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Abstract: This article comprises the study of strongly starlike functions which are defined by using
the concept of subordination. The function ¢ defined by ¢ (¢) = (1+ ¢)*, 0 < A < 1 maps the open
unit disk in the complex plane to a domain symmetric with respect to the real axis in the right-half
plane. Using this mapping, we obtain some radius results for a family of starlike functions. It is
worth noting that all the presented results are sharp.
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1. Introduction and Preliminaries

Mathematicians, especially analysts, keep working to improve on their own results
that are ultimately beneficial for not only research and development in mathematical
results but equally helpful for physical scientists or engineers using it. The people related to
research in GFT have been exploring new dimensions of their field that study the problems
related to geometrical structures of various symmetric domains. Working in a similar
direction with the same zeal, Stankiewicz [1,2] was one of the two mathematicians who
discussed the idea of the functions that are called strongly starlike, the second being was
Brannan and Kirwan [3], but both of them were unaware of the discovery of the other. The
former then discovered the external characterization, which was geometrical in nature,
for these newly invented functions, see [2]. While on the other end, Brannan and Kirwan
discussed the geometrical property, but that was a sufficient condition for any function
to be the part of this class of functions. Ma and Minda [4] explored another direction
and, unlike Stankiewicz, proved the results for internal characterization, but they based
their results in k-starlike domains. Then there was no end to new ideas coming to this
area of research. One can see [5], Chapter IV, [6,7]. After that, we see Mocanu [8] coming
up with “some starlike conditions for analytic functions” in his article titled so. It was
followed by another research work by him [9] in which he explored two conditions for
this property of functions, but they were simpler than the ones stated before by him. The
following year, Nunokawa [10] gave a remarkable result involving the order of the type
of functions under discussion. The results of Brannan and Kirwan were generalized by
Obradovi¢ [11], who stated more conditions, which can be regarded as sufficient conditions
that a function needs to satisfy to be a strongly starlike function. As a matter of fact and
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a part of natural improvement that has to come under research with the passage of time,
Tuneski [12] improved the results stated earlier and made these sufficiency conditions
similar in his paper, which was published in 2001. Lecko [6] in 2005 aimed at discovering
the results related to this group of functions more geometrically and then switch between
the analytical nature and that of the geometrical one in an interesting manner. He built
a relation between the geometry of our class with spiral likeness of the same order. He
did it in a simpler mean by discussing these beautiful geometrical properties for planar
domain which was enhanced by the analytical forms of these results in their related
classes. His paper is worth reading. In the same year, Sugawa [7] proved the necessary
and sufficient conditions for a simply connected domain to be SS but for a specific order.
After proving this remarkable result, he also constructed the connection between already
discovered properties of these functions with each other and some other related interesting
results. Kwon et al. [13] mainly discussed the characterization of Carathéodory function,
including the sufficiency conditions and its related results, but they also applied their
results successfully to study those analytic functions whose geometry involves starlikeness
and other shapes too. They inspired many to work in a similar direction. Sim [14] was
one of those who was inspired enough to explore new dimensions. In his article, referred
to earlier, he compared his new results related to sufficiency conditions of Carathéodory
function with already known results in the literature. These results also include those
related to the geometrical side of the analytic functions associated with his proven results.
We see a number of articles by Nunokawa [15-17] in the following years who explored
various dimensions of research addressing the geometrical and analytical properties of
strongly starlike functions. For the latest work on strongly starlike functions, see [18,19].
The exploration on strongly starlike functions that started in the early 1960s and had been a
matter of interest for many mathematicians over that period of time motivated us to explore
new dimensions of strongly starlike functions, which are explained in detail below after the
basic concepts and definitions. In particular, we aim to focus on the geometrical properties
such as radius results related to a class of strongly starlike functions associated with the
function @ (¢) = (14 ¢)*, 0 < A < 1 and to build its connection with the renowned classes
C, S:, Syy—US*y—UCand S Z‘ of analytic functions, which is the main motivation of this
work. For more relevant work, one can see [20-24].
Let () denote the class of analytic functions k whose series form is given as

K(Q) =0+ Y anl", CeD:={CeC:[( <1} )
n=2

We say k € () is subordinate to g € Q) (written symbolically as k < g or k() < g(C))
if there exists a Schwarz function 9 such that k(¢) = ¢(9(¢)) forall ¢ € D.

Shanmugam [25] started the study of the general classes of convex and starlike func-
tions by using the convolution techniques to examine inclusion-related problems. Ma and
Minda [26] further developed this theory and established some coefficient-related results.
For this purpose, they considered analytic functions ¢ () with Re@(Z) > 0, ¢(0) = 1and
¢’(0) > 0in D such that ¢(¢) maps D onto regions that are starlike with respect to 1. They
introduced the following classes of functions:

S*(e) = {K €q: C:;g) =< cp(C)}

and

Clo)= {K e O: (C:,,((CC)))/ =< (p(C)}.

Specializing the choices of ¢ in the class, $*(¢) reduces to subclasses of starlike
univalent functions that are introduced in the literature. For example, S* (/1 + ¢) := S} is the
class of functions k(() that map D onto the region bounded by lemniscate of Bernoulli [27],

which is symmetric around the real axis. For ¢ () = (1+5¢)%, 0 <s < %, the class S* (@)
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reduces to ST (s), which consists of starlike functions associated with symmetric Limagon
domain. This Limagon is also symmetric around the real axis, see [28]. Closely related to
this class, Sok6t [29] introduced the class S (c), defined as

0= {sen:|(2) -

Similarly , for ¢ (¢) = ((14¢)/(1—=10))7, 0 < 5 < 1, we have the class S;‘ of strongly
starlike functions [2,3]. This class is equivalently defined as

arg<C:;g)> <Tr, e D}.

2
Additionally, with @ () := py((), where p, () is defined in [30,31], we have the
classes y-UC and y-US* of y-uniformly convex and corresponding vy-starlike functions,
respectively, which are defined as

y—UC:{KGQ:Re<(CK,(C)))/> >y

<c, ce€(0,1], CGID)}.

S:_{KEQ:

(@)

/YZO/CED}/

K'(C K'(C)
v—Uus* = {KE Q: Re(CKK;g’)) > C:é(cg) -1,y EO,CGD}.

In particular for y= 0, these classes reduce to the well-known classes C and S* of
convex and starlike functions, respectively. For ¢(() = (14 ¢)/(1—0d) withd =1—-1/M,
M > 1/2, Janowski [32] introduced the class S}, which is equivalently defined as

-M

SXA:{KGQ: <M, CE]D)}.

Recently, Liu et al. [33] introduced and studied the class S (A) for which ¢(¢) =
(1+ )", 0 < A < 1 whose geometric characterization was studied by Masih et al. [34]. For
more information regarding other choices of ¢, one may see [35-39]. For a detailed list of
such functions ¢ that give symmetric geometrical structures, we refer to [40,41] and the
references therein.

The concept of radius results or problems is one of the most fascinating geometric
properties of the subclasses of the Shanmugam or Ma and Minda classes. Let Q be a set of
functions and P be a property that Q may or may nothaveinD, := {{ € C: [{| <7, 0<
r < 1}. Denoted by R, (Q) is the radius for the property P in the set Q, and is the largest
R such that every function in Q has the property P in each D, for every r < R. In this
direction, Sokét [42] obtained a sharp radius relationship between the classes C, Sv*, S
v-US* and S;. Further, Cang and Liu [43] established the radius of inclusion for a certain
geometric expression associated with the class S. Recently, Saliu et al. [38] also obtained
the radius relationship of the ratio of analytic functions related with limacon functions. On
this note, Bano and Raza [44] obtained several radius results for the subclasses of starlike
functions associated with the limacon class.

Motivated principally by the works of Sokét [42], Cang and Liu [43] and Masih
et al. [34], we obtained the sharp radius of inclusions for the classes C, S:, Sy v-us*, v-uc
and S associated with the class S (A). Additionally, some sharp radius results are derived
for certain geometric expressions related with S/ (7).
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2. Main Results
Theorem 1. Let k € S (A). Then,
(a) k€ Sy in thedisc
M) —1, 1 <M <2M1
¢l <ra(M) := )
1, M>2M1,
(b) ke 8;‘ in the disc
1] < sm( )

(c) «ey—US*inthedisc
1
denrmi ()"
(d) «e€vy—UCinthedisc |C] < rx(y), wherery(y) is the smallest positive root of the equation

AXx Y
1—x 14y

(1—x)* -

7

() « € SF(c)in the disc
o < rale) = (1+0)B —1.

All these radii cannot be improved since the function

Ko(C) =Cexp </(;C Mt))\ldt>

2 _ 3 _ 2
e (B (P

plays the role of an extremal function.

Proof. Consider

e'(€)
k(C)
where 9 is analytic in D with §(0) = 0 and [9()| < 1. Then,

(a) for k to be in S%,, we must have

. A
- (1 —I—ﬁ(re’e)) , 0<6<2m, @)

(1 +1€>(rei9))A — M| < M. ®)

An obvious geometric observation shows that (1 +r)* < 2M is sufficient for (5).
Thus, we obtain (2). For the sharpness, consider the function k((¢) in (3). Then, at

C=rr(M),
Crp(Q) B _ A _
(D) M‘— (1+7¢) M‘—M. (6)
(b) keSrif
arg (1 +8(rei9)>}\ < % (7)
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Recall that | arg(1 + ()| < arcsinr, see [45]. Thus, the condition arcsinr < 571/2A or
r < sin(y7/2A) is sufficient for (7). For the sharpness, let1 < A and consider

s o+ 5) o)

with |¢| = sin 4% for ko () such that

)

_ 207 4 iin 1% cos 1]
= arg[cos n +1sin n cos n

= |arg <cos g) Aei%

nr
2
() key-—-UuUS*if

Re (1 +19(rei9))}\ >y (1 +19(rei9))>\ -1

> v —vYRe (1 +8(rei9)>)\,

that is \
i0 Y
Re (1 +9(re )) > vt 8)

A
Since Re (1 + 8(re’9)> > (1 —r)*, we see that condition (8) will be satisfied if

v
1—1) > .
( ) y+1

Hence, r <1—(v/(y+1)) X To establish the sharpness, we consider kg at { = —7z(v),

and have N
to(Q) _ vy v
Re( Sty ) =Fe 1‘<1‘(v+1> )1 “y+i
and N
Cro(Q)] v \* Y
- KOO(C)’_Yl_[l_G_(YH) )1 =y
Thus,
Re<CK6(C)> —y Ckp(Q) _1’
Ko(C) Ko(C) '
(d) From (4), a computation gives
(e (Q) _ AL AD(Q)
K (Q) = (14+9(0)) +m-



Symmetry 2023, 15,1124

6 of 12

©

Therefore, k € y — UC if

y|(1+9() +

m(u+woﬂ+xwmg>>

1+9(0)

V()
1+ 9(0)

>y yRe((L+0(0) + 1)

1+9() )’

that is

Re ((1+0(0) + 121 >

1+9(¢) v+1
By the Schwarz Pick lemma [46] (Vol. I, p. 84), we have

©)

1-[3(0)

V(0] < 12

(10)

we have

AP (Q)]

1- PO
Ar(1— ()
(1=P(Q)HA—1c?)
Ar(1+12])

1—[g)2 7

Re(1+9(0)* —

Re ((1+0(0) + 10 ) >

1+9(0)

2(1—r)7‘—

2(1—r)7‘—

that is

1+9(¢) 1—7

Thus, we see that condition (9) will be satisfied if

Ar 2%

T—r y+1

(1-1)) -

So, the function
Ar 2%
o AV _ _

is decreasing in (0,1) and g(0) = 1/(y+1). Hence, k € y — UC in the disc || < A (V).

Consider the function kg(() at { = —ry(y), we have
(Cxp())’ AL AG Y (Cxp(Q)’
R =1 AL T S —— - )
P (A R S A S s S L3
where
(Cxp(0))’ ‘ ( A Mnaly) ) ‘ ‘ Y Y
- —yl1- (- SRR VA | ) R G -
‘ @ | Y\ T ) Y v Ty
This shows that the radius is sharp.
k € S (c)if
2\ 2A
(1 +19(re’9)> -1 <¢,
which implies
LNA
(1 +19(r619)> <Vite (11)
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It is easy to see that the inequality
1+ <V1+c

is sufficient for (11). Thus, we have the required result. To establish the sharpness, we
consider kg at ¢ = r)(c) such that

(586" -

Remark 1. When we choose A = 1/2 in Theorem 1, results (a) — (c) reduce to the one obtained
by Sokét [42]. Fory = 0, (d) becomes the radius of convexity for the class S} (N). Furthermore,
for A =1/2, (d) gives the radius of convexity for the class S of the lemniscate of Bernoulli [27].
Additionally, for A = 1/2, (e) illustrates the radius of inclusion between the classes S and S} (c).

=C.

(l + r;\(c))n -1

O

Theorem 2. Let p be analytlc in D with p(0) = 1. Let 0 < a < 1,0 < B < 1 such that

oA+ (1 —a) + ) >2/(1=a)(1—PB),0< A< L. Ifp(Q) < (14 Q)N then
Yoy eal1. 9
Re<(1—zx)p Q)+ <1+ 0 )) > B (12)

in the disc |C| < ra(«, B), where

20 =) . (13)
A+ (1—a)+(1=B)+V(@r+(1—a)+(1-8))2—4(1—a)(1-p)

(e, B) =

This result cannot be improved.

Proof. Let p(¢) = (14 &9())?, where {9(() is a Schwarz function with [8()| < 1 for all
¢ € D. Then, p% =14 &3(¢) := u + iv. We have that (3(¢) = u — 1 4 iv, and so

1—r<u<l+r, r=]|q. (14)
A computation gives

() _ MEQ) | A ()
p(Q)  1+00(0) 1+

Therefore,
: GOV Zre[1 - o1+ 22 MY
Re((l—a)p (C)+oc<l+ (0 >> =Re|(1—a)(1+ () + <1+ 1+ 00(Q) T 1+C8(C))]
a2y
> (1 _a)u—Q—Dc(l—i-)\) _‘X)\Re(ujiv) - )\uflgjﬂ

adu a1 P(Q)P)
AU g2y (2 4 2)2

aAu aA (02 + (u—1)2 —1?)
u? 4 v2 (1—r2)(u2 +02)?

> (1—-a)u+a(l+A)—

=(1-w)uta(l+A)—

= G(u,v),
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where we have used (10). Thus,

oG 20A\uv 200 AP+ (u—1)* =)o

W (U2 +02)2 * (1—r2)(u2 +02)? (1— 12)(u2 + 02)?

and clearly %—S =0atv =0.So,atv =0, we have

PG 2aA | 2a\ “?‘(“— (1+r)) (u— (1—7))
902 B (1—-ru (1—72)us

>0,

where we have used (14). This shows that G(u, v) experiences its minimum value at v = 0.
Thus,

G(u,v) > Gu,0) =(1—a)u+a(l+A) — ‘%}‘ + oA ((u — 1)? — ”2)

(1—r2)u
_ [(1—r2)(1—a)+>\a]u—2[(1+7\)r2—(1—>\)}a
= H(u) v
and dH aA
' :1—zx+m >0,

which indicates that H(u) is increasing on the close interval [1 —r,1 + r|. Thus,

H(u) > H(1—r) = (1—a)(1—r)2+a(l+A)(1—71) —00\‘

1—r
We need to show that
_ — )2 —7) —
1-a)1—=r)*"+a(l+N)(1—7) Dé}\_ﬁ>0,
1—r
that is
1—a)?—(A=1a+2—-B)r+1-p8
>0,
1—7r
which is possible if
(1-a)>—(A=1Da+2-B)r+1-p4>0. (15)

Let T(r) be the left side of (15), then T(0)T(1) < 0. By the intermediate value theorem,
there exists r = r) (&, B) such that

1-a)?—(A—1Da+2-B)r+1-p=0,

which gives the required result. For the sharpness, we let p(¢) = (1+ ¢)* and at
C = —Tx (lxl ,B)/

(1 —oc)p%(C) +1x<1+ CS;S)) =1—-a)1—rr(a,p)) +1x<1 — %) =B.

O

Setting p(¢) = ¢x'(C)/k(Q) for k € Q), we have the following result.
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Corollary 1. Let k € SZ‘. Then,

Re|(1—a) (CKI(C)Y +tx<1 + (CK'(Q)" CK’(Q)

<0 a0 k@ )| 7P

in the disc given in Theorem 2.

Remark 2. Fora =1, = 0 in Corollary 1, we obtain the radius of convexity for the class x € S

given as
1

SATT
and with A = 1/2,r = 2/3 = 0.66667 is the radius of convexity for the class of lemniscate

of Bernoulli introduced by Sokot [27]. However, this result is slightly greater than the one
Sokot obtained.

A

Theorem 3. Let p be analytic in D with p(0) = 1. Let« > 0,0 < f < 1and 0 < A < 1. If
p(Q) < (14 )N, then

Re(p%(c) +szP'(C)> > B (16)

in the disc |C| < ra(w, B), where ra(«, B) is the smallest positive root of the equation
(1—x)? —arx(1—x)* = (1-x)B =0. (17)
This result is the best possible.

Proof. Following the initial procedure of Theorem 2, we arrive at

Re(pA () +agp/(€)) = Re[1+C8(€) +aAg(Co'(Q) +9(0)) (1 + ()

— Re [1 + 89(T) + aA(1+ () + zx)x(CZ{)’(C) - 1) 1+ (:19((:))“}
> -+ ot — | 39(0) 1| 1+ ()

2 2 2 A1
Zu+o¢7\u)‘zx?\<r ((u 12) +U>+1><u2+vz) :
1—r

_12 2_1 A1
2u+ac7\u}‘+ac7\((u )" +o )(uz—i—vz) :

1—12
= G(u,v),

where we have used (10). Then,

9G —oc7\v<(7\—1)<(”_1)2+v2_1>(u2+v2>)\23+2(”2+02)2) =0

v 1—12

for v = 0. Thus,

> 0.

PG(u,0) _ o A- Dur2(u —2) +2ur 1
00?2 1—1r2

This shows that G(u, v) assumes its minimum value at v = 0. Therefore,

G(u,v) > G(u,0) = u + aAu™ (1 + 1”:;) := H(u),
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and
dH S fu—(1+7?) aAu?
A a2t
du ek < 1—12 1—12
—(1+7) aAu?
> 14 a1
= Ltk (u(l—ﬂ) 1—12
2raN?(1— )21 aA (1 —r)M ]
>1-
- (1+47r)? (147)
_ A1
:1+a7\(1 7) 1— 2rA
1+7r 1+7r
aA(1— 7)1
1+ ————(1-A 0.
s 1+r ( )>
This shows that H(u) is an increasing function of u in [1 —r,1 + 7], and so
1—7)2 —arr(l—1r)?
H(u) > H(1—p) = =07 —adr@=n)7
1—7r
To prove our result, it is enough to show that
1—7)2 —arr(l—1r)?
(A=rP—av=n* o
1—7r
that is
(1-r?—anr(1—r)*—(1-r)B>0, (18)

Let T(r) be left side of (18) and consider € > 0 with € < B. Then (0,1 —¢€] C (0,1).
Therefore, T(0) = 1 -8 > 0and T(1 —¢) = e(e — B) — aA(l —€)e < 0 such that
T(0)T(1 —€) < 0. Thus, there exists r € (0,1 — €] such that

1-r)?—arx(l-n*-(1-rp=0,

and hence, we have the desired result. For the sharpness, consider the function p(¢) = (1 + {)*.
Then, at { = —r)(«, B), we have

—

pr(Q) +alp'() = 1+C+¢x7\z(l+c)7‘*1’ N

(=—ra(@f)
O

When we set p({) = ',a = 1, = 1 and A = 1/2 in Theorem 3, we arrive at the
following result.

Corollary 2. Let k'(¢) < (14 ). Then

Re((K’(C))

N—

-1+ CK"(C)) >0

in the disc || < 3/4.

3. Conclusions

We have considered the function ¢ defined by @(¢) = (1+¢)*, 0 < A < 1, which
maps the open unit disk to a symmetric domain and by using this function, we have studied
the class of strongly starlike functions. Hence, certain sharp radius results for a family of
starlike functions were found.



Symmetry 2023, 15, 1124 11 of 12

Author Contributions: Conceptualization, A.S. and Q.X.; Methodology, A.S. and Q.X.; Software, K.J.,
FT. and S.N.M.; Validation, K.J. and S.N.M.; Formal analysis, A.S., K.J. and S.N.M.; Investigation,
A.S. and Q.X.; Resources, ET.; Data curation, K.J.; Supervision, S.N.M.; Project administration, ET.;
Funding acquisition, E.T. All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.
Data Availability Statement: No data is used in this work.

Acknowledgments: This research was supported by the researchers Supporting Project Number
(RSP2023R401), King Saud University, Riyadh, Saudi Arabia.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Stankiewicz, ]J. Quelques problemes extréemaux dans les classes des fonctions a-angulairement étoilees Ann. Univ. Mariae
Curie-Sktodowska Sect. A 1966, 20 , 59-75.

2. Stankiewicz, J. On a family of starlike functions. Ann. Univ. Mariae Curie-Sktodowska Sect. A 1968, 22-24, 175-181.

3. Brannan, D.A.; Kirwan, W.E. On some classes of bounded univalent functions. J. Lond. Math. Soc. 1969 2, 431-443. [CrossRef]

4. Ma, W,; Minda, D. An internal geometric characterization of strongly starlike functions. Ann. Univ. Mariae Curie Sklodowska Sect.
A 1991, 20, 89-97.

5. Lecko, A. Some Methods in the Theory of Univalent Functions; Oficyna Wydawnicza Poltechniki Rzeszowskiej: Rzeszéw, Poland,
2005.

6. Lecko, A. Strongly starlike and spirallike functions . Ann. Polon. Math. 2005, 85, 165-192. [CrossRef]

7.  Sugawa, T. A self-duality of strong starlikeness. Kodai Math. ]. 2005, 28, 382-389. [CrossRef]

8. Mocanu, PT. Some starlikeness conditions for analytic functions. Rev. Roumanie Math. Pures Appl. 1988, 33, 117-124.

9. Mocanu, PT. Two simple conditions for starlikeness. Mathematica 1992, 34, 175-181.

10. Nunokawa, M. On the order of strongly starlikeness of strongly convex functions. Proc. Jpn. Acad. Ser. A 1993, 69, 234-237.
[CrossRef]

11.  Obradovi¢, M. Simple sufficient conditions for starlikeness. Mat. Vesnik. 1997, 49, 241-244.

12.  Tuneski, N. On some simple sufficient conditions for univalence. Math. Bohem. 2001, 126, 229-236. [CrossRef]

13. Kwon, O.S.; Lecko, A.; Sim, Y.J. On the fourth coefficient of functions in the Carathéodory class. Comput. Methods Funct. Theory
2018, 18, 307-314. [CrossRef]

14. Sim, YJ.; Kwon, O.S.; Cho, N.E; Srivastava, H.M. Some sets of sufficient conditions for Carathéodory functions. J. Comput. Anal.
Appl. 2016, 21, 1243-1254.

15.  Nunokawa, M.; Kwon, O.S.; Sim, Y.J.; Cho, N.E. Sufficient conditions for Carathéodory functions. Filomat 2018, 32, 1097-1106.
[CrossRef]

16. Nunokawa, M.; Sokél, J. New conditions for starlikeness and strongly starlikeness of order alpha. Houst. |. Math. 2017, 43,
333-344.

17.  Nunokawa, M.; Sokél, J. Some applications of first-order differential subordinations. Math. Slovaca 2017, 67, 939-944. [CrossRef]

18. Cho, N.E. Oh Sang Kwon, and Young Jae Sim. Differential inequalities for spirallike and strongly starlike functions. Adv. Differ.
Equ. 2021, 1, 1-12.

19. Kowalczyk, B.; Lecko, A. The second Hankel determinant of the logarithmic coefficients of strongly starlike and strongly convex
functions. Rev. Real Acad. Cienc. Fis. Nat. Ser. A. Mat. 2023, 117, 91. [CrossRef]

20. Seoudy, T.; Aouf, M.K. Fekete-Szegt Problem for Certain Subclass of Analytic Functions with Complex Order Defined by
g-Analogue of Ruscheweyh Operator. Constr. Math. Anal. 2020, 3, 36—44. [CrossRef]

21. Aouf, MK Seoudy, T. Certain Class of Bi-Bazilevic Functions with Bounded Boundary Rotation Involving Saldgean Operator.
Constr. Math. Anal. 2020, 3, 139-149. [CrossRef]

22. Akgil, A.; Cotirld, L.-I. Coefficient Estimates for a Family of Starlike Functions Endowed with Quasi Subordination on Conic
Domain. Symmetry 2022, 14, 582. [CrossRef]

23.  Cotirla, L.-I.; Kupén, P.A.; Szész, R. New Results about Radius of Convexity and Uniform Convexity of Bessel Functions. Axioms
2022, 11, 380. [CrossRef]

24. Cotirld, L.-I.; Murugusundaramoorthy, G. Starlike Functions Based on Ruscheweyh g-Differential Operator defined in Janowski
Domain. Fractal Fract. 2023, 7, 148. [CrossRef]

25.  Shanmugam, T.N. Convolution and differential subordination. Internat. J. Math. Math. Sci. 1989, 12, 333-340. [CrossRef]

26. Ma, W.C.; Minda, D. A unified treatment of some special classes of univalent functions. Conf. Proc. Lect. Notes Anal. 1992, 1,
157-169.

27.  Sokdt, J.; Stankiewicz, J. Radius of convexity of some subclasses of strongly starlike functions. Zesz. Nauk. Politech. Rzesz. Mat.
1996, 19, 101-105.

28. Masih, V.S,; Kanas, S. Subclasses of Starlike and Convex Functions Associated with the Limagon Domain. Symmetry 2020, 12, 942.

[CrossRef]


http://doi.org/10.1112/jlms/s2-1.1.431
http://dx.doi.org/10.4064/ap85-2-6
http://dx.doi.org/10.2996/kmj/1123767018
http://dx.doi.org/10.3792/pjaa.69.234
http://dx.doi.org/10.21136/MB.2001.133914
http://dx.doi.org/10.1007/s40315-017-0229-8
http://dx.doi.org/10.2298/FIL1803097N
http://dx.doi.org/10.1515/ms-2017-0022
http://dx.doi.org/10.1007/s13398-023-01427-5
http://dx.doi.org/10.33205/cma.648478
http://dx.doi.org/10.33205/cma.781936
http://dx.doi.org/10.3390/sym14030582
http://dx.doi.org/10.3390/axioms11080380
http://dx.doi.org/10.3390/fractalfract7020148
http://dx.doi.org/10.1155/S0161171289000384
http://dx.doi.org/10.3390/sym12060942

Symmetry 2023, 15, 1124 12 of 12

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.
43.

44.
45.

46.

Sokét, J. On some subclass of strongly starlike functions. Demonstr. Math. 1998, 31, 81-86. [CrossRef]

Kanas, S.; Wisniowska, A. Conic regions and k-uniform convexity. J. Comput. Appl. Math., 1999, 105, 327-336. [CrossRef]

Kanas, S.; Wisniowska, A. Conic domains and starlike functions. Rev. Roum. Math. Pures Appl. 2000, 45, 647-658.

Janowski, W. Extremal problems for a family of functions with positive real part and for some related families. Ann. Polon. Math.
1970, 23, 159-177. [CrossRef]

Liu, L,; Liu, J.L. Properties of Certain Multivalent Analytic Functions Associated with the Lemniscate of Bernoulli. Axioms 2021,
10, 160. [CrossRef]

Masih,V.S.; Ebadian, A.; Sokét, J. On strongly starlike functions related to the Bernoulli lemniscate. Tamkang J. Math. 2022, 53,
187-199. [CrossRef]

Al-Shbeil, I.; Saliu, A.; Catas, A.; Malik, S.N.; Oladejo, S.0. Some Geometrical Results Associated with Secant Hyperbolic
Functions. Mathematics 2022, 10, 2697. [CrossRef]

Kargar, R.; Trojnar-Spelina, L. Starlike functions associated with the generalized Koebe function. Anal. Math. Phys. 2021, 11, 146.
[CrossRef]

Saliu, A.; Noor, K.I; Hussain, S.; Darus, M. Some results for the family of univalent functions related with limagon domain. AIMS
Math. 2021, 6, 3410-3431. [CrossRef]

Saliu, A.; Jabeen, K.; Al-shbeil, I.; Oladejo, S.O.; Cétas, A. Radius and differential subordination results for starlikeness associated
with limagon class. J. Funct. Spaces 2022, 15, 8264693. [CrossRef]

Murugusundaramoorthy, G.; Vijaya, K. Certain Subclasses of Analytic Functions Associated with Generalized Telephone
Numbers. Symmetry 2022, 14, 1053. [CrossRef]

Malik, S.N.; Raza, M.; Xin, Q.; Soké}l, J.; Manzoor, R.; Zainab, S. On Convex Functions Associated with Symmetric Cardioid
Domain. Symmetry 2021, 13, 2321. [CrossRef]

Bano, K.; Raza, M,; Xin, Q.; Tchier, F.; Malik, S.N. Starlike Functions Associated with Secant Hyperbolic Function. Symmetry 2023,
15, 737. [CrossRef]

Sokél, J. Radius problems in the class SL*. Appl. Math. Comput. 2009, 214, 569-573. [CrossRef]

Cang, Y.-L.; Liu, J.-L. Radius of convexity for certain analytic functions associated with the lemniscate of Bernoulli. Expo. Math.
2015, 33, 387-391. [CrossRef]

Bano, K.; Raza, M. Starlikness associated with limacon. Filomat 2023, 37, 851-862.

Pinchuk, B. A variational method for functions of bounded boundary rotation. Trans. Am. Math. Soc. 1969, 138, 107-113.
[CrossRef]

Goodman, A.W. Univalent Functions; Mariner Publishing Co.: Tampa, FL, USA, 1983; Volumes I and II.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1515/dema-1998-0111
http://dx.doi.org/10.1016/S0377-0427(99)00018-7
http://dx.doi.org/10.4064/ap-23-2-159-177
http://dx.doi.org/10.3390/axioms10030160
http://dx.doi.org/10.5556/j.tkjm.53.2022.3234
http://dx.doi.org/10.3390/math10152697
http://dx.doi.org/10.1007/s13324-021-00579-0
http://dx.doi.org/10.3934/math.2021204
http://dx.doi.org/10.1155/2022/8264693
http://dx.doi.org/10.3390/sym14051053
http://dx.doi.org/10.3390/sym13122321
http://dx.doi.org/10.3390/sym15030737
http://dx.doi.org/10.1016/j.amc.2009.04.031
http://dx.doi.org/10.1016/j.exmath.2014.12.003
http://dx.doi.org/10.1090/S0002-9947-1969-0237761-8

	Introduction and Preliminaries
	Main Results
	Conclusions
	References

