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Abstract

:

Recently, the upper bounds on the static time-reversal ( T ) and spatial parity ( P )-violating electron electric dipole moment (eEDM) and dimensionless constant, characterizing the strength of the  T , P -violating scalar–pseudoscalar nucleus–electron interaction, have been updated in the JILA experiment using the HfF+ cations. We considered two other sources of the  T , P  -violation in HfF+–axion-like-particle (ALP)-mediated scalar–pseudoscalar electron–electron and nucleus–electron interactions. To estimate the magnitude of effects, induced by such interactions in HfF+ we have developed and applied a method which implies the direct use of the ab initio relativistic coupled cluster theory to calculate molecular parameters that characterize the interactions. Using these parameters, we showed that an order of magnitude updated laboratory constraints on the ALP-mediated electron–electron and nucleus–electron interactions can be derived from the experimental data on  T , P -violating effects in HfF+ for a wide range of ALP masses.
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1. Introduction


Experiments with paramagnetic heavy-atom molecules aiming to search for the effects of violation of the time-reversal ( T ) and spatial parity ( P ) symmetries of fundamental interactions are considered to be very sensitive to new physics beyond the Standard Model (SM) [1,2]. One of the most discussed sources of the  T , P -violation is the permanent electron electric dipole moment (eEDM or   d e  ). Indeed, the eEDM should be directed along its spin  s :    d e  =  d e  s / s   [1,2,3]. The interaction of such an electric dipole moment with an external electric field  E  is   H = −  d e  · E ∝  d e  s · E  . Spin  s  is  T -odd, while  E  is  T -even. Thus, H is  T -odd. At the same time  s  is  P -even, but  E  is  P -odd. Thus, H is simultaneously  T - and  P -odd. The expected value of the eEDM within the extensions to the SM is many orders of magnitude bigger than estimates within the SM [4,5,6,7,8,9]. Recently, an updated upper bound on eEDM has been established by the JILA group using the hafnium monofluoride molecular cations 180Hf19F+ trapped by the rotating electric field:   |  d e  | < 4.1 ×  10  − 30      e · cm   (90% confidence) [10]. The experiment was carried out on the first excited metastable electronic state 3Δ1 of HfF+. Molecules in such states have very close-lying states of opposite parity, so-called  Ω -doublet energy level structure. Therefore,  T , P -odd effects are strongly enhanced [11,12] in these molecules. In addition, the use of the 3Δ1 electronic state leads to the suppression of systematic errors [13,14,15,16]. The obtained constraint on eEDM using HfF+ is better by the factor of 2.4 than the previous most stringent one obtained using the ThO molecular beam [17]. Experiments to search for eEDM are also sensitive to the  T , P -violating scalar–pseudoscalar nucleus–electron interaction [1,18,19,20,21]. Indeed, the same experiment on HfF+ [10] provided an updated constraint on the dimensionless constant characterizing the strength of this interaction. At present, several more experiments to search for the eEDM using other molecular systems are under preparation. Among them are ThF+ [22], YbOH [23,24], BaF [25], YbF [26], LuOH+ [27], and some others.



The search for the symmetry-violating effects is of crucial importance for understanding the fundamental laws of Nature as several phenomena have not been explained yet within the Standard model. About 60 years ago, the violation of the combined  CP  symmetry ( C  is the charge conjugation) was discovered in the kaon decay [28]. It showed that weak interactions do not conserve  CP . However, up to now it is not clear why the  CP  symmetry seems to be conserved in the quantum chromodynamics (QCD) sector of the SM. In principle, there is no reason for such conservation as there are natural terms in the Lagrangian of QCD that can violate the  CP -symmetry. In general, such a mechanism can lead to the neutron electric dipole moment value that is about 108 times larger than the present constraint [29]. Therefore, this “fine tuning” problem is called the strong  CP  problem. Note, that according to the  C  P  T  theorem, the  CP  violation leads to violation of the  T  symmetry. The  CP -nonconservation is one of the necessary conditions for the baryon asymmetry in our Universe, i.e., an imbalance between the amount of matter and anti-matter [1,30,31]. However, the very weak level of  CP  symmetry violation in the SM is not enough to explain the imbalance. Another unsolved problem is the unknown nature of the dark matter which makes up about 25% of the universe. There are numerous efforts to search for the dark matter particles [32,33,34,35,36,37]. Among them, the pseudoscalar spin-0 axion or axion-like particle (ALP) are very popular candidates [38,39,40]. The axion [41,42] is considered as a quasi-Nambu–Goldstone boson due to the spontaneous breaking of the Peccei–Quinn symmetry    U PQ   ( 1 )    [43]. This symmetry violation is considered as a solution to the strong  CP -problem in QCD [44] (see also Refs. [45,46] for some other recent studies of the  CP -problem). Therefore, the search for the axion is so important for modern physics.



The interaction of axions and axion-like-particles with other particles of the SM can be  CP -preserving and  CP -violating. In the present paper, we are interested in  CP -violating interactions with electrons and nucleons. Due to its high importance, there are numerous astrophysical and laboratory experiments and research programs that are aimed to search for ALPs and study their properties. In the last decade such efforts have accelerated. The present status and constraints on axion and ALP properties can be found, e.g., in Refs. [44,47,48,49,50,51,52,53,54,55,56,57,58,59,60,61,62,63,64,65,66].



According to Refs. [67,68], the interaction of the cosmic axionlike particles with fermions can induce oscillating  T , P -violating molecular and atomic EDMs and one can try to observe this effect. The oscillation frequency is determined by the ALP mass. The oscillation amplitude is proportional to the square root of the ALP density [67,68]. One can estimate this density assuming that the dark matter consists mostly of ALPs. Later, there was a proposal to search for the oscillating EDM within the solid-state nuclear magnetic resonance technique [69]. Recently, the results of such experiments were reported [59] and expressed [59,70] in terms of the oscillating nuclear Schiff moment. The latter was interpreted in terms of axion to the gluon field coupling constant [59]. Significant restrictions on the ALP-gluon coupling constants were also deduced from the analysis of the previous experimental data on the HfF+ molecular cation in terms of the oscillating dipole moment [58].



In Ref. [71], the effect of the exchange of a virtual ALP between electron and electron, as well as between electron and nucleus, was studied. Such effects can induce the static permanent  T , P -violating atomic and molecular EDMs. Corresponding calculations for various atoms and some atomic-based estimates for molecules were carried out in Ref. [71]. In Refs. [72,73,74] the ALP-exchange effect was studied theoretically for the Fr atom and YbOH molecule. In the latter case, for the electron–electron ALP-mediated interaction we considered only the limit of light ALP. The present paper aims to interpret the recent experimental data on the static  T , P -violating molecular EDM of HfF+ [10] in terms of the virtual ALP exchange between electrons and between electron and nucleus. For this, we developed an approach that allows us to directly calculate the contribution of such effects in molecules for a very wide range of ALP masses including limiting cases of very light and very heavy ALPs.




2. Theory


There are numerous possible couplings of axions with other particles. Let us consider the Lagrangian of the interaction of ALPs with fermions, which can be written as follows [75]:


   L int  = a  ∑ ψ   ψ ¯    g ψ s  + i  g ψ p   γ 5   ψ  .  



(1)




In this expression a and  ψ  are the axion and fermion fields, respectively;    ψ ¯  =  ψ +   γ 0   ;   g ψ s   (  g ψ p  ) denotes the scalar (pseudoscalar) axion to fermion coupling constant;   γ 0   and   γ 5   are Dirac matrices, defined as in Ref. [76]. The summation in the Lagrangian (1) is over all types of fermions in the system. The corresponding  T , P -violating interaction between two electrons, which is mediated by the axion with mass   m a   can be described by the Yukawa-type two-electron interaction [71,75]:


   V  e e    (  r 1  ,  r 2  )  = + i    g e s   g e p    4 π     e  −  m a   |  r 1  −  r 2  |      |   r 1  −  r 2   |     γ 0   γ 5   ,  



(2)




where   r 1   and   r 2   are positions of electrons,   γ 0   and   γ 5   matrices refer to the second electron,   g e s   (  g e p  ) is the scalar (pseudoscalar) coupling constant of the electron–axion interaction. Within the QCD axion models   g e s   and   m a   are related [75]. However, in many studies, one considers instead a more general case in which these parameters are considered independent, so the arbitrary mass particle is implied. In the present paper, we follow this approach and do not distinguish the axion and ALP.



The ALP-mediated  T , P -violating interaction between an electron and a nucleon can be expressed as follows [71,75]


   V  e N    ( r )  = + i    g N s   g e p    4 π     e  −  m a   | r − R |     | r − R |    γ 0   γ 5  ,  



(3)




where  R  is the position of the nucleon and  r  is the position of the electron;   g N s   is the scalar ALP-nucleon coupling constant; N in the nucleon (proton or neutron);  γ  matrices refer to the electron.



The considered  T , P -violating electron–electron interaction inside a molecule can be characterized by the following parameter [72,77]:


   W  ax   ( e e )    (  m a  )  =  1 Ω   1   g e s   g e p     〈 Ψ |      ∑  ′    i , j = 1   N e    V  e e    (  r i  ,  r j  )   | Ψ 〉  ,  



(4)




where  Ψ  is the molecular electronic wave function,  Ω  is the projection of the total electronic angular momentum on the molecular axis and   N e   is the number of electrons. For the considered case of the first excited electronic state of the HfF+ cation   Ω = 1  . The prime index in the sum means the terms with   i = j   should be omitted.



The ALP-mediated electron-nucleus interaction can be characterized by the molecular parameter   W  ax   ( e N )   :


   W  ax   ( e N )    (  m a  )  =  1 Ω   〈 Ψ |   ∑  i = 1   N e    ∑ N   1   g N s   g e p     V eN   (  r i  )   | Ψ 〉  ,  



(5)




where index i runs over all electrons; the inner sum runs over all the nucleons of the Hf nucleus. Note, that    W  ax   ( e e )    (  m a  )    and   W  ax   ( e N )    are functions of the ALP mass.



The characteristic  T , P -violating energy shift of the electronic level induced by the interaction (2) can be expressed as


  δ E =  g e s   g e p  Ω  W  ax   ( e e )    (  m a  )  ,  



(6)




while the  T , P -violating energy shift induced by the interaction (3) can be expressed as:


  δ E =   g ¯   N  s   g e p  Ω  W  ax   ( e N )    (  m a  )  .  



(7)







Here,    g ¯   N  s   is the ALP-nucleon coupling constant averaged over the Hf nucleus nucleons:     g ¯   N  s  =  ( Z  g p s  +  N n   g n s  )  / A  ;   g p s   and   g n s   are scalar ALP-proton and ALP-neutron coupling constants, Z is the charge of the Hf nucleus,   N n   is its neutron number and   A = Z +  N n   :   Z = 72  ,    N n  = 108  , and   A = 180  .




3. Implementation and Computational Details


One can see from Equations (6) and (7), that molecular parameters (4) and (5) are required to extract the values of the products of the unknown coupling constants. However, they cannot be measured in practice. The situation is analogous to the problem of extracting the value of the eEDM where one should know the value of the internal effective electric field acting on the electron inside a molecule. To solve such problems of the experiment interpretation, molecular electronic structure calculation is required. In the present study we used the Dirac–Coulomb (DC) Hamiltonian to describe HfF+ electronic structure:


     H  D C     =     Λ +    ∑ j      α j  ·  p j  +  β j  +  V nuc   ( j )   +  ∑  j < k     V C   (  r  j k   )    Λ +  .     



(8)




Here,  α ,  β  are Dirac matrices,  p  is the electron momentum,   V nuc   is the nuclear subsystem potential,   V C   is the Coulomb electron–electron interaction operator,   Λ +   are projectors on the positive-energy states of the Dirac picture and the summation index runs over all electrons. To calculate the electronic wave function we used the method of the relativistic coupled cluster (CC) [78,79]. In this approach, one uses the following exponential ansatz for the many-electron wave function  Ψ :


  Ψ = exp  (  T ^  )   Φ 0  .  



(9)




Here,   Φ 0   is the reference Slater determinant providing zero-order approximation to the many-electron molecular wave function. In the present work   Φ 0   was obtained within the Dirac–Hartree–Fock method. Wave function  Ψ  takes into account effects of electron correlation. Cluster operator   T ^   can be written as follows,


   T ^  =   T ^  1  +   T ^  2  +   T ^  3  + … ,  



(10)




where    T ^  1  ,    T ^  2  ,…are the excitation operators of different orders:


    T ^  1  =  ∑     i ∈ o c c       b ∈ v i r t       t  i  b   a  b  †   a i  ;    T ^  2  =  1  2 !    ∑      i 1  <  i 2  ∈ o c c        b 1  <  b 2  ∈ v i r t       t   i 1   i 2     b 1   b 2     a   b 1   †   a   b 2   †   a  i 2    a  i 1   .  








Quantities   t  …  …   are called cluster amplitudes. They can be determined by solving coupled cluster equations [78,79].   a b †   and   a i   are creation and annihilation operators of one-electron states b and i. Indexes    i 1  ,  i 2  …   refer to the occupied states, i.e., those included in the reference determinant   Φ 0  , while    b 1  ,  b 2  , …   refer to the unoccupied (virtual) orbitals. In the present paper, we considered the following levels of theory, (i) the coupled cluster method with single and double cluster amplitudes, CCSD; (ii) the coupled cluster method with single, double, and triple cluster amplitudes, CCSDT; and (iii) the coupled cluster method with single, double, and non-iterative triple cluster amplitudes, CCSD(T). The latter is usually quite a good approximation to the full iterative CCSDT model, but requires much less computational resources. The simplification is due to the use of the perturbation theory to estimate the contribution of triple cluster amplitudes. As the CCSD(T) method has a very good ratio between accuracy and numerical complexity, it is called “the golden standard” of quantum chemistry. One can see from Equation (10) that even if the cluster operator is truncated after    T ^  2   term, the higher-order (e.g., quadruple) excitations will be effectively taken into account due to the exponential ansatz for the many-electron wave function (9). One of the most important features of the CC approach is its size-extensivity property [79]. It means that correlation energy properly scales with the number of electrons. This feature is very important for the description of many-electron systems and calculation of symmetry-violating effects [80,81,82].



To calculate molecular parameters of interest within the CC theory, we used the finite-field approach. For this, we added required operator (2) or (3) to the electronic Hamiltonian with a small coefficient (“weak field”) and calculated the derivative of the total electronic energy with respect to this coefficient within the standard numerical technique. In this way we obtained required matrix elements (4) and (5). This approach is well-known for calculating such properties as the molecule-frame dipole moment, but it is also widely used to calculate many others. Usually, one studies one-electron properties as we did it here for (3). However, in the present study, we also applied the finite-field approach to calculate the two-electron characteristic (5). Technically, for this one should calculate corresponding two-electron integrals of the operation of interest over molecular bispinors. Let us describe this problem in some detail.



The only attempt to directly calculate the effect (4), (6) in molecules was undertaken in Ref. [73]. However, it was performed only for the case when the exponent in Equation (2) can be approximated by two terms (the low-mass ALP case). Calculation of the matrix elements of the operator (2) without such an approximation over molecular bispinors can be reduced to calculation of “primitive” integrals   〈 a b |   e  −  m a  r   r  | c d 〉   over primitive Gaussian-type basis functions   a , b , c , d   of the form    x n   y m   z k   e  − β  r 2      after taking into account the structure of  γ -matrices. Here,   n , m , k   are non-negative integers and their sum defines the angular momentum of a given basis function, while   β > 0   is the exponent parameter. In the case of a diatomic molecule, basis functions   a , b , c , d   can be centered on different nuclei, which complicates such a calculation (see Ref. [74] for one-center problem with Gaussian-type functions). In the corresponding problem of calculating Coulomb interaction integrals   〈 a b |  1 r  | c d 〉  , the computational algorithm usually involves the evaluation of the Boys function [83,84]:


   F m   ( T )  =  ∫  0  1  d t  t  2 m    e  − T  t 2    .  



(11)







Calculation of integrals   〈 a b |   e  −  m a  r   r  | c d 〉   is similar, but the Boys function must be replaced by a more complicated special function [85]:


   G m   ( T , U )  =  ∫  0  1  d t  t  2 m    e  − T  t 2  + U  ( 1   −  1  t 2   )    .  



(12)




This allows one to use a large number of different generalizations of classical algorithms of electron repulsion integrals evaluation, such as McMurchie–Davidson [86], Obara–Saika [87], PRISM of Gill et al. [88], Pople–Hehre [89], Head–Gordon–Pople [90], and others [91,92,93,94]. In the present paper, we applied the algorithm for the Yukawa potential integrals evaluation implemented in the LIBINT computational library [95]. The approach is analogous to the so-called Rys quadrature method of Dupuis et al. [96,97,98] for the electron repulsion integrals, later elaborated by Lindh et al. [99], which is known to be well suited for the evaluation of integrals over orbitals with high angular momenta compared to other algorithms. However, the code implemented in the LIBINT library was designed for the problems of explicitly correlated electronic structure methods [85,100,101,102,103,104]. It appeared that the implemented range for variables T and U [95] was not enough for our purposes. Therefore, we made certain modifications to carry out calculations of the present interest. As mentioned above, in the original version of the LIBINT library, a tailored Gaussian quadrature was used as the main method for calculating integrals [101]. This algorithm uses the precalculated values of the Chebyshev expansion coefficients of the positions and weights of the grid points, and is, thus, limited to the case of   0 ≤ T ≤  T  m a x     and    U  m i n   ≤ U ≤  10 3   , where    T  m a x   = 1024   and    U  m i n   =  10  − 7    . If it turns out that   T >  T  m a x     or   U <  U  m i n    , the “scheme 1” from Ref. [100] is used, which implies calculating


   G  − 1   =   e  − T   4    π U     e  k 2   erfc  ( k )  +  e  λ 2   erfc  ( λ )   ,  



(13)






   G 0  =   e  − T   4    π T     e  k 2   erfc  ( k )  −  e  λ 2   erfc  ( λ )   ,  



(14)




where   erfc   is the complementary error function,


  k = −  T  +  U  ,  



(15)






  λ =  T  +  U  ,  



(16)




and obtaining all the remaining   G m   values with the help of the upward recurrence relations


   G m  =  1  2 T    [  ( 2 m − 1 )   G  m − 1   + 2 U  G  m − 2   −  e  − T   ]  .  



(17)







To consider the case of   T = 0   we added a function that implements the upward recurrence relations at   T = 0   following Ref. [100]. The first element of the relations is defined as follows:


   G 0  = 1 −  e U    π U   e r f c  (  U  )  .  



(18)




The remaining elements were found within the recurrence relation


   G m   ( 0 , U )  =  1  2 m + 1    [ 1 − 2 U  G  m − 1    ( 0 , U )  ]  .  



(19)







In addition, numerical instabilities in the “scheme 1” were found to occur at small T, since in Equation (17) T appears in the denominator. To solve this problem, we implemented “scheme 3” from Ref. [100] for   T < 0.1   at   U <  U  m i n    . According to this scheme,    G m   ( T , U )    can be found using the equation


   G m   ( T , U )  =  ∑  k = 0  ∞     ( − T )  k   k !    G  m + k    ( 0 , U )  ,  



(20)




where in practice we considered k up to   k = 8  ;    G m   ( 0 , U )    were calculated according to Equations (18) and (19).



In Ref. [73], we considered only the case with ALP mass about 1 meV. For some axion models this is sufficient [44,60,105], but, in general, all ALP masses are of interest [106,107]. Using the procedure described above, we substantially increased the range of masses, for which the molecular effect can be calculated. Molecular parameter (4) (as well as (5)) under consideration can be non-zero only for electronic states with unpaired electrons. In the considered 3Δ1 state of HfF+ there are two such electrons and both of them are localized mainly on Hf. They approximately correspond to   5 d   and   6 s   states of the Hf++ ion. Therefore, one can expect only a small contribution to the parameter (4) from the two-center integrals in case of high ALP mass due to the short range of this interaction (2). Indeed, according to our direct calculation for    m a  =  10 4    eV the contribution of the two-center integrals is negligible. This leads to a significant simplification of the computational procedure. Therefore, we used this approach for calculating parameters (4) for    m a  ≥  10 5    eV. Finally, it is interesting to consider the high-mass ALP limit. In this case one can use the relation [74],


    e  −  m a  r    4 π r   ≈  1  m a 2   δ  ( r )  ,  



(21)




which is valid for high masses. One can see from this Equation, that the ALP mass can be factorized out and the molecular effects (6) and (7) can be characterized by only corresponding ALP-mass-independent molecular parameters [71,74] (see below). As a convenient numerical implementation of the Dirac delta function we used the Gaussian geminal operator   c ·  e  − α  r 2     , where c is the normalization constant and in practice  α  should be much larger than any exponential parameter  β  in primitive Gaussian basis functions. Using such a substitution we could employ the existing implementation of corresponding two-electron integrals in the LIBINT library.



Finally, after all primitive integrals   〈 a b |   e  −  m a  r   r  | c d 〉   were calculated, we performed a 4-index transformation [108] from the basis of primitive Gaussian functions to the basis of complex molecular bispinors taking into account the structure of  γ  matrices.



The values of the    W  ax   ( e N )    (  m a  )    molecular constants for different ALP masses were calculated using the relativistic CCSD(T) method within the Dirac–Coulomb Hamiltonian. In these calculations, 70 electrons of HfF+ were included in the correlation treatment (  1 s 2 s 2 p   electrons of Hf were excluded), and the cut-off for virtual orbital energies was set to 1000   E h  . We used the Dyall’s uncontracted AE4Z [109,110] basis set for Hf and AE2Z [109,111,112] basis set for F; below we call this combination of basis sets as LBas. In addition, we also calculated the following corrections to the obtained   W  ax   ( e N )    values: (i) Correction on higher-order electron correlation effects. It was calculated as the difference between the   W  ax   ( e N )    values obtained at the coupled cluster with single double and iterative triple amplitudes, CCSDT [113], level, and at the CCSD(T) one. Here, 42 outer-core and valence electrons of HfF+ were correlated (  1 s . . 4 p   electrons of Hf and   1 s   electrons of F were excluded) and the basis set was reduced to the SBas set. The latter corresponds to the AE2Z [109,111,112] on both atoms. (ii) The influence of the inner   1 s 2 s 2 p   electrons of Hf (which were excluded in the leading calculation) was calculated at the CCSD(T) level using the SBas basis set. In this calculation, the cut-off for virtual orbital energies was increased up to 10000   E h   [80,82]. (iii) Finally, we estimated the contribution of the Gaunt electron–electron interaction effect as the difference between Dirac–Coulomb–Gaunt and Dirac–Coulomb results obtained within the CCSD(T) approach using the SBas basis set. Calculations of the    W  ax   ( e e )    (  m a  )    constant were much more challenging due to the two-electron nature of the considered operator (2). Therefore, these calculations were performed at the CCSD(T) level, using the SBas basis set, and correlating all the electrons. Note that, for the case of the YbOH molecule such level of theory was found to give quite accurate results [73]. In all electronic structure calculations, the experimental distance [114] between Hf and F was used.



In all calculations, we used the Gaussian nuclear charge distribution model which is well-suited for molecular problems [115]. Similar to Ref. [71], we considered the electron–nucleus interaction in the form (3), i.e., we do not consider finite-nuclear size effects in the operator (3). The related problems were studied, e.g., in Refs. [116,117].



Dirac–Hartree–Fock calculations, required to obtain the reference Slater determinant in Equation (9) were performed within the relativistic electronic structure package DIRAC [118,119]. Correlation calculations were performed using DIRAC [118,119] and MRCC [120,121,122] codes. Matrix elements (5) were calculated using the code developed in [72]. To calculate matrix elements (4), we used the code developed in the present work and in the LIBINT computational library [95]. The code to calculate the Gaunt inter-electron interaction matrix elements over molecular bispinors was developed in works [123,124].




4. Results and Discussion


The calculated values of   W  ax   ( e N )    constants for a wide range (  1 ÷  10 10    eV) of ALP masses are given in Table 1 at different levels of theory: Dirac–Hartree–Fock (DHF), coupled cluster with single and double amplitudes (CCSD) and at the CCSD(T) level. The “Final” column of Table 1 gives the values that take into account corrections described in the previous section. It can be seen that electron correlation effects (i.e., effects beyond the DHF level of theory) are very important for description of   W  ax   ( e N )    constants and their role increases with the transition from small masses to large ones. At the same time, good convergence with respect to the correlation effects treatment was achieved. Higher-order correlation effects beyond the CCSD(T) model contribute within 1–2% for all ALP masses. According to our calculations, the contribution of corrections to the CCSD(T) result described above does not exceed 5% in total for every mass considered.



Similar to the YbOH molecule case, the function    W  ax   ( e N )    (  m a  )    changes its sign in the region between    m a  =  10 4    eV and    m a  =  10 5    eV. Interestingly, the values of    W  ax   ( e N )    (  m a  )    for the considered HfF+ case are approximately twice smaller than    W  ax   ( e N )    (  m a  )    for the YbOH case for all ALP masses. This fact can be related to the different values of  Ω  in Equation (5):   Ω = 1   for HfF+, while for YbOH   Ω = 1 / 2  . However, the energy shifts (7) of HfF+ and YbOH are comparable.



The calculated values of    W  ax   ( e e )    (  m a  )    constants for a variety of ALP masses values (  1 ÷  10 10    eV) are given in Table 2. It can be seen that electron correlation effects are more substantial for the case of high-mass ALPs than for the light ALPs. One can note that for ALP masses below    m a  =  10 2    eV, the values of    W  ax   ( e e )    (  m a  )    are almost equal. In this case,   W  ax   ( e e )    is approximately two-times smaller than   W  ax   ( e e )    for the YbOH case [73]. Again, it can be attributed to the different  Ω  values for YbOH and HfF+. One can see a certain change of    W  ax   ( e e )    (  m a  )    near the point    m a  =  10 3    eV and the drop by the factor of 3 for    m a  =  10 4    eV and, finally, the change of sign for higher-mass ALPs as in the case of   W  ax   ( e N )   .



In Ref. [10], the constraint on the  T , P -violating energy shift was interpreted in terms of the electron electric dipole moment   d e   according to the relation,


  δ E =  d e  Ω  W d  ,  



(22)




where    E eff  =  W d   | Ω |  ≈ 23   GV/cm [125,126,127,128]. Using relations (6) and (7), one can interpret the obtained constraint on the energy [10]


  δ E ≈ 23  μ Hz  



(23)




in terms of limits on the product of ALP coupling constants. Derived limits for corresponding values of ALP masses are given in the last columns of Table 1 and Table 2. Let us also consider the following two limiting cases.



Low-mass limit. As it was noted above, it can be seen from Table 1 that for the light ALPs (   m a  < 1  keV  ), the    W  ax   ( e N )    (  m a  )    constant is almost independent of the   m a   value. Thus, the same value of   W  ax   ( e N )    can be used for a very wide range of ALP masses, including the values 1 eV and lower, which is consistent with the estimation of axion mass [105]. This can be explained by the fact that, for light ALPs, the characteristic radius of the Yukawa-type interaction    R Yu  = 1 /  m a   (  relativistic units  )  = ℏ /  m a  c   is significantly larger than the molecule size [71]. For example, the characteristic molecular distance of 1 Bohr corresponds to    m a  ≈ 4   keV. Thus, for such ALPs one can reinterpret the experimental data [10] in terms of the limit on     g ¯   N  s   g e p   :    |    g ¯   N  s   g e p   | /  ( ℏ c )  ≲ 1.1 ×   10  − 20    . This constraint is an order of magnitude better than the previous restriction for    |    g ¯   N  s   g e p   |   , which was deduced from the ThO experiment [17,71].



For the case of light ALPs one can also reinterpret experiment [10] in terms of the constraint on the    g e s   g e p    product:    |   g e s   g e p   | /  ( ℏ c )  ≲ 2.2 ×   10  − 20    . This constraint is also an order of magnitude better than that deduced [71] from the ThO experiment [17].



High-mass limit. For the case of ALPs with high masses (   m a  ≥  1  GeV  ) there is an approximate relation [71,72]:    W  ax   ( e N )    (  m a  )  ≃   W ˜   ax   e N    m a  − 2    . The    W ˜   ax   e N    parameter does not depend on   m a  . Therefore, in this case, the energy shift (7) can be parameterized as follows [73],


  δ E ≈     g ¯  N s   g e p    m a 2   Ω   W ˜   ax   e N   ,  



(24)




where


    W ˜   ax   e N   =  lim   m a  → + ∞    m a 2   W  ax   ( e N )    (  m a  )  .  



(25)




Therefore, we have from Table 1:


   |    W ˜   ax   e N    | ≈ 5.87 ×   10  − 11      GeV  2  ×    m e  c  ℏ  .  








Thus, from the experimental constraint on the energy shift (23) [10] one can derive    |    g ¯  N s   g e p   | /   ( ℏ c  m a 2  )   ≲ 3.2 ×  10  − 15      GeV   − 2    . This constraint is slightly better than the constraint [71], which follows from the ThO experiment [17].



Similar dependence on ALP masses also holds for the electron–electron molecular parameter (4) due to the relation (21):


    W ˜   ax   e e   =  lim   m a  → + ∞    m a 2   W  ax   ( e e )    (  m a  )  .  



(26)




According to the present calculation


   |    W ˜   ax   e e    | ≈ 1.1 ×   10  − 14      GeV  2  ×    m e  c  ℏ  .  








This corresponds to the following limit:    |   g e s   g e p   | /   ( ℏ c  m a 2  )  ≲ 1.7 ×  10  − 11      GeV   − 2    . This is about three times better than the corresponding best constraint, which follows from the ThO experiment [17,71]. For convenience, Table 3 summarizes obtained constraints for the cases of light and high-mass ALPs limits described above.



In Ref. [47], it was reviewed that it is possible to obtain very restrictive indirect bounds for the product of    g  N  s   g e p    by combining independent constraints on   g  N  s   and   g e p   from completely different sources, e.g., laboratory experiments and astrophysical stellar energy-loss bounds. For example, such combined constraint for very light axions    m a  <  10  − 14     eV can be about 17 order of magnitude better than presently derived constraint on the    g  N  s   g e p    product. However, as it was stressed [47] there may be some mechanisms that can spoil the astrophysical bounds and, therefore, purely laboratory experiments of Earth are highly needed. In the macroscopic laboratory QUAX-   g p   g s    experiment [129], which aimed to measure long-range ALP mediated forces, very strong constraints on the    g  N  s   g e p    product were obtained with the best results    g  N  s   g e p  < 4.3 ×  10  − 30   ℏ c   [129] for the range of ALP masses   7 ×  10  − 7   ÷ 4 ×  10  − 6     eV, which is about 10 orders of magnitude better than the limit derived here for light ALPs (see Table 3). Such an energy range of ALP masses corresponds to the macroscopic interaction range of the order 0.1 m. However, for the interaction range smaller than 1 mm (   m a  >  10  − 3     eV) the constraint derived here is orders of magnitude better. Note that, here, we consider the interaction between particles (electrons and nucleus) at atomic scale rather than macroscopic one. The situation is quite similar if we compare with other macroscopic experiments [54,130,131,132,133]. In particular, the torsion pendulum Eöt–Wash experiment also provides much better constraint on    g  N  s   g e p    for light ALPs (   m a  <  10  − 7    ), but not for heavy ALPs. The situation with laboratory constraints on the    g e s   g e p    product is similar: for light ALPs there are more stringent limits. For example, the result of Ref. [49] gives many orders of magnitude better constraints in the interaction range larger than 1 cm, corresponding to light ALPs with masses    m a  <  10  − 6     eV, but not for heavy ALPs. Similar picture takes place for the spherical superconducting torsion balance experiment [53]. An extended compilations of different present experimental constraints are given in Figure 2 of Ref. [47] and Figure 2 of Ref. [71]. As one can see the combination of the experimental data obtained using the HfF+ cation [10] and molecular parameters calculated in the present work allows one to derive updated laboratory constraints on the products of ALP coupling constants for ALP masses    m a  ≥  10  − 2     eV.




5. Conclusions


The effects of the  T , P -violating axion-like-particles-mediated scalar–pseudoscalar electron–electron and nucleus–electron interactions were studied for the HfF+ cation in the metastable 3Δ1 electronic state. To solve this problem for the nucleus–electron interaction, we used the code developed previously [73], while to describe the electron–electron interaction we used the code developed in the present work. Our approach was applied to calculate molecular constants that characterize the interactions. They link the experimental constraint on the  T , P -violating energy shift with the products of the ALP-electron scalar and ALP-electron pseudoscalar or ALP-nucleus scalar and ALP-electron pseudoscalar coupling constants. The obtained values of the constants were used to reinterpret the JILA experiment on the HfF+ molecular cation [10] aimed to search for the electron electric dipole moment in terms of the products of ALP coupling constants. The updated constraints for a wide range of ALP masses were deduced from the experimental data [10].



The developed procedure can be used for the interpretation of further experiments with paramagnetic molecules and atoms aimed to search for the  T , P -violating effects in terms of the scalar–pseudoscalar ALP-mediated interactions with arbitrary mass ALPs.
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Table 1. The calculated values of    W  ax   ( e N )    (  m a  )    molecular parameters at various levels of electronic structure theory. The “Final” column is the sum of CCSD(T) results and corrections described in the main text. The last column provides limits on    |    g ¯  N s   g e p   |    derived from the experimental data [10] corresponding to ALP masses given in the first column.
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   m a   , eV

	
    W  ax   ( eN )    (  m a  )    ,     m e  c / ℏ   

	
      |    g ¯  N s   g e p   |      Limit ,  ℏ c      




	
DHF

	
CCSD

	
CCSD(T)

	
Final






	
1

	
   + 1.20 ×  10  − 5     

	
   + 1.72 ×  10  − 5     

	
   + 1.68 ×  10  − 5     

	
   + 1.67 ×  10  − 5     

	
   1.11 ×  10  − 20     




	
10

	
   + 1.20 ×  10  − 5     

	
   + 1.72 ×  10  − 5     

	
   + 1.68 ×  10  − 5     

	
   + 1.67 ×  10  − 5     

	
   1.11 ×  10  − 20     




	
102

	
   + 1.19 ×  10  − 5     

	
   + 1.73 ×  10  − 5     

	
   + 1.68 ×  10  − 5     

	
   + 1.66 ×  10  − 5     

	
   1.11 ×  10  − 20     




	
103

	
   + 1.14 ×  10  − 5     

	
   + 1.60 ×  10  − 5     

	
   + 1.56 ×  10  − 5     

	
   + 1.54 ×  10  − 5     

	
   1.19 ×  10  − 20     




	
104

	
   + 2.87 ×  10  − 6     

	
   + 3.59 ×  10  − 6     

	
   + 3.55 ×  10  − 6     

	
   + 3.30 ×  10  − 6     

	
   5.25 ×  10  − 20     




	
105

	
   − 8.36 ×  10  − 6     

	
   − 1.14 ×  10  − 5     

	
   − 1.12 ×  10  − 5     

	
   − 1.15 ×  10  − 5     

	
   1.66 ×  10  − 20     




	
106

	
   − 3.88 ×  10  − 6     

	
   − 6.43 ×  10  − 6     

	
   − 6.27 ×  10  − 6     

	
   − 6.41 ×  10  − 6     

	
   2.97 ×  10  − 20     




	
107

	
   − 1.72 ×  10  − 7     

	
   − 2.86 ×  10  − 7     

	
   − 2.79 ×  10  − 7     

	
   − 2.85 ×  10  − 7     

	
   6.67 ×  10  − 19     




	
108

	
   − 3.19 ×  10  − 9     

	
   − 5.33 ×  10  − 9     

	
   − 5.19 ×  10  − 9     

	
   − 5.30 ×  10  − 9     

	
   3.59 ×  10  − 17     




	
109

	
   − 3.53 ×  10  − 11     

	
   − 5.90 ×  10  − 11     

	
   − 5.74 ×  10  − 11     

	
   − 5.85 ×  10  − 11     

	
   3.24 ×  10  − 15     




	
1010

	
   − 3.54 ×  10  − 13     

	
   − 5.91 ×  10  − 13     

	
   − 5.75 ×  10  − 13     

	
   − 5.87 ×  10  − 13     

	
   3.24 ×  10  − 13     
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Table 2. The calculated values of    W  ax   ( e e )    (  m a  )    molecular parameters at various levels of theory. The last column provides limits on    |   g e s   g e p   |    product derived from the experimental data [10] corresponding to ALP masses given in the first column.
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   m a   , eV

	
    W  ax   ( eN )    (  m a  )    ,     m e  c / ℏ   

	
      |   g e s   g e p   |      Limit ,  ℏ c      




	
DHF

	
CCSD

	
CCSD(T) (Final)






	
1

	
   + 6.35 ×  10  − 6     

	
   + 8.83 ×  10  − 6     

	
   + 8.63 ×  10  − 6     

	
   2.16 ×  10  − 20     




	
10

	
   + 6.35 ×  10  − 6     

	
   + 8.83 ×  10  − 6     

	
   + 8.63 ×  10  − 6     

	
   2.16 ×  10  − 20     




	
   10 2   

	
   + 6.34 ×  10  − 6     

	
   + 8.81 ×  10  − 6     

	
   + 8.61 ×  10  − 6     

	
   2.16 ×  10  − 20     




	
   10 3   

	
   + 5.67 ×  10  − 6     

	
   + 7.81 ×  10  − 6     

	
   + 7.64 ×  10  − 6     

	
   2.44 ×  10  − 20     




	
   10 4   

	
   + 1.98 ×  10  − 6     

	
   + 2.49 ×  10  − 6     

	
   + 2.46 ×  10  − 6     

	
   7.57 ×  10  − 20     




	
   10 5   

	
   + 7.73 ×  10  − 8     

	
   + 1.64 ×  10  − 7     

	
   + 1.59 ×  10  − 7     

	
   1.17 ×  10  − 18     




	
   10 6   

	
   − 4.01 ×  10  − 9     

	
   − 5.77 ×  10  − 9     

	
   − 5.67 ×  10  − 9     

	
   3.28 ×  10  − 17     




	
   10 7   

	
   − 6.83 ×  10  − 11     

	
   − 1.11 ×  10  − 10     

	
   − 1.08 ×  10  − 10     

	
   1.72 ×  10  − 15     




	
   10 8   

	
   − 6.90 ×  10  − 13     

	
   − 1.12 ×  10  − 12     

	
   − 1.09 ×  10  − 12     

	
   1.70 ×  10  − 13     




	
   10 9   

	
   − 6.94 ×  10  − 15     

	
   − 1.12 ×  10  − 14     

	
   − 1.09 ×  10  − 14     

	
   1.69 ×  10  − 11     




	
   10 10   

	
   − 6.97 ×  10  − 17     

	
   − 1.12 ×  10  − 16     

	
   − 1.10 ×  10  − 16     

	
   1.67 ×  10  − 9     
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Table 3. Summary of the derived constraints on the combinations of ALP coupling constants for limiting cases of light- and high-mass ALPs.
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	Limit
	Value





	   |    g ¯   N  s   g e p   | /  ( ℏ c )    ,    m a  ≪ 1  keV  
	   1.1 ×  10  − 20     



	   |   g e s   g e p   | /  ( ℏ c )    ,    m a  ≪ 1  keV  
	   2.2 ×  10  − 20     



	   |    g ¯  N s   g e p   | /   ( ℏ c  m a 2  )   ,    m a  ≥ 1  GeV  
	   3.2 ×  10  − 15      GeV   − 2     



	   |   g e s   g e p   | /   ( ℏ c  m a 2  )   ,    m a  ≥ 1  GeV  
	   1.7 ×  10  − 11      GeV   − 2     
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