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Abstract: This article is concerned with the bipartite flocking problem in multi-agent systems. Our
contributions can be summarized as follows. Firstly, a class of preassigned-time consensus protocols is
proposed to solve the issue of multi-agent systems. Secondly, with the aid of the symmetric properties
of the graph theory and the Lyapunov stability theorem, we prove that agents can be divided into
two disjointed clusters in a finite time, and they move to opposite directions at the same magnitude
and speed. The protocol is novel among existing fixed/finite-time protocols in that the associated
settling time is a preassigned constant and a parameter of the protocol. Moreover, it is proven that
the diameters of the clusters are bounded and independent of other the protocol parameters. These
results are demonstrated through both theoretical analysis and simulation examples.

Keywords: bipartite-flocking consensus; preassigned time; multi-agent systems; structural balanced
graph

1. Introduction

It is well known that many interesting phenomena can be modeled as multi-agent
systems because agents in the systems can both collaborate and compete with each other;
many prototypical results can be found in the existing literature. For example, in [1],
Fan et al. investigated the bipartite flocking issue in double-integrator dynamic systems in
virtue of LaSalle’s invariance principle, Barbalat’s Lemma, and graph theory. The cluster
flocking consensus in the Cucker–Smale model was dealt with in [2–5].

It is worth noticing that the convergence time of the protocols in the above works are
usually infinite. For practical applications, the convergence time (settling time) should be
finite to realize the precise consensus of multi-agent systems. To achieve finite convergence,
many finite-time or fixed-time bipartite flocking protocols were proposed in literature, such
as some fixed-time bipartite protocols that were provided in [6,7]. However, for finite-time
protocols and fixed-time protocols, the corresponding settling times cannot be arbitrarily
preassigned and also depend on the protocol parameters or initial conditions. In addition,
it can be seen in references [6,7] that there exist at least two problems with the settling time
T∗ that are worth discussing.

Problem 1: T∗ is dependent on not only on the parameters of the protocol but also the
topological information. The relationship between the settling time and the parameters
is complex.

Problem 2: To adjust T∗, we can enlarge the strength parameters or adjust the power
parameters; however, the magnitude of T∗ always varies greatly in response to even small
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adjustments of the power parameter. That is to say, adjustment of the settling time is
too sensitive.

To the best of our knowledge, the above two problems have not been solved at present
in the existing literature. In real applications, a controlled system is usually required
to achieve a bipartite flocking consensus in a preset period according to the actual re-
quirements, and at the same time, the period is required to be independent of the initial
conditions and the other design parameters. That is to say, a preassigned-time consensus
should be realized under the designed protocol.

However, there are few existing results on preassigned-time bipartite flocking in
multi-agent systems in spite of the fact that there have been many results on finite-time
bipartite flocking [8–14] and asymptomatic flocking problems [15–17]. Different from
asymptotic bipartite flocking (finite- or fixed-time flocking), preassigned-time bipartite
flocking requires agents to reach some state of interest within a preassigned time according
to the requirements of the control design. Hence, it is significant, necessary, and valuable to
discuss preassigned-time flocking consensus problems in multi-agent systems.

Motivated by the above observations and reference [18], the aim of this work is to
investigate the bipartite flocking consensus problem in multi-agent systems, and the aim of
the manuscript is to design a new class of consensus protocol that can solve the consensus
problem in multi-agent systems. It is notable that the settling time corresponding to the
protocol is a tunable parameter and the diameter of the cluster is estimated. We devote this
work to the investigation of the preassigned-time bipartite flocking consensus problem.

Our contributions are summarized up as follows. Firstly, a class of preassigned-time
bipartite flocking protocols is proposed. It is worth noting that—different from the existing
fixed-time consensus protocols in [19–21], which can solve the preassigned-time consen-
sus problem in multi-agent systems in virtue of the protocol having a time-varying gain
value—a constant gain is introduced to the protocol in this work. In particular, the con-
stant is independent of the initial conditions, the other parameters, and the topological
information. Certainly, the techniques in [6,7,12–14,22] all fail to solve the preassigned-time
bipartite flocking problem. Secondly, with the aid of structural balance graph theory and
Lyapunov stability theorem, the feasibility of the protocol is proven by rigorous proof.
Thirdly, some sufficient conditions are given to guarantee realization of the preassigned-
time biparatite flocking consensus. To the best of our knowledge, this the first time that
a constant gain has been discussed in the context of preassigned-time bipartite flocking
consensus issues. Thus, the results obtained in this article are novel at present.

The rest of the article is organized as follows. Section 2 introduces some preliminaries
and the problem formulation. The preassigned-time bipartite flocking results are presented
in Section 3. In Section 4, one simulation example is provided to verify the theoretical
results. Section 5 concludes the article with some conclusions.

2. Preliminaries and Problem Formulation
2.1. Preliminaries

Signed graphs G(A) = G(V, E, A) are necessary tools for describe the commu-
nication topology of multi-agent systems, where V = {vi| i ∈ ΠN} is the vertex set,
E =

{
(vi, vj)|, vi, vj ∈ V

}
denotes the edge set, and A = [aij] ∈ RN×N is the weighted

adjacency matrix, which satisfies aij 6= 0 if (vi, vj) ∈ E and aij = 0 otherwise. Moreover,
self-loops are not considered in the paper; therefore, aii = 0 for any i ∈ ΠN . The corre-
sponding Laplacian matrix L = [lij] ∈ RN×N for a signed graph G(A) satisfies lij = −aij if
i 6= j, and lii = ∑N

j=1
∣∣aij
∣∣ , i, j ∈ ΠN . When the relationship between agent i and agent j is

cooperative, aij ≥ 0; otherwise, a competitive relationship is present, in which case aij ≤ 0.

Definition 1 ([23]). For an undirected signed graph G(A), if there is a bipartition for the vertex
set V such that V = V1 ∪ V2, V1 ∩ V2 = ∅, aij ≥ 0 for any vi, vj ∈ Vr, aij ≤ 0 for vi ∈ Vr,
vj ∈ V3−r, and r = 1, 2, then signed graph the G(A) is said to be structurally balanced; otherwise,
it is called structurally unbalanced.
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Lemma 1 ([23]). For a connected signed graph G(A), it is said to be a structurally balanced graph
if and only if there is a matrix S = diag{σ1, · · · , σN} where σi = 1 or σi = −1 such that SAS ≥ 0
and SST = IN . In addition, the second smallest eigenvalue of matrix L is positive.

Lemma 2 ([24]). If numbers 0 ≤ ξi ∈ R, i ∈ Πn, then the following inequality holds

n

∑
i=1

ξ
p
i ≥ minp≥0

{
1, n1−p

}( n

∑
i=1

ξ

)p

Lemma 3 ([25]). If a positive definite, unbounded, and radial function V(x) : Rn → R+ exists
satisfying the inequality

V̇(x) ≤ − T
Tp

(αVp(x) + βVq(x)), (1)

where the parameters are 0 ≤ p < 1 < q, mp = 1−p
q−p , mp = q−1

q−p , and T = 1
α(q−p) (

α
β )

mp B(mp, mq);
B(·, ·) is the beta function; and Tp > 0 is a constant, then V(x) reaches zero in a finite time, and the
associated settling time function satisfies T(x0) ≤ Tp.

2.2. Problem Statement

Consider a multi-agent system composed of N agents, and the associated communica-
tion topology is a structurally balanced graph G(A). The dynamics of i-th agent satisfy the
following equations [22]:

ẋi(t) = vi(t), v̇i(t) = ui(t),
x0 = xi(0), v0 = vi(0), i ∈ ΠN .

(2)

where xi ∈ Rd and vi ∈ Rd are the position of i-th agent and the velocity of i-th agent,
respectively. ui(t) denotes the input, and it is also said to be the consensus protocol that
needs to be designed. For the specific physical meaning of system (2), readers can refer
to [22] (it is omitted here). In addition, to simplify the analysis, we choose a value of d = 1
in this article. When d > 1, it can be dealt with using the Kronecker product as well. Here,
it is assumed that each agent is fitted with position and velocity onboard sensors and that
they work instantaneously. In addition, the communication topologies for position and
velocity are not the same; in fact, unmanned aerial vehicles can be described by system (2).

Before proceeding, the preassigned-time bipartite flocking consensus is defined as follows.

Definition 2 ([22]). For any given initial conditions, the preassigned-time bipartite flocking
consensus of system (2) is realized if the following conditions hold:

(1) For any i, j ∈ V, we have that lim
t→Tp

vi(t) = κij lim
t→Tp

vj(t) and vi(t) = κijvj(t) for t ≥ Tp,

where κij = 1 if i, j ∈ Vr, r ∈ Π2; otherwise κij = −1, and V1 and V2 are a bipartition of V in
Definition 1. Moreover, the settling time Tp is a constant which can be preassigned according
to practical requirement.

(2) We can find a positive constant C > 0 (the diameter of the cluster) such that supt≥0 ‖xi(t)
−xj(t)‖ ≤ C, for any i, j ∈ Vr, r ∈ Π2, where ‖ · ‖, ‖ · ‖ stands for 2-norm.

Remark 1. Here, the parameter Tp is independent of a system’s initial states and the other protocol
parameters, and it may be designed according to a designers’ requirement. For the agents in the
same cluster Vr, Condition (1) of Definition 2 implies that agents move at the same speed within a
preassigned time. For agents in different clusters, they are to move at the same speed in magnitude
but in opposite directions. Condition (2) in Definition 2 shows that the diameter of clusters must be
bounded by some constant. Thus, only the two conditions holding simultaneously can guarantee
that a preassigned-time bipartite flocking consensus is achieved.
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3. Preassigned-Time Bipartite Flocking Consensus

This article aims to design a class of protocols that can solve the bipartite flocking
consensus problem in system system (2). For this purpose, we design the following
consensus protocol ui(t) for the i-th agent

ui(t) =
T
Tp

2

∑
k=1

lk

(
N

∑
j=1

aij
(
vj(t)− sign(aij)vi(t)

))λk

(3)

where i ∈ ΠN , Tp > 0 is constant, power parameters 0 < λ1 < 1 < λ2, gain coefficients
lk > 0, k = 1, 2, T is to be given later.

Now, we are in position to state our main results.

Theorem 1. If graph G(A) is a connected undirected signed graph and satisfies structurally
balanced conditions, then the preassigned-time bipartite flocking consensus of multi-agent systems
system(2) can be realized under protocol (3). Moreover, the corresponding settling time is upper
bounded by Tp.

Proof. The proof of theorem will be finished through two steps.
Step 1: Due to the fact that the signed graph G(A) satisfies structurally balanced conditions,
it follows from Lemma 1 that we could find a diagonal matrix S = diag{σ1, · · · , σN} such
that SAS ≥ 0. Take the linear transform z(t) = Sv(t), where z(t) = [z1(t), · · · , zN(t)]T ,
v(t) = [v1(t), · · · , vN(t)]T ; then, we have z(0) = Sv(0), sign(aij) = σiσj. So, we can obtain
żi(t) = σi v̇i(t), ẋi(t) = σi żi(t). Further, we have

llżi(t) = σi
T
Tp

∑2
k=1 lk

(
∑N

j=1 aij
(
vj(t)− sign(aij)vi(t)

))λk

= T
Tp

∑2
k=1 lk

(
∑N

j=1 |aij|
(
zj(t)− zi(t)

))λk
.

(4)

The candidate Lyapunov function is taken as

V(t) =
1
2

zT(t)L̂z(t) =
1
4

N

∑
j=1
|aij|

(
zi(t)− zj(t)

)2. (5)

where L̂ = SLS. The derivative of V(t) along system (4) can be obtained as follows.

dV(t)
dt

=
T
Tp

l1
N

∑
i=1

(
N

∑
j=1
|aij|(zi − zj)

)1+λ1

+
T
Tp

l2
N

∑
i=1

(
N

∑
j=1
|aij|(zi − zj)

)1+λ2

=
T
Tp

l1
N

∑
j=1

[
N

∑
i=1
|aij|(zi − zj)

2

]p

+
T
Tp

l2
N

∑
j=1

[
N

∑
i=1
|aij|(zi − zj)

2

]q

.

(6)

Because 0 < λ1 < 1 < λ2, we have 1
2 < p = 1 + λ1 < 1 < q = 1 + λ2. According to

Lemma 2, we have

N

∑
j=1

[
N

∑
i=1
|aij|(zi − zj)

2

]p

≥
(

N

∑
i=1

N

∑
j=1
|aij|(zi − zj)

2

)p

. (7)
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N

∑
j=1

[
N

∑
i=1
|aij|(zi − zj)

2

]q

≥ N1−q

(
N

∑
i=1

N

∑
j=1
|aij|(zi − zj)

2

)q

. (8)

Based on inequalities (6)–(8)we can obtain

dV(t)
dt

≤− T
Tp

l1

(
N

∑
i=1

N

∑
j=1
|aij|(zi − zj)

2

)p

− T
Tp

l2N1−q

(
N

∑
i=1

N

∑
j=1
|aij|(zi − zj)

2

)q

.

(9)

Note that matrix L̂ = SLS is positive and semi-definite. Then, there must be a unique
matrix Q, which is a semi-positive definite matrix such that L̂ = QQT . Thus, according to
Theorem 4.1 in [8], we can obtain the following inequality:

N

∑
i=1

N

∑
j=1
|aij|(zi − zj)

2 = (L̂z(t))T(L̂z(t))

= 2zTQQTQQTz(t) ≥ 2λ2(L̂)V(t).

Combining inequality (9) and the above inequality, for V(t) 6= 0, we have

dV(t)
dt

≤ − T
Tp

[
α(V(t))p + β(V(t))q]. (10)

where p = 1+λ1
2 , q = 1+λ2

2 , α = l1(2λ2(L))p, β = N1−ql2(2λ2(L))q, λ2(L) [26] denotes
the second smallest eigenvalue of matrix L, T can be obtained using Lemma 3. Invoking
Lemma 3 and the comparison principle, we can conclude that V(t) converges to zero in a
preassigned time Tp, that is to say,

V(t) ≡ 0 f or t ≥ Tp. (11)

That is to say, σivi = σjvj for t ≥ Tp.
Therefore, the following result can be obtained

lim
t→Tp

vi(t) = σiσj lim
t→Tp

vj(t) and vi(t) = σiσjvj(t) (12)

for t ≥ Tp.
Because zi(t) = σivi(t), σi ∈ {−1, 1}, we obtain lim

t→Tp
vi(t) = κij lim

t→Tp
vj(t) and vi(t) =

κijvj(t) for t ≥ Tp, where κij = 1 when i, j ∈ Vr, r ∈ Π2, κij = −1 otherwise.
The above equalities imply that condition (1) in Definition 2 holds. Note that here Tp is the
preassigned time, which is independent of other protocol parameters, initial conditions,
and topology information. Therefore, Tp can be set according to designers’ requirements.
Step 2: For any i, j ∈ Vr, r = 1, 2, where Vr is same as that in Definition 1. Then, the
following candidate Lyapunov functions are considered.

V̄r = ∑
i,j∈Vr

‖vi(t)− vj(t)‖2 (13)

and
X̄r = ∑

i,j∈Vr

‖xi(t)− xj(t)‖2. (14)

Then, Equation (11) implies that V̄r = 0 for t ≥ Tp, and combination with Equation (10), it
also means that V̄r is bounded when time t ≥ 0. In other words, one can find a constant
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K > 0 that satisfies V̄r ≤ K. For more details, one can refer to references [7,22]; for the sake
of brevity, we omit them here. Therefore, for any i, j ∈ Vr. Invoking the triangle inequality
and Cauchy–Schwartz inequality, we obtain:

˙̄Xr = 2 ∑
i,j∈Vr

〈
xi(t)− xj(t), vi(t)− vj(t)

〉
≤ 2 ∑

i,j∈Vr

‖xi(t)− xj(t)‖‖vi(t)− vj(t)‖

≤ 2X̄
1
2
r V̄

1
2

r .

(15)

Integrating differential inequality inequality (15) in the interval [0, t] yields

X̄
1
2
r ≤ X̄r(0)

1
2 + K

1
2 Tp

Combining (14), we can obtain

max
i 6=j∈Vr

‖xi(t)− xj(t)‖ ≤ X̄r ≤
(

X̄r(0)
1
2 + K

1
2 Tp

)2
= Cr. (16)

Further, we have
max

i 6=j∈Vr
‖xi(t)− xj(t)‖ ≤ max

r∈Π2
{Cr} = C.

This implies that the Condition (2) in Definition 2 holds as well. This completes the proof.

Remark 2. Step 1 shows that the velocities of agents can realize a bipartite consensus in a preas-
signed time.

Remark 3. Step 2 shows that positions of agents are bounded in preassigned time.

Remark 4. For Theorem 1, only undirected connected topology graph is employed to discuss the
bipartite flocking consensus problem, and the associated settling time is a preassigned constant which
is independent of any other elements such as other protocol parameters, network connectivity, and so
on. Moreover, it follows from (16) that the diameter of each cluster is influenced by the initial states
X

1
2 (0), upper bound K > 0, and preassigned time Tp. This is different from the fixed-time bipartite

flocking protocol in [6,7,22], which cannot ensure that the diameter of each cluster is independent of
network connectivity λ2(L) at all. Consensus protocol (3) can ensure the diameter of each cluster is
independent of λ2(L) and the parameters of the protocol. Therefore, bipartite flocking consensus is
realized in finite time Tp, which can be set according to the designers requirement. These results are
novel in comparison to the existing results [6,7,22].

4. Simulations

In this section, one simulation example is performed to illustrate the associated the-
oretical results in Section 3. To compare to the results in [22], the numerical example
in [22] is adopted here. The example is a multi-agent system composed of six agents, and
the associated weighted adjacency matrix is A, which is defined as

A =



0 3 0 −5 −1 0
3 0 2 0 −4 1
0 2 0 0 0 0
−5 0 0 0 0 0
−1 −4 0 0 0 3
0 0 0 0 3 0

,

The structure of balanced graph can be described by the weighted adjacency matrix
A; thus, the structure of graph is Figure 1. The protocol parameters are chosen as lk = 1,



Symmetry 2023, 15, 1105 7 of 10

k ∈ Π2, λ1 = 0.3, λ2 = 1.9. Preassigned times are chosen as Tp = 2 and Tp = 3. The initial
state is chosen as x0 = [4, 2, 0,−2,−4,−6]T , v0 = [1, 2, 3, 4, 5,−6]T , which are same as
parameters as in [6,7,22]. The associated numerical results are shown in Figures 2 and 3,
and the bipartite flocking consensus is realized in preassigned time Tp. The diameters
corresponding to Tp = 3 and Tp = 2 are about 2.1 and 2.7, respectively. The initial state is
chosen as x0 = [10, 12, 8,−8,−14,−16], Tp = 3, and the diameter is about 6.15. The control
signal is shown in Figure 4, which illustrates that the control protocol is distributed as
well. This simulation supports our theoretical results well, that is to say, the figure verified
effectiveness of the protocol (3). Figure 5 corresponds to unstructured balanced graph. It is
obvious that a bipartite flocking consensus is not realized.

Figure 1. The communication topology of multi-agent systems (2).

Figure 2. The positions and velocities of agents with Tp = 2.
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Figure 3. The positions and velocities of agents with Tp = 3.

Figure 4. The control signal ui of multi agent systems (2) with Tp = 2.
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Figure 5. The positions and velocities of agents under unstructured balanced graph.

5. Conclusions

In this paper, the bipartite flocking consensus issue is investigated. A new class of
preassigned-time consensus protocols is proposed to realize consensus in multi-agent
systems. With the aid of structurally balanced graph theory and the Lyapunov stability
theorem, the consensus analysis is completed. It is proven that the settling time is a prior
constant which can be set according to requirements. In addition, theoretical analysis
shows that the diameter of the clusters is bounded. However, there remains work that is
also worth researching, such as systems under switching topology, event-triggered mech-
anism protocols, and consensus of multi-agent systems; our future work will investigate
these issues.

6. Notations

Rn and R denote the n-dimensional real number space and the real number set,
respectively. Rn×m denotes the n×m dimensional matrix space. ΠN = {1, · · · , N} is an
index set. N is a positive integrator number. IN denotes an N × N dimensional identity
matrix, and A ≥ 0 (A > 0) implies that matrix A is a positive semi-definite matrix (positive
definite matrix).
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