 p7

3 + 4201797600p1 p4
2 p5

4 p2
5 p4

6 p7
3 + 5602905000p2

1 p3
2 p5

4 p2
5 p4

6 p7
3

+ 268939440p1 p5
2 p4

4 p2
5 p4

6 p7
3 + 32647658400p2

1 p4
2 p4

4 p2
5 p4

6 p7
3 + 5602905000p2

1 p5
2 p3

4 p2
5 p4

6 p7
3 + 268939440p2

1 p4
2 p5

4 p5 p4
6 p7

3
+ 4201797600p2

1 p5
2 p4

4 p5 p4
6 p7

3 + 896464800p3
1 p4

2 p4
4 p5 p4

6 p7
3 + 457380000p3

1 p5
2 p3

4 p5 p4
6 p7

3 + 1537683840p1 p4
2 p5

4 p3
5 p3

6 p7
3

+ 2515590000p2
1 p3

2 p5
4 p3

5 p3
6 p7

3 + 6940533600p2
1 p4

2 p4
4 p3

5 p3
6 p7

3 + 402494400p1 p5
2 p5

4 p2
5 p3

6 p7
3 + 38328942960p2

1 p4
2 p5

4 p2
5 p3

6 p7
3

+ 38328942960p2
1 p5

2 p4
4 p2

5 p3
6 p7

3 + 6940533600p3
1 p4

2 p4
4 p2

5 p3
6 p7

3 + 2515590000p3
1 p5

2 p3
4 p2

5 p3
6 p7

3 + 402494400p2
1 p5

2 p5
4 p5 p3

6 p7
3

+ 1537683840p3
1 p5

2 p4
4 p5 p3

6 p7
3 + 1075757760p2

1 p4
2 p5

4 p3
5 p2

6 p7
3 + 3585859200p2

1 p5
2 p5

4 p2
5 p2

6 p7
3 + 1075757760p3

1 p5
2 p4

4 p2
5 p2

6 p7
3

+ 2561328000p1 p4
2 p5

4 p3
5 p4

6 p6
3 + 4802490000p2

1 p3
2 p5

4 p3
5 p4

6 p6
3 + 14386125600p2

1 p4
2 p4

4 p3
5 p4

6 p6
3 + 48870138240p2

1 p4
2 p5

4 p2
5 p4

6 p6
3



Symmetry 2023, 15, 1199 36 of 41

+ 48870138240p2
1 p5

2 p4
4 p2

5 p4
6 p6

3 + 14386125600p3
1 p4

2 p4
4 p2

5 p4
6 p6

3 + 4802490000p3
1 p5

2 p3
4 p2

5 p4
6 p6

3 + 2561328000p3
1 p5

2 p4
4 p5 p4

6 p6
3

+ 28131531120p2
1 p4

2 p5
4 p3

5 p3
6 p6

3 + 12664602720p2
1 p5

2 p4
4 p3

5 p3
6 p6

3 + 6411081600p3
1 p4

2 p4
4 p3

5 p3
6 p6

3 + 45964195200p2
1 p5

2 p5
4 p2

5 p3
6 p6

3
+ 12664602720p3

1 p4
2 p5

4 p2
5 p3

6 p6
3 + 28131531120p3

1 p5
2 p4

4 p2
5 p3

6 p6
3 + 4183502400p2

1 p5
2 p5

4 p3
5 p2

6 p6
3 + 1255050720p3

1 p4
2 p5

4 p3
5 p2

6 p6
3

+ 1255050720p3
1 p5

2 p4
4 p3

5 p2
6 p6

3 + 4183502400p3
1 p5

2 p5
4 p2

5 p2
6 p6

3)z
23 + (1400726250p1 p3

2 p5
4 p2

5 p4
6 p7

3 + 3186932364p1 p4
2 p4

4 p2
5 p4

6 p7
3

+ 4669087500p2
1 p3

2 p4
4 p2

5 p4
6 p7

3 + 4669087500p2
1 p4

2 p3
4 p2

5 p4
6 p7

3 + 3186932364p2
1 p4

2 p4
4 p5 p4

6 p7
3 + 1400726250p2

1 p5
2 p3

4 p5 p4
6 p7

3
+ 628897500p1 p3

2 p5
4 p3

5 p3
6 p7

3 + 1232639100p1 p4
2 p4

4 p3
5 p3

6 p7
3 + 3421632060p1 p4

2 p5
4 p2

5 p3
6 p7

3 + 7703994375p2
1 p3

2 p5
4 p2

5 p3
6 p7

3
+ 369791730p1 p5

2 p4
4 p2

5 p3
6 p7

3 + 38630489436p2
1 p4

2 p4
4 p2

5 p3
6 p7

3 + 7703994375p2
1 p5

2 p3
4 p2

5 p3
6 p7

3 + 369791730p2
1 p4

2 p5
4 p5 p3

6 p7
3

+ 3421632060p2
1 p5

2 p4
4 p5 p3

6 p7
3 + 1232639100p3

1 p4
2 p4

4 p5 p3
6 p7

3 + 628897500p3
1 p5

2 p3
4 p5 p3

6 p7
3 + 3294508140p2

1 p4
2 p5

4 p2
5 p2

6 p7
3

+ 3294508140p2
1 p5

2 p4
4 p2

5 p2
6 p7

3 + 1200622500p1 p3
2 p5

4 p3
5 p4

6 p6
3 + 2353220100p1 p4

2 p4
4 p3

5 p4
6 p6

3 + 4002075000p2
1 p3

2 p4
4 p3

5 p4
6 p6

3
+ 6556999680p1 p4

2 p5
4 p2

5 p4
6 p6

3 + 14707625625p2
1 p3

2 p5
4 p2

5 p4
6 p6

3 + 76881768516p2
1 p4

2 p4
4 p2

5 p4
6 p6

3 + 14707625625p2
1 p5

2 p3
4 p2

5 p4
6 p6

3
+ 4002075000p3

1 p4
2 p3

4 p2
5 p4

6 p6
3 + 6556999680p2

1 p5
2 p4

4 p5 p4
6 p6

3 + 2353220100p3
1 p4

2 p4
4 p5 p4

6 p6
3 + 1200622500p3

1 p5
2 p3

4 p5 p4
6 p6

3
+ 3447314640p1 p4

2 p5
4 p3

5 p3
6 p6

3 + 10017315000p2
1 p3

2 p5
4 p3

5 p3
6 p6

3 + 27874845306p2
1 p4

2 p4
4 p3

5 p3
6 p6

3 + 80030488230p2
1 p4

2 p5
4 p2

5 p3
6 p6

3
+ 80030488230p2

1 p5
2 p4

4 p2
5 p3

6 p6
3 + 27874845306p3

1 p4
2 p4

4 p2
5 p3

6 p6
3 + 10017315000p3

1 p5
2 p3

4 p2
5 p3

6 p6
3 + 3447314640p3

1 p5
2 p4

4 p5 p3
6 p6

3
+ 8519617260p2

1 p4
2 p5

4 p3
5 p2

6 p6
3 + 3843592830p2

1 p5
2 p4

4 p3
5 p2

6 p6
3 + 1967099904p3

1 p4
2 p4

4 p3
5 p2

6 p6
3 + 13340250000p2

1 p5
2 p5

4 p2
5 p2

6 p6
3

+ 3843592830p3
1 p4

2 p5
4 p2

5 p2
6 p6

3 + 8519617260p3
1 p5

2 p4
4 p2

5 p2
6 p6

3 + 2629630080p2
1 p4

2 p5
4 p3

5 p3
6 p5

3 + 788889024p3
1 p4

2 p4
4 p3

5 p3
6 p5

3
+ 2629630080p3

1 p5
2 p4

4 p2
5 p3

6 p5
3)z

22 + (1328096000p1 p3
2 p4

4 p2
5 p4

6 p7
3 + 398428800p1 p4

2 p4
4 p5 p4

6 p7
3 + 1328096000p2

1 p4
2 p3

4 p5 p4
6 p7

3
+ 2191358400p1 p3

2 p5
4 p2

5 p3
6 p7

3 + 4881115008p1 p4
2 p4

4 p2
5 p3

6 p7
3 + 7304528000p2

1 p3
2 p4

4 p2
5 p3

6 p7
3 + 7304528000p2

1 p4
2 p3

4 p2
5 p3

6 p7
3

+ 4881115008p2
1 p4

2 p4
4 p5 p3

6 p7
3 + 2191358400p2

1 p5
2 p3

4 p5 p3
6 p7

3 + 3123681792p2
1 p4

2 p4
4 p2

5 p2
6 p7

3 + 1138368000p1 p3
2 p4

4 p3
5 p4

6 p6
3

+ 3890016900p1 p3
2 p5

4 p2
5 p4

6 p6
3 + 10875161528p1 p4

2 p4
4 p2

5 p4
6 p6

3 + 28921662000p2
1 p3

2 p4
4 p2

5 p4
6 p6

3 + 28921662000p2
1 p4

2 p3
4 p2

5 p4
6 p6

3
+ 10875161528p2

1 p4
2 p4

4 p5 p4
6 p6

3 + 3890016900p2
1 p5

2 p3
4 p5 p4

6 p6
3 + 1138368000p3

1 p4
2 p3

4 p5 p4
6 p6

3 + 2752521200p1 p3
2 p5

4 p3
5 p3

6 p6
3

+ 5394941552p1 p4
2 p4

4 p3
5 p3

6 p6
3 + 10284615000p2

1 p3
2 p4

4 p3
5 p3

6 p6
3 + 97828500p2

1 p4
2 p3

4 p3
5 p3

6 p6
3 + 10284615000p1 p4

2 p5
4 p2

5 p3
6 p6

3
+ 33718384700p2

1 p3
2 p5

4 p2
5 p3

6 p6
3 + 97828500p1 p5

2 p4
4 p2

5 p3
6 p6

3 + 163830961008p2
1 p4

2 p4
4 p2

5 p3
6 p6

3 + 97828500p3
1 p3

2 p4
4 p2

5 p3
6 p6

3
+ 33718384700p2

1 p5
2 p3

4 p2
5 p3

6 p6
3 + 10284615000p3

1 p4
2 p3

4 p2
5 p3

6 p6
3 + 97828500p2

1 p4
2 p5

4 p5 p3
6 p6

3 + 10284615000p2
1 p5

2 p4
4 p5 p3

6 p6
3

+ 5394941552p3
1 p4

2 p4
4 p5 p3

6 p6
3 + 2752521200p3

1 p5
2 p3

4 p5 p3
6 p6

3 + 1138368000p1 p4
2 p5

4 p3
5 p2

6 p6
3 + 3890016900p2

1 p3
2 p5

4 p3
5 p2

6 p6
3

+ 10875161528p2
1 p4

2 p4
4 p3

5 p2
6 p6

3 + 28921662000p2
1 p4

2 p5
4 p2

5 p2
6 p6

3 + 28921662000p2
1 p5

2 p4
4 p2

5 p2
6 p6

3 + 10875161528p3
1 p4

2 p4
4 p2

5 p2
6 p6

3
+ 3890016900p3

1 p5
2 p3

4 p2
5 p2

6 p6
3 + 1138368000p3

1 p5
2 p4

4 p5 p2
6 p6

3 + 3123681792p2
1 p4

2 p4
4 p2

5 p4
6 p5

3 + 2191358400p2
1 p3

2 p5
4 p3

5 p3
6 p5

3
+ 4881115008p2

1 p4
2 p4

4 p3
5 p3

6 p5
3 + 7304528000p2

1 p4
2 p5

4 p2
5 p3

6 p5
3 + 7304528000p2

1 p5
2 p4

4 p2
5 p3

6 p5
3 + 4881115008p3

1 p4
2 p4

4 p2
5 p3

6 p5
3

+ 2191358400p3
1 p5

2 p3
4 p2

5 p3
6 p5

3 + 1328096000p2
1 p4

2 p5
4 p3

5 p2
6 p5

3 + 398428800p3
1 p4

2 p4
4 p3

5 p2
6 p5

3 + 1328096000p3
1 p5

2 p4
4 p2

5 p2
6 p5

3)z
21

+ (2629630080p1 p3
2 p4

4 p2
5 p3

6 p7
3 + 788889024p1 p4

2 p4
4 p5 p3

6 p7
3 + 2629630080p2

1 p4
2 p3

4 p5 p3
6 p7

3 + 8519617260p1 p3
2 p4

4 p2
5 p4

6 p6
3

+ 3843592830p1 p4
2 p3

4 p2
5 p4

6 p6
3 + 13340250000p2

1 p3
2 p3

4 p2
5 p4

6 p6
3 + 1967099904p1 p4

2 p4
4 p5 p4

6 p6
3 + 3843592830p2

1 p3
2 p4

4 p5 p4
6 p6

3
+ 8519617260p2

1 p4
2 p3

4 p5 p4
6 p6

3 + 3447314640p1 p3
2 p4

4 p3
5 p3

6 p6
3 + 10017315000p1 p3

2 p5
4 p2

5 p3
6 p6

3 + 27874845306p1 p4
2 p4

4 p2
5 p3

6 p6
3

+ 80030488230p2
1 p3

2 p4
4 p2

5 p3
6 p6

3 + 80030488230p2
1 p4

2 p3
4 p2

5 p3
6 p6

3 + 27874845306p2
1 p4

2 p4
4 p5 p3

6 p6
3 + 10017315000p2

1 p5
2 p3

4 p5 p3
6 p6

3
+ 3447314640p3

1 p4
2 p3

4 p5 p3
6 p6

3 + 1200622500p1 p3
2 p5

4 p3
5 p2

6 p6
3 + 2353220100p1 p4

2 p4
4 p3

5 p2
6 p6

3 + 6556999680p2
1 p3

2 p4
4 p3

5 p2
6 p6

3
+ 4002075000p1 p4

2 p5
4 p2

5 p2
6 p6

3 + 14707625625p2
1 p3

2 p5
4 p2

5 p2
6 p6

3 + 76881768516p2
1 p4

2 p4
4 p2

5 p2
6 p6

3 + 14707625625p2
1 p5

2 p3
4 p2

5 p2
6 p6

3
+ 6556999680p3

1 p4
2 p3

4 p2
5 p2

6 p6
3 + 4002075000p2

1 p5
2 p4

4 p5 p2
6 p6

3 + 2353220100p3
1 p4

2 p4
4 p5 p2

6 p6
3 + 1200622500p3

1 p5
2 p3

4 p5 p2
6 p6

3
+ 3294508140p2

1 p3
2 p4

4 p2
5 p4

6 p5
3 + 3294508140p2

1 p4
2 p3

4 p2
5 p4

6 p5
3 + 628897500p1 p3

2 p5
4 p3

5 p3
6 p5

3 + 1232639100p1 p4
2 p4

4 p3
5 p3

6 p5
3

+ 3421632060p2
1 p3

2 p4
4 p3

5 p3
6 p5

3 + 369791730p2
1 p4

2 p3
4 p3

5 p3
6 p5

3 + 7703994375p2
1 p3

2 p5
4 p2

5 p3
6 p5

3 + 38630489436p2
1 p4

2 p4
4 p2

5 p3
6 p5

3
+ 369791730p3

1 p3
2 p4

4 p2
5 p3

6 p5
3 + 7703994375p2

1 p5
2 p3

4 p2
5 p3

6 p5
3 + 3421632060p3

1 p4
2 p3

4 p2
5 p3

6 p5
3 + 1232639100p3

1 p4
2 p4

4 p5 p3
6 p5

3
+ 628897500p3

1 p5
2 p3

4 p5 p3
6 p5

3 + 1400726250p2
1 p3

2 p5
4 p3

5 p2
6 p5

3 + 3186932364p2
1 p4

2 p4
4 p3

5 p2
6 p5

3 + 4669087500p2
1 p4

2 p5
4 p2

5 p2
6 p5

3
+ 4669087500p2

1 p5
2 p4

4 p2
5 p2

6 p5
3 + 3186932364p3

1 p4
2 p4

4 p2
5 p2

6 p5
3 + 1400726250p3

1 p5
2 p3

4 p2
5 p2

6 p5
3)z

20 + (4183502400p1 p3
2 p3

4 p2
5 p4

6 p6
3

+ 1255050720p1 p3
2 p4

4 p5 p4
6 p6

3 + 1255050720p1 p4
2 p3

4 p5 p4
6 p6

3 + 4183502400p2
1 p3

2 p3
4 p5 p4

6 p6
3 + 28131531120p1 p3

2 p4
4 p2

5 p3
6 p6

3
+ 12664602720p1 p4

2 p3
4 p2

5 p3
6 p6

3 + 45964195200p2
1 p3

2 p3
4 p2

5 p3
6 p6

3 + 6411081600p1 p4
2 p4

4 p5 p3
6 p6

3 + 12664602720p2
1 p3

2 p4
4 p5 p3

6 p6
3

+ 28131531120p2
1 p4

2 p3
4 p5 p3

6 p6
3 + 2561328000p1 p3

2 p4
4 p3

5 p2
6 p6

3 + 4802490000p1 p3
2 p5

4 p2
5 p2

6 p6
3 + 14386125600p1 p4

2 p4
4 p2

5 p2
6 p6

3
+ 48870138240p2

1 p3
2 p4

4 p2
5 p2

6 p6
3 + 48870138240p2

1 p4
2 p3

4 p2
5 p2

6 p6
3 + 14386125600p2

1 p4
2 p4

4 p5 p2
6 p6

3 + 4802490000p2
1 p5

2 p3
4 p5 p2

6 p6
3

+ 2561328000p3
1 p4

2 p3
4 p5 p2

6 p6
3 + 1075757760p1 p3

2 p4
4 p2

5 p4
6 p5

3 + 3585859200p2
1 p3

2 p3
4 p2

5 p4
6 p5

3 + 1075757760p2
1 p4

2 p3
4 p5 p4

6 p5
3

+ 1537683840p1 p3
2 p4

4 p3
5 p3

6 p5
3 + 402494400p2

1 p3
2 p3

4 p3
5 p3

6 p5
3 + 2515590000p1 p3

2 p5
4 p2

5 p3
6 p5

3 + 6940533600p1 p4
2 p4

4 p2
5 p3

6 p5
3

+ 38328942960p2
1 p3

2 p4
4 p2

5 p3
6 p5

3 + 38328942960p2
1 p4

2 p3
4 p2

5 p3
6 p5

3 + 402494400p3
1 p3

2 p3
4 p2

5 p3
6 p5

3 + 6940533600p2
1 p4

2 p4
4 p5 p3

6 p5
3

+ 2515590000p2
1 p5

2 p3
4 p5 p3

6 p5
3 + 1537683840p3

1 p4
2 p3

4 p5 p3
6 p5

3 + 457380000p1 p3
2 p5

4 p3
5 p2

6 p5
3 + 896464800p1 p4

2 p4
4 p3

5 p2
6 p5

3
+ 4201797600p2

1 p3
2 p4

4 p3
5 p2

6 p5
3 + 268939440p2

1 p4
2 p3

4 p3
5 p2

6 p5
3 + 5602905000p2

1 p3
2 p5

4 p2
5 p2

6 p5
3 + 32647658400p2

1 p4
2 p4

4 p2
5 p2

6 p5
3

+ 268939440p3
1 p3

2 p4
4 p2

5 p2
6 p5

3 + 5602905000p2
1 p5

2 p3
4 p2

5 p2
6 p5

3 + 4201797600p3
1 p4

2 p3
4 p2

5 p2
6 p5

3 + 896464800p3
1 p4

2 p4
4 p5 p2

6 p5
3

+ 457380000p3
1 p5

2 p3
4 p5 p2

6 p5
3)z

19 + (1423552900p1 p3
2 p3

4 p5 p4
6 p6

3 + 3913140p2
1 p4

2 p3
4 p3

6 p6
3 + 3913140p3

2 p4
4 p2

5 p3
6 p6

3
+ 81523750p1 p2

2 p4
4 p2

5 p3
6 p6

3 + 16798204500p1 p3
2 p3

4 p2
5 p3

6 p6
3 + 5039461350p1 p3

2 p4
4 p5 p3

6 p6
3 + 5039461350p1 p4

2 p3
4 p5 p3

6 p6
3

+ 16798204500p2
1 p3

2 p3
4 p5 p3

6 p6
3 + 81523750p2

1 p4
2 p2

4 p5 p3
6 p6

3 + 18993314340p1 p3
2 p4

4 p2
5 p2

6 p6
3 + 10676646750p1 p4

2 p3
4 p2

5 p2
6 p6

3
+ 38856294400p2

1 p3
2 p3

4 p2
5 p2

6 p6
3 + 3890016900p1 p4

2 p4
4 p5 p2

6 p6
3 + 10676646750p2

1 p3
2 p4

4 p5 p2
6 p6

3 + 18993314340p2
1 p4

2 p3
4 p5 p2

6 p6
3

+ 1220188200p1 p3
2 p3

4 p2
5 p4

6 p5
3 + 1220188200p2

1 p3
2 p3

4 p5 p4
6 p5

3 + 69877500p1 p2
2 p4

4 p3
5 p3

6 p5
3 + 136959900p1 p3

2 p3
4 p3

5 p3
6 p5

3
+ 16980581310p1 p3

2 p4
4 p2

5 p3
6 p5

3 + 855999375p2
1 p2

2 p4
4 p2

5 p3
6 p5

3 + 5281747240p1 p4
2 p3

4 p2
5 p3

6 p5
3 + 41763159900p2

1 p3
2 p3

4 p2
5 p3

6 p5
3

+ 855999375p2
1 p4

2 p2
4 p2

5 p3
6 p5

3 + 2862182400p1 p4
2 p4

4 p5 p3
6 p5

3 + 5281747240p2
1 p3

2 p4
4 p5 p3

6 p5
3 + 16980581310p2

1 p4
2 p3

4 p5 p3
6 p5

3
+ 136959900p3

1 p3
2 p3

4 p5 p3
6 p5

3 + 69877500p3
1 p4

2 p2
4 p5 p3

6 p5
3 + 2212838320p1 p3

2 p4
4 p3

5 p2
6 p5

3 + 520396800p2
1 p3

2 p3
4 p3

5 p2
6 p5

3
+ 1985156250p1 p3

2 p5
4 p2

5 p2
6 p5

3 + 6097637700p1 p4
2 p4

4 p2
5 p2

6 p5
3 + 40830215370p2

1 p3
2 p4

4 p2
5 p2

6 p5
3 + 40830215370p2

1 p4
2 p3

4 p2
5 p2

6 p5
3
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+ 520396800p3
1 p3

2 p3
4 p2

5 p2
6 p5

3 + 6097637700p2
1 p4

2 p4
4 p5 p2

6 p5
3 + 1985156250p2

1 p5
2 p3

4 p5 p2
6 p5

3 + 2212838320p3
1 p4

2 p3
4 p5 p2

6 p5
3

+ 221852400p2
1 p4

2 p4
4 p2

5 p6 p5
3 + 3067901760p2

1 p3
2 p4

4 p2
5 p3

6 p4
3 + 3067901760p2

1 p4
2 p3

4 p2
5 p3

6 p4
3 + 557800320p2

1 p3
2 p4

4 p3
5 p2

6 p4
3

+ 1859334400p2
1 p4

2 p4
4 p2

5 p2
6 p4

3 + 557800320p3
1 p4

2 p3
4 p2

5 p2
6 p4

3)z
18 + (6754454784p1 p3

2 p3
4 p5 p3

6 p6
3 + 16734009600p1 p3

2 p3
4 p2

5 p2
6 p6

3
+ 5020202880p1 p3

2 p4
4 p5 p2

6 p6
3 + 5020202880p1 p4

2 p3
4 p5 p2

6 p6
3 + 16734009600p2

1 p3
2 p3

4 p5 p2
6 p6

3 + 439267752p1 p3
2 p3

4 p5 p4
6 p5

3
+ 30187080p2

1 p4
2 p3

4 p3
6 p5

3 + 30187080p3
2 p4

4 p2
5 p3

6 p5
3 + 966735000p1 p2

2 p4
4 p2

5 p3
6 p5

3 + 17946116496p1 p3
2 p3

4 p2
5 p3

6 p5
3

+ 2096325000p2
1 p2

2 p3
4 p2

5 p3
6 p5

3 + 2096325000p2
1 p3

2 p2
4 p2

5 p3
6 p5

3 + 3421632060p1 p3
2 p4

4 p5 p3
6 p5

3 + 3421632060p1 p4
2 p3

4 p5 p3
6 p5

3
+ 17946116496p2

1 p3
2 p3

4 p5 p3
6 p5

3 + 966735000p2
1 p4

2 p2
4 p5 p3

6 p5
3 + 114345000p1 p2

2 p4
4 p3

5 p2
6 p5

3 + 224116200p1 p3
2 p3

4 p3
5 p2

6 p5
3

+ 19609868880p1 p3
2 p4

4 p2
5 p2

6 p5
3 + 1400726250p2

1 p2
2 p4

4 p2
5 p2

6 p5
3 + 9158882040p1 p4

2 p3
4 p2

5 p2
6 p5

3 + 59798117736p2
1 p3

2 p3
4 p2

5 p2
6 p5

3
+ 1400726250p2

1 p4
2 p2

4 p2
5 p2

6 p5
3 + 2858625000p1 p4

2 p4
4 p5 p2

6 p5
3 + 9158882040p2

1 p3
2 p4

4 p5 p2
6 p5

3 + 19609868880p2
1 p4

2 p3
4 p5 p2

6 p5
3

+ 224116200p3
1 p3

2 p3
4 p5 p2

6 p5
3 + 114345000p3

1 p4
2 p2

4 p5 p2
6 p5

3 + 599001480p2
1 p3

2 p4
4 p2

5 p6 p5
3 + 599001480p2

1 p4
2 p3

4 p2
5 p6 p5

3
+ 2253968640p1 p3

2 p4
4 p2

5 p3
6 p4

3 + 8611029504p2
1 p3

2 p3
4 p2

5 p3
6 p4

3 + 2253968640p2
1 p4

2 p3
4 p5 p3

6 p4
3 + 409812480p1 p3

2 p4
4 p3

5 p2
6 p4

3
+ 122943744p2

1 p3
2 p3

4 p3
5 p2

6 p4
3 + 7991343360p2

1 p3
2 p4

4 p2
5 p2

6 p4
3 + 7991343360p2

1 p4
2 p3

4 p2
5 p2

6 p4
3 + 122943744p3

1 p3
2 p3

4 p2
5 p2

6 p4
3

+ 409812480p3
1 p4

2 p3
4 p5 p2

6 p4
3)z

17 +(8199664704p1 p3
2 p3

4 p5 p2
6 p6

3 + 49305564p2
1 p3

2 p3
4 p3

6 p5
3 + 25155900p2

1 p4
2 p2

4 p3
6 p5

3 + 25155900p2
2 p4

4 p2
5 p3

6 p5
3

+ 49305564p3
2 p3

4 p2
5 p3

6 p5
3 + 1445944500p1 p2

2 p3
4 p2

5 p3
6 p5

3 + 1027199250p1 p3
2 p2

4 p2
5 p3

6 p5
3 + 308159775p1 p2

2 p4
4 p5 p3

6 p5
3

+ 8951787306p1 p3
2 p3

4 p5 p3
6 p5

3 + 1027199250p2
1 p2

2 p3
4 p5 p3

6 p5
3 + 308159775p1 p4

2 p2
4 p5 p3

6 p5
3 + 1445944500p2

1 p3
2 p2

4 p5 p3
6 p5

3
+ 34303500p2

1 p4
2 p3

4 p2
6 p5

3 + 34303500p3
2 p4

4 p2
5 p2

6 p5
3 + 1413304200p1 p2

2 p4
4 p2

5 p2
6 p5

3 + 30824064054p1 p3
2 p3

4 p2
5 p2

6 p5
3

+ 3902976000p2
1 p2

2 p3
4 p2

5 p2
6 p5

3 + 3902976000p2
1 p3

2 p2
4 p2

5 p2
6 p5

3 + 6565308750p1 p3
2 p4

4 p5 p2
6 p5

3 + 6565308750p1 p4
2 p3

4 p5 p2
6 p5

3
+ 30824064054p2

1 p3
2 p3

4 p5 p2
6 p5

3 + 1413304200p2
1 p4

2 p2
4 p5 p2

6 p5
3 + 305613000p1 p3

2 p4
4 p2

5 p6 p5
3 + 1669054464p2

1 p3
2 p3

4 p2
5 p6 p5

3
+ 305613000p2

1 p4
2 p3

4 p5 p6 p5
3 + 264136950p1 p2

2 p4
4 p2

5 p3
6 p4

3 + 4790284884p1 p3
2 p3

4 p2
5 p3

6 p4
3 + 880456500p2

1 p2
2 p3

4 p2
5 p3

6 p4
3

+ 880456500p2
1 p3

2 p2
4 p2

5 p3
6 p4

3 + 4790284884p2
1 p3

2 p3
4 p5 p3

6 p4
3 + 264136950p2

1 p4
2 p2

4 p5 p3
6 p4

3 + 48024900p1 p2
2 p4

4 p3
5 p2

6 p4
3

+ 94128804p1 p3
2 p3

4 p3
5 p2

6 p4
3 + 5042614500p1 p3

2 p4
4 p2

5 p2
6 p4

3 + 588305025p2
1 p2

2 p4
4 p2

5 p2
6 p4

3 + 1961016750p1 p4
2 p3

4 p2
5 p2

6 p4
3

+ 27835512516p2
1 p3

2 p3
4 p2

5 p2
6 p4

3 + 588305025p2
1 p4

2 p2
4 p2

5 p2
6 p4

3 + 1961016750p2
1 p3

2 p4
4 p5 p2

6 p4
3 + 5042614500p2

1 p4
2 p3

4 p5 p2
6 p4

3
+ 94128804p3

1 p3
2 p3

4 p5 p2
6 p4

3 + 48024900p3
1 p4

2 p2
4 p5 p2

6 p4
3 + 356548500p2

1 p3
2 p4

4 p2
5 p6 p4

3 + 356548500p2
1 p4

2 p3
4 p2

5 p6 p4
3)z

16

+ (21913584p1 p3
2 p3

4 p3
6 p5

3 + 73045280p2
1 p3

2 p2
4 p3

6 p5
3 + 73045280p2

2 p3
4 p2

5 p3
6 p5

3 + 21913584p3
2 p3

4 p5 p3
6 p5

3
+ 1016898960p1 p2

2 p3
4 p5 p3

6 p5
3 + 1016898960p1 p3

2 p2
4 p5 p3

6 p5
3 + 99607200p2

1 p3
2 p3

4 p2
6 p5

3 + 50820000p2
1 p4

2 p2
4 p2

6 p5
3

+ 50820000p2
2 p4

4 p2
5 p2

6 p5
3 + 99607200p3

2 p3
4 p2

5 p2
6 p5

3 + 3252073440p1 p2
2 p3

4 p2
5 p2

6 p5
3 + 2075150000p1 p3

2 p2
4 p2

5 p2
6 p5

3 + 622545000p1 p2
2 p4

4 p5 p2
6 p5

3
+ 19480302576p1 p3

2 p3
4 p5 p2

6 p5
3 + 2075150000p2

1 p2
2 p3

4 p5 p2
6 p5

3 + 622545000p1 p4
2 p2

4 p5 p2
6 p5

3 + 3252073440p2
1 p3

2 p2
4 p5 p2

6 p5
3

+ 887409600p1 p3
2 p3

4 p2
5 p6 p5

3 + 887409600p2
1 p3

2 p3
4 p5 p6 p5

3 + 871627680p1 p2
2 p3

4 p2
5 p3

6 p4
3 + 766975440p1 p3

2 p2
4 p2

5 p3
6 p4

3
+ 2414513024p1 p3

2 p3
4 p5 p3

6 p4
3 + 766975440p2

1 p2
2 p3

4 p5 p3
6 p4

3 + 871627680p2
1 p3

2 p2
4 p5 p3

6 p4
3 + 11383680p1 p2

2 p3
4 p3

5 p2
6 p4

3
+ 830060000p1 p2

2 p4
4 p2

5 p2
6 p4

3 + 18476731056p1 p3
2 p3

4 p2
5 p2

6 p4
3 + 4063973760p2

1 p2
2 p3

4 p2
5 p2

6 p4
3 + 4063973760p2

1 p3
2 p2

4 p2
5 p2

6 p4
3

+ 1778700000p1 p3
2 p4

4 p5 p2
6 p4

3 + 1778700000p1 p4
2 p3

4 p5 p2
6 p4

3 + 18476731056p2
1 p3

2 p3
4 p5 p2

6 p4
3 + 830060000p2

1 p4
2 p2

4 p5 p2
6 p4

3
+ 11383680p3

1 p3
2 p2

4 p5 p2
6 p4

3 + 323400000p1 p3
2 p4

4 p2
5 p6 p4

3 + 2253071744p2
1 p3

2 p3
4 p2

5 p6 p4
3 + 323400000p2

1 p4
2 p3

4 p5 p6 p4
3

+ 4079910912p2
1 p3

2 p3
4 p2

5 p2
6 p3

3)z
15 +(41087970p1 p3

2 p2
4 p3

6 p5
3 + 41087970p2

2 p3
4 p5 p3

6 p5
3 + 136959900p1 p2

2 p2
4 p5 p3

6 p5
3 + 56029050p1 p3

2 p3
4 p2

6 p5
3

+ 186763500p2
1 p3

2 p2
4 p2

6 p5
3 + 186763500p2

2 p3
4 p2

5 p2
6 p5

3 + 56029050p3
2 p3

4 p5 p2
6 p5

3 + 2655776970p1 p2
2 p3

4 p5 p2
6 p5

3 + 2655776970p1 p3
2 p2

4 p5 p2
6 p5

3
+ 499167900p1 p3

2 p3
4 p5 p6 p5

3 + 35218260p2
1 p3

2 p2
4 p3

6 p4
3 + 35218260p2

2 p3
4 p2

5 p3
6 p4

3 + 117394200p1 p2
2 p2

4 p2
5 p3

6 p4
3

+ 607296690p1 p2
2 p3

4 p5 p3
6 p4

3 + 607296690p1 p3
2 p2

4 p5 p3
6 p4

3 + 117394200p2
1 p2

2 p2
4 p5 p3

6 p4
3 + 48024900p2

1 p3
2 p3

4 p2
6 p4

3
+ 24502500p2

1 p4
2 p2

4 p2
6 p4

3 + 24502500p2
2 p4

4 p2
5 p2

6 p4
3 + 48024900p3

2 p3
4 p2

5 p2
6 p4

3 + 4609356210p1 p2
2 p3

4 p2
5 p2

6 p4
3 + 3054383640p1 p3

2 p2
4 p2

5 p2
6 p4

3
+ 446054400p2

1 p2
2 p2

4 p2
5 p2

6 p4
3 + 300155625p1 p2

2 p4
4 p5 p2

6 p4
3 + 14283282150p1 p3

2 p3
4 p5 p2

6 p4
3 + 3054383640p2

1 p2
2 p3

4 p5 p2
6 p4

3
+ 300155625p1 p4

2 p2
4 p5 p2

6 p4
3 + 4609356210p2

1 p3
2 p2

4 p5 p2
6 p4

3 + 54573750p1 p2
2 p4

4 p2
5 p6 p4

3 + 1671169500p1 p3
2 p3

4 p2
5 p6 p4

3
+ 298045440p2

1 p2
2 p3

4 p2
5 p6 p4

3 + 298045440p2
1 p3

2 p2
4 p2

5 p6 p4
3 + 1671169500p2

1 p3
2 p3

4 p5 p6 p4
3 + 54573750p2

1 p4
2 p2

4 p5 p6 p4
3

+ 3585859200p1 p3
2 p3

4 p2
5 p2

6 p3
3 + 1075757760p2

1 p2
2 p3

4 p2
5 p2

6 p3
3 + 1075757760p2

1 p3
2 p2

4 p2
5 p2

6 p3
3 + 3585859200p2

1 p3
2 p3

4 p5 p2
6 p3

3
+ 651974400p2

1 p3
2 p3

4 p2
5 p6 p3

3)z
14 + (119528640p1 p3

2 p2
4 p2

6 p5
3 + 119528640p2

2 p3
4 p5 p2

6 p5
3 + 398428800p1 p2

2 p2
4 p5 p2

6 p5
3

+ 35218260p1 p3
2 p2

4 p3
6 p4

3 + 35218260p2
2 p3

4 p5 p3
6 p4

3 + 180457200p1 p2
2 p2

4 p5 p3
6 p4

3 + 48024900p1 p3
2 p3

4 p2
6 p4

3
+ 268939440p2

1 p3
2 p2

4 p2
6 p4

3 + 268939440p2
2 p3

4 p2
5 p2

6 p4
3 + 133402500p1 p2 p3

4 p2
5 p2

6 p4
3 + 672348600p1 p2

2 p2
4 p2

5 p2
6 p4

3 + 48024900p3
2 p3

4 p5 p2
6 p4

3
+ 4320547560p1 p2

2 p3
4 p5 p2

6 p4
3 + 4320547560p1 p3

2 p2
4 p5 p2

6 p4
3 + 672348600p2

1 p2
2 p2

4 p5 p2
6 p4

3 + 133402500p2
1 p3

2 p4 p5 p2
6 p4

3
+ 413887320p1 p2

2 p3
4 p2

5 p6 p4
3 + 356548500p1 p3

2 p2
4 p2

5 p6 p4
3 + 1189465200p1 p3

2 p3
4 p5 p6 p4

3 + 356548500p2
1 p2

2 p3
4 p5 p6 p4

3
+ 413887320p2

1 p3
2 p2

4 p5 p6 p4
3 + 1644128640p1 p2

2 p3
4 p2

5 p2
6 p3

3 + 1075757760p1 p3
2 p2

4 p2
5 p2

6 p3
3 + 292723200p2

1 p2
2 p2

4 p2
5 p2

6 p3
3

+ 3585859200p1 p3
2 p3

4 p5 p2
6 p3

3 + 1075757760p2
1 p2

2 p3
4 p5 p2

6 p3
3 + 1644128640p2

1 p3
2 p2

4 p5 p2
6 p3

3 + 651974400p1 p3
2 p3

4 p2
5 p6 p3

3
+ 195592320p2

1 p2
2 p3

4 p2
5 p6 p3

3 + 195592320p2
1 p3

2 p2
4 p2

5 p6 p3
3 + 651974400p2

1 p3
2 p3

4 p5 p6 p3
3)z

13 + (6391462p1 p2
2 p2

4 p3
6 p4

3
+ 6391462p2

2 p2
4 p5 p3

6 p4
3 + 8715630p1 p2

2 p3
4 p2

6 p4
3 + 253998360p1 p3

2 p2
4 p2

6 p4
3 + 29052100p2

1 p2
2 p2

4 p2
6 p4

3
+ 14822500p2 p3

4 p2
5 p2

6 p4
3 + 29052100p2

2 p2
4 p2

5 p2
6 p4

3 + 14822500p2
1 p3

2 p4 p2
6 p4

3 + 253998360p2
2 p3

4 p5 p2
6 p4

3 + 181575625p1 p2 p3
4 p5 p2

6 p4
3

+ 8715630p3
2 p2

4 p5 p2
6 p4

3 + 1554121926p1 p2
2 p2

4 p5 p2
6 p4

3 + 181575625p1 p3
2 p4 p5 p2

6 p4
3 + 20212500p2

1 p3
2 p2

4 p6 p4
3 + 20212500p2

2 p3
4 p2

5 p6 p4
3

+ 110387200p1 p2
2 p2

4 p2
5 p6 p4

3 + 388031490p1 p2
2 p3

4 p5 p6 p4
3 + 388031490p1 p3

2 p2
4 p5 p6 p4

3 + 110387200p2
1 p2

2 p2
4 p5 p6 p4

3
+ 5478396p1 p2

2 p2
4 p5 p3

6 p3
3 + 111143340p2

1 p3
2 p2

4 p2
6 p3

3 + 111143340p2
2 p3

4 p2
5 p2

6 p3
3 + 155636250p1 p2 p3

4 p2
5 p2

6 p3
3

+ 542666124p1 p2
2 p2

4 p2
5 p2

6 p3
3 + 1941993130p1 p2

2 p3
4 p5 p2

6 p3
3 + 1941993130p1 p3

2 p2
4 p5 p2

6 p3
3 + 542666124p2

1 p2
2 p2

4 p5 p2
6 p3

3
+ 155636250p2

1 p3
2 p4 p5 p2

6 p3
3 + 353089660p1 p2

2 p3
4 p2

5 p6 p3
3 + 247546530p1 p3

2 p2
4 p2

5 p6 p3
3 + 60555264p2

1 p2
2 p2

4 p2
5 p6 p3

3
+ 707437500p1 p3

2 p3
4 p5 p6 p3

3 + 247546530p2
1 p2

2 p3
4 p5 p6 p3

3 + 353089660p2
1 p3

2 p2
4 p5 p6 p3

3)z
12 + (66594528p1 p2

2 p2
4 p2

6 p4
3

+ 21344400p1 p3
2 p4 p2

6 p4
3 + 21344400p2 p3

4 p5 p2
6 p4

3 + 66594528p2
2 p2

4 p5 p2
6 p4

3 + 71148000p1 p2 p2
4 p5 p2

6 p4
3 + 71148000p1 p2

2 p4 p5 p2
6 p4

3
+ 29106000p1 p3

2 p2
4 p6 p4

3 + 29106000p2
2 p3

4 p5 p6 p4
3 + 191866752p1 p2

2 p2
4 p5 p6 p4

3 + 137214000p1 p3
2 p2

4 p2
6 p3

3 + 35858592p2
1 p2

2 p2
4 p2

6 p3
3
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+ 18295200p2 p3
4 p2

5 p2
6 p3

3 + 35858592p2
2 p2

4 p2
5 p2

6 p3
3 + 60984000p1 p2 p2

4 p2
5 p2

6 p3
3 + 18295200p2

1 p3
2 p4 p2

6 p3
3 + 137214000p2

2 p3
4 p5 p2

6 p3
3

+ 224116200p1 p2 p3
4 p5 p2

6 p3
3 + 1339753968p1 p2

2 p2
4 p5 p2

6 p3
3 + 224116200p1 p3

2 p4 p5 p2
6 p3

3 + 60984000p2
1 p2

2 p4 p5 p2
6 p3

3
+ 24948000p2

1 p3
2 p2

4 p6 p3
3 + 24948000p2

2 p3
4 p2

5 p6 p3
3 + 40748400p1 p2 p3

4 p2
5 p6 p3

3 + 177031008p1 p2
2 p2

4 p2
5 p6 p3

3 + 467082000p1 p2
2 p3

4 p5 p6 p3
3

+ 467082000p1 p3
2 p2

4 p5 p6 p3
3 + 177031008p2

1 p2
2 p2

4 p5 p6 p3
3 + 40748400p2

1 p3
2 p4 p5 p6 p3

3)z
11 + (2614689p2

2 p2
4 p2

6 p4
3

+ 8715630p1 p2
2 p4 p2

6 p4
3 + 8715630p2 p2

4 p5 p2
6 p4

3 + 11884950p1 p2
2 p2

4 p6 p4
3 + 11884950p2

2 p2
4 p5 p6 p4

3 + 87268104p1 p2
2 p2

4 p2
6 p3

3
+ 7470540p2 p2

4 p2
5 p2

6 p3
3 + 28586250p1 p3

2 p4 p2
6 p3

3 + 7470540p2
1 p2

2 p4 p2
6 p3

3 + 28586250p2 p3
4 p5 p2

6 p3
3 + 87268104p2

2 p2
4 p5 p2

6 p3
3

+ 202848030p1 p2 p2
4 p5 p2

6 p3
3 + 202848030p1 p2

2 p4 p5 p2
6 p3

3 + 38981250p1 p3
2 p2

4 p6 p3
3 + 10187100p2

1 p2
2 p2

4 p6 p3
3 + 5197500p2 p3

4 p2
5 p6 p3

3
+ 10187100p2

2 p2
4 p2

5 p6 p3
3 + 28385280p1 p2 p2

4 p2
5 p6 p3

3 + 5197500p2
1 p3

2 p4 p6 p3
3 + 38981250p2

2 p3
4 p5 p6 p3

3 + 63669375p1 p2 p3
4 p5 p6 p3

3
+ 440527626p1 p2

2 p2
4 p5 p6 p3

3 + 63669375p1 p3
2 p4 p5 p6 p3

3 + 28385280p2
1 p2

2 p4 p5 p6 p3
3 + 30735936p1 p2

2 p2
4 p5 p2

6 p2
3 + 5588352p1 p2

2 p2
4 p2

5 p6 p2
3

+ 5588352p2
1 p2

2 p2
4 p5 p6 p2

3)z
10 + (6225450p2

2 p2
4 p2

6 p3
3 + 13280960p1 p2 p2

4 p2
6 p3

3 + 27544440p1 p2
2 p4 p2

6 p3
3 + 27544440p2 p2

4 p5 p2
6 p3

3
+ 13280960p2

2 p4 p5 p2
6 p3

3 + 41164200p1 p2 p4 p5 p2
6 p3

3 + 205800p1 p2
2 p2

4 p5 p3
3 + 37560600p1 p2

2 p2
4 p6 p3

3 + 3773000p2 p2
4 p2

5 p6 p3
3

+ 9240000p1 p3
2 p4 p6 p3

3 + 3773000p2
1 p2

2 p4 p6 p3
3 + 9240000p2 p3

4 p5 p6 p3
3 + 37560600p2

2 p2
4 p5 p6 p3

3
+ 82222140p1 p2 p2

4 p5 p6 p3
3 + 82222140p1 p2

2 p4 p5 p6 p3
3 + 11383680p1 p2 p2

4 p5 p2
6 p2

3 + 11383680p1 p2
2 p4 p5 p2

6 p2
3 + 2069760p1 p2 p2

4 p2
5 p6 p2

3
+ 24147200p1 p2

2 p2
4 p5 p6 p2

3 + 2069760p2
1 p2

2 p4 p5 p6 p2
3)z

9 + (1867635p2 p2
4 p2

6 p3
3 + 1867635p2

2 p4 p2
6 p3

3 + 6225450p1 p2 p4 p2
6 p3

3
+ 6225450p2 p4 p5 p2

6 p3
3 + 2546775p2

2 p2
4 p6 p3

3 + 8489250p1 p2 p2
4 p6 p3

3 + 13222440p1 p2
2 p4 p6 p3

3 + 13222440p2 p2
4 p5 p6 p3

3
+ 8489250p2

2 p4 p5 p6 p3
3 + 23654400p1 p2 p4 p5 p6 p3

3 + 1600830p1 p2
2 p4 p2

6 p2
3 + 1600830p2 p2

4 p5 p2
6 p2

3 + 5336100p1 p2 p4 p5 p2
6 p2

3
+ 396900p1 p2

2 p2
4 p5 p2

3 + 2182950p1 p2
2 p2

4 p6 p2
3 + 291060p2 p2

4 p2
5 p6 p2

3 + 291060p2
1 p2

2 p4 p6 p2
3 + 2182950p2

2 p2
4 p5 p6 p2

3
+ 9168390p1 p2 p2

4 p5 p6 p2
3 + 9168390p1 p2

2 p4 p5 p6 p2
3)z

8 + (996072p2 p4 p2
6 p3

3 + 1358280p2 p2
4 p6 p3

3 + 1358280p2
2 p4 p6 p3

3
+ 4527600p1 p2 p4 p6 p3

3 + 4527600p2 p4 p5 p6 p3
3 + 853776p1 p2 p4 p2

6 p2
3 + 853776p2 p4 p5 p2

6 p2
3 + 211680p1 p2 p2

4 p5 p2
3

+ 211680p1 p2
2 p4 p5 p2

3 + 1164240p1 p2 p2
4 p6 p2

3 + 1853280p1 p2
2 p4 p6 p2

3 + 1853280p2 p2
4 p5 p6 p2

3 + 1164240p2
2 p4 p5 p6 p2

3
+ 6044544p1 p2 p4 p5 p6 p2

3)z
7 + (916839p2 p4 p6 p3

3 + 148225p2 p4 p2
6 p2

3 + 36750p1 p2
2 p4 p2

3 + 36750p2 p2
4 p5 p2

3
+ 200704p1 p2 p4 p5 p2

3 + 26950p1 p2
2 p6 p2

3 + 202125p2 p2
4 p6 p2

3 + 202125p2
2 p4 p6 p2

3
+ 1539384p1 p2 p4 p6 p2

3 + 26950p2
4 p5 p6 p2

3 + 1539384p2 p4 p5 p6 p2
3 + 369600p1 p2 p4 p5 p6 p3)z6 + (44100p1 p2 p4 p2

3 + 44100p2 p4 p5 p2
3

+ 32340p1 p2 p6 p2
3 + 407484p2 p4 p6 p2

3 + 32340p4 p5 p6 p2
3 + 24192p1 p2 p4 p5 p3 + 133056p1 p2 p4 p6 p3 + 133056p2 p4 p5 p6 p3)z5

+ (11025p2 p4 p2
3 + 8085p2 p6 p2

3 + 8085p4 p6 p2
3 + 9450p1 p2 p4 p3 + 9450p2 p4 p5 p3 + 6930p1 p2 p6 p3

+ 51975p2 p4 p6 p3 + 6930p4 p5 p6 p3)z4 + (560p1 p2 p3 + 4200p2 p4 p3 + 560p4 p5 p3 + 3080p2 p6 p3 + 3080p4 p6 p3)z3

+ (315p2 p3 + 315p4 p3 + 231p6 p3)z2 + 42p3z + 1

H4 = p3
1 p6

2 p8
3 p6

4 p3
5 p4

6z30 + 30p3
1 p5

2 p8
3 p6

4 p3
5 p4

6z29 + (120p2
1 p5

2 p6
4 p3

5 p4
6 p8

3 + 315p3
1 p5

2 p6
4 p3

5 p4
6 p7

3)z
28 + (2240p2

1 p5
2 p6

4 p3
5 p4

6 p7
3 + 1050p3

1 p5
2 p5

4 p3
5 p4

6 p7
3

+ 770p3
1 p5

2 p6
4 p3

5 p3
6 p7

3)z
27 + (4200p2

1 p4
2 p6

4 p3
5 p4

6 p7
3 + 9450p2

1 p5
2 p5

4 p3
5 p4

6 p7
3 + 1050p3

1 p5
2 p5

4 p2
5 p4

6 p7
3 + 6930p2

1 p5
2 p6

4 p3
5 p3

6 p7
3

+ 5775p3
1 p5

2 p5
4 p3

5 p3
6 p7

3)z
26 + (31500p2

1 p4
2 p5

4 p3
5 p4

6 p7
3 + 10752p2

1 p5
2 p5

4 p2
5 p4

6 p7
3 + 23100p2

1 p4
2 p6

4 p3
5 p3

6 p7
3 + 59136p2

1 p5
2 p5

4 p3
5 p3

6 p7
3

+ 8316p3
1 p5

2 p5
4 p2

5 p3
6 p7

3 + 9702p3
1 p5

2 p5
4 p3

5 p3
6 p6

3)z
25 + (45360p2

1 p4
2 p5

4 p2
5 p4

6 p7
3 + 249480p2

1 p4
2 p5

4 p3
5 p3

6 p7
3 + 92400p2

1 p5
2 p5

4 p2
5 p3

6 p7
3

+ 36750p2
1 p4

2 p5
4 p3

5 p4
6 p6

3 + 26950p2
1 p4

2 p6
4 p3

5 p3
6 p6

3 + 107800p2
1 p5

2 p5
4 p3

5 p3
6 p6

3 + 8085p3
1 p4

2 p5
4 p3

5 p3
6 p6

3 + 26950p3
1 p5

2 p5
4 p2

5 p3
6 p6

3)z
24

+ (443520p2
1 p4

2 p5
4 p2

5 p3
6 p7

3 + 94080p2
1 p4

2 p5
4 p2

5 p4
6 p6

3 + 1132560p2
1 p4

2 p5
4 p3

5 p3
6 p6

3 + 316800p2
1 p5

2 p5
4 p2

5 p3
6 p6

3 + 32340p3
1 p4

2 p5
4 p2

5 p3
6 p6

3
+ 16500p3

1 p5
2 p4

4 p2
5 p3

6 p6
3)z

23 + (44100p2
1 p4

2 p4
4 p2

5 p4
6 p6

3 + 32340p1 p4
2 p5

4 p3
5 p3

6 p6
3 + 495000p2

1 p3
2 p5

4 p3
5 p3

6 p6
3 + 242550p2

1 p4
2 p4

4 p3
5 p3

6 p6
3

+ 3256110p2
1 p4

2 p5
4 p2

5 p3
6 p6

3 + 202125p2
1 p5

2 p4
4 p2

5 p3
6 p6

3 + 44550p3
1 p4

2 p4
4 p2

5 p3
6 p6

3 + 177870p2
1 p4

2 p5
4 p3

5 p2
6 p6

3 + 1358280p2
1 p4

2 p5
4 p3

5 p3
6 p5

3)z
22

+ (178200p1 p3
2 p5

4 p3
5 p3

6 p6
3 + 168960p1 p4

2 p5
4 p2

5 p3
6 p6

3 + 2182950p2
1 p3

2 p5
4 p2

5 p3
6 p6

3 + 2674100p2
1 p4

2 p4
4 p2

5 p3
6 p6

3 + 711480p2
1 p4

2 p5
4 p2

5 p2
6 p6

3
+ 1478400p2

1 p3
2 p5

4 p3
5 p3

6 p5
3 + 1131900p2

1 p4
2 p4

4 p3
5 p3

6 p5
3 + 4928000p2

1 p4
2 p5

4 p2
5 p3

6 p5
3 + 23100p3

1 p4
2 p4

4 p2
5 p3

6 p5
3 + 830060p2

1 p4
2 p5

4 p3
5 p2

6 p5
3)z

21

+ (970200p1 p3
2 p5

4 p2
5 p3

6 p6
3 + 349272p1 p4

2 p4
4 p2

5 p3
6 p6

3 + 3234000p2
1 p3

2 p4
4 p2

5 p3
6 p6

3 + 155232p2
1 p4

2 p4
4 p5 p3

6 p6
3 + 853776p2

1 p4
2 p4

4 p2
5 p2

6 p6
3

+ 577500p1 p3
2 p5

4 p3
5 p3

6 p5
3 + 1559250p2

1 p3
2 p4

4 p3
5 p3

6 p5
3 + 7074375p2

1 p3
2 p5

4 p2
5 p3

6 p5
3 + 9315306p2

1 p4
2 p4

4 p2
5 p3

6 p5
3 + 1143450p2

1 p3
2 p5

4 p3
5 p2

6 p5
3

+ 996072p2
1 p4

2 p4
4 p3

5 p2
6 p5

3 + 3811500p2
1 p4

2 p5
4 p2

5 p2
6 p5

3 + 5082p3
1 p4

2 p4
4 p2

5 p2
6 p5

3)z
20 + (2069760p1 p3

2 p4
4 p2

5 p3
6 p6

3 + 693000p1 p3
2 p4

4 p3
5 p3

6 p5
3

+ 3326400p1 p3
2 p5

4 p2
5 p3

6 p5
3 + 369600p1 p4

2 p4
4 p2

5 p3
6 p5

3 + 21801780p2
1 p3

2 p4
4 p2

5 p3
6 p5

3 + 4331250p2
1 p4

2 p3
4 p2

5 p3
6 p5

3 + 1478400p2
1 p4

2 p4
4 p5 p3

6 p5
3

+ 508200p1 p3
2 p5

4 p3
5 p2

6 p5
3 + 2439360p2

1 p3
2 p4

4 p3
5 p2

6 p5
3 + 6225450p2

1 p3
2 p5

4 p2
5 p2

6 p5
3 + 11384100p2

1 p4
2 p4

4 p2
5 p2

6 p5
3)z

19 + (14314300p1 p3
2 p4

4 p2
5 p3

6 p5
3

+ 14437500p2
1 p3

2 p3
4 p2

5 p3
6 p5

3 + 3056130p2
1 p3

2 p4
4 p5 p3

6 p5
3 + 1559250p2

1 p4
2 p3

4 p5 p3
6 p5

3 + 1372140p1 p3
2 p4

4 p3
5 p2

6 p5
3

+ 3176250p1 p3
2 p5

4 p2
5 p2

6 p5
3 + 127050p1 p4

2 p4
4 p2

5 p2
6 p5

3 + 28420210p2
1 p3

2 p4
4 p2

5 p2
6 p5

3 + 8575875p2
1 p4

2 p3
4 p2

5 p2
6 p5

3
+ 2032800p2

1 p4
2 p4

4 p5 p2
6 p5

3 + 6338640p2
1 p3

2 p4
4 p2

5 p3
6 p4

3 + 711480p2
1 p3

2 p4
4 p3

5 p2
6 p4

3 + 2371600p2
1 p4

2 p4
4 p2

5 p2
6 p4

3)z
18

+ (577500p1 p2
2 p4

4 p2
5 p3

6 p5
3 + 10187100p1 p3

2 p3
4 p2

5 p3
6 p5

3 + 1774080p1 p3
2 p4

4 p5 p3
6 p5

3 + 5913600p2
1 p3

2 p3
4 p5 p3

6 p5
3 + 18705960p1 p3

2 p4
4 p2

5 p2
6 p5

3
+ 32524800p2

1 p3
2 p3

4 p2
5 p2

6 p5
3 + 7470540p2

1 p3
2 p4

4 p5 p2
6 p5

3 + 3811500p2
1 p4

2 p3
4 p5 p2

6 p5
3 + 8279040p1 p3

2 p4
4 p2

5 p3
6 p4

3 + 8731800p2
1 p3

2 p3
4 p2

5 p3
6 p4

3
+ 711480p1 p3

2 p4
4 p3

5 p2
6 p4

3 + 16625700p2
1 p3

2 p4
4 p2

5 p2
6 p4

3 + 4446750p2
1 p4

2 p3
4 p2

5 p2
6 p4

3)z
17 + (4527600p1 p3

2 p3
4 p5 p3

6 p5
3 + 508200p1 p2

2 p4
4 p2

5 p2
6 p5

3
+ 24901800p1 p3

2 p3
4 p2

5 p2
6 p5

3 + 5488560p1 p3
2 p4

4 p5 p2
6 p5

3 + 18295200p2
1 p3

2 p3
4 p5 p2

6 p5
3 + 2182950p1 p2

2 p4
4 p2

5 p3
6 p4

3 + 11884950p1 p3
2 p3

4 p2
5 p3

6 p4
3

+ 3880800p2
1 p3

2 p3
4 p5 p3

6 p4
3 + 108900p1 p2

2 p4
4 p3

5 p2
6 p4

3 + 18478980p1 p3
2 p4

4 p2
5 p2

6 p4
3 + 1334025p2

1 p2
2 p4

4 p2
5 p2

6 p4
3 + 45530550p2

1 p3
2 p3

4 p2
5 p2

6 p4
3

+ 4446750p2
1 p3

2 p4
4 p5 p2

6 p4
3 + 2268750p2

1 p4
2 p3

4 p5 p2
6 p4

3 + 1584660p2
1 p3

2 p4
4 p2

5 p6 p4
3)z

16 + (15937152p1 p3
2 p3

4 p5 p2
6 p5

3 + 3234000p1 p2
2 p3

4 p2
5 p3

6 p4
3

+ 5588352p1 p3
2 p3

4 p5 p3
6 p4

3 + 6203600p1 p2
2 p4

4 p2
5 p2

6 p4
3 + 53742416p1 p3

2 p3
4 p2

5 p2
6 p4

3 + 5808000p2
1 p2

2 p3
4 p2

5 p2
6 p4

3 + 5808000p1 p3
2 p4

4 p5 p2
6 p4

3
+ 34036496p2

1 p3
2 p3

4 p5 p2
6 p4

3 + 3234000p1 p3
2 p4

4 p2
5 p6 p4

3 + 5588352p2
1 p3

2 p3
4 p2

5 p6 p4
3 + 15937152p2

1 p3
2 p3

4 p2
5 p2

6 p3
3)z

15 +(1584660p1 p2
2 p3

4 p5 p3
6 p4

3
+ 108900p2

2 p4
4 p2

5 p2
6 p4

3 + 18478980p1 p2
2 p3

4 p2
5 p2

6 p4
3 + 1334025p1 p2

2 p4
4 p5 p2

6 p4
3 + 45530550p1 p3

2 p3
4 p5 p2

6 p4
3 + 4446750p2

1 p2
2 p3

4 p5 p2
6 p4

3
+ 2268750p2

1 p3
2 p2

4 p5 p2
6 p4

3 + 2182950p1 p2
2 p4

4 p2
5 p6 p4

3 + 11884950p1 p3
2 p3

4 p2
5 p6 p4

3 + 3880800p2
1 p3

2 p3
4 p5 p6 p4

3 + 508200p1 p2
2 p4

4 p2
5 p2

6 p3
3

+ 24901800p1 p3
2 p3

4 p2
5 p2

6 p3
3 + 5488560p2

1 p2
2 p3

4 p2
5 p2

6 p3
3 + 18295200p2

1 p3
2 p3

4 p5 p2
6 p3

3 + 4527600p2
1 p3

2 p3
4 p2

5 p6 p3
3)z

14 + (711480p2
2 p3

4 p2
5 p2

6 p4
3

+ 16625700p1 p2
2 p3

4 p5 p2
6 p4

3 + 4446750p1 p3
2 p2

4 p5 p2
6 p4

3 + 8279040p1 p2
2 p3

4 p2
5 p6 p4

3 + 8731800p1 p3
2 p3

4 p5 p6 p4
3 + 18705960p1 p2

2 p3
4 p2

5 p2
6 p3

3
+ 32524800p1 p3

2 p3
4 p5 p2

6 p3
3 + 7470540p2

1 p2
2 p3

4 p5 p2
6 p3

3 + 3811500p2
1 p3

2 p2
4 p5 p2

6 p3
3 + 577500p1 p2

2 p4
4 p2

5 p6 p3
3 + 10187100p1 p3

2 p3
4 p2

5 p6 p3
3
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+ 1774080p2
1 p2

2 p3
4 p2

5 p6 p3
3 + 5913600p2

1 p3
2 p3

4 p5 p6 p3
3)z

13 + (711480p2
2 p3

4 p5 p2
6 p4

3 + 2371600p1 p2
2 p2

4 p5 p2
6 p4

3 + 6338640p1 p2
2 p3

4 p5 p6 p4
3

+ 1372140p2
2 p3

4 p2
5 p2

6 p3
3 + 3176250p1 p2 p3

4 p2
5 p2

6 p3
3 + 127050p1 p2

2 p2
4 p2

5 p2
6 p3

3 + 28420210p1 p2
2 p3

4 p5 p2
6 p3

3 + 8575875p1 p3
2 p2

4 p5 p2
6 p3

3
+ 2032800p2

1 p2
2 p2

4 p5 p2
6 p3

3 + 14314300p1 p2
2 p3

4 p2
5 p6 p3

3 + 14437500p1 p3
2 p3

4 p5 p6 p3
3 + 3056130p2

1 p2
2 p3

4 p5 p6 p3
3 + 1559250p2

1 p3
2 p2

4 p5 p6 p3
3)z

12

+ (508200p2 p3
4 p2

5 p2
6 p3

3 + 2439360p2
2 p3

4 p5 p2
6 p3

3 + 6225450p1 p2 p3
4 p5 p2

6 p3
3 + 11384100p1 p2

2 p2
4 p5 p2

6 p3
3 + 693000p2

2 p3
4 p2

5 p6 p3
3

+ 3326400p1 p2 p3
4 p2

5 p6 p3
3 + 369600p1 p2

2 p2
4 p2

5 p6 p3
3 + 21801780p1 p2

2 p3
4 p5 p6 p3

3 + 4331250p1 p3
2 p2

4 p5 p6 p3
3 + 1478400p2

1 p2
2 p2

4 p5 p6 p3
3

+ 2069760p1 p2
2 p3

4 p2
5 p6 p2

3)z
11 + (5082p1 p2

2 p2
4 p2

6 p3
3 + 1143450p2 p3

4 p5 p2
6 p3

3 + 996072p2
2 p2

4 p5 p2
6 p3

3 + 3811500p1 p2 p2
4 p5 p2

6 p3
3

+ 577500p2 p3
4 p2

5 p6 p3
3 + 1559250p2

2 p3
4 p5 p6 p3

3 + 7074375p1 p2 p3
4 p5 p6 p3

3 + 9315306p1 p2
2 p2

4 p5 p6 p3
3 + 853776p1 p2

2 p2
4 p5 p2

6 p2
3

+ 970200p1 p2 p3
4 p2

5 p6 p2
3 + 349272p1 p2

2 p2
4 p2

5 p6 p2
3 + 3234000p1 p2

2 p3
4 p5 p6 p2

3 + 155232p2
1 p2

2 p2
4 p5 p6 p2

3)z
10 + (830060p2 p2

4 p5 p2
6 p3

3
+ 23100p1 p2

2 p2
4 p6 p3

3 + 1478400p2 p3
4 p5 p6 p3

3 + 1131900p2
2 p2

4 p5 p6 p3
3 + 4928000p1 p2 p2

4 p5 p6 p3
3 + 711480p1 p2 p2

4 p5 p2
6 p2

3
+ 178200p2 p3

4 p2
5 p6 p2

3 + 168960p1 p2 p2
4 p2

5 p6 p2
3 + 2182950p1 p2 p3

4 p5 p6 p2
3 + 2674100p1 p2

2 p2
4 p5 p6 p2

3)z
9 + (1358280p2 p2

4 p5 p6 p3
3

+ 177870p2 p2
4 p5 p2

6 p2
3 + 44100p1 p2

2 p2
4 p5 p2

3 + 44550p1 p2
2 p2

4 p6 p2
3 + 32340p2 p2

4 p2
5 p6 p2

3 + 495000p2 p3
4 p5 p6 p2

3
+ 242550p2

2 p2
4 p5 p6 p2

3 + 3256110p1 p2 p2
4 p5 p6 p2

3 + 202125p1 p2
2 p4 p5 p6 p2

3)z
8 + (94080p1 p2 p2

4 p5 p2
3 + 32340p1 p2 p2

4 p6 p2
3

+ 16500p1 p2
2 p4 p6 p2

3 + 1132560p2 p2
4 p5 p6 p2

3 + 316800p1 p2 p4 p5 p6 p2
3 + 443520p1 p2 p2

4 p5 p6 p3)z7 + (36750p2 p2
4 p5 p2

3 + 8085p2 p2
4 p6 p2

3
+ 26950p1 p2 p4 p6 p2

3 + 26950p2
4 p5 p6 p2

3 + 107800p2 p4 p5 p6 p2
3 + 45360p1 p2 p2

4 p5 p3 + 249480p2 p2
4 p5 p6 p3

+ 92400p1 p2 p4 p5 p6 p3)z6 + (9702p2 p4 p6 p2
3 + 31500p2 p2

4 p5 p3 + 10752p1 p2 p4 p5 p3 + 8316p1 p2 p4 p6 p3 + 23100p2
4 p5 p6 p3

+ 59136p2 p4 p5 p6 p3)z5 + (4200p3 p5 p2
4 + 1050p1 p2 p3 p4 + 9450p2 p3 p5 p4 + 5775p2 p3 p6 p4 + 6930p3 p5 p6 p4)z4 + (1050p2 p3 p4

+ 2240p3 p5 p4 + 770p3 p6 p4)z3 + (315p3 p4 + 120p5 p4)z2 + 30p4z + 1

H5 = p2
1 p3

2 p4
3 p3

4 p2
5 p2

6z16 + 16p1 p3
2 p4

3 p3
4 p2

5 p2
6z15 + 120p1 p2

2 p4
3 p3

4 p2
5 p2

6z14 + 560p1 p2
2 p3

3 p3
4 p2

5 p2
6z13 + (1050p1 p2

2 p2
4 p2

5 p2
6 p3

3
+ 770p1 p2

2 p3
4 p2

5 p6 p3
3)z

12 + (672p1 p2
2 p2

4 p5 p2
6 p3

3 + 3696p1 p2
2 p2

4 p2
5 p6 p3

3)z
11 + (3696p1 p2

2 p2
4 p5 p6 p3

3 + 4312p1 p2
2 p2

4 p2
5 p6 p2

3)z
10

+ (2640p1 p2 p2
3 p2

5 p6 p2
4 + 8800p1 p2

2 p2
3 p5 p6 p2

4)z
9 + (660p2 p2

4 p2
5 p6 p2

3 + 8085p1 p2 p2
4 p5 p6 p2

3 + 4125p1 p2
2 p4 p5 p6 p2

3)z
8

+ (2640p2 p2
4 p5 p6 p2

3 + 8800p1 p2 p4 p5 p6 p2
3)z

7 + (4312p2 p4 p5 p6 p2
3 + 3696p1 p2 p4 p5 p6 p3)z6 + (672p1 p2 p3 p4 p5

+ 3696p2 p3 p4 p6 p5)z5 + (1050p2 p3 p4 p5 + 770p3 p4 p6 p5)z4 + 560p3 p4 p5z3 + 120p4 p5z2 + 16p5z + 1

H6 = p2
1 p4

2 p6
3 p4

4 p2
5 p4

6z22 + 22p2
1 p4

2 p6
3 p4

4 p2
5 p3

6z21 + 231p2
1 p4

2 p5
3 p4

4 p2
5 p3

6z20 + (770p2
1 p3

2 p4
4 p2

5 p3
6 p5

3 + 770p2
1 p4

2 p3
4 p2

5 p3
6 p5

3)z
19

+ (770p1 p3
2 p4

4 p2
5 p3

6 p5
3 + 5775p2

1 p3
2 p3

4 p2
5 p3

6 p5
3 + 770p2

1 p4
2 p3

4 p5 p3
6 p5

3)z
18 + (8316p1 p3

2 p3
4 p2

5 p3
6 p5

3 + 8316p2
1 p3

2 p3
4 p5 p3

6 p5
3

+ 9702p2
1 p3

2 p3
4 p2

5 p3
6 p4

3)z
17 + (14784p1 p3

2 p3
4 p5 p3

6 p5
3 + 26950p1 p3

2 p3
4 p2

5 p3
6 p4

3 + 26950p2
1 p3

2 p3
4 p5 p3

6 p4
3 + 5929p2

1 p3
2 p3

4 p2
5 p2

6 p4
3)z

16

+ (16500p1 p2
2 p3

4 p2
5 p3

6 p4
3 + 90112p1 p3

2 p3
4 p5 p3

6 p4
3 + 16500p2

1 p3
2 p2

4 p5 p3
6 p4

3 + 23716p1 p3
2 p3

4 p2
5 p2

6 p4
3 + 23716p2

1 p3
2 p3

4 p5 p2
6 p4

3)z
15

+ (72765p1 p2
2 p3

4 p5 p3
6 p4

3 + 72765p1 p3
2 p2

4 p5 p3
6 p4

3 + 32670p1 p2
2 p3

4 p2
5 p2

6 p4
3 + 108900p1 p3

2 p3
4 p5 p2

6 p4
3 + 32670p2

1 p3
2 p2

4 p5 p2
6 p4

3)z
14

+ (107800p1 p2
2 p2

4 p5 p3
6 p4

3 + 177870p1 p2
2 p3

4 p5 p2
6 p4

3 + 177870p1 p3
2 p2

4 p5 p2
6 p4

3 + 16940p1 p2
2 p3

4 p2
5 p2

6 p3
3 + 16940p2

1 p3
2 p2

4 p5 p2
6 p3

3)z
13

+ (379456p1 p2
2 p2

4 p5 p2
6 p4

3 + 45276p1 p2
2 p2

4 p5 p3
6 p3

3 + 5082p1 p2
2 p2

4 p2
5 p2

6 p3
3 + 105875p1 p2

2 p3
4 p5 p2

6 p3
3 + 105875p1 p3

2 p2
4 p5 p2

6 p3
3

+ 5082p2
1 p2

2 p2
4 p5 p2

6 p3
3)z

12 + 705432p1 p2
2 p3

3 p2
4 p5 p2

6z11 + (5082p1 p2
2 p2

4 p2
6 p3

3 + 5082p2
2 p2

4 p5 p2
6 p3

3
+ 105875p1 p2 p2

4 p5 p2
6 p3

3 + 105875p1 p2
2 p4 p5 p2

6 p3
3 + 45276p1 p2

2 p2
4 p5 p6 p3

3 + 379456p1 p2
2 p2

4 p5 p2
6 p2

3)z
10 + (16940p1 p2

2 p4 p2
6 p3

3
+ 16940p2 p2

4 p5 p2
6 p3

3 + 177870p1 p2 p2
4 p5 p2

6 p2
3 + 177870p1 p2

2 p4 p5 p2
6 p2

3 + 107800p1 p2
2 p2

4 p5 p6 p2
3)z

9 + (32670p1 p2
2 p4 p2

6 p2
3

+ 32670p2 p2
4 p5 p2

6 p2
3 + 108900p1 p2 p4 p5 p2

6 p2
3 + 72765p1 p2 p2

4 p5 p6 p2
3 + 72765p1 p2

2 p4 p5 p6 p2
3)z

8 + (23716p1 p2 p4 p2
6 p2

3
+ 23716p2 p4 p5 p2

6 p2
3 + 16500p1 p2

2 p4 p6 p2
3 + 16500p2 p2

4 p5 p6 p2
3 + 90112p1 p2 p4 p5 p6 p2

3)z
7 + (5929p2 p4 p2

6 p2
3

+ 26950p1 p2 p4 p6 p2
3 + 26950p2 p4 p5 p6 p2

3 + 14784p1 p2 p4 p5 p6 p3)z6 + (9702p2 p4 p6 p2
3 + 8316p1 p2 p4 p6 p3 + 8316p2 p4 p5 p6 p3)z5

+ (770p1 p2 p3 p6 + 5775p2 p3 p4 p6 + 770p3 p4 p5 p6)z4 + (770p2 p3 p6 + 770p3 p4 p6)z3 + 231p3 p6z2 + 22p6z + 1
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