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Abstract: This review dealt with generalized Melvin solutions for simple finite-dimensional Lie
algebras. Each solution appears in a model which includes a metric and # scalar fields coupled to n
Abelian 2-forms with dilatonic coupling vectors determined by simple Lie algebra of rank 7. The set
of n moduli functions Hs(z) comply with n non-linear (ordinary) differential equations (of second
order) with certain boundary conditions set. Earlier, it was hypothesized that these moduli functions
should be polynomials in z (so-called “fluxbrane” polynomials) depending upon certain parameters
ps > 0,5 =1,...,n. Here, we presented explicit relations for the polynomials corresponding to Lie
algebras of ranks n = 1,2,3,4,5 and exceptional algebra Eg. Certain relations for the polynomials
(e.g., symmetry and duality ones) were outlined. In a general case where polynomial conjecture holds,
2-form flux integrals are finite. The use of fluxbrane polynomials to dilatonic black hole solutions
was also explored.

Keywords: Melvin solution; polynomials; Lie algebras; duality; black holes

1. Introduction

In this review article, we dealt with a certain generalization of the Melvin solution [1],
which was studied earlier in Ref. [2]. It occurs in the model which contains metric, n Abelian
2-forms F°* = dA® and [ scalar fields ¢* (I > n). This solution is governed by a certain
non-degenerate matrix (A ) (“quasi-Cartan” matrix), s,/ = 1,...,n. Itis a particular case
of the so-called generalized fluxbrane solutions presented earlier in Ref. [3].

The original 4d Melvin’s solution, which describes the gravitational field of a magnetic
flux tube, has numerous multidimensional analogs, supported by certain configurations of
form fields. These analogs are usually referred to as fluxbranes. The fluxbrane solutions
originally appear in superstring/brane models. For generalized Melvin and fluxbrane
solutions, see [4-26] and references therein.

It is important to note that the solutions from Ref. [3] are governed by a set of moduli
functions Hs(z) > 0 defined on the interval (0, +o0). Here, z = p? and p is a radial vari-
able. These functions obey a set of n non-linear ordinary differential equations of second
order—so-called master equations, governed by the matrix (Ayy) (in fact, they are equiva-
lent to Toda-like equations). The moduli functions should also obey the boundary condi-
tions: Hy(+0) =1,s =1,...,n.

Here, we assume that the matrix (A,y) is just a Cartan matrix of a simple finite-
dimensional Lie algebra G of rank n. (Obviously, Ass = 2 for all s). Due to “polynomial
conjecture” from Ref. [3], the solutions to master equations with the boundary conditions
imposed have a polynomial structure:

Hz) =1+ Y PV, M)
k=1
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where Ps(k) are constants (Ps(ns) # 0) and

n
ng=2Y A%, @)

s'=1

Here, we denote (A%) = (Ayy) . The parameters 1 are integers, which are called
components of a twice-dual Weyl vector in the basis of simple roots [27].

In Refs. [2,28], a program (in Maple) for the calculation of these (fluxbrane) polynomi-
als for a classical series of Lie algebras (A;, By, Cy, D;;) was presented.

The fluxbrane polynomials Hs define special solutions to open Toda chain equa-
tions [29-32], corresponding to simple finite-dimensional Lie algebra G,

dZys n ;
= —anexp() Aay), ©
u =1
where
H; = exp(—y°(u) — nsu), 4)

P;>0,s=1,..,n,and z = e~ 2*. These special solutions obey
v (u) = —nsu+o(1), (5)

as u — +oo.

In Section 2, we describe the generalized Melvin solution related to a simple finite-
dimensional Lie algebra G [2]. In Section 3 and in Appendices A and B, we present
fluxbrane polynomials for Lie algebras of ranks n = 1,2,3,4,5 and also for E;. Here,
we also outline the so-called symmetry and duality identities for these polynomials and
consider certain relations between them. In Section 4, we present calculations of 2-form flux
integrals ®° = | M, F° over a certain 2d submanifold M. It is amazing that these integrals
(fluxes) are finite for all parameters of fluxbrane polynomials. In Section 5, we outline
possible applications of fluxbrane polynomials to dilatonic black hole solutions.

It should be noted that definitions of fluxbrane polynomials can be easily extended to
(finite dimensional) semisimple Lie algebras.

2. The Solutions

We consider a model governed by the action

8= /de\/Q{R[g} — hapg"N g IngP — % ieXp[ZAs((P)}(FS)Z}, ©)

s=1

where ¢ = gy (x)dxM @ dxVN is a metric, ¢ = (¢%) € R! is a set of scalar fields, and (ap)
is a constant symmetric non-degenerate I x [ matrix (I € N), F* = dAS = %Ff{ANdxM A
dxN is a 2-form, A, is a 1-form on R/ As(@) = Asp@®, s = 1,..,n, 0 = 1,...,1. Here,
(Asa), s = 1,...,n, are dilatonic coupling vectors. In (6) we denote |g| = |det(gmn)|,
(F5)? = FjdleFli]lNnglngMZNZ, s=1,...,n.

Here, we deal with a family of exact solutions to field equations which correspond to
the action (6) and depend on one variable p. These solutions are defined on the manifold,

M= (0, -|—OO) X M1 X My, (7)
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where M is a one-dimensional manifold (say S! or R) and M, is a (D — 2)-dimensional
Ricci-flat manifold. The solution (from the family under consideration) reads [2]

g= (]1 HM/ P72 {wdp @ dp + (11 H2) p2dg @ dp + gz}, (8)
S= s=
@y _ T pheAd
exp(9") = [ THs™™, ©)
s=1
n
F* =gs (H H; A“) pdp N de, (10)
=1

s=1,...,.m;a=1,...,], where w = il,g1 = d¢ ® d¢ is a metric on M; .amdg2 isa
Ricci-flat metric on M. Here, g5 # 0 are integration constants (§; = —Qs in notations of
Ref.[2]),s =1,...,n.

The moduli functions Hs(z) > 0, z = p? obey the master equations,

d(z d T Ay
dZ<HSdZHS)—PSEH, , a1

with the following boundary conditions:

Hy(+0) =1, (12)
where
1 2
PS - Equsr (13)

s =1,...,n. For w = +1, the boundary conditions (12) are necessary to avoid a conic
singularity (for our metric (8)) in the limit p = +0.
The parameters hi; obey the relations,

hs =K;!,  Ks=Bs >0, (14)

where

1
By =1+ 53— + Ay S, (15)

s,8' = 1,...,n, with (h*f) = (haﬁ)’l. In the relations above we denote A = h“ﬁ)ts/g

(Ass’) = (ZBSS//BS/S/)‘ (16)

This is the so-called quasi-Cartan matrix.

The constants B,y and Ks = Bss are related to scalar products of so-called “brane
vectors” U®, belonging to a certain linear space (in our case it has dimension / 4 2). We have
B.y = (U5, U ) and K = (U*, U*), with certain scalar product (.,.) defined in Refs. [33,34].
Such scalar products appear in various solutions with branes (black branes, fluxbranes,
S-branes etc), e.g., in calculations of certain physical parameters (Hawking temperature,
black hole/brane entropy, PPN parameters etc), see Ref. [34].

Product relation (16) defines generalized intersection rules for branes [33], while
numbers K; are invariant under dimensional reductions with typical value Ks = 2 for brane
U-vectors which appear in numerous supergravity models, e.g., for D = 10,11 [35].

It can be readily shown that if the matrix (h,p) is of Euclidean signature, I > n, and
(Asy) is a Cartan matrix of certain simple Lie algebra of rank 7, then there exist co-vectors
A1, ..., Ay Obeying (16).

Our solution is nothing more than a special case of the fluxbrane (forw = +1, M; = s
and S-brane (w = —1) solutions from Refs. [3] and [25], respectively.
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If we put w = +1 and choose Ricci-flat metric > of pseudo-Euclidean signature on
manifold M, of dimension d, > 2, we obtain a higher dimensional generalization of the
Melvin’s solution [1].

The Melvin’s solution does not contain scalar fields. It corresponds (in our notations)
toD=4,n=1w=+11=0,M; =S (0< ¢ <2m), My =R?, ¢*> = —dt®@dt + dx @ dx,
and Lie algebra G = A1 = sl(2).

For the case of w = —1 and g2 of Euclidean signature, one can obtain a cosmological
solution with a horizon (as p = +0) if M1 = R (—co < ¢ < 400).

3. Examples of Solutions for Certain Lie Algebras

Here, we deal with the generalized Melvin-like solution for n = [, w = +1 and
M, = S!, which corresponds to simple (finite dimensional) Lie algebra of certain rank n
with the Cartan matrix A = (Ay).
We put here h,5 = 6,5 and denote (Asa) = (AS) = As,s=1,...,n.
Due to (14)—(16) we get
_D-3

Ks=5— A2, (17)

hy = Ks_l, and
- = 1 D-3
AsAp = EKlAsl “ D>
s, I =1,...,n; (17) just follows from (18).

= Gsl/ (18)

Remark 1. For large enough Ks in (18) (or large enough A2), there exist vectors As obeying (18)
(and hence (17)). Indeed, the matrix G = (Gg;) is positive definite if Ks > K, where K, is some
positive number. Hence, there exists a matrix A, such that ATA = G. We put (Aqs) = (A?) and
get a set of vectors obeying (18).
Here, as in [36], we use another parameter ps instead of Ps:
ps = Ps/ns, (19)

s = 1,...,n. This is carried out to avoid big denominators for Ps(k) in relation (1).

Remark 2. The parameters ps give us the coefficients Ps(l) in (1):

1
Ps( ) = Ps = psng, (20)
s = 1,..,n. These relations can be readily obtained by putting z = 40 into master
Equation (11) and using the boundary conditions (12). Moreover, for given Lie algebra one can

deduce recurrent relations for higher coefficients PS(kH) in (1) as functions of Ps(k), e Ps(l) =P

and solve the chain of recurrent relations, justifying that Ps(nSH) =0 foralls =1,..,n.

We note also that, for a special choice of ps parameters: p; = p > 0, the polynomials
have the following simple form [3]:

Hs(z) = (1+p2)™, (21)

s =1, ..., n. This relation may be considered a nice tool for the verification of general
solutions for polynomials.

3.1. Rank-1 Case

Aq-case. We start with the simplest example, which occurs for the Lie algebra
A1 = sl(2). We obtain [3]
Hy =1+ pyz. (22)
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Here, ny = 1.
In this case (due to (14)—(16)), we have
D-3

= m + 7\2, (23)

Kq

h =K'
Due to (22), we get the following asymptotical behavior:

Hy = Hi(z,p1) ~ p1z = H(z,p1), (24)

asz — oo.
Relations (22) and (24) imply the following identity.

Duality Relation

Proposition 1. The fluxbrane polynomial corresponding to Lie algebra Ay obeys for all p1 # 0
and z # O the identity

Hi(z,p1) = HP (z,p1) Hi(z ' ppt). (25)

3.2. Rank-2 Case

Now, we proceed with the solutions which correspond to simple Lie algebras G of
rank 2, i.e., the matrix A = (Ay) is just a Cartan matrix,

(Asst) = ( _Zk ;1 ) (26)

where k =1,2,3 for G = Ay, Cy = By, Gy, respectively [37].
The matrix A is described graphically by the Dynkin diagrams presented in Figure 1
(for any of these three Lie algebras).

*—0 *——90 —
1 2 1 2 1 2

Figure 1. The Dynkin diagrams for the Lie algebras A, Cy, Gy, respectively.

It follows from (14)—(16) that

hi Ky  Apy
m_ K An 27
hy Ky A @)
where k = 1,2,3 for G = A, Cy, Gy, respectively.
3.2.1. Polynomials
Ap-case. For the Lie algebra Ay = s1(3), we have [3,25,36]
Hy =1+ 2p1z + p1p27?, (28)
Hy =1+ 2pyz+p1 pzzz. (29)

Cp-case. In the case of Lie algebra C; = s0(5), we get the following polynomials [25,36]:

Hy =1+3p1z+ 3p1p222 + p%pzz3, (30)
Hy =1+4pyz+ 6p1p222 + 4p%pzz3 + p%p%z‘*. (31)

G»-case. For the Lie algebra G, , the fluxbrane polynomials read [25,36]:
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Hy =1+6piz+ 15p1p222 + 20p%p223 + (32)
15pipaz* + 6pip3z” + p1p32’,
Hy = 1+ 10pa2z + 45p1 paz® + 120p2 ppz + p2p2(135p; + 75p2)z* (33)

+252p3p3z° + pipa <75p1 + 135;72) 2% + 120p1p32”

+45pi 32" + 109 p32” + pipaz’.

Let us denote
Hs = Hs(z) = Hs(z, (Pi))r (34)

s =1,2; where (p;) = (p1, p2)-
We have the following asymptotical relations for polynomials:

2

Hs = Hs(z, (pi)) ~ (l—I(Pz)VSl)Z”s = H(z, (pi)), (35)

I=1

s=1,2,asz — oco.
Here, v = (v*) is the integer valued matrix,

11 2 1 4 2
1/_(1 1)’ (2 2)’ (6 4)' (36)

for Lie algebras Ay, Cy, Gy, respectively.
For last two cases (C; and G,), we have v = 2A~1 (A~ is inverse Cartan matrix). For
the Aj-case, the matrix v reads
v=AYI+P), (37)

where [ is a 2 x 2 identity matrix and

0 1
(01 "

is a permutation matrix. It corresponds to the permutation o € S (S is symmetric group)
c:(1,2) = (2,1), (39)

by the following relation P = (P]l ) = (53(],)). Here, o is the generator of the group
Sy = {0, id }—the group of symmetry of the Dynkin diagram (for A;), which is isomorphic
to the group Z,.

Here, in all cases we get
2
Y v =n, (40)
=1

s=1,2.

Now, we denote p; = Poi) for the Aj-case and p; = p; for C; and G, cases, i =1, 2.
We call the ordered set (p;) a dual one to the ordered set (p;). Using the relations for poly-
nomials, we obtain the following identities (which can be readily verified just “by hands”).

3.2.2. Symmetry Relations
Proposition 2. The fluxbrane polynomials for Ay obey for all p; and z the identities:

Ho(s)(2, (pi)) = Hs(z, (pi)), (41)
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3.2.3. Duality Relations

Proposition 3. The fluxbranes polynomials corresponding to Lie algebras Ay, C and G, obey for
all p; > 0 and z > 0 the identities

Hy(z, (pi)) = HE (2, (pi)) Hs (7, (p771), (42)

s=1,2.
We call relations (42) duality ones.

3.3. Rank-3 Algebras

Now, we deal with polynomials which correspond to simple Lie algebras G of rank 3,
when the matrix A = (Ay;) coincides with one of the Cartan matrices,

2 -1 0 2 -1 0 2 -1 0
Ag)={-1 2 -1], [-1 2 =2 [-1 2 -1 (43)
0 -1 2 0 -1 2 0 -2 2

for G = A3, Bs, C3, respectively [38].
Any of these matrices is described graphically by a Dynkin diagram pictured in
Figure 2.

Figure 2. The Dynkin diagrams for the Lie algebras A3, B3, C3, respectively.

It follows from (14), (16) that

hs _ Ko _ Bu _ Bis Bu _ As

hs _ K _ By _ _ s 44
hl Ks Bss Bss le Asl ( )
for any s # [ obeying Ay, Ajs # 0. This implies
Ki=Ky=K, K3=K, %K 2K (45)
or .
hy =hy =h, hs = h, 2h, Eh’ (46)

(h = K1) for G = Aj, B3, C3, respectively.

3.3.1. Polynomials

The set of moduli functions (Hj(z), Hy(z), H3(z)), obeying Equations (11) and (12)
with the matrix A = (Ay) from (43) are polynomials with powers (n1,13,n3) = (3,4,3),
(6,10,6),(5,8,9) for G = As, B3, C3, respectively. We get the
following polynomials [38].

Aj-case. For the Lie algebra Az = sl(4) we have [28,36]

Hy =1+3piz+ 3p1pzzz + p1p2p3z3, 47)
Hy = 1+4pyz + (3p1pa + 3paps)2° + 4p1papsz’ + p1pspsz’, (48)
Hz =1+ 3p3z + 3p2p322 + p1p2p323. (49)

Bs-case. In the case of Lie algebra B3 = s0(7) , the fluxbrane polynomials read [28]
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Hy = 1+ 6p1z + 15p1p2z” + 20p1papaz° + 15p1 papaz® + 6p1papaz° + pipapaz’, (50)
Hy =14 10p2z + (15p1p2 + 30pap3)z* + (80p1p2p3 + 40p2p§)z3

+(50p1P3ps + 135p1pap} + 259303 ) 2* + 252p1p3pde” + (25pRpdp3 + 135p1pdnd + 50pipp)2* (1)
+ (4002 p3p3 + 80p1p3p )27 + (30p3p3nd + 15pipipd ) 2* + 10p%p3pdz’ + phpdpdz",
Hs = 1+ 6p3z + 15pyp32* + (10p1p2p3 + 10p2p§)23 +15p 1 pap3z* + 6p1p3p32° + p1papazt. (52)

Cz-case. For the Lie algebra C3 = sp(3), we obtain (with the use of MATHEMATICA)
the following polynomials:

Hy =1+ 5p1z + 10p1p2z? 4+ 10p1 papaz® + 5p1p3pszt + pipips2®, (53)
H = 1+ 8psz + (10p1p2 + 18p2p3)* + (40p1p2ps + 16p3p3 ) 2° + 70p ppszt
+(16p3p3ps + 40p1pips ) 2° + (18p3pdps + 10p1pip3 )2 (54)

+8pipap3z’ + pipapaz’,
H3 =1+9p3z + 36p2p322 + (20;71;72;?3 + 64;7%;73)23 + (9Op1p%p3 + 36p§p§)z4
+(36p3p3ps +90p1 303 ) 2" + (64p3p3r3 + 20p1p3pE )20 (55)
+36pipap3z’ + 9pipapaz’ + pipapiz -
We denote
Hs = Hs(z) = Hs(z, (pi)), (56)

where (pi) = (p1, P2, p3)-
Due to obtained relations for polynomials, we get the asymptotical behavior

3

Hs = Hs(z, (pi)) ~ (H(Pz)“SZ>Z”S = H(z (pi)), (57)

I=1

asz — oo.
Here, v = (1°') is the integer valued matrix

111 2 22 2 21
v=|[12 1) 2 4 4 |, 2 4 2 |, (58)
111 123 2 4 3
for Lie algebras A3, B3, Cs, respectively.
For Lie algebras B3 and C3 we have
v=2A"", (59)

where A~! is inverse Cartan matrix. For the As-case the matrix v reads as follows:

v=AYI+P), (60)

1
0 ) (61)
0

where [ is 3 x 3 identity matrix and
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is a permutation matrix, which corresponds to the permutation ¢ € S3 (53 is symmetric group)

o:(1,2,3) - (3,2,1), (62)

by the following formula P = (P]’ ) = (53(j)). Here, o is the generator of the group
G = {o,id}—the group of symmetry of the Dynkin diagram (for Az), which is isomorphic
to the group Zo.

Here, in all three cases we have

3
Y v =n, (63)
=1

s=1,2,3.

Now, we introduce notations: p; = p,;) for the A3 and p; = p; for B3 and Cs
algebras, i = 1,2,3. Using relations for rank-3 polynomials, we obtain (with a help of
MATHEMATICA) the following identities.

3.3.2. Symmetry Relations
Proposition 4. The fluxbrane polynomials for As algebra obey for all p; and z the identities:

Hos)(2, (pi)) = Hs(z, (pi)), (64)
s=1,2,3.

3.3.3. Duality Relations

Proposition 5. The fluxbranes polynomials corresponding to Lie algebras A3, Bz and Cs obey for
all p; > 0and z > 0 the identities

Hy(z, (pi)) = HE(z, (pi)) Hs (2™, (p; ), (65)
s=1,2,3.

3.4. Rank-4 Algebras

In this subsection, we deal with the solutions related to Lie algebras G of rank 4, i.e.,
the matrix A = (Ay) coincides with one of the Cartan matrices.

2 -1 0 0 2 -1 0 0 2 -1 0 0
(A) = -1 2 -1 0 -1 2 -1 0 -1 2 -1 0
s/ 1 0 -1 2 -1 0 -1 2 =2 0 -1 2 -—-1}|
0 0 -1 2 0 0 -1 2 0 0 -2 2
2 -1 0 0 2 -1 0 0
1 2 -1 -1 -1 2 -2 0
0 -1 2 o/|'lo -1 2 =41 (66)
0 -1 0 2 0 0 -1 2

for G = A4, By, Cu, Dy, F4, respectively.
These matrices are graphically described using the Dynkin diagrams pictured in
Figure 3.
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:3
——o—0—0 o —— 069 —— 0690

1 2 3 4 1 2 3 4 1 2 3 4 1 2

4

Figure 3. The Dynkin diagrams for the Lie algebras A4, By, C4, Dy, Fy, respectively.

It follows from (14), (16) that

hs _ K _ By _ Bis By _ Ags

— = = = = 67
hiy  Ks Bss BssBy Ay (67)
for any s # I obeying Ay, Ajs # 0. This implies
K=K, =K3 =K, Kq=K, %K 2K, K, (68)
or .
hh=hy=h3=h, hy =h, 2h, Eh' h, (69)
(h = K1) for G = Ay, By, Cy, Dy, respectively, and
1
Ki=K=K K=K=3K (70)
or
h=hy=h, hy = hy = 2h, (71)

(h=K 1Y) forG =F,.

3.4.1. Polynomials

Due to polynomial conjecture, the functions Hj (z), ..., H4(z), obeying Equations (11)
and (12) with the Cartan matrix A = (Ag) from (66) should be polynomials with powers
(n1,np,n3,n4) = (4,6,6,4), (8,14,18,10), (7,12,15,16), (6,10,6,6), (22,42,30,16) (see (2))
for Lie algebras Ay, By, C4, Dy, Fy, respectively.

One can verify this conjecture by using appropriate MATHEMATICA algorithm, which
follows from master Equation (11). Below we present a list of the obtained polynomials [39,40].

Ay-case. For the Lie algebra A, = sl(5) we find

Hy =1+ 4p1z + 6p1p2z® + 4p1papaz® + prpapapazt, (72)
Hy =1+ 6paz + (6p1p2 + 9p2p3)2” + (16p1paps + 4papapa)?®

+ (6p173ps +9p1papaps )z + 6p1pipapaz + pip3pipsz®, (73)
Hz = 14 6p3z + (9paps + 6p3pa)z” + (4p1paps + 16papaps)2’

+ (9p1p2psps +6p2pRps )2 + 6p1papipaz + pip3pipss®, (74)
Hy =1+4pyz + 6p3p422 + 4p2p3p4z3 =+ p1p2p3p4z4. (75)

By-case. In the case of Lie algebra By = s0(9), the fluxbrane polynomials read:
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Hy =1+8p1z+ 28p1p222 + 56p1p2p323 + 7Op1p2p3p4z4 + 56p1 pngpEZS

+ 28p1 p2p3paz® + 8p1papspaz’ + Pipapapazs (76)

Hy =1+ 14poz + (28p1p2 + 63p2p3) 2% + (224p1pap3 + 140p2p3ps)2°

Hj

Hy

+ (196p1p3p3 + 630p1p2psps + 175p2pspi) 2"
+ (980p1P3papa + 896p1 papsp + 126pap3p} )
+ (490p1p3p3ps +1764p1p3psp + 700p1papint + 49p3pant )2° + 3432p1 p3pRpde
+ (4993 p3p3p} + 700p1 p3PRPE + 1764p1 pRp3PE + 490p1 pBpRP] ) 2P
+ (12692 p3p3p} + 896p1 p3pdnd + 980p1pipip] )
+ (17592 pipipd + 630p1p3pdnd + 196p1ppipd ) 210 + (140p3p3pipd + 224p1pipipt ) 2!
+ (63p3p3pivt +28p1p3pipt )22 + 14plpdpipiz"> + plpipipiz", (77)
=14 18p3z + (63pap3 +90p3py)z* + (56p1p2p3 +560p2p3ps + 200p3pﬁ)z3

630p1papapa + 630pap3ps + 1575papap] + 225p3p} ) 2*

1260p1 papips + 2016p1papap + 5292p2p3p ) 2°

490p1p3p3ps +9996p1 papip} + 1225p3p3p + 5103papip] + 1750p2p3p3 ) 2°

5616p1p3p3p} +12600p1 papip} + 3528p3pips + 50401 paplpi + 5040p2p3n} )27

441p3p3pap} + 17172p1p3pip} + 4410p1p3pip] + 15750p1 papip] + 4410p3p3ps + 1575papin ) 2°

245003 p3p3p} + 5600p1 pRpipd + 32520p1 pp3p] + 56001 papiph + 2450p3pps ) 20

5040p3 p3p3p} +5040p1 pipip] + 3528p3 p3plnt + 126001 pipips + 5616p1 pipipt )2
1750p3 p3pip; + 5108p3 p3pdvt + 1225p3p3pdpd + 9996p1 pipipd + 490p1 pBpip} ) 212
5292p3p3pip} +2016p1 ppips + 1260p1p3pip] )z

225p3pipipt +1575p2 pipsps + 6303 p3pte] + 630p1pipips ) 2!

200p2 pip3ps + 560p3p3p3ps + 56p1p3pips ) ="

6,17 6,18

+
+
+
+
+
+
+ (157592 pipiph + 4410p3 p3pdn + 157501 pipip] + 4410p1 p3pipd + 17172p1 p3pips + 441 p3pdpd )20
+
+
+
+
+
+ (90} pipips + 63pipaping )= + 18pipapiniz" + phpdpipiz", (78)

=1+ 10paz + 45;73;7422 + (70p2p3p4 + 50p3pﬁ)z3 + (35;91 p2p3pa + 175p2p3pﬁ)z4

+ (126p1p2psp + 12620303 )2° + (175p1p2p3pd + 35020303 ) 2°

+ (50p1P3p3p3 + 70p1p2p3p} )2 + 45p1p3papiz® + 10pap3pipiz” + papdpipiz'C. (79)
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Cj-case. For the Lie algebra C4 = sp(6), we have the following polynomials:

Hy =1+ 7p1z + 21p1paz® + 35p1 pap3z® + 35p1 papapaz’t
+ 21p1pap3paz’ + 7p1papspaz’ + prpapipaz’ (80)
Hy =1+ 12poz + (21p1pa + 45p2p3)z* + (140p1 paps + 80papsps )z

+ (105p1p3ps + 315p1papsps + 75p2pipa ) 2* + (420p1 p3psps + 336p paplpa + 36p3pips )2

+924p1 p3p3paz® + (36p2p3pdpa + 336p1p3pips + 4201 ppips )77

+ (75ptp3p3ps + 315p1p3pips + 105p1p3pint ) 2" + (80p3p3pdps + 140p1p3pdnd) 2

+ (453 3pint + 211 p3pind )20 + 12p3pipipd"t + plpipipiz", (81)
Hs = 1+ 15p3z + (45p2p3 + 60paps)z* + (35p1p2p3 + 320pap3ps + 100p§p4>z3

+ (315p1p2papa + 1050psp3ps ) 2* + (1302p1 paplpa + 576p3p3ps +1125p2pips ) 2

+ (1050p1 p3p3ps -+ 2240p1paplps + 1215p3plps + 500papip ) 2°

+ (22592 p3p3pa + 3990p1 p3pdps + 12601 papipd + 960p3pint )27

+ (96092 p3pipa + 1260p1 p3plps + 3990p1 ppip] + 225p3pipd )2

+ (5002 p3pipa + 1215p3 p3pdpd -+ 2240p1 pipipd + 1050p pipin? )2

+ (11259 p3pipd + 576p3 p3pind + 13021 pipipd ) 210 + (105092 p3pdnd + 315p1p3pipd ) ="t

+ (10092 ppipd + 32003 p3pind + 35p1pipipd ) 212 + (60p2papind + 45pipaping )z

+15pipap3piz™ + pipapspiz’, (82)
Hy =14 16psz + 120p3p4z + (160p2p3p4 + 400p§p4)z3

(70191 p2p3ps + 1350p2p3ps + 400p3p4)2 T (672p1 p2p3ps + 1296p5p3ps + 2400192?7%?3)25
1400p1 pp3ps + 1512p1 papdp} + 4096p3p3p3 + 1000p:p3p} ) 2°
400p3 p3p3ps + 56001 pp3p3 + 1120p1 pap3pt + 4320p3p3p3 ) 27

2025p3 p3pipd + 8820p1 p3pipd + 2025p3pip} ) 2°

100072 p3p3p3 + 4096p3p3pipt +1512p1pipip} + 1400p1 pipipd )2

+(
+(
+(
+ (432003 p3p3ps + 1120p1 p3p3pd + 56000 p3pipd +400p3pip} )2
+(
+ (240003 p3pipd + 129603 3pind + 672p1 pipdn} ) 2!

+ (400p2pipipd + 135003 p3pip + 70p1pipipd ) 212 + (40003 pipipd + 160p3p3p3ps ) ="

314

+120p3 p3papaz™t + 16p1papspaz® + pipap§piz'e. (83)
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Dy-case. In the case of Lie algebra Dy = 50(8), we obtain the following polynomials

Hy =1+46piz+ 15p1p222 + (10p1p2ps + 1Op1p2p4)z3 + 15p1p2p3p4z4
+6p1p3pspaz’ + pipapspaz’, (84)
Hy =1+ 10p2z + (15p1p2 + 15p2p3 + 15;72;94)22 + (40p1p2p3 +40p1p2ps + 40p2p3p4)z3

+ (25p173ps + 25p1P3pa + 135p1 papaps + 25p3psps ) 2* + 252p1pipspa’
+ (25p3p3psps + 135p1p3papa + 25p1pappa + 25p1p3psp} ) 2°

+ (4003 p3pspa +40p1 p3pAps + 40p1 pipapd )2 + (15p3p3pdpa + 15p3pdpspd + 15p1 p3p3ps )

+10pipap3piz’ + pipapapiz", (85)
Hz =1+6p3z+ 15;92;93.22 + (10p1p2ps + 1Op2p3p4)z3 + 15p1p2p3p4z4

+6p1p3papaz’ + prpapapaz’, (86)
Hy =1+ 6pyz+ 15p2p422 + (10p1p2ps + 1Op2p3p4)z3 + 15p1p2p3p4z4

+6p1p3papaz’ + p1p3papiz’. (87)

Fj-case. Now we consider the exceptional Lie algebra F;. We obtain the following
polynomials
Hy = 1+ 22p1z + 231p1 paz? + 1540p1 papsz® + (5775p1pap + 1540p1 papapa)z* + (9702p1 p3p3 + 16632p1papips)z°
+(5929p1p3p3 + 53900p1 p3p3ps + 14784p1 pap3p})2° + (47432p7p3p3ps + 33000p1 pap3pa + 90112p1 p3p3p3)’
65340p3 p3p3pa + 108900p3 p3 p3pi + 145530p1 p3p3p3)2° + (338803 p3p3pa + 355740p3 p3p3pi + 107800p1 p3p3ps )2’
10164p7p3p3ps + 211750p1 p3p3p; + 379456p1 p3p3p; + 45276p1p3p3p;)z' +705432p3 papspiz'!

45276 p3 p3p3p; + 379456 p1 pap3p; + 211750p7 p3p3p; + 10164p3p3p3p3) 2"

145530p3 p3p3p; + 108900p3 p3p§ps + 65340pip3p3ps) 2™

(
+ (
+(
+(
+ (107800p3 papips + 355740p3 pip3ps + 33880p2 p3p3p) =
+(
+ (9011293 pp§p% + 33000p3 php3p] + 4743202 pp§p})2!® + (14784p3p3pSp3 + 5390003 pip§pt + 5929p3 pipspd) =1
+ (166323 p3pSp3 + 9702p3ppSpd)z'" + (1540p3p3paps + 5775p3p3pspt)z"® + 15403 p3pspiz'? + 231p3 papipiz®
+22p3pSp3piz?! + pipSpipiz?, (88)
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Hy=1
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i 24116170’71’%1’3 11;’129‘*7'5630;:2;,3)22 + (6160
T 07484p1p3p3 + 64 pLp2p3 +11025p3 flp2p3+4200p >
(148225p2p2p2 680p13 p3p3 + 13860 2p3 + 1120p
+ (99607 P;P2p3 1916839 21;’3194 +266112p1 pap? prpapsps + 189 2p3ps)z°
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+ (821759 p1p2pSP; +29 0P pipip 0p2piptps 41 60555264, pi i 4106272940 2p1p3piR3
40p3 B pd 4 27232002 Sp3p; + 35858 5P3pa + 18045 pipapapt)zi2 0P r3pip? 2P3P%
12347884 p3p5p3ps +1 pepdpipl 5920002 p3 8 7200p3 ppl 3P1)Z 2p3p3p3 + 8164
00p3phpi 120581002 5p3py + 39118 P2 p3psps + rapini 879801, p4
+ 6519744 pleP3p3+1 0p1p5 6 4640p1 p3 <1 11894652 4 prsPs +
00p1p3p8 4 53274797 %P3P4+13695 1p3paps)zt 00p phpSp2 3p3 + 707437501
+ (438271 1p3pSps)zt 00P1p4 5 3 99003 p3 pip2 Ap§p3 + 1611 0p1p3p5p?
6803936 sp3ps + 7171 Sp3paps + 12 50220092 p% 2P3P4
+ 3861358 P1p3Pspa 2 718400023 8502990093 pipapips +
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88p2pi 6354+57537501 3 pSps§p3 + 690 PIp3Paps + 2 287500p3pap3 0799109122 3pip2 + 32772 1 papaps
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21802 6 $p3 +100867: p3p3p3ps 5760p2pSp] 054464 5! 2P§p; + 644 1P3pspy)z"® 80p2p3pSp3
4+ 2218524 pIpSpip; 4898073 p6 p7 Sp3p; + 86110 2pSpips + pip3pSps 747365082 4 TP3P3P.
00p1p3p8 2V4+1615553 PpSPApE + 2 295043 phpt 4 28586250002 §p4 + 7130970 Pipapsy 4
+ (251010 1P;P5p5 + 104 7900p2 p3pt } + 2862182400 3 papsp; + 632 0p2p3p8 p2 00p; p4pZps Sp3 + 1400726,
14402 8 0793600p% 51p2l’3p4+43 Pip3rips 7649263 h? 3Py + 37825 3p3pa)ze 2500p2 p3p}
+ 3585859 vipSpirs Pip3psPs 8858334507 3pi + 38900 6pP3pSps 702992p3p3 iraripd
200t pS 63p4+6411081 3p8p; + 111560 0!’1115;76 4 16900p2 6 8 5Papy + 16802 p1P2p5p3+ 4
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plpgplz e 05800p%p3 23 V] + 2614689p V1V2p32p6+3 629395254 19 L SpSpips + 4106 1P2P3 1)z
+ (396900p¢ 5Py 1P2P3 pq + 2414 pipSpiirs % 0735936p4 pi0 pipapyps + 1 272940p% pIpA!
6 plOp12p0 7200p2 pl0 3 Py)z pipp3Rrs % + 142296000p} 1rarstpg
+ 1245090 P2 P3Py +1 Sp0pitps 3°pg + 42063 0ptpSpleps 4
0pdpIpld % +18918900p3 pi’ 32 pS + 171990 7140p4 pp3 1p8p3PpS 4582
14 Ippitpt + 3 pl0pL3p 2805 2 pl3 1Papips 120003 p8
N Ezzzsﬁopgp;o p%3p64+ 62;:46775,7%;2;%’;} fi +3 73365440017?’79’714 . PIpappS + 22767360p% pi P8 + 779625003 pplip] + Pipps ]
4 13 3
n (24lgg4€?f§°p§4pg+369 63345?%0;@4;?+6033552;)70P§P§p§23p3t45>1"3f 5336100ppl0plips 4plop13 6 4 41164200p4pdplt 7 -+ 237699005 pSpl2p]
Popatptpg 12 1456 40p5pA0p)3 3 Py + 43659 1Pap3'pg +9 !
+ (18900p¢ 5! patpS -+ 88200p5 2 P3 Pq+735 PP+ 0093 Py pi2p7 9 +93601200p5p3
P 11,14 P 10,14 008 pi0pk 3 9055201 5 1Py P3Py T Pip: 12,7
+( 172 Fs pz+13860;7}75%1}7?5’72+256112p§”1;12 Py + 3102668 00pp3psty +1707552pt § +43423880p7p2p37r] 1P3p5°p] + 81650800p1p3p3?
*+( e pZ+11025F’6;€02 ] §Z+64680P5p§'& " P3P} + 404250 szﬁlp;np%ﬁ + 27165 3P4+ 32016607 P3P} s
1P2 P3P +519 TP2piH + 4 PRl 60p3 P3Py’ 5Pa
7505 pll 7+ 407484p3 pi0 g + 9168 Spapirt +
23 P%“p8+ Pipa p14 S\ 3 39p5p9 148 3 +996072 4.9
14p8 +16170p3p) ) PP Pyt L pipapstp})z
pIpi0pl® 8 +148225p] P3Pz 5
Nt pipipipd)2

112061
pepitpitph
Pp; +4200p0p3 " p3'
1P2 P3 1”4+6150p5p11 Z
i pp})z>

630pSph!
opatplopt +
4 231pSpliplé

1P2 P3 pﬁ)z40+42p6p11 E14

1P2 P3 p4241+ 6

pipiploplzt

10p52%2,
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Hs =1+ 30p3z + (315p2p3 + 120p3p4)22 + (770p1 p2p3 + 1050p2p3 + 2240p2p3pa)2°
+ (5775p1p2p3 + 6930p1 p2p3pa + 14700p2p3pa)z* + (9702p1 pp3 + 90552p1 pap3pa + 31500p2p3 pa + 10752p2p3p3)2°
+ (8085p1p3p5 + 161700p1 pap2pa -+ 249480p1 papipa + 36750p3 p3pa + 92400p1 pap3p3 + 45360p2p3p3) 20
+ (1181400p1 p3p3ps + 316800p1 p3p3p; + 443520p1 p2p3ps + 94080p3p3p)2"
+ (177870p3 p3p3pa + 1358280p1 p3p3pa + 782100p1 p3p5pa + 3490575p1 p3p3ps + 44100p3pip3) 28
+ (830060p1p3p3pa + 26334001 p3 p3pa + 7114807 pp3p; + 4928000p1 p3p3p; + 5035250p1 pap3ps + 168960p1 pp3py)2’
+ (2144604p3 p3 papa + 1559250p1 p3 p3pa + 3811500p2 p3 p3p2 + 853776p2 papps + 16967181p1 p3p3p3
+ 3234000p1 p3p3p3 + 1474704p, papap3)z'0
+ (24393602 p3 p3pa + 18117750p% p3 ppa + 26826030p1 p3 p3p3 + 5174400p1 p3paps -+ 2069760p1 p3p3p3 )zt
+ (711480p3 p5p3ps + 2371600p2 p3pips + 38368225p2 p3pSp3 + 6338640p1 p3pap3
+ 14437500p1 p3pSp3 + 5336100p2 p3pap; + 18929680p:1 p3p3ps )z "2
+ (21783930p3 pap3p3 + 325248002 p3 p§p3 + 8731800p1 p3pSp3 + 29988000p2 p3p3ps + 8279040p1 p3p3p3
+ 16678200p1 p3pSps + 1774080p1 p3p5ps) 2"
+ (1584660p3 p2p3p3 + 46973475p2 p3pSpa + 25194480p2 pipSps + 4370520003 p3 pSps
+ 17948700p1 p3pSp; + 5488560p3 p3p3ps + 4527600p1 p3pSps)z1
+ (5588352p3 papSpa + 15937152p2 p3 pSp2 + 5808000p2 p3 p4p3 + 323400003 p3p3p; + 93982512p2 p3pSps
+3234000p1 p3pl p} + 5808000p5 p3p3ps -+ 15937152p] papSp; + 5588352p1 p3pspy)z'® (90)
+ (4527600p3 p5pSp3 + 5488560p3 p3p5p3 + 17948700p3 p3pSps + 43705200p2p3pSps
+ 25194480p3 pap5p; + 46973475p3 papSpt + 15846601 paphps)z1o
+ (1774080p3 p3p3 pi + 166782003 p3p3p; + 8279040p7 paps py + 299880007 p3p3py
+ 8731800p3 p3pSps + 32524800p2 p3pSps + 21783930p3 papspi)zt”
+ (18929680p3 p3p4p3 + 5336100p2 p3pips + 14437500p3 p3 pSps + 6338640p3 pappi
+ 38368225p2 p3 ppi -+ 2371600p2pApipt + 7114802 ppp3) 218
+ (2069760p3 pSpip3 + 5174400p3 p3p3p] + 26826030p5 p3p5ps + 18117750p3 p3pSps + 2439360p3 p5p5ps) =t
+ (14747047 p3p3p; + 32340007 pSpsp; + 16967181py p5p3p} + 853776pip3p3p;
+3811500p2p3p3pt + 15592503 p3plp3 + 2144604p2 p3 i p3 )220
+ (168960p p3p3p; + 50352507 p3p3p; + 49280007 popspi + 711480p3 p3p3p; + 2633400p7 popSp] + 830060pT p3p3p3)2""
+ (44100p3 pSp3p} + 3490575p3 p3p3p; + 782100p1 p3p3p; + 13582807 p3p3p; + 177870p3 p3psp;)z
+ (94080p1 p3pap; + 443520p7 pl papy + 3168007 pSp3”pj + 11814007 pSp3p3)z>
+ (45360p pyp3p + 924007 plpi°pi + 367501 pSpap; + 249480pTp3p3p; + 161700p7 p3p3’p; + 8085p7 pp3pf)z*
+(10752p1p3p3°pj + 31500p1 p3p3py + 90552p7 ppa°py + 9702p3 psp3° p§) 2>
+ (14700p1 p3p3°p3 + 6930p3 pp3  ps + 5775pipapatpg)z*  + (2240pipgpd! pg + 1050p1p3 pi°p§ + 770p3 pi 3! p§) 2%
+ (120p3p3p3' p3 + 315p1p3pat p3) 2 + 30pipp3' piz® + pipSpitpiz™,

Hy = 1+ 16pyz + 120p3paz® + 560p2p3paz® + (770p1 papspa + 1050p2p3pa)z* + (3696p1 p2p3pa + 672p2p3p3) 20
+ (4312p1p3p3pa + 3696p1 pap3py)2° + (2640p1 p3p3pa + 8800p1 p3p3p3)2” + 12870p1 p3p3pi2® 1)
+ (8800p1 papap; +2640p1p3p3p3)z” + (3696p1papaps +4312p1p3paps)z'” + (672p3 papsp; + 3696p1p3p3p})z"!
+ (1050p3 p3p3p; + 770p1p3p3ps) 22 + 560p3p3papyz"® + 120ptpap3piz' + 16pipspspiz® + pipspipiz'®.

Now we denote

Hs = Hs(z) = Hs(z, (pi)),  (pi) = (p1,P2,P3,P4)- (92)

The asymptotic formulae for the polynomials read:

4
sl
Hs = Hs(z, (pi)) ~ (H(Pz)v )Z"S = H(z, (pi)), asz— oo, (93)
=1
where the matricies v = (v°!) have the following form
1 111 2 2 2 2 2 2 21
v — 1 2 21 2 4 4 4 2 4 4 2
Sl 2 2 1) 2 4 6 6| 2 4 6 3|
1 111 1 2 3 4 2 4 6 4
2 211 4 6 8 4
2 4 2 2 6 12 16 8
12 2 1) 4 8 12 6 (54)
1 21 2 2 4 6 4
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for Lie algebras Ay, By, Cy4, D4, Fy, respectively. In all these cases we are led to the relations

4
Y vl=n, s=1,234 (95)
=1

In the case of Lie algebras By, C4, D4 and F; we have
v(G) =2A"", G =By, Cy Dy Fy (96)
where A~ is inverse Cartan matrix, whereas in the A4-case the matrix v reads as follows
v(G) =AY 1+P), G=A (97)

Here, I is 4 x 4 identity matrix and

0 0 01
P=lo1 oo 8
1000
is a matrix which corresponds to the permutation o € S4 (S4 is symmetric group)
c:(1,2,3,4) — (43,2,1), (99)

due to relation P = (P]l) = ((53(].)). Here, ¢ is the generator of the group of symmetry of the
Dynkin diagram for As: G = {c,id}. This group is isomorphic to the group Z,.

For the Lie algebra Dy, we are led to the group of symmetry of the Dynkin diagram
G, which is isomorphic to the symmetric group S3. This group is acting on the set of three
vertices of the diagram {1, 3,4} by their permutations. The groups symmetry G = Z; and
G’ = S3 imply certain identity properties for the polynomials Hy(z).

Now, we introduce the dual (ordered) set: (p;) = (py(;)) for the algebra A4, and
(pi) = (p;) for algebras By, C4, Dy, Fy (i = 1,2,3,4). The dual set for Ay case is a result of
action of the generator ¢ of the group G = Z, on vertices of the Dynkin diagram.

Afterwards we obtain symmetry and duality identities. They were verified by using
certain MATHEMATICA algorithm.

3.4.2. Symmetry Relations
Proposition 6. The fluxbrane polynomials satisfy for all p; and z the following identities:

Ha(s) (z,(pi)) = Hs(z, (pi)) for A4 case,
Hy(6)(2, (pi)) = Hs(2, (por(iy) for Dy case, (100)

forany o' € S3,s=1,...,4.

3.4.3. Duality Relations

Proposition 7. The fluxbrane polynomials corresponding to Lie algebras Ay, By, C4, Dy and Fy
obey for all p; > 0 and z > 0 the identities:

Hy(z, (pi)) = HE (2, (pi)) Hs (27, (p771), (101)

s=1,2,3,4
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3.5. Rank-5 Algebras

Now turn our attention to the solutions corresponding to Lie algebras of rank 5 when
the matrix A = (Ay) is coinciding with one of the Cartan matrices

2 -1 0 0 0 2 -1 .0 0 0
-1 2 -1 0 0 -1 2 -1 0 0
(Ag)=]0 -1 2 -1 o], [o -1 2 =1 o[,
0 0 -1 2 -1 0 0 -1 2 -2
0 0 0 -1 2 0o 0 0 -1 2
(102)
2 -1 0 0 0 2 -1 0 0 0
-1 2 -1 0 0 -1 2 -1 0 0
0o -1 2 -1 0of, [o -1 2 -1 -1
0o 0 -1 2 -1 0 0 -1 2 0
o 0 0 -2 2 0 0 -1 0 2

for G = As, Bs, Cs, Ds, respectively.
Figure 4 gives us graphical presentations of these matrices by Dynkin diagrams.

Figure 4. Dynkin diagrams for the Lie algebras As, Bs, Cs, Ds, respectively.

3.5.1. Polynomials

According to the conjecture from Ref. [3], the functions Hj(z), ..., H5(z) obeying
Equations (11) and (12) with any matrix A = (Ag) from (102), should be polynomi-
als. Relation (2) gives us the powers of these polynomials: (11,1, 13,14, 15) = (5,8,9,8,5),
(10,18,24,28,15), (9,16,21,24,25), (8,14,18,10,10) for Lie algebras As, Bs, Cs, Ds,
respectively.

In this case the verification (or proof) of the polynomial conjecture [3] is following: we
solve the set of algebraic equations for the coefficients of the polynomials (1) which follow
from the master Equation (11).

In this subsection, we present the structures (or “truncated versions”) of these polyno-
mials. The total list of the polynomials is presented in Appendix A. The polynomials were
obtained by using a certain MATHEMATICA algorithm in Ref. [41].

As-case. For the Lie algebra As the polynomials have the following structure

Hy =1+ 5p1z + 10p1 p2z% + 10p1 p2paz® + Sp1papapazt + pipapspapsz®,

Hy =1+ 8poz + (10p1p2 + 18paps)z® + - - - + (10p1p5p5pa + 18p1p3papaps)2® + 8p1papspapsz’ + pipapapapsz®,
Hs =1+ 9p3z + (18paps + 18p3pa)z® + - - - + (18p1p3p3paps + 18p1pap3pips)z” + 9p1pip3pipsz® + pipipapivs?’,
Hy =1+ 8paz + (18p3pa + 10paps)z* + - - - + (18p1papapips + 10p2p3pips)2° + 8p1papipips?’ + pipapsparsz’,
Hs =1+ 5psz + 10p4psz? + 10p3papsz® + 5papapapsz? + pipapspapsz.

Bs-case. In the case of Lie algebra Bs the polynomial structure is following
Hy =1+ 10p1z + 45p1paz® + - - - + 45p1pap3papsz® + 10p1psp3pip3z’ + pipspapipdz’®,
Hy =1+ 18pyz + (45p1p2 + 108pap3)2® + - - - + (108p1p3papips + 45p1p3papaps)2'® + 18pipapapipsz! + pipspppsz'®,
Hs =1+ 24p3z + (108p2p3 + 168paps)z® + - - - + (168p3p3p3paps + 108p3 p3p3psps) 22 + 24p3 p3paplpiz?

+ Pipapspipse™,
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Hy =1+ 28pyz + (168p3py + 210paps)z* + - - - + (210p3 p3p§pipt + 168p3 p3papsps) 2 + 28p2 ppSpipsz?

+ pipapspinea®,

Hs =1+ 15psz + 105papsz® + - -+ 105p1p3p3pipsz" + 15p1p3papapsz't + p1pip3pipsz".
Cs-case. The polynomials corresponding to Lie algebra Cs have the following structure:

Hy =1+9p1z +36p1p2z® + -+ 36p1p2p3pipsz’ + 9p1p3papipsz’ + pipapipipse’,
Hy =1+ 16p2z + (36p1p2 + 84p2p3)2” + - - + (84p3p3p3pips + 36p1p3papsp3)z' + 16pip3papipsz' + pipspapipsz'®,
Hz =1+ 21psz + (84paps + 126p3pa)z” + - - - + (126p7p3p3pip3 + 84pTpap3pips)z"” + 21ptpap3pepaz® + pipspipipaz™,
Hy =1+ 24pyz + (126p3ps + 150paps)2> + - - + (150p p3p§pipa + 126p psp3paps) 2> + 24pipspipipaz™

+ pipapipipse™,

Hs =1+ 25p5z + 300p4psz> + - - - + 300pTp3p§pipsz® + 25pipspspipsz® + pipspspipiz™.

Ds-case. In the case of Lie algebra D5, we are led to the the following structure of
polynomials

Hy =1+ 8p1z + 28p1paz® + - - - + 28p1pap3papsz® + 8p1p3p3paps?’ + pipapspapsz®,
Hy =1+ 14paz + (28p1p2 + 63paps)z” + - - + (63pipap3pips + 28p1p3pspips )22 + 14pipapipipsz" + pivypspipsz',
Hz =1+ 18p3z + (63paps + 45paps + 45paps)22 + - - - + (45p3p3p3papt + 45p3pap3papt + 63pipap3papd)z'e
+18ppapapapdz' + pivspspapiz’®,
Hy =1+ 10psz +45p3paz® + - - + 45p1p5p3papsz® + 10p1papapapsz’ + pLpspapsp
Hs =1+ 10psz +45p3psz® + - - - + 45p1 p5p3papdz® + 10p1papapapsz’ + p1pspapipsz.
By using notations

2.1
52 0,

Hs = Hs(2) = Hs(z, (pi)),  (pi) = (P1, p2,p3, P4, p5) (103)

we write asymptotic relations for polynomials

5
sl
Hs = Hi(z, (pi)) ~ (Hm)v )Z"s = H®(z,(p;)), asz— co. (104)
=1
Here, we denote by v = (v°) the integer valued matrix. It has the form
11111 2 22 2 2 222 21
122 21 2 4 4 4 4 2 4 4 4 2
v=|12 3 2 1|, |2 4 6 6 6|, |2 4 6 6 3],
122 21 2 4 6 8 8 2 4 6 8 4
11111 1 23 45 2 46 85
22211
2 4 4 2 2
2 46 3 3 (105)
123 2 2
123 2 2
for Lie algebras As, Bs, Cs, Ds, respectively.
One can readily verify that any matrix v = (v') obeys the following identity
5
Y vl =n,, s=1,234,5. (106)
I=1
For Lie algebras Bs, Cs, the matrix v is twice inverse Cartan matrix AL
V(g) - 2A—11 g - B5/ C5/ (107)

and in the As and Ds cases we are led to another relation:

v(G) = A1+ P(G)), G=A4sDs (108)
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Here, we use the notations: [—for 5 x 5 identity matrix and P(G)—for a matrix
corresponding to a certain permutation o € Ss (Ss is symmetric group), P = (P]l) = ((53(].) )
where ¢ is the generator of the group G = {r,id}. The group G is isomorphic to the
group Zy. For As and Ds the group of symmetry of the Dynkin diagram acts on the set of
corresponding five vertices via their permutations.

The explicit forms for the permutation matrix P and the generator o for both Lie
algebras As, D5 read as follows:

00001
00010
P(As)=10 0 1 0 0|, o:(1,23,45) — (54,3,2,1); (109)
01000
10000
10000
01000
P(Ds)=10 0 1 0 0|, 0:(1,234,5) — (1,2,3,5,4). (110)
0000 1
00010

The above symmetry groups control certain identity properties for polynomials H(z).

We also denote p; = Poi) for the As and Ds cases, and p; = p; for Bs and Cs cases
(i=1,23,4,5).

By using MATHEMATICA algorithms we were able to verify the validity of the
following identities.

3.5.2. Symmetry Relations

Proposition 8. The fluxbrane polynomials, corresponding to Lie algebras As and Ds, obey for all
pi and z the following identities:

Hy(5)(z, (pi)) = Hs(z, (1)), (111)
where o € S5,5 =1,...,5, is defined for each algebra by Equations (109) and (110).

3.5.3. Duality Relations

Proposition 9. The fluxbrane polynomials which correspond to Lie algebras As, Bs, Cs, Ds, satisfy
forall p; > 0and z > O the following identities

Hy(z, (pi)) = HE (=, (pi)) Hs (2, (7)), (112)
s=1,223,4,5.

3.6. Eg Algebra

Now we deal with the exceptional Lie algebra Eg. The matrix A is coinciding with the
Cartan matrix (for Eg)

(113)
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This matrix is graphically depicted by the Dynkin diagram in Figure 5.

6

® ® ® ®
1 2 3 4 5

Figure 5. The Dynkin diagram for the Lie algebra Es.

The inverse Cartan matrix for Eg

4 5 4 2
3 3 2 3 51
5 10 8 4
3 3 4 3 3 2

P 2 4 6 4 2 3
3 3 3 3
2 4 5 4
5 3 2 3 31
1 2 3 2 1 2

implies due to (2)
(1’11,1”12, N3, Ny, ns, 116) = (16,30,42,30,16,22). (115)

For the Lie algebra E¢ we find the set of six fluxbrane polynomials [42], which are
listed in Appendix B.
The polynomials have the following structure:

Hy =1+ 16p1z + 120p1ppz* + - - - + 120pip3pspipspez
+ 16pipap3pipspez’ + PIpapapapspez'Ss
Hy =1+ 30p2z + (120p1 pp + 315p3p2) 2

-+ (120p3 pSpapapeps + 315p; pSpapapers)z™
+30p3 S papararez™ + pipsripipapez,

Hs = 1+ 42p3z + (315pap3 + 315p4p3 + 231pep3) 2>

-+ (315pTpaphpapeps + 315pt pipapareps’ + 231pipdpipapepst)z®

+42p1 P3P pipapez*t + pipdpapipaptz*, (116)

Hy = 1+ 30p4z + (315p3p4 + 120psps) 2

-+ (120p3 p3pspapers + 315pipapipapeps) 2™
+30p papapirarez™ + pipsripipapes .

Hs = 1+ 16psz + 120papsz? + - - - + 120p1 p3papapipiz't
+ 16p1p3papapapez" + pipapspapipez'e,
He =1+ 22pez + 231pspez® + - - - + 231p3 papipipapez™

+ 22pipspSpapirez + pIpapSPAPEpes
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The powers of polynomials are in agreement with the relation (115). In what follows we
denote

Hs = Hs(z) = Hs(z, (pi)), (117)

s=1,...,6; where (p;) = (p1, P2, P3, P4, P5, P6)-
Due to (116) the asymptotical relations for the polynomials read as follows

6
sl
Hs = Hs(z, (pi)) ~ (H(Pz)v )Z"S = H(z,(pi)), (118)
I=1
s=1,...,6,as z — co. Here,
2 3 4 3 2 2
36 8 6 3 4
sy | 4 8 12 8 4 6
v=0=136 8 63 4 (119)
2 3 4 3 2 2
2 4 6 4 2 4
This matrix reads
v=A1YI+P), (120)
where A~! is inverse Cartan matrix, I is 6 x 6 identity matrix and
000010
000100
001 00O
b= 010000 (121)
100 00O
000 O0O0T1

is permutation matrix. This matrix is related to the permutation o € S¢ (S¢ is symmetric group)

0:(1,2,3,4,5,6) — (5,4,3,2,1,6), (122)
by the following formula P = (P]l ) = ((5(1'7(].)
symmetry of the Dynkin diagram G = {c,id}. (G is isomorphic to the group Z,.) cis a
composition of two transpositions: (1 +— 5) and (2 — 4).

We note that the matrix v is symmetric one and

). Here, o is the generator of the group of

6
Y vil=n, (123)
s=1
I=1,...,6.
Now we introduce the dual (ordered) set (p;) = (pg(i)), i =1,...,6. By using the

relations for polynomials from Appendix B we are led to the following two identities which
are verified with the aid of MATHEMATICA.

3.6.1. Symmetry Relations
Proposition 10. For all p; and z

Ho(s)(2 (pi)) = Hs(z, (pi), (124)
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3.6.2. Duality Relations
Proposition 11. Forall p; > 0andz > 0

Hy(z, (pi)) = HE(z, (pi) Hs (2, (7)), (125)

s=1,...,6.

The solution (8)-(10) reads in our case

6 6
g= (H Y (’H)) {dp ®dp + (H H;2h) 0%do © d + gz}, (126)
s=1 s=1
6 hAY
exp(¢”) = [ THs™, (127)
s=1
F* = B°pdp N d¢, (128)

a,s = 1,...,6, where ¢' = d ® d¢ is a metricon M; = S' (0 < ¢ < 2m), g*isa
Ricci-flat metric on M of signature (—,+,...,+). Here,

6
B = —Qs (1‘[ HlAsl> (129)

I=1

and due to (14)-(16)

D-3 -
K=K=5—+ A2, (130)
hs - h - K_l,
S 1 D—-3
)Ls)\s/ = EKASS/ — m = Gss// (131)

3.7. Some Relations between Polynomials

Here, we denote the set of polynomials corresponding to a set of parameters p; > 0,
..., pn > 0 as following
Hs = H;(z, p1, o Pns A), (132)

s =1,...,n, where A = A[G] is the Cartan matrix corresponding to a (semi)simple
Lie algebra G of rank n.

3.7.1. C;,11-Polynomials from Aj,41-Ones

It was conjectured in Ref. [28] that the set of polynomials corresponding to the Lie
algebra C, ;1 may be obtained from the set of polynomials corresponding to the Lie algebra
App41 according to the following relations

Hs(z, p1, o Put+1 AlCrt1]) = Hs(2, P1, oos Put1, Prs2 = Prs oo Pant1 = P1; AlA2ns1]), (133)

s=1,...,n+1,1ie., the parameters p1, ..., P+1, Pn+2, ..., P2n+1 are identified symmet-
rically with respect to p,41.

Relation (133) may be readily verified at least for n = 1,2 by using explicit relations
for corresponding polynomials presented above.



Symmetry 2023, 15, 1199

23 of 41

3.7.2. By-Polynomials from D,,;1-Ones

Due to the conjecture from Ref. [28], the set polynomials corresponding to the Lie
algebra B, can be obtained from the set of polynomials corresponding to the Lie algebra
D, 11 according to the following relation

Hs(z,p1, . Pn; A[Bu)) = Hs(2, p1, oo Py Pnt1 = Prs A[Dysa]), (134)

s=1,...,n,ie., the parameters p, and p,1 are identified.
Relation (134) can be readily verified at least for n = 3,4 by using explicit relations for
corresponding polynomials presented above.

3.7.3. Gp-Polynomials from D4-Ones

It can be readily checked that G-polynomials may be obtained just by imposing the
following relations on parameters of Dy-polynomials: p; = p3 = ps. We obtain

H1 (Z/ Pl/ PZ/ plr plr A[D4]) = H] (Z/ pll P2/ A[G2] )/ (135)
Ha(z, p1, p2, p1, P1; A[D4]) = Ha(z, p1, p2; A[G2]). (136)

It looks like we glue the symmetric points (1, 3 and 4) at the Dynkin graph for Dy
algebra (see Figure 3) in order to obtain the Dynkin graph for G, algebra (see Figure 1).

3.7.4. F4-Polynomials from Eg-Ones

It can be verified that F4-polynomials may be obtained by imposing the following
relations on parameters of Eg-polynomials: py = ps = pa, p2 = pa = P3, P3 = P2, P6 = P1-
We obtain

Hi(z, p1, P2, 3, P2, P1, Pe; AlEe]) = Ha(z, P1, P2, P3, Pa; AlF4l), (137)
Ha(z, p1, P2, p3, P2, P1, Pe; AlEe]) = Ha(z, P1, P2, P3, Pa; AlFa]), (138)
Hs(z, p1, 2, P3, P2, 1, Pe; AlEe]|) = Ha(z, P1, P2, P3, Pa; AlFs]), (139)
Hg(z, p1, p2, 3, P2, 1, Ps; AlEe]) = Hi(z, P1, P2, P3, Pa; A[Fal)- (140)

It looks like we glue the symmetric points (1 and 5, 2 and 4) at the Dynkin graph for
E¢ algebra (see Figure 5) in order to obtain the Dynkin graph for Fy algebra (see Figure 3).

3.7.5. Reduction Formulas

Here, we denote the Cartan matrix in the following way: A = Ar, where I is the
related Dynkin graph. Let i be a node of I. We denote by I'; a Dynkin graph (which
corresponds to a certain semi-simple Lie algebra) that is obtained from I by erasing all
lines that have endpoints at i. It can be verified (e.g., by using MATHEMATICA) that for
the polynomials presented above the following reduction formulae hold

Hs(z,p1, s Pi = 0,0, Pu; Ar) = Hs(2, P1, s Pie1, Pits o0 Ps AT,), (141)
s=1,...,i—1,i+1,...,n,and
Hi(Z, pPi,- Pi = O,..., Pn, Ar) =1. (142)

This means that by setting p; = 0 we reduce the set of polynomials by replacing
the Cartan matrix Ar with the Cartan matrix Ar,. In this case the polynomial H; = 1
corresponds to Aj-subalgebra (represented by the node 7) and the parameter p; = 0.

As an example of reduction formulas we present the following relations

Hs(z, p1, - Py Pur1 = 0; A[G]) = Hs(z, p1, -, p; A[An)), (143)

s=1,...,nforG = A,11,By11,Cri1, Dyyiq with suitable restrictions on 7. These rela-
tions are valid at least for all ABCD-polynomials presented above. In writing relation (141)
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we use the numbering of the nodes in accordance with the Dynkin diagrams shown in the
figures presented above.

The reduction formulas (142) for As-polynomials with p3 = 0 are shown in Figure 6.
The reduced polynomials coincide with those corresponding to semisimple Lie algebra

Ay DAL D A

o—O o o—0
1 2 3 4 5

Figure 6. Dynkin diagram for semisimple Lie algebra Ay @ A1 @ Ay describing the set of
As-polynomials with p3 = 0 [28].

4. Flux Integrals

As in the previous section, we deal here with the solution (8)-(10) withn =1, w = 41
and M; = S' and hyp = bup-

We denote (Ag;) = (A?) = As, 8 = 1,...,n. The solution corresponds to a simple
finite-dimensional Lie algebra G, i.e., the matrix A = (Agy) is coinciding with the Cartan
matrix of this Lie algebra.

In this case, we get relations (17), (18) for hs = K;! > 0 and scalar products szl
which follow from (14)—(16).

Due to (14)—(16) that

h  Kj jj ji Djj ji
S J_ b _ Ty _ T 144

forany i # jobeying A;; = Aj; # 0;i,j=1,...,n.
It follows from (144) and the connectedness of the Dynkin diagram for a simple Lie

algebra that
K
hi &1 (145)

I’l] Ki ri

i # j, where r; = (a;, ;) is length squared of a simple root «; of the Lie algebra G.
Here, ((.,.) is dual Killing—Cartan form and

Ajj = 2(aj,0f)/ (aj, ), (146)
i,j =1,...,n. Due to (145) we obtain

Ki = oK, (147)

i=1,...,n,where K > 0.
Now we consider the oriented 2-dimensional manifold M, = (0, 4+-c0) x S!. The flux
integrals read

+o0 27 +o00
= | F= / do [ dg pB*(p*) =27 / dp pB° (), (148)
M, 0 0 JO
where ;
B(0%) = qs [ T(Hi(p?)) .. (149)
I=1
Due to (13) and (19) we have
P, K
ps == 0. (150)
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The integrals (148) are convergent for all s = 1,. .., n, if the conjecture on polynomial
structure of moduli functions H; is satisfied for the Lie algebra G under consideration.
Indeed, polynomial assumption (1) implies

He(p?) ~ Cep?™s,  Cy = P, (151)

asp — +o0; s = 1,...,n. From (149), (151) and the identities )] Agn; = 2, following
from (2), we obtain

B(0%) ~ gsC°p %, HC (152)

Hence the integral (148) is convergent forany s = 1,...,n.
From master Equation (11), we obtain

—+00 1 Jroo d z d
s 1 e
/0 ApB°(0%) = 4sFx / iz (H dz ) (153)

1 .. 1
= 29sPs ngm(Hsdz ) 2 MsdsPs

which implies (see (13)) [43]
P’ = 4nnsqs_1hs, (154)

s=1,...,n

Thus, we see that any flux ®° depends only upon one integration constant qs # 0.
This is a nontrivial fact since the integrand form F* depends upon all constants: g1, ..., gx.

It should be noted that, for D = 4 and ¢? = —dt ® dt + dx ® dx, g5 is coinciding with
the value of the x-component of the magnetic field on the axis of symmetry.

For the case of Gibbons-Maeda dilatonic generalization of the Melvin solution, corre-
spondingto D =4,n =1 =1and G = A1 [6], the flux from (154) (s = 1) is in agreement
with that obtained in Ref. [26]. For the Melvin’s solution and some higher dimensional
extensions (with G = A1) see also Ref. [15].

Owing to (145) the ratios

qi‘bi _ Tlih,‘ - nir;
q]q)] o I’l]]’l] - 1’1]‘1’,’

(155)

are just fixed numbers which depend upon the Cartan matrix (A;j) of a simple finite-
dimensional Lie algebra G.

Since the manifold M, = (0, +c0) x S! is isomorphic to the manifold R2 = R?\ {0},
the solution (8)—(10) may be rewritten (by pull-backs) onto manifold R2 x M,. In this new
presentation of the solution coordinates p, ¢ are understood as polar coordinates on R2.
Since they are not globally defined one may consider two charts with coordinates p, ¢ = ¢
and p, ¢ = ¢, where p > 0,0 < ¢; < 2mand —71 < ¢ < 7. Here, exp(id) = exp(i¢2).
For both charts we have x = pcos¢ and y = psin ¢, where x, y are standard (Euclidean)
coordinates of R?. By using the identity pdp A d¢ = dx A dy we obtain

n

F =g, [ [(H/(x* + %)) Adx Ady, (156)
1=1
s=1,...,n
Now, let us show that 2-forms (156) are well-defined on R?. Indeed, due to con-
jecture from Ref. [3] any polynomial H,(z) is a smooth function on R = (—o0,+00)

obeying H;(z) > 0 for z € (—¢s, +00), where ¢ > 0. This is so since due to polyno-
mial conjecture from Ref. [3] we have Hs(z) > 0 for z > 0 and Hs(4+0) = 1. Hence,
(IT\_; (H;(x* + y?))~4) is a smooth function since it 1s ]ust a composition of two well-
defined smooth functions: ([T} (H;(z)) %) and z = x + 2.
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Now, we show that there exist 1-forms A® obeying F* = dA® which are globally
defined on R2. Let us consider the open submanifold R2. The 1-forms

A5 = ( /0  dppB° (p2)>d¢ — % ( /O ” i (Z)>d¢ (157)

are well defined on R2 and obey F* = dA®,s =1,...,n. Itis obvious that here
dp = (x? + y?) "L (—ydx + xdy). (158)

It follows from the master Equation (11) that

s g (. d( z d_
qs HS(PZ) 4)/

s=1,...,n. Here, H'y = dd—ZHS. Due to relation p?d¢ = —ydx + xdy, we obtain

2k Hy(x* + 1)

AS = Im(fydx + xdy), (160)

s =1,...,n. Thus, we are led to 1-forms (160) which are well-defined (smooth) 1-forms
on R2.

It should be noted that in case of Gibbons—Maeda solution [6] (withD =4, n=1=1
and G = A;) the gauge potential from (159) coincides (up to notations) with that considered
in Ref. [8].

Now we verify the formula (154) for flux integrals by using the relation (160) for
1-forms A®. Let us consider a 2d oriented manifold (disk)

Dr = {(x,y) : X2 +y> < R?} (161)

with the boundary
dDg = Cgr = {(x,y) : x> + v* = R?}. (162)

Here, Cg is a circle of radius R. It is just an 1d oriented manifold with the orientation
(inherited from that of Dg) obeying the relation fCR d¢ = 27. Using the Stokes—Cartan
theorem we obtain

47ths H,(R?)

PR)=| F=[ dAS=]| A= R?, 163
( ) Dgr Dgr Cr qs HS(RZ) ( )
s = 1,...,n. By using the asymptotic relation (151) we get
47h
lim ®(R) = lim [ F =25 _ g (164)
R—+o0 R—+00 /Dy qs

s =1,...,n,in agreement with (154).
We note that, according to the definition of Abelian Wilson loop (factor), we have

WS (Cg) = exp(i/CR A%) = exp(i®*(R)), (165)

s =1,...,n. As a consequence (see (164)), we obtain finite limits

RETOOW (Cr) = exp(i®®), (166)
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s=1,...,n.

Finally, we note that the metric and scalar fields for our solution with w = +1 and
I = n can be extended to the manifold R? x Mo.

Indeed, in standard x, y coordinates on R? the metric (8) and scalar fields (9) read as
follows [43]

n
g= (H Hth/(D_2)> {dx ®dx + dy @ dy + F(—ydx + xdy)% + gz}, (167)
s=1
n
¢" =Y hAlInH;, (168)
s=1

a=1,...,n Here, H; = Hs(xz—i—yz),s = 1,...,n,wé =wQwand F = F(x2+y2),
where

F(z) = ((ﬁ(Hs<z>>—2hs) - 1>z—1, (169)

s=1
for z # 0 and
n
F(0) = lim F(z) = )_ (—2hsps). (170)
z—0 =

The metric and scalar fields are smooth on the manifold R? x M, [43].

5. Dilatonic Black Holes

Relations on dilatonic coupling vectors (14)—(16) also appear for dilatonic black hole
(DBH) solutions defined on the manifold

M = (Rg, +0) x (My = §?) x (M; = R) x M, (171)

where Ry = 2u > 0 and M is a Ricci-flat manifold. These DBH solutions on M from (171)
for the model under consideration may be extracted just from more general black brane
solutions, see Refs. [35,36,44]. They read:

g= (]‘[ Hihs/(D‘”) {fldR ®dR + R%g° — (1‘[ H*2h5>fdt ®dt + gz}, (172)
s=1 s=1
n

exp(9®) = [T H"*, (173)
s=1

n
F$ = —Q,R2 (]‘[ HI_A“) dRAdt,  (174)
=1

s,a=1,...,n,where f =1— ZyR’l, go is the standard metric on My = S? and gz is
a Ricci-flat metric of signature (+,...,+) on M. Here, Qs # 0 are integration constants
(charges).

The functions Hs = H(R) > 0 obey the master equations

d R? d noo_
2 Asp
R* ( E iR Hs> — B, l|:1| H, 7, (175)

with the following boundary conditions (on the horizon and at infinity) imposed:

H;(Ro+0) = Hy > 0, H;(400) =1, (176)

Bs = —K;Q?, (177)
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It was shown in Ref. [36] that these polynomials may be obtained (at least for small
enough Q) from fluxbrane polynomials Hs(z) presented in this paper.
Indeed, let us denote f = f(z) =1 —2uz, z = 1/R. Then, the relations (175) may be
rewritten as follows
4 <de ) = By(2 )’ZﬁH_AS’ (178)
desdfs—sﬂl:ll/
s = 1,...,n. These relations could be solved (at least for small enough Q;) by using
fluxbrane polynomials Hs(f) = Hs(f;p), given by n x n Cartan matrix (Ay), where
p = (p1,...,pn) is the set of parameters [36]. Here we impose the restrictions ps # 0 for
all s.
Due to approach of Ref. [36] we put

H;(z) = Hs(f(2); )/ Hs(1;p) (179)

fors =1,...,n. Then, the relations (178), are satisfied identically if [36]

n

nsps | [(Hi(1;p)) 4 = Bs/ (2p)?, (180)
=1
s=1,..,n.
We call the set of parameters p = (py, ..., pn) (pi # 0) a proper one if [36]

Hs(f;p) >0 (181)

forall f € [0,1] and s =1,...,n. Here, we consider only proper p. Due to relations (180)

and B; < 0, we have ps < Oforalls =1,...,n,ie., one should use fluxbrane polynomials

with negative parameters p; for a description of black hole solutions under consideration.
The boundary conditions (176) are valid, since

Hs((2u) "' = 0) = 1/Hy(1;p) >0, (182)

s =1,...,n (see definition (179)).

For small enough p;, the set (p1, ..., pn) is proper and relation (180) defines one-to-one
correspondence between the sets of parameters (p1, ..., px) and (Q?,..., Q3).

Relations (182) imply the following formula for the Hawking temperature [36]

1 n

Ty = —
8y e

(Hs(1;p))s. (183)

It should be noted that fluxbrane polynomials were used in Refs. [45-47] in the
context of dyon-like black hole solutions. (To a certain extent these papers were inspired by
Ref. [48].)

6. Conclusions

Here, we have explored a multidimensional generalization of the Melvin’s solution cor-
responding to a simple finite-dimensional Lie algebra G. It takes place in a D-dimensional
model which contains metric #n Abelian 2-forms F* = dA® and | > n scalar fields ¢*. (Here,
we have put | = n for simplicity.)

The solution is governed by a set of n moduli functions Hy(z),s = 1,...,n, which were
assumed earlier to be polynomials—so-called fluxbrane polynomials. These polynomials
define special solutions to open Toda chain equations corresponding to the Lie algebra G.
The polynomials Hs(z) also depend upon parameters ps ~ g2, where g5 are coinciding for
D = 4 (up to a sign) with the values of colored magnetic fields on the axis of symmetry.

Here, we have presented examples of polynomials corresponding to Lie algebras
of rank r = 1,2,3,4,5 and exceptional Lie algebra E4 and have outlined the symmetry
and duality relations for these polynomials. The so-called duality relations for fluxbrane
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polynomials describe a behavior of the solutions under the inversion: p — 1/p, which
makes the model in tune with so-called T-duality in string models. These relations can be
also mathematically understood in terms of the discrete groups of symmetry of Dynkin
diagrams for the corresponding Lie algebras.

We have presented calculations of 24 flux integrals ®° = f F5, where F* are 2-forms,
s =1,...,n. Itis remarkable that any flux ®° depends only upon one parameter g5, while
the integrand F* depends upon all parameters g1, . .., qx.

Here, we have also outlined possible applications of fluxbrane polynomials for seeking
dilatonic black hole solutions (e.g., 4d ones) in the model under consideration.

It should be noted that fluxbrane polynomials may also describe certain subclass of
self-dual solutions to Yang-Mills equations in a flat space of signature (+,+, —, —) [49].
This subclass belong to a more general Toda chain class of self-dual solutions.

Here, an interesting question occurs: how can the nice properties of polynomials (sym-
metries, duality relations, reduction formulas) be used for a description of geometries of
Melvin-like solutions (and other fluxbrane ones) and possible generating of new solutions?
This and other related questions may be a subject of future publications.
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Appendix A. Polynomials for As, Bs, Cs, D5

Here, we present the polynomials corresponding to Lie algebras of rank 5 [41].
As-case. For the Lie algebra As = sl(6) the polynomials read

Hy =1+5p1z+ 10p1p222 + 1Op1p2p3z3 + 5p1p2p3p4z4 + p1 p2p3p4p5z5
Hy =1+ 8pyz + (10p1p2 + 18p2p3)z* + (40p1paps + 16papspa)z® + (20p1p3ps + 45p1p2p3ps + 5papapaps)z*

+ (40p1p3p3pa + 16p1papapaps)z” + (10p1p3p3pa + 18p1p3papaps)z° + 8p1p3p3papsz’ + prpap3pipsz®

Hz =1+ 9psz+ (18paps + 18p3p4)z% + (10p1pap3 + 64p2p3pa + 10p3paps)z° + (45p1 papaps + 36p2p§p4 +45pyp3paps)zt

4—(45P1Pzg§g4*—§§P1P2P3§4§5£%45pzpépgfs)2i4—(10P1P%P§P44-64P1P2P§P4p5+—10P2P%P2P5>z6+-(18P1P%P%P4Ps
+ 18p1p2p3pips )2 + Ip1papipips® + pLpipipips?’

Hy =1+ 8p4z + (18p3ps + 10paps) 2> + (16p2p3ps + 40p3paps)2® + (5p1papspa + 45p2papaps + 20pap3ps)z*

+ (16p1p2p3paps + 40p2pspips)z° + (18p1papapips + 10p2p3pips)z® + 8p1pap3pipsz’ + pipap3pipsz

Hs =1+ 5psz + 10p4psz* + 10p3papsz® + 5papapapsz® + p1p2pspapsz”

Bs-case. For the Lie algebra Bs = s0(11) we find

Hy =1+ 10pqz 4 45p; pzzz +120p4 p2p323 + 21Op1p2p3p4z4 + 252p1p2p3p4p5z5 + 21Op1p2p3p4p§z6 + 120p1p2p3pﬁp§z7

+ 45p1 pap3pipEz® + 101 p3p3pipaz’ + pipapapspaz

Hy =1+ 18pyz + (45p1p2 + 108pap3)z* + (480p1 p2ps + 336papapa)z® + (540p1p3ps + 1890p1 papapa + 630p2papaps )zt

+ (3780p1p3p3pa + 4032p1papapaps + 756p2p3papt)z’ + (2520p1 p3p3pa + 10206p1 p3papaps + 5250p1 p2pspap?
+ 588papapipz)z° + (12096p1 p3p3paps + 15120p1 p3papaps + 4320p1 papapips + 288pap3pips) 2’
+ (5292p1 p3p3p3ps + 22680p1 p3p3papt + 13500p1 ps papips + 2205p1 pap3pip3 + 81p3p3p3pt)2°
+ 48620p1 p3p3pap2z’ + (81p2 p3pipips + 2205p1 p3 p3pap2 + 13500p1 p3p3pap2 + 22680p1 p3p3pape
+5292p1 p3p3papa) 2l + (288pipa papirs + 4320p1 p3p3paps + 15120p1 p3p3pips + 12096p1 p3p3p3pa) 2
+ (588p3 p3papaps + 5250p1 papipaps + 10206p1 p3papips + 2520p1 p3papaps)z'? + (756 p3p3papivs
+4032p1 p5p3p3pa + 3780p1 pap3paps)zt + (630p3 papapaps + 1890p1pap3pspa + 540p1 pp3paprs )zt

+ (336p3p3p3p3ps + 480p1 pap3pips)z® + (108p3p3p3pipt + 45p1papipips)z'® + 18p3p3papipdz" + pipipspipaz"®

N

Hz =1+ 24psz + (108p2p3 + 168p3ps)z> + (120p1paps + 1344papsps + 560p3paps)z° + (1890p1 papsps + 2016p2p5ps

+ 5670p2p3paps + 1050p3pap3)zt + (5040p1 p2pipa + 9072p1 papapaps + 15120p2 p3paps + 12096pap3papi
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+1176p3p3p2)z° + (2520p1 p2papa + 43008p1 popipaps + 11760p2p3p3ps + 21000p1 papspap? + 408242 ppap?
+ 14700p2pap3p2 + 784p3p3p3)z° + (27216p1 p3p3paps + 42336p1 p2p3p3ps + 126000p1 p2p3pap?

+27000p1 p2papip? + 123552p2p3p3p3)z” + (47628p1p3p3p3ps + 90720p: p3p3papt + 424710p1 pap3pip?
+3969p3p3p3p3 + 43200p2p3psps + 98784pap3p;pE + 26460pap3pipd)2° 4 (14112p1 pp3pips + 434720p1 p3p3papa
+ 147000p1 p2 p3p2p2 + 17496p3p3p3 p? + 408240p1 pap3p3p? + 86016p2p3p3p2 + 117600p1 p2pipips
+82320p,p3p;p3)z” + (1296p3 php3p3pt + 291720p1 pip3p3pt + 567000p1 p3p3pspt + 370440p1 pop3p3pl
+37800p3p3pspE + 190512p1 pap3papa + 387072p1 papapspa + 90720pap3pi P2 + 24696p2p3ps p2 )zt

+ (10584p2p3p3p2p2 + 52920p1 p3p3pap2 + 960960p1 pap3psp2 -+ 127008p: p3p3p2ps + 680400p1 p3p3pips
+ 444528p1 pap3p;spa + 45360p2p3ps pa + 126000p1 papip; pa + 48384papapspt)ztt + (9408p2p3pipip2
+30618p3 papapap? + 257250p1 p3 p3pap’ + 252000p1 p5p3papE + 1605604p1 p3p3pips + 252000p1 p3papips
+257250p1 p2p3papa + 30618p5p3psps + 9408pap3pypa)z'® 4 (48384p3 p3p3paps -+ 126000p1 p3p3paps
+45360p3 papapsps + 444528p1 p3 p3pap3 + 680400p1 papapips + 127008p1 p3p3pipd + 960960p:1 p3p3p3pe
+52920p1 pap3pyps + 10584p3p3pps )z + (24696pT psp3psp3 + 90720p3 p3 p3pipa + 387072p1 p3p3papa

+ 1905121 p3papaps + 37800p3 papapipa + 370440p1 p3p3pips + 567000p1 p3papipt + 291720p1 p3p3pipe
+1296p3pipipe)zt + (82320p2 papapsps + 117600p1 p3 papips + 86016p3p3p3paph -+ 408240p1 p3papspt
+ 174963 plp3pipt + 147000p1 p3p3pipa + 434720p1 pipipipd + 14112p1 p3p3pip2) 2" + (26460p3 p3pipips
+ 98784p1p5p3paps + 43200p3 3 p3psps + 3969pTpap3pips + 424710p1 p3p3paps + 90720p1 p3p3papa

+ 47628p1p3papyp2)z'® + (123552p3 p3p3pips + 270001 p3p3p;ips + 126000p1 p3papaps + 42336p1 pa papipe
+27216p1p3papap3)zY + (784pipspapspa + 14700p3 p3p3pips + 40824p7 p3pap, ps + 21000p1 p3p3pa s

+ 11760p7 p5 p3p4 3 + 43008p1 p3 p3p3pa + 2520p1 p3papaps)z'® + (1176pTpap3psps + 120967 p3papars
+15120pip3 p3pap3 + 9072p1 p3p3papa + 5040p1 3 papaps)z'? + (1050p3 p3papapa -+ 5670pipap3papa
+2016p7p3p3p3ps + 1890p1 p3p3p;aps )22 + (560p1p3p3pspa + 1344pipa papaps + 120p1p3p3psps) 2!

+ (168p3 p3p3paps + 108p3p3p3pspd) 22 + 24p3pap3pipez® + pipapSpipiz*

Hy =1+ 28psz + (168p3ps + 210paps)z> + (336papspa + 2240p3paps + 700pap)z® + (210p1 p2p3pa + 5670p2p3paps
+3920p3p3ps + 9450p3paps + 1225p5p3)z* + (4032p1 papapaps + 17640p2pap3ps + 27216po pspaps + 49392psppt)2°
+ (158761 papapips + 11760p2p3p3ps + 21000p1 papapaps + 209916papspip5 + 19600p3 pip3 + 74088papips
+24500p3p3p3)2° + (18816p1 p2p3paps + 195120p1 p2papiph + 202176pap3pipa + 411600p2paps pi
+ 87808p3p;p5 + 158760p2pspips + 109760psp3pd)z” + (5292p1p3p3p3ps + 277830p1 pap3pspt + 35721p3p3pips
+ 425250p1 pap3psps + 961632pap3pap3 + 176400p1 popspips + 238140pap3paps + 771750p2papaps + 164640p3p3 p2
+51450p3p3pt)2° + (109760p1 p3 p3pip + 1292760p1 p2p3pip2 + 308700p3 p3 p3 pt + 537600p2p3 P3P
+ 470400p1 p2p3p3pa + 907200p1 papapipa + 2731680pap3pips + 411600p2papips + 137200p3p3pa )2
+ (7056p3p3p3p3p3 + 666680p1 p3papspa -+ 1029000p; pop3pspa -+ 340200p3p3psps + 190512p1 p3p3pips
+ 44848441 pop3pap3 + 833490p3 p3pap3 + 2268000p2p3p;ps + 576240p2p3pyp3 + 525000p1 p2p3pyps
+2163672p2p3p;ps + 38416p3pyps )z + (81648pT p3pipips + 1132320p1p3p3p;p3 + 2621472p1 p3p3pips
+4939200p1 p2p3p;3p3 + 1632960p3p3 p3pa + 1524096 p1 pap3ppa + 1128960p2p3 pip3 + 35910001 p2pip; pi
+1000188p3p3p;pa + 2721600p2p3p;ps + 1100736p2p3psps)z't + (1666983 p3p3pap? + 2572501 p3 p3psps
+272160p3 p3p3p3p3 + 6419812p1 p3p3pip3 + 1190700p1 p3p3ppa + 3111696p1 pap3pyp3 + 882000p5p3p4 3
+2666720p1 p3p3p3ps + 6431250p1p2p3p;ps + 2480058p3p3pips + 2500470p1 pap3pyps + 540225p3 p3p;ps
+ 3358656p2p3pyps + 144060p2p3psp2)z'* + (65856pi p3p3paps + 987840p] p3papaps + 1778112p1 p3 p3pips
+ 5551504p1 py p3pip3 + 403200p7 p3p3pyps + 10190880p1 p3p3pips + 2744000p:1 pap3pips + 9560880p1 pap3pips
+4000752p3p3p;pt + 1053696 p2p3 p3pt + 470400p1 p2p3pip3 + 635040p,p3pip3)z!® + (493920p3p3p3psps
+ 714420p3 p3p3p} p2 + 2160900p1 p3p3pipa + 529200p1 p3papipd + 18522003 p3 p3p3pt + 3333960p1 p3p3p3ps
+291600p3 p3p3p;ps + 213642001 p3p3pips + 2916003 p3pips + 3333960p1 pop3p;ps + 185220093 p3pips
+529200p1 p3p3p3p2 + 2160900p1 pop3pip3 + 714420p5p3pip2 + 493920p2p3pip2 )z + (635040p] p3p3pips
+470400p1 p3 p3p3 pa + 10536967 p3p3paps + 4000752p7 p p3pipa -+ 9560880p1 p; p3 pipa + 2744000p1 p5p3psp
+10190880p1 p3 p3p, pa + 403200p3 p3 papa + 5551504p1 p3papspa + 1778112p1 pap3ps pa + 987840p3p3p; p2
+65856p2p3p3p)z" + (144060pTp3p3pip3 + 33586567 p5p3pips + 540225p7 p3p3pips + 25004701 p3pspips
+2480058p1 p3p3papa + 6431250p1 p3pap, pa + 2666720p1 p3p3papa + 882000p1 p3p3pypa + 3111696p1 p3p3pspa
+1190700p1 p3p3p3p3 + 6419812p1 psp3psp3 + 272160p3p3pap2 + 257250p1 p2p3 paps + 166698p5p3p; pe) 2t
+ (1100736p7 p3 p3pips + 2721600p7 p3p3p;ps + 1000188pt ppspips + 3591000p1 p3p3psps + 11289601 p3 p3pips
+1524096p1 p3 p3p4pa + 1632960p3 p3p3pa p3 + 49392001 p3 papa pa + 2621472p1 p3pipa p3 + 11323201 p3p3pa s
+81648p3p3p,p8)z + (38416p7p3p3pipa + 2163672p3 p3p3p;ps + 525000p1 p3p3pa ps + 576240p3 p3p3pipa
+2268000p7 p3p3p3p3 + 833490pTpap3papa + 4484844p1 p3p3pap3 + 190512p1 p3p3pip3 + 34020091 p3p3paps
+1029000p1 p3p3p3p8 + 666680p1p3p3paps + 7056p5p3pspe)z"® + (137200p7p3p3paps + 411600p7p3p3paps
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+2731680p3 p3p3papa + 907200p1 p3p3pap3 + 470400p1 p3p3psp3 4 537600p7 p3p3paps + 308700p3 p3p3psps
+1292760p1p3p3paps + 109760p1 p3p3paps)z' + (51450p3 p3p3paps + 164640p3 p3p3pipa + 771750p3 p3p3papa
+238140p7 p3p3psp2 + 176400p1 p3 p3p3pe + 9616327 p3 p3ppe + 425250p1 p3 p3ppe + 35721 p1 p3papsps
+277830p1 3 p3pps + 5292p1p5p3paps)2*0 + (109760p7 p3p3psp3 + 158760p7 p3 papsp3 -+ 87808p7 psp3paps
+411600p2 p3 p3p3p§ + 202176p2 p3 pypS p§ + 195120p1 p3 p3pSps + 18816p1 p3papspl) 22! + (24500p3 p3p3pspl

+ 740887 p3 p3paps + 19600p7 p3p3pspe + 2099167 p3p3psps +21000p1 p3p3psps + 11760p7 p3p3psrs
+15876p1p>p3paps)z> + (49392p1 psp3psps + 27216pTpap3ppe + 17640p1p3 p3peps + 4032p1 pap3pipd)=>

+ (1225p3 py pSplpe -+ 9450p7 p3p3pipe + 3920p3 p3p3pips + 5670p7 p3p3pips + 210p1p3p3paps)z™ + (700pTps pspaps
+2240p3p3p3paph +336pTpap3pips)z” + (210pTp3pSpipt +168pips p3pips) 2 + 28pips pipipis” + pipspipipsz™®

Hs =1+ 15p5z + 105p4psz® + (280p3paps + 175pap?)z> + (315p2papaps + 1050pspap? )zt + (126p1 papspaps
+1701pap3paps + 1176p3pip2)2° + (840p1papspap + 3675p2papips + 490pspip3)z° + (2430p1 p2pspips
+1800p2p3p3ps + 2205p2p3pip3)2” + (2205p1p2p3p3ps + 1800p1 p2papips + 2430p2papipa)° + (490p1 p3p3p;ps
+3675p1pap3pipa + 840pap3pypd)2° + (1176p1 p3p3paps + 1701p1 pap3pipa + 126papspyps)z' + (1050p1 pap3pyps
+315p1pap3pips)ztt + (175p1pap3pips + 280p1pap3pips)z'® + 105p1 p3papapaz"® + 15p1 pspapipaz'

+ p1p3papapez”
Cs-case. For the Lie algebra Cs = sp(5) we obtain

Hy =1+ 9p1z + 36p1paz? + 84p1 papaz® + 126p1 papapaz® + 126p1 papspapsz® + 84p1papspipsz® + 36p1 papipipsz’
+9p1P3p3p3psE® + pipapipips?’

Hy =1+ 16pyz + (36p1p2 + 84pap3)z2 + (336p1p2ps + 224papspa)z° + (336p1p3ps + 1134p1 papspa + 350papapaps)z?
+ (2016p1 p5papa + 2016p1pap3paps + 336papapips)z” + (1176p1p3p3pa + 4536p1 p3pspaps + 2100p1 papapips
+196p2p3p3ps)2° + (4704p1p3p3paps + 5376p1 p3papaps + 1296p1 pap3pips + 64p3p3paps)2”
+12870p1p3p3pipsz° + (64p1pap3pips + 1296p1p3p3pips + 5376p1 p3papaps + 4704p1 pap3pips )2
+ (196p3p3p3pps + 2100p1p3p3psps + 4536p1 p3pspips + 1176p1p3p3paps)z' + (336pip3papsps
+2016p1p5p3paps +2016p1papapaps)z'! + (350pipapapips + 1134p1 p5p3papd + 336p1pipapipe)z"?

+ (224pTp3p3pips + 336p1p3p3paps)z + (84pipap3paps + 36p1papspaps)zt + 16pipapspapsz® + pivspspip

Hs =1+ 21p3z + (84p2ps + 126p3ps)z% + (84p1p2p3 + 896p2pspa + 350p3paps)z° + (1134p1 papspa + 1176pap3pa
+3150p2p3paps +525p3p3ps)2* 4 (2646p1 pap3pa -+ 4536p1 papapaps + 7350p2p3paps + 5376pap3pips +441p5pips)2°
+ (1176p1 p3p3ps + 18816p1 pap3paps + 8400p1 papapips + 25872p2p3pips)2® + (10584p1 p3p3paps
+ 68112p1 p2p3pips + 2304p3p3paps + 16464pap3pips + 18816pap3psps)2” + (48510p1 pap3pips -+ 48384p1 p2pipips
+ 8400p3p3pips + 661501 pap3pyps -+ 24696p2p3p,ps + 7350p2p3pap3)2® + (784p3 pip3pips + 65142p1p3p3paps
+ 75264p1p3p3paps + 91854p1 pap3paps + 14336p3p3paps + 29400p1 pap3paps + 17150p2p3p3p3)2°
+ (5376p3pap3p3ps + 18900p1 p3p3paps + 196812p1 p3p3paps + 42336p1 papapip: + 72576p1 pap3psp
+12600p3p3p;p3 + 4116p2p3p3p3)2'0 + (41163 p3p3pips + 12600p3 p3p3p3ps + 72576p1p3papsps
+42336p1p5p3pyps + 196812p1 psp3pips + 18900p1 pap3pips + 5376psp3pyps)z't + (17150p1p3p3p;ps
+29400p1 p3p3p3ps + 14336p2p3p3pipt + 91854p1 p3p3pip? + 75264p1 p3papapt + 65142p1 pap3pipe
+ 784p5p3paps)z' + (7350pip3papaps + 24696pTpa papaps + 66150p1 p3p3paps + 8400p3 p3papaps
+ 48384p1 p3 papip2 + 48510p1 p3pspapd)z'® + (18816p3 papipips + 16464p3p3p3pipt + 2304p3 plpapip
+ 68112p1p3 papyps + 10584p1 p3p3p3p3) 2t + (25872pip; papaps + 8400p1 p3papaps + 18816p1 p3p3psps
+1176p1 p3p3papa)z™ + (441p3pap3pip + 5376p3 papapips + 7350p3 papapaps + 45361 papapsp
+2646p1p;p3p3p2)z'® + (525p7 pap3pips + 3150pipapapaps + 1176p1p3pspyps + 1134p1p3 papape )z
+ (350p3 p3p3paps + 896pTpapapaps + 84p1papapap)z'® 4 (126pipap3pars + 84pipapapsrs)z" + 21ppapapsp
+ p2p4p6p6p3221

1F2F3F4F5

Hy =1+ 24psz + (126p3ps + 150p4p5)22 + (224pop3ps + 1400p3paps + 400pﬁp5)z3 + (126p1p2p3pa + 3150p2p3paps
+ 7350p3p3p5)z* + (2016p1p2pspaps + 20832papapaps + 7056p2pips + 12600p3p3ps)z° + (15288p1p2pap3ps
+ 29400p2p3p3ps + 57344p2papaps + 23814p3p3ps + 8750pap3p3)2° + (22752p1 pap3pips + 14400p3p3p3ps
+ 50400p1 p2p3pips + 178752p2pap3ps + 50400p2papsp2 + 29400p3pip2)z7 + (16758p1 p3p3p2ps
+ 180900p1 p2p3p3ps + 98304p3 p3pps + 98784p,p3psps + 50400p1 p2psp3ps + 279300p2p3p5p2 + 11025p3p3p2) 28
+ (3136p7 p3p3paps + 143472p1 p3p3p3ps + 1632961 p2p3p;ps + 89600p3 p3 pi ps + 321600p1 pap3 pipi
+ 194400p5 p3p3 p3 + 274400p2p3 p3 p3 + 117600p2p3pip3)2° + (294003 p3p3paps + 233100p1 p3p3p,ps
+ 322812p1 p3p5p;3p5 + 5160961 p2p3pap3 + 315000p5 p3p3 p3 + 142200p: pap3pips + 1474565 p3 0503
+255192p,p3p3p3)2'0 + (50400p3 p3 p3p3ps + 50400p1 p3 p3pyps + 752643 p3p3pspa + 932400p1 p3p3pips
+ 2681281 p3p3p4pa + 550368p1 pap3pipa + 470400p5p3pypd + 98784pap3paps )zt + (17150p3 p3p3pips
+229376p3 p3p3paps + 255150p1 3 papyps + 78400p3 papaps pd + 1544004p, p3 p3p;s p + 78400p3p3pips
+255150p1 pap3paps + 229376p3p3paps + 17150p2p3papa)2'2 + (98784p3 p3p3pips + 470400p3 p3p3pip}

216
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+ 5503681 p3 p3pipa + 268128p1 p3pdpipd 4 932400p1 p3p3p3pE + 75264p3pip; pE + 504001 p2p3pape
+50400p3p3p3p3)z " + (255192p3 p3p3pip? + 147456 p3 p3 phpip? + 142200p1 p3 p3pip3 + 315000p3 p3 p3p5 v
+ 5160961 3 p3paps + 322812p1 p3papaps + 233100p1 p3papaps + 29400p3paps pa )z + (117600pi p3 p3psps
+ 274400p2 p3papaps + 194400p2 p3papips + 321600p1 p3 p3p3pz + 89600p3psp3pspa -+ 1632961 p3p3paps
+ 143472p1 p3p3paps + 3136p5p3pspa)z™° + (11025p3 p3 p3pip3 + 279300pips p3p; ps + 50400p1 p3p3p;aps
+98784p3 p3p3p3pa + 98304p3 pipspapd + 180900p1 p3p3pspa + 16758p1p3pspapa)z'e + (29400p3 pyp3papa
+ 50400p7 P> p3paps + 17875203 3 p3papa + 50400p1 p3 p3papa + 14400pT pspaplps + 22752p1 p3papaps)z"
+ (8750p1p3p3paps + 23814p3 p3papapa + 57344pT pa papaps + 29400pTpap3pips + 15288p1pap3pspa)z'®
+ (12600p7 p3p3p3p3 + 7056p7 p3p3paps -+ 20832pips p3pips + 2016p1 p3p3psp3 )z + (7350pTpsp3pspa
+3150p3 p3papapa + 126p1 pap3psps) 20 4 (400pT papspps + 140003 p3 p3pipa + 224pTp3p3psps) 2™
+ (150p3papSplps + 126p2 p3papaps) 22 + 24p3 papSpapaz® + pipipSpipiz*t

Hs =1+ 25ps5z + 300p4psz> + (700p3paps + 1600p3ps)z° + (700papspaps + 9450p3 p3ps + 2500p3p2)z* + (252p1p2pspaps
+ 10752po p3pips + 15876p3p3ps + 26250p3p3p2)z° + (4200p1 p2pspips + 39200p2p3pips + 37800p2pspips
+ 78400p3p3p2 + 17500p3p3 p2)z° + (16200p1 p2pap3ps + 25600p2 p3paps + 16800p1 p2papip2 + 245000p,p3 p2p?
+44800p2p3pyp? 4 132300p3p3 p? )27 + (220501 p3p3p3ps + 115200p1 papipipl -+ 202500p3 p3pi pt + 25200p1 p2pspyp’
+ 617400p2 p3pap3 + 99225p3pp3)2° 4 (4900pT p3p3paps + 198450p1 p3p3pips + 35340001 p2p3paps
+691200p5p3p; p3 + 137200p2p3py pi + 627200p2p3psp3 + 30625p3p5p3)2° + (501763 p3p3paps + 798504p1 pap3paPa
+ 145152p1 po p3p3p2 + 280000p3 p3 p3p2 + 405000p1 pap3pip? + 1048576p2p3pip2 + 296352p2p3psp2
+245000p2p3p3p3) 210 + (235200p% p3p3pap3 + 491400p1 p3p3pap3 + 1411200p p3p3pipt + 340200p1 popipip?
+ 1075200p3 p3p4p3 + 180000p1 p2p3pspa + 518400p3p3p3p3 + 205800pap3pipa )zt + (179200p3p5p3psps
+56700p1 p3papsps + 490000p2 p3 p3pspE + 2118900p1 p3 p3pip? + 313600p3papip2 -+ 793800p1 pipirips
+268800p1 pap3pspa + 945000p3 p3pip2 + 34300pap3papa )22 + (343003 p3 p3pipt + 9450002 p3 p3pips
+268800p1 p3 p3p4ps + 793800p1 p3p3pip + 313600p3 p3p3pspd + 2118900p1 p3 p3p3 p2 + 490000p3 p3p;pa
+56700p1 p2p3papPs + 179200p3p3 p3p2) 2" + (20580003 p3 papsps + 518400pi 3 p3psp3 + 180000p1 p3p3p3ps
+ 10752002 p3p3psp2 + 3402001 P p3pip2 -+ 1411200p1 p3papips + 4914001 pap3paps + 235200p3 pipsps) 2t
+ (245000p7 p3 p3p3p5 + 296352p3 pa p3pipa + 1048576p3 psp3py ps + 405000p: p3 p3p3pa + 280000p3 psp3p3 pa
+ 145152p1 p3 p3paps + 798504p1 p3papaps + 50176p3p3pspd )z + (30625p3 pap3pips + 6272003 p3p3paps
+137200p2 p3 p3p3ps + 691200p2 p3p3pips + 353400p1 papapipd + 198450p1 p3papSpl + 4900p3pspipa)z1o
+ (99225p3 papapip2 + 6174003 p3p3p3p2 + 25200p1 p3p3pape -+ 202500p2 papapsps + 115200p1 p3 pipSpe
+22050p1 p3papsps)z' + (132300p3 p3p3p3pa + 44800p3 p3 p3paps + 245000p% p3 p3psps + 16800p1 p3 papsrs
+25600p3 p3papips + 16200p1 p3p3psps)z® + (17500p3 p3p3paps + 78400p3 pap3psps + 378003 p3p3vsps
+39200p7 p3 p3psps + 4200p1 pap3pips )2 + (26250p3 p3p3pipd + 15876pi papspspa + 10752p3 p3 p3pspa
+252p1p3p3paps) 20 + (2500pTpspSpsps 4 94507 pap3pspe + 700pipapapypa)z”t + (1600pipapspeprs
+700p3 pap3paps )22 + 300pipspSpapaz® + 25p1 papspipaz® + pipspspipaz®

Ds-case. In the case of the Lie algebra D5 = s0(10) we get the following polynomials:

Hy =1+ 8p1z + 28p1 p2z% + 56p1p2psz® + (35p1papapa + 35p1p2paps)zt + 56p1 papapapsz’ + 28p1 pap3papsz®
+ 8p1p3p3papsz’ + PIp3pipapss®

Hy =1+ 14pyz + (28p1p2 + 63paps)z* + (224p1paps + 70p2pspa + 70p2paps)z> + (196p1 p3ps + 315p1papspa
+ 315p1 papaps + 175p2pspaps)zt + (490p1 p3paps + 490p1 p3paps + 896p1papapaps + 126p2p3paps )z
+ (245p1 p3p3pa + 245p1 3 p3ps + 1764p1p3papaps + 700p1pap3paps + 49p3p3paps)z® + 3432p1 p3p3papsz’
+ (49p3 p3p3paps + 700p1 p3p3paps + 1764p1 p3p3paps + 245p1 p3p3pips + 245p1p3p3papd)z® + (126p3p3p3paps
+ 896p1 P53 papaps + 490p1p3p3paps + 490p1papapapd)z’ + (175p3 p3p3paps + 315p1 papipaps + 315p1p3p3papt
+196p1p3p3p3p3)2"° + (70pp3p3paps + 70pTpapapaps + 224p1p3papars)ztt + (63pipspapips + 28p1papspars)z™?
+ 14pip3pipirsz” + pivspspipaztt

Hjz =1+ 18p3z + (63p2p3 + 45p3py + 45p3ps)2* + (56p1paps + 280p2p3ps + 280papsps + 200p3paps)z® + (315p1papsps
+ 315pap3pa + 315p1 papsps + 315pap3ps + 1575p2 papaps + 225p3paps)zt + (630p1 pap3pa + 630p1 p2pips
+2016p1 p2p3paps + 5292pap3paps)z> + (245p1p5p3pa + 245p1p5p3ps -+ 99961 p2p3paps + 1225p5p3paps
+ 5103p2p3paps + 875p2p3p3ps + 875p2p3pap?)z® + (5616p1p3p3paps + 12600p1 pap3paps + 3528p3p3paps
+2520p1 p2p3paps + 2520p2p3paps + 2520p1p2papaps + 2520p2p3pap3)z” + (441pipapipaps + 17172p1papapaps
+2205p1 p3p3paps + 7875p1pap3paps + 2205p3p3pips + 2205p1 p3p3papi + 7875p1 papipaps + 2205p3 p3 paps
+1575pap3p3p3) 25 + (24503 p3p3paps -+ 5600p1 p3 p3paps + 16260p1 p3p3paps + 16260p1 p3 p3pap3 + 5600p1 p2p3paps
+2450p3p3p3p3)2° + (1575p1pap3paps + 2205p3 p3papaps + 7875p1pa papaps + 220501 p3papaps + 2205p3 p3papaps
+ 7875p1p3p3pap + 220501 p3p3paps + 17172p1papapips + 441p3p3paps)z'0 + (2520p7 p3p3paps + 2520p1p3 papips
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+2520p3 p3 p3pap3 4 2520p1 p3p3paps +3528p3 p3papaps + 126001 p3papips +5616p1 pipspipd)ztt + (87501 p3papips
+875p1 p5p3paps + 5103p7p3 papaps + 1225pT p5p3pips + 9996p1pap3paps + 245p1p3pspaps + 245p1 p5papips )z
+(5292p1 p3p3pips + 2016p1p3p3pips + 630p1p3pspips + 630p1 papspips)z' + (225pipsp3pips + 1575p1 p3p3pars
+315p3 pop3paps + 315p1papapaps + 315p3 p3papips + 315p1papapips) 2t + (200pipspapirs
+280pip3 p3pips + 280pTpap3paps + 56p1pap3papa )zt + (45pipap3pips + 45pipspapips + 63p1paparaps)zte
+18pipspapapaz” + pipspipapaz'®

Hy =14 10p4z + 45p3psz® + (70p2p3ps + 50p3paps)z° + (35p1papapa + 175p2pspaps)z* + (126p1 papapaps
+ 126p2p3paps)z° + (175p1pap3paps + 35p2p3p3ps)2° + (50p1p3p3paps + 70p1p2p3pips)z” + 45p1 pp3pipsz
+10p1p3p3pipsz’ + p1pip3pip3z’®

Hs =1+ 10psz + 45p3psz> + (70p2p3ps + 50p3paps)z° + (35p1p2paps + 175p2papaps)z* + (126p1 papspaps
+126pap3paps)z° + (175p1 pap3paps + 35p2p3papd)2® + (50p1p3p3paps + 70p1 p2p3papd)z’ + 4501 p3p3papdz®

+ 10p1p3p3papdz’ + prpspapipsz’®

Appendix B. Polynomials for Eg
In this subsection we present polynomials corresponding to the Lie algebra Eg [42].

Hy = pp3pipipipez'® + 16p2 p3papspsp2z'® + 120p2 ppappspiz" + 560p2 pp3p3psp2z"® + (1050p2 plpips pip3

+770p3p3p3pspep3)z? + (672p1 papipspeps + 3696p1p3pipspeps)z + (3696p1p3pipspeps +4312p3 papipspeps)z ™

+ (8800p1 p3pipspep3 + 26401 p3papspep3)z” + (660p3 papapeps + 4125p1papipspeps + 8085p1p3papspep3)z®

+ (2640p1 p3pape 3 + 88001 p2papspep3)z’ + (4312p1papapep3 + 3696p1 papapspeps)z® + (672p1p2pspaps +3696p1papspape )z’
+ (1050p1 p2p3ps + 770p1p2p3ps)z* + 560p1 p2paz® + 120p1 paz? + 16p1z + 1

2,15 2,14
62 6%

Ha = pp3pipipargz™ +30p v pspipiné™ + (120p3pSpiparars + 315p3pspipapers) =™ + (1050p3 p3pipdpéps + 22400 P pipapeps
+770p3 p3p3papeps) = + (1050p3p3ppapers + 9450p3 pap3papeps + 4200p3p3pipapepa + 5775p P3P parers
+6930p3p3p3papeps)2°® + (10752p1 p5pspspeps + 3150093 papapapeps + 8316p3 p3p3papepi + 59136pi papapapeps
+23100p3 pSpipapeps + 9702p3 p3papapeps) e + (453601 papipspeps + 92400p3 p3pa p2peps + 249480py papipspeps
+ 367503 p3p3pspgps + 269501 papapapeps + 8085p3 p3pipapsps + 1078003 p3papapy ps + 269503 pSpipspeps) =t
+ (443520p1 p3 s p2pe p5 + 940805 p3pypapsps + 16500pT p3papapeps + 32340p1p5pipapeps + 316800pi p3papspeps
+1132560py p>pipspgp3) =™ + (44100p5 papyp3peps + 445507 papipapeps + 202125p1 papapapgps + 3256110p7 papipapeps
+242550p3 pypypapaps + 495000p3 p3ppapeps + 32340p7 pappspeps + 177870p1 papipspsps + 1358280p3papipspgp3) =
+ (2674100p7 p3p3pspgps + 2182950p7 p3ppapeps + 168960pi p3pipspeps + 17820007 p3pypspeps + 711480pT papipapgps
+23100p3p3pipapgps + 4928000p7 pap;papeps + 113190007 p3pipapeps + 1478400p3 p3pipapap3 + 830060p] papipapep3)z""

+ (155232p1 p3 pipapep§ + 3234000p p5 pypape p§ + 349272p3 papipspeps + 97020091 p3pipspps + 8537761 p3 pipapers
+9315306p7 pap3papgpa + 7074375p1 papypspeps + 1559250p3 papipapeps + 57750001 p3pipspapa + 508213 papipapep;
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+ 87318001 p3 p3papeps + 8279040p1 p3papspyps + 4446750p7 p3pipapeps + 16625700pi papa papars + 711480p3 papapspers)z
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+ 455305503 p3 p3 papaps + 1334025p7 ps pipapeps + 18478980p7 pspapspgps + 1089007 papipspgps + 1584660p7 ps py papeps )2
+ (15937152p1 p3 pypspep3 + 5588352p1 p3papspeps + 3234000p1p3 pypspeps + 34036496p1 p3 py pspeps + 5808000p1 p3 pipapsps
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+16625700p1 p3p3 pspaps; + 187059607 p3pipspeps + 59136001 p3pa papeps + 17740805 p3 pipépeps + 8731800p1 p3p3pspeps
+10187100p3 p3 p3pspeps + 8279040p3 pipipspep3 + 3811500p1 p3p3 pap2p3 + 44467501 pipips p2p3) 21> + (711480p1 p3 p2 paps
+2371600p1 p3p3pspgps + 6338640p1 p3pipspeps + 1372140p7 p3 pipep3 + 2032800p1 p3pipapgps + 8575875p1p3p3ps Peps
+28420210p1 p3 pipspap; + 127050p7 papipspep3 + 31762507 p3 papspgps + 1559250p1 p3pipspep3 + 3056130p1 p3pipspe 3

-+ 14437500p1 p3 p3pspe 3 + 14314300p7 p3 pipspep3 )22 + (2439360p1 p3pipaps + 508200p3 p3 papaps + 6225450p1 p3papspgps
+693000p7 p3 p3peps + 21801780p1 p3pypspeps + 2069760p3 p3pipspeps + 3326400pi p3papspep; + 11384100p1 p3pspspers
+1478400p1 p3p3papeps + 4331250p1 p3papspeps + 369600pT p3pipspeps)z' + (1143450p1 p3papips + 15592501 p3p3peps
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