symmetry MBPI|

Article

Improved Oscillation Theorems for Even-Order Quasi-Linear
Neutral Differential Equations

Yousef Alnafisah 1, Fahd Masood 2%*, Ali Muhib 40© and Osama Moaaz 1%*

check for
updates

Citation: Alnafisah, Y. ; Masood, F,;
Muhib, A.; Moaaz, O. Improved
Oscillation Theorems for Even-Order
Quasi-Linear Neutral Differential
Equations. Symmetry 2023, 15, 1128.
https://doi.org/10.3390/
sym15051128

Academic Editors: Alexander

Zaslavski and Calogero Vetro

Received: 6 April 2023
Revised: 29 April 2023
Accepted: 8 May 2023
Published: 22 May 2023

Copyright: © 2023 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Department of Mathematics, College of Science, Qassim University, P.O. Box 6644,

Buraydah 51452, Saudi Arabia; nfiesh@qu.edu.sa

Department of Mathematics, Faculty of Science, Mansoura University, Mansoura 35516, Egypt
Department of Mathematics, Faculty of Education and Science, University of Saba Region,

Marib 14400, Yemen

4 Department of Mathematics, Faculty of Education—Al-Nadirah, Ibb University, Ibb 70270, Yemen;
muhib39@yahoo.com

Correspondence: fahdmasoud22@gmail.com (FEM.); o_moaaz@mans.edu.eg (O.M.)

Abstract: In this study, our goal was to establish improved inequalities that enhance the asymptotic
and oscillatory behaviors of solutions to even-order neutral differential equations. In the oscillation
theory of neutral differential equations, the connection between the solution and its corresponding
function plays a critical role. We refined these relationships by leveraging the modified monotonic
properties of positive solutions and introduced new conditions that ensure the absence of positive
solutions, confirming the oscillation of all solutions to the studied equation. Based on the concept
of symmetry between the positive and negative solutions of the studied equation, we obtained
criteria that guarantee the oscillation of all solutions by excluding positive solutions only. In order to
demonstrate the significance of our findings, we examined certain instances of the studied equation
and compared them with previous results in the literature.
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MSC: 34C10; 34K11

1. Introduction

The objective of this research paper was to examine the oscillatory characteristics of
solutions to an even-order quasi-linear neutral differential equation expressed as follows:

(a(s) (H(”*l)(s)y)l +q(s)h*(o(s)) =0, s > s, (1)

where H(s) = h(s) + ¢(s)h(o(s)). We assume throughout this paper that:

(Hy) n > 4, a is the ratio of two positive odd integers;

(Ha) a,0,0 € C'([s0,00)), and q(s) € C([s0,0));

(H3) 0(s) <s,0(s) <s,0'(s) >0, and limg_sc0 0(5) = lims_y00 0 (5) = 00;
(Hy) a(s) >0,4'(s) >0,0 < ¢(s) < ¢pand q(s) >0

(Hs) 0( ) < oo, where
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A function h € C""1([S),, 00)), Sy = sp, is said to be a solution of (1), which has the
property a(H"~1)* € C![S;, c0) and satisfies Equation (1) for all /i € [S),, c). We consider
only those solutions & of (1) that exist on some half-line [Sj, o) and satisfy the condition

sup{|h(s)| :s =S} >0, forall § > S,.

Differential equations play a crucial role in solving real-world problems across many
fields, including physics, engineering, biology, economics, and more. These equations help
to model complex systems by describing how variables change over time based on their
current values and rates of change. Through the use of mathematical tools and techniques,
differential equations can be solved to provide insights into the behavior of the system being
modeled and to make predictions about its future behavior. Applications of differential
equations include modeling the spread of diseases, predicting weather patterns, analyzing
the behavior of electrical circuits, designing control systems, and many more. In general,
differential equations provide a powerful and versatile framework for understanding and
solving real-world problems; see [1-3].

Neutral differential equations are an important type of differential equation that arises
in many areas of science and engineering. They include a time delay in both the derivatives
and the function itself and can be linear or nonlinear. Neutral differential equations
have applications in control theory, neuroscience, chemical kinetics, population dynamics,
and electrical engineering. They are used to model systems that have delayed feedback,
such as control systems, neural networks, chemical reactions, populations, and electronic
circuits; see [4-7].

The oscillation theory is one of many theories that fall under the qualitative theory.
The qualitative theory is the theory concerned with studying the qualitative behavior of
solutions to differential inequalities such as stability, periodicity, symmetry, oscillation,
and others. The principle of symmetry between positive and negative solutions, which
means that every negative value of a positive solution is also a solution and vice versa, is
the main reason why the study focuses on excluding positive solutions only.

In general, neutral differential equations can have oscillatory solutions depending
on the specific parameters and initial conditions of the equation. However, conditions
for oscillatory behavior in neutral differential equations can be more complicated than in
regular differential equations due to the presence of delayed and advanced terms.

In recent times, the field of oscillation theory has witnessed significant growth and
advancement. It now encompasses the examination of oscillation for solutions of vari-
ous types of differential equations, including ordinary, fractional, and partial differential
equations with delay and neutral terms. Of these, the study of delay differential equa-
tions, particularly in noncanonical cases, has garnered the most attention, as evidenced by
works such as [8-10] for delay differential equations and [11-15] for neutral differential
equations. Moaaz et al. [16,17] contributed to this expansion by extending the analysis to
even-order equations.

Numerous studies have delved into the topic of even-order NDE oscillation and pro-
posed various techniques for determining oscillation standards for the analyzed equations.
This has been extensively researched in the canonical case; that is,

©
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see [18-21].
Below, we will highlight some of the findings from previous years papers that have
played a critical role in the advancement of research on even-order differential equations.
Baculikova [9] investigated the monotonic characteristics of non-oscillatory solutions
for the linear equation

(a(s)'(s))" +a(s)h(o(s)) =0,
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in both delay and advanced cases. Additionally, Baculikova [22] enhanced the findings by
providing criteria for oscillation in the NDE

(ats) (1) + p()h(a(s))')") + q(s)i () = 0.

Muhib et al. [23] investigated the asymptotic properties of positive solutions to the
fourth-order neutral differential equation

(als) (h(5) + p(s)h(a(s))"") + f(5, (e (5))) =0,

which involves the noncanonical operator given by

o
/SO g dv < @3)

In [24], Almarri et al. established asymptotic properties of positive solutions to the
even-order neutral differential equation

(as) (h(5) + p(s)(e()) " V) +a(s)h(e(s)) =0,

under the condition (3).
Xing et al. [25] investigated oscillation theorems for the equation

(ats) ((1(5) + 9(s)(a(s))™ 1)) + (s (0(5)) = 0,

under the condition (2).

The initial step of our investigation involved the classification of positive solutions to
the studied equation according to the signs of their derivatives. Then, for some positive
solutions, we obtained additional monotonic characteristics. We improved the relationship
between the solution and the associated function of the studied equation based on these
properties. We also utilized these new relationships to rule out the possibility of positive
solutions. We also present an example to demonstrate the importance of our results.

2. Auxiliary Results

In this section, we will establish some important lemmas that we will use to prove the
main results.

The study of the asymptotic and oscillatory behavior of solutions of neutral-type
differential equations heavily relies on the connection between the solution & and its
corresponding function H. Typically, the canonical case of second-order equations uses the
traditional relationship

h(s) > (1= ¢(s))H(s), )
whereas positive decreasing solutions in the non-canonical case often use the relationship
fro(Q(S)))
h(s) > (1 —¢(s)———2 |H(s), 5
> (1- 9™ ) 1es ®)
see [26,27].
Lemma 1 ([28]). Let f € C"([sg, ), R). If f")(s) is eventually of one sign for all large s, then

there exist a s, > so and an integer 1,0 < I < n, with n + I even for f(")(s) > 0, or n 41 odd for
) (s) < 0 such that

l>0yieldsf(k)(s) >0fors>s,, k=0,1,...,1-1,
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and
I < n—1yields (=1)"™*f0(s) > 0fors > sy, k=1L1+1,...,n—1.
Lemma 2 ([29]). Let w € C"([sp,0),(0,00)), wlil(s) > 0 for i = 1,2,...,m,
and w1V (s) < 0, eventually. Then,
wis) o €
w'(s) — m

for every e € (0,1).

Lemma 3 ([30], Lemma 2.2.3). Suppose that f € C™([sg,0),RT). Assume that f("(s)
is of fixed sign and not identically zero on [sy,00) and that there exists s; > sy such that
FOm=1(s) fm)(s) < 0 forall 57 > sg. If lims_e0 f(s) # O, then, for every € € (0,1), there
exists sy € [s1,00) such that the inequality

f(S) > (m - 1)!571171 ’f(mfl)(s)
holds for all s € [s;, ).

Lemma 4 ([31]). Suppose that h(s) is a positive solution to Equation (1). Then, a(s) (H(”’l) (s)) ’
is a decreasing function, and H(s) satisfies one of the following cases:

(Nl)H(’ (s) > 0forr =0,1,n—1and H™ (s) < 0;
(N2) H (s)>0forr—01n—2andH(” U(s) <0;
(N3) (=1)"H")(s) > 0forr =0,1,2,...,n —1,

eventually.
Proof. Using Equation (1) and Lemma 1 leads to the proof of this lemma. [J

Notation 1. For more details on determining the sign of derivatives—for example, in the case where
n = 4—see [32].

Notation 2. The symbol C; refers to the set of all solutions that are eventually positive and whose
corresponding function satisfies (N;) for i = 1,2,3. For convenience, we define

FO(s) = F(s) and FUl(s) = P(FU—” (s)), forj=1,2,...x ©)

Notation 3. In order to simplify, we define the functions for any positive integer x

. B K 2r 1 Q[Zr](s) (n=2)/e
wion=L(1o070)) gy (%) @

K 2r Ty — [2r+1] (S))
— (s 1 — Z(Q
£ (iot ”)”%Ws» 2 (@) ] Y

and

R K 2r Tl — [2r+1] (5)> nkm (Q[Zr] (S))
o g R G "
Pa(s; k) = Z (}:IO‘P(QV (5))> [¢(Qm(5)) (027(s)) ] ok - O

Tty—2 e 2( s)
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Lemma 5 ([33], Lemma 1). Assume that h is an eventually positive solution of (1). Then, it
follows that, eventually,

K

h(s) > r;)(f"r[ o (" (S)))

r=0

H(e)(s))

) H(Q[Zrﬂ] (S)> , (10)

for any integer x > 0.

In the following section, we highlight the improved asymptotic and monotonic prop-
erties of the positive solutions for the studied equation. Additionally, we establish certain
conditions that guarantee the absence of positive solutions satisfying (N7), (N2), and (N3)
within Category (), (), and ()3, respectively.

3. Asymptotic and Monotonic Properties

This section presents the improved asymptotic and monotonous properties of the
positive solutions of the studied equation. It is divided into three subsections, which are
as follows:

3.1. Category (2,

Lemma 6. Assume that h € (). Then, eventually,
S11) H(s) > +55sH'(s);

H(s) > ﬁs“‘zH(”_z) (s) forall e € (0,1);

H=2)(s) > —a'/%(s)7r(s)H" V) (s);

)
)
) HO=2)(s) /ro(s) is increasing;
) h(s) > ¢1(s;x)H(s);

)

Proof. Assume that h € (),.
(S51,1) Using Lemma 2 with m = n —2 and w = H, we have

€

H(s) = n—2

sH'(s).

(S12) Using Lemma 3 with m = n —1and f = H, we have

€0

(n — 2)!Sn72H(n72) (s),

H(s) >
foralleg € (0,1).
(S13) Since al/%(s)H("~1)(s) is decreasing, we obtain
HO2(s) > — [THE D (0)do > —a/(s)mo(s) H D (s).

(S1,4) From (S;3), we obtain

H(”_2)(s) / . ) - -
(71’0(s)> :W(al/ (s)7o(s)H" ) (s) + HI 2>(s)) > 0.
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(S1,5) From Lemma 5, (10) holds. Based on the properties of solutions in the class (), we
conclude that H(Q[Z’] (s)) > H(Q[zr“] (s)) fori =1,2,.... Thus, (10) becomes

K 2r
5) > g (EJ(P(QM (s))> Lb(q[zl](s)) _ 1] H(e¥6).

Using (51,1), we obtain

which, with (11), gives
K 2r 1 Q[Zr](s) (n=2)/e
h(s) > E)(E)(p(g["?](s))) [(P(Q[M(S))_l]( - > H(s)
= ¢1(s;x)H(s).

(S16) Equation (1) with (S 5) becomes
() (HOV ) = g (@(s))

< —q(s)p1(o(s); k) H (0 (s))-

Therefore, the proof of the Lemma is complete. [

Remark 1. The verification of ¢1(s;0) = 1 — ¢(s) is straightforward. Substituting x = 0 into
(S1,5) yields the classical relation (4).

Lemma 7. Assume that h € Q) and that there are 6 > 0 and s; > sg such that

~a /(5 (5) (077205)) ) (05w = ((n=2)1)°%, an

o

We obtain, for s > s,

(S21) limg 0o H2)(s) =
(Sp2) H"=2)(s)/ 7'55 O(s) is decreasmg,
(S23) hmHooH 2(s) /7 (s) = 0;

(Spa) H"2(s)/ 7T —Po 0(s) is increasing;
for s > sg, where By = edl/* e e (0,1) and a < 1.

Proof. Assume that i € (), and that there are § > 0 and s1 > s such that (11) holds.

(S2,1) Given that h € (), we can conclude that (S11)—(S;6) in Lemma 6 hold for all s > sy,
where s; is sufficiently large. Since H("~2)(s) is a positive decreasing function, it
follows that lims_,c H"~2)(s) = ¢; > 0. We claim that /; = 0. If we suppose not,
then H("=2)(s) > #; > 0 eventually, which, together with (S; ,), yields

€ n— n—
H(s) > (n—2)!s 2ZH(=2)(5)
el o
= o

foralle € (0,1). Thus, from (S; ), we obtain
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(ae) (H"D()") < —a(s)g5(e()1)H (@ (s))
g 14
(5250 ai e
n—2 @
—et T st oonm),
which, with (11), gives
(n—1) ay/ WL 1
(F@EDO)) < e
[ o1\ 1
< —a&ﬁo‘al/ia(s)néﬂ(s).
Integrating the previous inequality from s, to s, we have
a(s)(H(”_l)(S))“ < ﬂ(sz)(H(”_l)(Sz))“—Mﬁxﬁ% /S mdv
Jsyp 0
omf 11
< (5 mm) 1

Since 7, “(s) — o0 as s — oo, there is a s3 > s such that 71, "(s) — ;" (s2) >

to7ty “(s) for all g € (0,1). Hence, (12) becomes
1
H#-1) < —pyyl/x ,
)= O P )
for all s > s3. Integrating the last inequality from s3 to s, we find that
S

n— n— :
HU) < O — o [t

< H"2)(s3) — G Bon 77?0((553)) — —00ass — 0o,

which is a contradiction. Then, ¢; = 0.
(S22) From (11), (S12), and (S 6), we obtain

(ats) (HO(5))") < —W(”‘%(HM (@(s)))"

5)7y " (s)

By integrating the last inequality from s to s and taking into account that H("~1)(s) <

0, we obtain

af) (HO ()" < alor) (HO D (o0))" + L0 (2 )" = PO (n-2)"

75 (1) 75 (s)

Because H("~2)(s) — 0 as s — oo, there is a s, > s1 such that

a(s) (HO (1) + =20 (H0-2(6))" <,

75 (s1)

for s > s,. Therefore, we have

a(s)(HV(s)) " < =R (H0D(s)),
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or equivalent
a%(s)H" =V (s) 7o (s) + BoH" 2 (s) < 0. (13)

Thus,

(H("‘Z)(s)>/ _ a/*(s)H" D (s)mo(s) + BoH" ) (s) <0.

Po (s) al/a(s)n—(l)"‘ﬁo (s)

(Sp3) Since H"=2)(s )/7_[/30( ) is a positive decreasing function, limg o H("~2) (s)/ngo (s) =

£y > 0. We claim that £, = 0. If not, then H("~2)(s )/n’go( s) > £» > 0 eventually. Now,
we introduce the function

H"=2)(s) + 11o(s)al/*(s)H" =1 (s)
Bo ’
Ty (s)

In view of (S13), we observe that w(s) > 0 and

w(s) =

HOD(5) 4 70 (s) (V/4(5) HO D (s) ) = HO-Ds)

/30( )
H"2)(s) + my(s)a/*(s) H* 1) (s)
al/a(s)y ™ (5)

(al/a (S)H(nfl) (S))
' (s)

w'(s) =

+Bo

H(nfz) (S) H(”*l)(s)
B + po B .
at/*(s)my ™ (s) ' (s)

+Bo

Using (S12), (S1,6), and (11), we obtain

0@ (HE)) < (o)) g0 (HE D 0(s)"
(ato) )) < (;:_2).1 ) aoes “( ) "

(H<"*2> (c(s)) "

From (13), we know that
al/*(s)H" V() < —By

and

(15)

A\
N

=

(es]
T
S
| &
=
S~
—_
L

(al/a<s)H(n71) (S))l_“

Using (14) and (15), we obtain

« a (n=2) (g 1-a
W(s) < -~ g (1 26) (ﬁoH ”)

ngo 1 (s) ql/w (5)7'[(1)'”‘(5
H(nfz) (S)
al/a(s)n—(l)Jrﬂo (s)

+Bo
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Since H"~1(s) < 0and o(s) <'s, we obtain H"~2)(¢(s)) > H" 2?)(s), and then

) B 1 (n=2) (o )\* H2)(s) o
v s n€°‘01<)a1/w<s>n3+“<s)(H ") (ﬁ bl

S
H(nfz)(s) H(”*l)(s)
e e
B H(n72)(s) H(nfz)(s) H(nfl)(s)
= e T aneae )
HID(s)
< ﬁo ﬂgo(s) .

, HO-)(s) BoH" 2 (s)
w(s) < 50 ﬂgo(s) :30 /30 <a1/01x S )
B H=2)(s) % _62,30
S TG dOnE) e

We can conclude that the function w(s) converges to a non-negative constant since it
is a positive decreasing function. By integrating the previous inequality from s3 to oo,
we obtain

—w(s3) <~z lim In TTo(ss)

mo(s)

or, equivalently,

4

mo(s3)
w(s3) > Bica SILH;) In” —) — 00

which is a contradiction, and we obtain that ¢/, = 0.
(S2,4) Now, we have

(aV/*(s)H") (5) mo(s) + HO2)(s) )

/

= (V% (s)H" D (s)) 7o(s) = HI D (s) + H D s)
= (@ EH"IE) m(E)
(o) (H06)") (@6 HO$)) T (o),

o

which, with (14) and (15), we obtain
(a/%(s)HO ) (5) mo(s) + HO2)(s) )

g Y ey e ) [ g H TR Hn ;
B ity () </30 ; o(s)

<
7o (s
1 w2y o HO D))
< A () ()
< _IBO H(n72)(s).

al/*(s)mo(s)
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By integrating the previous inequality from s to co, we derive

o 1

al/”‘(v)no(v) H"=2) (v)dv,

~a /(s HOD (5)mo(s) ~ HOD(s) < —po |

or, equivalently,

A/ (5)mo(s) + HI () = po | ” WH<"—2>(U)C1U
H(nfz) ) 1 .
> .BO HO(S)(S)/S al/a(v)dUZ,BOH( 2)(3))
that is,
a'/*(s)H" =V (s)7r9(s) + (1 — Bo)H" =2 (s) > 0.
Thus,

H(n-2) (S)>' o(s)al/ % (s)HO D (s) + (1 — Bo) HI™2)(s)
( my P (s) al/a(s)m2 P (s) > 0. (16)

Therefore, the proof of the Lemma is complete. [J

Assuming that By < 1/2, the properties stated in Lemma 7 can be further improved
as demonstrated in the following lemma.

Lemma 8. Suppose that h € ) and (11) holds. If condition

)
lim e S A < o, (17)

and there exists an increasing sequence {,8]};”:1 defined as
APi-1
1/a’
(1=pj2) ™

withw <1, Bo = €V, Bp—1 < 1/2, and By, € € (0,1). Then, eventually,
(S31) H"=2) (s)/ng"’ (s) is decreasing;
(S32) lims—yeo H"2)(s) /715" (5) = 0.

Bj = Po

Proof. Since 1 € (), we can conclude that (S;1)—(S15) in Lemma 6 are satisfied for all
s > s1, 51 large enough. Furthermore, from Lemma 7, we have that (S, 1)—(Sp,4) hold.
Now, assume that fp < 1/2 and

Aﬁo
(1—Bo)/*

Next, we will prove that (Sz1) and (S32) at m = 1. As in the proof of Lemma 7, we

arrive at
(as) (HO(9))") < a7~ (HO 20 (s)) "

a”"‘(s)n}ﬁ"‘ (S)

Integrating the last inequality from s; to s, and using (S;2) and (17), we obtain

B1 = Bo
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Using the fact that H("~2)(s) /7'(630 (s) — 0ass — oo, we have that

@ -2)(5)\"
a(s0) (HO D (s1)) 4 B8 m}%)( )(H 2”) <o
51

T, ngo(s)

Therefore,

a(s) (H(”*l)(s))a < —B1 <H(712)(s)>a,

7o (s)

or, equivalently,
al/%(s)H" =V (s) 7o (s) + prH" 2 (s) < 0;

then,

<H<n—2> <s>)/ _ mo(s)a /() H () + HH ()
s o (5)m P o) o

Using the same method as before, we can show that

(n-2)
fim - ) . &) _y,

and )
(n=2)
(Hﬁ()) ~o.
My " (s)
In a similar manner, for By < By < 1/2, we can demonstrate that
a/%(s)HO ) (s)mo(s) + BHO ) (s) < 0,
and (n-2)
ne
lim H (s) =0,
500 n.gk (s)

fork =2,3,...,m. Hence, we have completed the proof of the lemma. O

o A (H(H) <s>>“( L
1—Bo 7.[(/)30 (s) ng(l—ﬁo)(s) 71.8‘(1—50)

)
)

« o[ H2(s) Yo (v) 2P
() L
)

)
)+ B (H“)(s))a_ﬁ%(H(“)(s) a

(18)
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Theorem 1. If (11) holds and
po>1/2, (19)

for some pg € (0,1), then we have Qy = &, where By, is defined as in Lemma 7.

Proof. Assume for contradiction that i € (). By Lemma 7, we know that H("~2)(s)/ ﬂg °(s)
is decreasing for s > sjand H("~2)(s)/ 71(1)_’3 %(s) is increasing for s > s1. This implies that

po<1/2,
which is a contradiction. The proof is complete. I

Theorem 2. Assume that (11) and (17) hold. If there is a positive integer m such that

timint [ o(v) e (0(0)) (" 2(0)) g(0)gf (o0 )cdo > B A= B (=27 20)

§=00 o (s) e

then we can conclude that Oy = &, where o < 1.

Proof. Suppose the opposite: that 1 € (). Then, based on Lemma 8, we know that (S3 1)
and (83,2) hold.
Now, we define the function

w(s) = a/*(s)H" Y (s) o (s) + H" 2 (s).
It follows from (S; 3) that w(s) > 0 for s > s1. From (S3 1), we obtain
al/*(s)H" 1 (s) 7o (s) < —BuH" ) (s).
Then, from the definition of w(s), we have

w(s) = a/*(s)H" " (s)mo(s) + B H" ) (s) = BuH" 2 (s) + H" 2 (s)
< (1—Bu)H"2(s). (21)

Using Lemma 6, we find that (S11) — (S15) hold. From (S;2) and (S; ¢), we obtain

/

w(s) = (/%(s)H(s)) mo(s)

< (als) (HOV6)") (/46 HOV () mols)

< =R H () (R (E)) o)

< —iq<s>¢%<a<s>;x>H“<a<s>><ﬁmH:02)(5)>l“m)(s)

< B (090 H (0(5)) (W) -

< ~Lpaon e (e ) ()’ (ﬂof);)) -

Applying (S;4) from Lemma 6, we can observe that H("~2)(s)/7(s) is increasing.
Therefore, we have
H"2(a(s)) _ H2)(s)
<
7o (0 (s)) 70(s)
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and

Therefore,

s
(0 (s))

y (H(”—z)(a(s)))“ (H(n_z)(g(

_1 Bute s)of (o (s); () 2(s)) HO2) (o(s
< “«n_zmaw>%<<>,>%_%d®)( (5)) H" D (a(s)),
which, from (21), gives
1 el o(s)

w'(s) +

« (n=2))*(1 = Bm) 7l (c(s)) (0"_2(S>)“q(5)¢i‘(0(5);K)w(U(S)) <0. (22)
. m 0 S

Therefore, we can conclude that w(s) satisfies the differential inequality (22) with
positive values. However, according to Theorem 2.1.1 in [5], condition (20) ensures that (22)
is oscillatory. This leads to a contradiction, completing the proof of the theorem. [

3.2. Category (23

Lemma 9. Assume that h € Q3. Then, eventually,

(S41) H(s)/nn_Q(s) is increasing;

(S41) (=1 H =2 () < aV/2(s)H"=1) (s)7;(s), fori = 0,1,2,...,n — 2.

Proof. Assume that h € Q3.
(S41) From (1), we have that a(s) (H (n-1) (s)) "is decreasing, and hence

1/a (n—1) > 1/« (n—1)
a'’*(s)H (s)/s al/“(v)dv > /S al/"‘(v)a (v)H (v)dv

= lim H"2)(s) — H"2)(s).

S—r00

(23)
Since H("~2)(s) is a positive decreasing function, we have that H("~2)(s) converges
to a non-negative constant when s — co. Thus, (23) becomes

—H"(s) < al/*(s)H" " (s) 710 (s),

which implies that

(HWZW@>/=””WﬂnawHWU@»+HW2N@

7o (s) al/*(s)mg(s) -

which leads to

e ] (7’1—2) (”_2)
) = [T oo > F ),
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This implies that

<H<n3)(s)>’ m(s)H" 2 (s) + H D (s)mo(s) _

71(s) 3 (s) T
Similarly, we repeat the same previous process (n — 4) times and obtain
/ /
( H'(s) > <o.
777173(5)
Now,
© H'(v) H'(s)
—H(s :/ tp—3(v)dv < Th—2(s
( ) s nn_3(v) n 3( ) = 7Tn_3(S) n 2( )
This implies that
( H(s) )/ _ Tn2($)H(5) + HS)7tus(s) o
= . > 0.
71.’,1,2(5) nn72(s)

(S42) Assume that i € Q3. Then, we obtain

o 1/a (n—=1)
al/a(s)H(nfl)(s)no(s)Z/s a' (:1)/1;1(0)1 (v)

or, equivalently,
H2)(s) > —al/%(s)H" "V (s) o s).

Integrating the last inequality from s to oo, we obtain

_H(n73)(s) > _/ooal/:x(v)H(nfl)(v)no(v)dv

s

%

a1/ (s)H 1) 5) / ~ 1o (v)dv
> —a/*(s)H" Y (s)m(s),

or, equivalently,
H"3)(s) < a%(s)H" VD (s) 71, (s).

Integrating the last inequality from s to co, we have

—H"=4)(s)

IN

/oo a'/*(0)H"= (v) 1 (v)do

al/"‘(s)H(”_l)(s)/ my (v)dv

S

IN

< a%(s)H" V) (s)ma(s),

or, equivalently,
H(n—4) (S) > _al/“(S)H(”*l)(s)ﬂz(S)-

dv > —H"2)(s),

Through the repeated integration of the previous inequalities from s to o, we obtain

(_1)i+lH(n7i72) (S) < al/tx(s)H(nfl) (s)m(s),

fori=0,1,2,...,n—2.

Hence, we have completed the proof of the lemma. O

Lemma 10. Suppose that h € Q3. Then, eventually,
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(S51) h(s) > ga(s, 1) H(S);
(S52) (a(s)(HO""D(s))") < —q(s)8(o(s); k) HE (0 (5)).

Proof. Suppose that i € (3.
(S5,1) From Lemma 5, we have that (10) holds. From (S4 1), we conclude that

Ty (Q[Zr-&-l} (S))

H(Q[zrﬂ] (S)) = u—2(0?1(s)) H(Q[M (S)>’
which, with (10), gives
h(s> N i 2r (P(Q['Y] (s)> 1 B TTy—2 (Q[27+ﬂ (S)> H(Q[zr] (S)) (24)
=0 \ =0 ¢(e®(s))  ma2(e®1(s))

Since H is decreasing, then (24) becomes

x [ 2 1 ”"*Z(Q[ZHH(S))
He) > E(W’(Q[ﬂ(”)) [«P(e%))_ (@) |

= ¢o(s,k)H(s).

(Ss,2) Equation (1) with (S5 1) becomes
(&) (H D)) = —qs(ols))

< —q(s)¢i(e(s); k) H (0 (s)).

Therefore, the proof of the Lemma is complete. [J

Remark 2. The verification of

$2(s;0) =1 — ¢(S)M

TTh—2(8)

is straightforward. Substituting x = 0 and n = 2 into (S5 1) yields the classical relation (5).

Lemma 11. Assume that h € Q3. If

0 1 w 1/a
[ (o [ 10t eina) - do =, @)
and there exists a ko € (0,1) such that
1
i (8)7, 1 (5)a(5)95 (0(s); %) > K, (26)

then

(S6,1) lims—eo H(s) = 0;

(S6,2) H(s)/nz(’_z(s) is decreasing;
(S63) lims oo H(s) /7™, (s) = 0;

Proof. Assume that h € Q3.
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(S, 1) Since H is positive decreasing, we have that lim;_,. H(s) = ¢3 > 0. Assume the
contrary, that /3 > 0. Then, there exists a s, > s; with H(s) > ¢3 for s > s;. Then,
from (Ss5), we obtain

(a(9) (HOD(9))") < ~q(s)g8(0(s): ) H (0(s) < ~Ba()5 (@ (5);x).

Integrating the inequality twice from s, to s, we obtain

a(s)(H"1(9))" = afea) (H" D (s2)) " < = [ (0)g3(o0)im)a.

4

Using case (N3), we have H""1)(s) < 0 for s > s;. Then, a(s) (H(”’l)(sz)> <0,
and so

1 'S
H("_l)(s) < 7111/“3(5) /52 g(v)p5(o(v);x)dv.
Then,

s 1 w 1/a
HO () < 10 () — o [ (g [ 100800 e —coass o

a contradiction with the positivity of 1("~2)(s). Therefore, 3 = 0.
(Se2) Integrating (Ss) from s, to s and using (26), we obtain

a(s) ()" < a<s2>(H<”*1><sZ> = /Sq<v>¢%<a<v>m>H“<a<v>>dv

<

< a(sp)

(o2) (H"
< a(s) (H
(1

which, with (S 1), gives

_ H*(s)
als H(n 1) o ,
6 (HVE) < Ko
or, equivalently,
(S HO (5) < ko) (27)
Tu—2(s)
Thus, from (Sy42) ati = n — 3, we have
H'(s) H(s)
<k )
Tu3(s) = C7y_o(s)
or, equivalently,
Ttn—2(s)H'(s) + komty—3(s)H(s) < 0. (28)

Consequently,

( H(s) >’: 7 2($)H(5) + korta-s(5)H(S) _
7T

ko+1 -
7'[,10,2 (S)
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(Se,3) Given that H(s)/ nzﬂz (s) is a positive decreasing function, it follows that

lim H(s)/ 7" ,(s) = £4 > 0.

S—00

Assume the contrary, that £4 > 0. Then, there exists a s, > s; with H(s)/ nﬁo_z(s) > Ay
for s > sp. Next, we define

H(s) +a"/*(s)H" V) (s)7,—(s)
ko ’
n—2 (S)

Then, from (S4,), ¢(s) > 0 for s > s,. Differentiating ¢(s) and (Ss ), we find

¢(s) == -

¢'(s)
= 7_[21(012(5) [”ﬁoz(s) (H’(S) —at/*(s)H" "D (s)7m,_5(s) + (al/“(S)h(”_l)(s))/nn2(5))
+korth 5! ()7t (s) (H(s) +a'/*(s)H"" ) ()70 (5) ) |

!

< nkoizl(s) {(ﬂ”“(S)HW‘”(S)) 72 2(s) + ko3 (s) (H(s) +111/“(S)H(”_1)(s)7tnz(s))}
< 7¢£Hﬂ{i@wﬂH“1%@Y)Kf”@ﬂﬂ””@01KNLﬂ@

+kots-a(s) (H(s) +a/*(s) HO' ™V ()7, (s) )|

Using (Ss52), we find
7 < ﬁgﬂ@[;V$Wﬁd@mﬂﬂwwD@”ﬂﬂH“1Nﬂf“niﬂﬂ

o7y ($)H () + Kortn—3(s)al/*(s)H" D (s) 71, 2(s) .

Sincea < 1, H(”_l)(s) <0, and

1/« (n—1) < _ H(S)
A HO () < ko
also H(s)
_gl/a (n=1) (g} > feo2\5)
A HEHO () 2 ko T
which implies that

(al/a(s)H(nfl)(SDl_a > (kO H(s) )10"

TTu—2(8)
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Then,
6 = i | e (ko) )1“7# (5
(P — 711:[[)_—;1(5) I Q q 2 4 07'[;172(5> n—2
+korty—3(s)H(s) + konn_g(s)al/“(s)H(”fl)(s)nn_z(s)]
1 [—Kk
< g | e TOBEERTAEHE
ko7t (s)H(s) + ko7tu-3(s)a"/* (s) H" V) (s) 1, 2 ()| .
Using (26), we obtain
§(8) < ——— [ —ko7n-a()H(s) + kort-3(s)H(s) + Koty a(s)a/* (s H" =V (s) 71, 2(s)
T2 (S)
(29)
= kikonn,g(s)al/"‘(s)H(”_l)(s).
ﬂn(lz(s)
Using the fact that H(s)/ Tr]:lo_z(s) > {4 with (27), we obtain
O 6) < ko1 < —holarl? ) 60)
Combining (29) and (30), we obtain
' 2, Tn-3(s)
¢ (s) < —kyly —r <0.

By integrating the last inequality from s to s, we find

TTy—2(52)

$9) > k304 1In
(P( 2) = Rot4 7Tn,2<s)

— 00ass — 09,

a contradiction, and so ¢4 = 0.

Therefore, the proof of the Lemma is complete. [J
Lemma 12. Assume that h(s) € Qg and (25) and (26) hold for some kg € (0,1). Ifkj_q <k; <1
foralli=1,2,...,m—1, then
(S7am) H(s)/ nﬁ’iz(s) is decreasing;
(S7.2m) limsseo H(s) /03" 5 () = 0;

where
At
ki=kp———,i=12,...,m (31)
] 1/ 7 7 4 7 4
(1—k—a) "
" ((s))
TTu—o(0(s
— 2 > Ay, forall s > sq, 32
o) =M f 1 (32)

for some A > 1.

Proof. Assuming that h(s) € (3, we can use Theorem 11 to conclude that
(S6,1)—(Se,3) are satisfied. Furthermore, by applying induction and Lemma 12, we can
establish that (Sy10)—(S7,3,0) hold.
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Assuming that (Sy1 ,—1)—(S7,3,m—1) hold, we can integrate (S5 ») from s, to s, resulting
in

14

a(s) (HO D (5))" < a(s2) (H D (s2)) " - /S:q(vw<a<v>m>H“<a(v>>dv. (33)

Using (Sy1,m—1), we obtain that

H(c(s)) > 75 (o(s))

Then, (33) becomes

a(s) (H")(s))

o o

< als) (H"V(s2))

B /s: ﬂl(v)gbﬁ‘ (U(v);K)”nfz (U(U)) k1

T2 (U)

U.

which, with the fact that H(s)/ ﬂﬁ’i’zl (s) is a decreasing function, gives

o

a(s)(H"V(5))" < a(s2) (HOV(s2))

__Hs) 0)p5 (o (v); n“k”l—lvm
nzk_"’z’l(s) /S2 q(v)¢; (o (v); k), " ' (v) ﬂzk_"’il(v)

Hence, from (26) and (32), we obtain

dv.

whyy H* s n XK —1
_Alkm %/ q(v)q;z(a(v);x)ﬂnk,z (v)dv
TTy—2 (S)
H%(s) § T —3(V)
1 (5) A b )
(

IN
x
—~
2]
N
~—
=4
N
—_
—
—~
2
N
~—

IN
x
—~
©»
N
~—
e
N
—_
-
—
2]
N
N

n—2
a H*(s) 1 H"(s)
= a(sy) H™" 1)(s )) +ky, — m ,
s ) L (s o)
which, with the fact that lims_,. H(s)/ ﬂﬁ’ﬁ’zl (s) =0, gives
_ H"(s)
a(s)(H V(s a<—k"‘ ,
E(HVE) < Ko
or, equivalently,
_ H(s)
1/a (n—1) < _
a’*(s)H (s) < —km — (34)
Thus, from (Sg) ati = n — 3, we have
/
H() _ . HG)
TT—3(8) TTy—2(8)

or, equivalently,
7Tn72(S)H/(S) +kmmn-3(s)H(s) < 0. (35)
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Consequently,

/
H(s 1
( km( ) ) = (a2 ()H(5) + ki (5)3(s) H(s)) < 0.
T~ 2(S> -2 (S )
By following the same method used to prove (S¢) in Lemma 11, we can demonstrate
that lims_,c H(s) /7" 5 (s) = 0.
Hence, we have successfully completed the proof. [

Lemma 13. Suppose that h(s) € Qg and (25) and (26) hold for some kg € (0,1). Ifkj—1 <k; <1
foralli=1,2,...,m—1, then
h(s) > ¢a(s;x)H(s).

Proof. Using the same method employed in the proof of Lemma 10, we can derive (24).
Furthermore, from (S7 1 ,,), we can infer that

H<Q[2r] (S)> > 71,’2'”2(9[271(5))H(S)’

”ﬁmz()
which, with (24), gives
£ (2 e e O) N N CO)
"= ,Z@ ( )>[¢<e[ﬂl<s>)‘ @) | e

Theorem 3. Assume that (25) and (26) hold. If there is a positive integer m such that

iminf [~ 7y_a(0)7tL(o (v))q(v)¢§(a(v);x)dv>w, (36)

5—00 U(S)
then Q3 = &, where o < 1 and kyy, is defined as in Lemma 12.

Proof. Suppose that the opposite is true: that & € (33. According to Lemma 12, we know
that both (Sy 1 ,,) and (S72,,) hold.
We can now introduce the function

w(s) = a*(s)H" V) (s)m,_»(s) + H(s).
From (Sgp) ati =n —2, w(s) > 0fors > sp, and from (34), we obtain
aV/*(s)H" V() 71,_5(s) < —kmH(s).
Then, from the definition of w(s), we have

w(s) = a¥/*(s)H® D (s) 71,5 (s) + km H" 2 (5) — ke H"2) (5) + H"=3) ()

37
< (1 —kp)H"2)(s). 7
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From (Sy) ati = n — 3, we obtain

w'(s)

IN

(" (s)HOD(5)) a2 (s)
=~ (as) (HO(9)") (4 HO D) mals).

o

Using (Ssp) and (Syp) ati = n — 2, we have

W(s) < La() )0 H 0(s) (4 HOV () ()
_ s 1—a
< THOBEEH ) (k) el

_1l—a 11—«
ST q<s>¢%<a<s>;x>H“<a<s>>( Hs) ) ()

o T—2(8)

Using (S41) in Lemma 9, we note that H(s)/7,_»(s) is increasing; then,

H(o(s) _ H(s)
T 2(0(5)) ~ 7on2(5)’

() "= ()

1l
W(s) < tm q(s)sb%(a(s)m)H“(a(s»(

14
1—a
fkm

and

Therefore,

1—a
H(o(s)) )) Tn2(s)

Tt—2(0(s)

which, from (37), gives

1—a
W (5) 3 2 A6 M2 ()51 (o (S)i)o(s) <0 (39)

Therefore, w(s) satisfies the differential inequality (38) and is positive. However,
according to Theorem 2.1.1 in [5], condition (36) ensures that (38) is oscillatory. Thus, this
contradiction concludes the proof of the theorem. [

Theorem 4. Suppose that (25) and (26) hold. If there is a positive integer m such that

timint [, 2(0) (0 0))a0) (0o > M0k g

S—00 (T(S)
then Q3 = &, where o < 1 and kyy, is defined as in Lemma 12.

Proof. Apply the relation
h(s) > alsi)H(s),

to (1) and utilize the same proof technique employed in the preceding theorem. [
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3.3. Category ()
Lemma 14. If
liminf [ g(0)(1 = ¢(o(v))) a(g(v))) ao> =DY (40)

S—00 0—(5)

then O = @.

Proof. Assume the contrary: that # € (3;. Then, it is clear from (N ) that

lim H(s) # 0.

55— 00

Thus, it follows from Lemma 3 that, for every € € (0,1),

e " (s)

H(o(s)) > mm(ﬂ(o’(s))[{(”*l)(g(s)))/ (41)

eventually. Using (41) in Equation (1), we see that

(a(o) (1)) = —q(o)(e(s))

IN

—q(s)(1 = ¢(o(5)))"H* (o (s))

—q(s)(1 = ¢(o(s)))" ( ¢ _6 ol ZZUES()S))Y (a(v(s)) (H(”fl) (a(s))y).

IN

Let 0(s) = a(s) (H(”_l)(s))a in the last inequality. We see that 6(s) is a positive
solution of the delay differential inequality

e” (" 1(s))"
—————q(s) (1 = (0 (s))) ——~—
G Ty (1 = 9o

Therefore, w(s) satisfies the differential inequality (42) and is positive. However,
according to Theorem 2.1.1 in [5], condition (40) ensures that (42) is oscillatory. Thus, this
contradiction concludes the proof of the Theorem. [

0'(s) + 0(c(s)) <0. (42)

4. Oscillation Criteria

In this section, we use the results of the previous section to obtain new criteria for
checking the oscillation of all solutions of (1).

We now have conditions that exclude positive solutions for all (N1), (N2), and (N3)
cases. By combining these conditions, as outlined in the following theorem, we can derive
criteria for oscillation.

Theorem 5. Assume that (19), (36) and (40) hold. Then, (1) is oscillatory.
Theorem 6. Assume that (20), (36) and (40) hold. Then, (1) is oscillatory.
Theorem 7. Assume that (19), (39) and (40) hold. Then, (1) is oscillatory.
Theorem 8. Assume that (20), (39) and (40) hold. Then, (1) is oscillatory.

Example 1. Consider the NDE

(5*(1(s) + goh(e0s))") + qoh(es) = 0, (43)
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wheres > 0, ¢ € (0,1), 00, 00 € (0,1), and qo > 0. By comparing (1) and (43), we can conclude
that n = 4, a(s) = s*, ¢(s) = ¢o, 4(s) = qo, 0(s) = qos, and o (s) = ops. It is easy to verify that

1 1 1

o(s) = 35, M) = .5 m(s) = o

_ 274r/€ 5K L 271
h(si%) = (1= o] 23", galsin) = | 5o = | S

o) = gy~ o) LA

1
5= 1800‘70 (PO Z ¢2rQ4r/e ,BO — 17040 1 _ (PO Z (PZr 4r/€

1
ko = 6 [ ] Z ¢2r+1
Condition (19) results in

9
eag(1— o) Tr_o 93 o%/e’

go >

condition (20) yields
18(1—,8,,1) 1
> Z
" B 0 T o e €

condition (36) leads to
6(1—k 1
fo> [& - 1}(2" Z,LH Inle
do o | =r=0 00

condition (39) produces

6(1 — k) 1
e

Kk g2rl 1
%—Qj} r=0 9o 2rkm In 7

q0>{

and condition (40) leads to

(o) (Tl—l)!‘

qo >
(1—¢o)lng e

(44)

(45)

(46)

(47)

(48)

The oscillatory of Equation (43) can be determined by applying different theorems. Theorem 5
indicates that if (44), (46) and (48) are satisfied, then Equation (43) is oscillatory. Similarly,
Theorem 6 shows that if (45), (46) and (48) are satisfied, then Equation (43) is oscillatory. Theorem 7
establishes that when (44), (47) and (48) are satisfied, Equation (43) is oscillatory. Finally, Theorem 8

states that if (45), (47) and (48) are satisfied, then Equation (43) is oscillatory.

Example 2. Consider the NDE (43), where ¢g = 1/2, 9o = 0.9 and py = 1/3; then, (43) becomes

<S4 (h(s) + ;h(0.9s)>m>/ +q0h<;s) =0,s>1

_m(8) _ gy 5, = T2(06)
Tl T Tm)

10 1 2r+1
$1(s;10) = ) (2) (0.9)%/€ = 0,579, where e = 0.7,
r=0

Clearly,

4

(49)
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References

1 10 1 2r+1
st~ [a- L] B (2 20

r=0
6 = 0.004q0, Bo = 0.003q¢, wheree = 0.7,

27Bj-1

i = 0.003g0 ———

,1=12,...,m,
gl
ko = 0.112q¢, kj = 0.112q0———— forj=1,2,...,m.
1—kj1q
The conditions (19), (20), (36) and (40) are satisfied when
go > 166.667,

go > 93.573(1 — Bm),
go > 2.995(1 — ky,),
qo > 1.34,

respectively. Thus, from Theoerms 5 and 6, we conclude that (49) is oscillatory.

5. Conclusions

This research investigated the oscillatory behavior and monotonic properties of a
class of even-order quasi-linear neutral differential equations. We introduced several
enhanced relationships connecting the solution and its corresponding function in two
out of the three cases of positive solutions for the examined equation. Ultilizing these
relationships, we established criteria verifying that categories (2, and ()3 have no positive
solutions. Furthermore, we demonstrated through comparisons and examples that the new
relationships improved the criteria, ensuring that (), and )3 were empty sets. Finally, we
developed a new criterion to check the oscillation of Equation (1).

The theorems that we obtained not only extend current findings in the literature but
also provide a basis for future research in different directions. For example, it would be
of interest to extend the results of this paper to higher-order equations of type (1), where
n > 3 is an odd natural number.
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