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Abstract: LEO satellite mega-constellation projects have been proposed by many countries or com-
mercial organizations in recent years. With more than 2000 satellites launched by SpaceX to configure
the Starlink system, the orbital resources are more constrained given the existence of spacecrafts and
countless orbital debris. Due to this, the operating environment is full of uncertainty and information
symmetry is absent for designers and stakeholders during the process of project deployment. The flux
model of space debris on orbit has been built for assessing the LEO operation environment. Based
on the orbital debris flux model, the collision probability can be calculated, which is an important
variable of the state space. Given the condition that tge number of satellites decreases due to collision
between satellites and debris, the Markov decision model has been built for optimal deployment
strategy and decision-making. In order to assure that the mega-constellation system could provide
services when satellites have failed, additional satellites need to be launched. The optimal deployment
is the decision to launch a moderate number of satellites to maximize the benefit and minimize the
cost. Assuming that at least 30 satellites need to be operated, 4 deployment scenarios are considered
and the optimal deployment strategies can be obtained.

Keywords: optimal deployment strategy; collision probability; Markov decision process

1. Introduction

Mega-constellations consist of hundreds or even thousands of satellites providing
communication and internet services for global customers with various applying scenar-
ios [1]. Given the optimistic commercial prospects and important strategic positions, there
are already many mega-constellation projects deployed to harness the opportunities in the
potential customer market, such as Starlink, OneWeb, and Kuiper. Three LEO constellation
systems providing broadband service have been compared to introduce the development
situation of high-throughput satellites [2]. As more satellites are launched, the orbital
resources are more intense due to the low orbital congestion problem and collision possi-
bility [3-6]. The current status of the LEO environment, as shown as Figure 1, intuitively
demonstrates the above problem. When collisions occur during operation periods of satel-
lites, it is important to bring the failure outcome to project owners and stakeholders because
the systems cannot provide service anymore [7-11]. Therefore, it is necessary to launch
additional satellites to replenish and make inventory for tge constellations [12].

In [13], Bergamini discussed the impact of space debris in detail. He demonstrated the
risk of the increasing number of debris and proposed a framework to manage the system
by considering potential damage. In [14,15], Johnson treated orbital debris as a huge threat
to space operations. The future environment needs additional methods to recognize the
damages of debris and reduce the hazards of potential orbital debris. Given the launch
rate, the satellites’ growth would result in random collision and the number density of
satellites was above a critical spatial density in LEO. Pardini [16] conducted a review of
previous collisions through an on-orbit examination of the catastrophic fragmentation
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concept. Considering the observational records and the basic assumptions usually in the
long-term debris evolution models, they discussed the concept of collision in detail. Based
on this work, Pardini and Anselmo [17] made a revision to the collision risk for satellite
constellation. They pointed out that the population of debris increased more than 56%
of the debris objects in just years and that the next missions would be impacted by the
previous launch activities.

Figure 1. The current status of LEO environment.

Lewis and Radket [18,19] analyzed the chances provided by the mega-constellations
and demonstrated the space economics through the delivery of world-wide and innovative
services. In their work, the potential impact was also studied on the space debris envi-
ronment due to the huge scale of launch activities. The process of a mega-constellation is
full of uncertainty and the demand by customers is also stochastic. In [20], the models of
determined and stochastic demand were built to provide a comprehensive review, and,
in [21], the optimization method of resources was proposed based on the determined
and stochastic model. Budianto [22] made a contribution to the multidisciplinary design
optimization in the complex system management of satellite constellation. Given all of
the stages of the development process, he proposed an overall method for the design and
deployment of a satellite constellation. In [23], a staged deployment method was proposed
for the uncertainty of demand in the development process of satellite constellations. By
deploying the initial stage with a low capability, the next stages could be deployed when
the demand increased or the investment was sufficient. The optimal inventory control
method was proposed in [24] based on stochastic return flows. The optimal policy of
periodic inventory was solved using dynamic programming equations. For performance
optimization, the channel characterization is important especially under the uncertain and
dynamic circumstances. Baeza [25] provided an elaborate overview of channel modeling
methods. Considering the different customers’ equipment, orbits, and frequency bands,
the channel models were studied through trade-off analysss and classifications.

Although many researchers have conducted a variety of work on mega-constellation
design and development problems, there are still some questions that need to be answered.
The low orbit environment and collision risk are discussed and the influence is analyzed
in the previous work; however, the quantitative evaluation is absent and the relationship
between the project failure factors and deployment decisions needs to be demonstrated.
This work pays attention to the system states and optimal deployment strategy under the
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risk of orbital space debris collision. Through cost-effectiveness analysis, the optimal action
could be made to realize the best performance.

The structure of this article is as follows: the space orbital debris flux model and
collision analysis are introduced in Section 2; the Markov decision process is modeled and
cost-effectiveness evaluating results are analyzed in Section 3; in Section 4, an example of a
constellation is simulated and the optimal strategy is obtained; and Section 5 contains the
conclusions.

2. Space Orbital Debris Flux and Collision Probability
2.1. Space Orbital Debris Flux

As the variety of astronautic activities and the ability of the orbit-insert is enhanced,
the numbers of on-orbit spacecrafts are significantly increased. Considering the limit of the
accommodating capacity of orbital planes, the collision risk could also be increased and
then accompany when a catastrophe occurs, such as satellites failure. Space orbital debris
could be produced from retired spacecrafts, collision debris, and launch vehicles bodies;
space particles are also included. According to the size of the orbital debris, it could be
divided into “big” debris and “small” debris; the detriments are included in Table 1.

Table 1. The scale and detriments of orbital debris.

Scale Range Orbital Debris Detriments and Influence

More than 1 cm Big debris Orbit changed; Structure damaged; Mission failed
Less than 1 cm Small debris Payload hurt; Performance degraded; Life shortened

Before calculating the collision probability of orbital debris, the debris space flux
model should be built based on the space cells. The space orbital operation environment
could be divided into multiple space unit cells by taking advantage of the orbital height,
longitude, and latitude, as shown in Figure 2.
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Figure 2. Space unit cell of orbital debris flux model.

Let h be the orbital height, « be the longitude, and f be the latitude. Assuming i is the
object in the space environment, j is the space unit cell and V; is space volume of the cell.
When the object i flies through the cell j, t;; is the flying time during the orbital period Tj;
then, the space density pj; could be denoted by the following equation:
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Taking into account the existence of N objects, the space density can be calculated by
the following equation:

N
0j =Y pji )
i=1

Let 7;; be the flying-through velocity and 7 be the pointing unit vector of the cross
profile, then the space cell flux can be computed by:

Fji (i) = p;iTji ©)

Given N objects, the above equation can be expressed by:
N
() = ) Fi() @

Assuming P is the point in the space unit cell and S is the infinitesimal element of a
spatial spherical centered at P, then the solid angle dQ)sp from P to S is denoted by:

# dQgp = 471 )
S

Furthermore, the total orbital debris cross profile flux can be calculated by the follow-
ing equation:

F = %%Pj(ﬁ)dnsp (6)
S

The mega-constellation projects deploy satellites on the low earth orbit in most cases,
so the influence of atmospheric drag cabnot be neglected; therefore, it is necessary to
consider the solar radiant index when calculating space debris flux. It is difficult to forecast
the solar radiant activity in the future but thiw is not the emphasis of this article; the solar
radiant factor can be approximately computed by:

RF =75cos{a(y — b) 4+ 0.35sin[a(y — b)]} + 145 (7)

In the equation, let 2 = 0.001696, b = 44,605, and y be the modified Julian date. The
relationship between space debris flux and different size of debris varying by years can be
seen in Figure 3; the relationship between the space debris flux and different orbital heights
varying by years can be seen in Figure 4.

2.2. Collision Probability Analysis

During the operation time of on-orbit satellites, the likelihood of a collision between
satellite and debris can be described as the collision probability. Let A be a cross-sectional
area, assuming that the number N is proportional to the flux F, then the relationship
equation is as follows:

N=F-A-T ®)

Let n be the collision times during the flying-through time, n = 0,1,--- ,N. The
collision probability obeys the Poisson distribution, that is:

N7e—N
- n!

Py ©)
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No collision occurred when n = 0, Py = exp(—N) at this time, so the collision
probability is shown as follows:

P=1-Py=1—exp(—N) (10)

The relationship between the collision probability and different sizes of debris varying
by years can be seen in Figure 5, and the relationship between the collision probability and
different orbital heights varying by years can be seen in Figure 6.
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Figure 3. The influence of debris size for space debris flux as years.
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Figure 4. The influence of orbital height for space debris flux as years.

As seen in Figures 5 and 6, the trends of space orbital flux and collision probability
mainly depend on the solar radiant activities. With orbital height increased and debris size
enlarged, the probability would grow larger.
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Figure 5. The influence of debris size for collision probability as years.
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Figure 6. The influence of orbital height for collision probability as years.

3. Markov Process of Staged Deployment
3.1. Definitions of Staged Strategy State Variables

Assuming that a mega-constellation consists of 7; identical satellites, 11; € {0,1, - - - , fimax }-
By reason of the congestion problem on LEO, collisions would frequently occur during operation
stages and the performance or utility would degrade; therefore, additional satellites need to be
launched. The optimal deployment strategy is that the decision to launch arational number
of satellites assures that the constellations follow normal operation sequentially and that the
corresponding cost is minimized when the systems encounter malfunctions.

The number of on-orbit satellites 71¢, along with the space collision probability p;, forms
the state space. The state variables obey the Markov property and the collision probability
has three realization modes: decreased, maintained, and increased. Within time step ¢, the
state variables could be expressed by x; = (s¢, pt), x € {0,1,- - - (Mmax + 1) - (Pmax +1) — 1}.

Decision-makers should determine the satellite numbers to be launched during the
time steps, assuming that the launch capability limit is #max. Let pr =0, pr =1, pr = 2
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express the modes of decreased, maintained, and increased, respectively. The transition
matrix can be seen in Table 2.

Table 2. The transition matrix of Markov process.

pt P(pty1=0|pt) P(pt+1=1|pt) P(pty1=2|pt)
0 Poo po1 po2
1 P10 P11 P12
2 P20 P21 P2

During the various stages of constellations” deployment, satellites being launched
successfully is the first consideration. The normal operation of satellites needs to be
guaranteed after satellites are inserted into orbit.

No launch failures and no collisions are important prerequisites for constellation-
staged deployments. Let e, ¢ be the event for launch failure and e, be the event for collision,
then the failure probability of a single satellite can be computed with the following equation:

Pleg) = Ple) +P(e)- [P0 Pl () plefe?)]

In this equation, e; ! is the opposite event of the responding event *. Compared with
other events, such as subsystems malfunction and maneuver faults, the failure probability
is relative large when collisions occur. Assuming ¢ satellites fail after the first deployment,
then the constellation system could not provide service for customers anymore; in other
words, when k > ¢, the whole system fails, so the failure probability can be calulated by:

p= nfx {c’;max : P(esf)k : [1 - p(esf)}”'"“k} (12)

k=¢

3.2. Cost-Effectiveness Analysis of Deployment Strategy

When systems fail, the previous deployment stages cannot operate normally and the
investment becomes a sunk cost, with the economic value also included. However, the
cost could be accounted for by the failure probability when systems encounter partial
malfunctions. Let Cy be the failure cost, Cex be the cost of development and deployment in
the previous stages, and V,, be the economic value brought by the previous deployment;
therefore, the cost expression could be denoted by:

Cex + Veco k>e

Cr = { P-(Cox+ Vi) k<e (13)

During each time step ¢, let Cyot¢ be the total cost, Cj,,, ; be the cost of an additional
launch, C,,; be the cost of ordering new satellites, and C,+ be the operation cost. The
total cost is:

Ctot,t = Cf,t + Clau,t + Cord,t + Cop,l‘ (14)

Assuming C,y is constant, the rest of each part is denoted by:

Veco = teco * 1t
Clau,t = gy - Ut (15)
Cord,t = gy " Ut

Cop,t = Kop " Nt

In the above equations, a, is the coefficient of each item.
Similar to the cost of each stage, the effectiveness analysis consists of two partsL:normal
operation and malfunction. Therefore, the calculation equation is:
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Epotg =14 P4 7~ 16
ot { i (16)
The net profit function NP(ny, ps; 1) in each time step f can be built by:
NP(ny, pt; ut) = Etott — Crott = Etorr — (Cf,t + Craut + Corar + Cop,t) (17)

The optimal strategy is the decision which could maximize the net profit, denoted by
u}. The calculation flow is shown in Table 3.

Table 3. Optimal deployment strategy flow of finding.

The Solving Process of Net Profit Function

1: Set NPy(x) =0
2:Fort=1:T,NP(x) = n}f\xE[NP(nt,pt;ut) + NP(x)]
t

3: Find u{ and finish solving

4. Case Study

In this section, the Markov decision process is used to find the optimal strategy for the
LEO mega-constellation.

4.1. Parameters of Simulation Model

Given the collision probability p;, the Markov transition matrix was computed by
space orbital debris flux, as shown in Table 4.

Table 4. The transition matrix of collision probability.

pt P(pry1 =0|pt) P(pi+1=1|pt) P(pry1=2|pt)
0 0.4431 0.1053 0.4516
1 0.2483 0.0156 0.7361
2 0.0672 0.1693 0.7635

Based on historical data, the probability of aunch vehicle failure was denoted by
p (ev f) = 0.03. Let the collision probability P (es f|ec) = 0.95 because the consequencse
would be severe when collisions occur during operation periods. Therefore, the probability
due to a subsystem malfunction is relatively small, P (es f|e; 1 ) = 0.03.

Given the three realizations of the probability distribution, let T = 10; then the
probability is shown as in Table 5.

Table 5. Collision probability within time steps.

pt Collision Probability
p1 [0.2482;0.0153;0.7361]
p2 [0.1632;0.1510; 0.6854]
p3 [0.1559;0.1355; 0.7081]
P4 [0.1503; 0.1384; 0.7108]
ps [0.1487;0.1383; 0.7124]
Pe [0.1481;0.1384;0.7129]
p7 [0.1479;0.1384; 0.7130]
s [0.1478;0.1384;0.7131]
P9 [0.1478;0.1384; 0.7130]
P10 [0.1477;0.1384; 0.7130]

Based on the collision probability within the time steps, the probability at different
states was calculated, as shown in Table 6.
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Table 6. Collision probability during different states.

State Collision Probability Value
decreased P(ec|pr =0) 1.7608 x 10™*
maintained Plec|pr =1) 1.8471 x 1074
increased P(ec|pr =2) 1.8723 x 1074

Assuming that the mega-constellation needs at least 30 satellites to operate normally
in order to provide service for customers in the target region, the constellation consisted
of 60 satellites and the upper limit of the launch capability was 10 satellites. Therefore,
ur €40,1,---,10}, n; € {10,11, - - - , 60}, and the size of state space was 153, as shown in
Table 7.

Table 7. State space of Markov decision process.

State Collision Probability
xt =0 (10,0)
x =1 (10,1)
=2 (10,2)
Xt =3 (11,0)
xp = 151 (60,1)
xp =152 (60,2)

Other parameters related to economic value are shown as Table 8, with units in millions.

Table 8. The data of simulation parameters.

Parameters Value Parameter Value
Coy 50,000 Eop 50,000
Keco 600 Xy 350
Kord 600 Qop 30

There is an assumption that at least 30 satellites need to be operated on orbit to
assure the system normal performance, so the boundary condition was ¢ = 30. Given the
capability of launching additional satellites, the optimal deployment strategies are shown
as Figure 7, considering different state variables x;.

x10*

-5.5

-6

|
o
ot

Net profit function
4

-7.5

0 1 2 3 4 5 6 7 8 9 10
The capability of launching

Figure 7. The optimal deployment decision of state variables.
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According to the simulation parameters, the optimal decision actions which are de-

noted as u* are shown as Figure 8. Four scenarios could be divided with different deploy-
ment stages.

Figure 8. The optimal deployment decision of state variables with 10 satellites launched additionally.

10~19 satellites on-orbit operation. Given the boundary condition, the system could
not provide a service in this stage. For the next deployment to progress successfully,
10 satellites would be launched at most, considering each cost item;

20~27 satellites on-orbit operation. By reason of a malfunction such as collision
and some faults, more satellites need to be launched into orbit for backups and the
maximum capability of launching would be taken full advantage in this scenario;
28~36 satellites on-orbit operation. Based on the last scenario, the optimal decision
assures 37 satellites on-orbit. For maximizing the net profit function, there is an
incremental reduction during the deployment stages;

37~60 satellites on-orbit operation. Satellites could not be launched anymore because
the system would provide services and launching costs would not be covered by the
system benefits.

The results of the upper limit of the launching capability are 15 and 20 satellites, as

shown in Figures 9 and 10, respectively.

Xy
u*
X
't
Xy

u*

xl
u*

10 1 12 13 14

15 14 13 12 sl

15 16 17 18 19 20 2 22

15 15 15 1% 15 15 15 13

23 24 25 26 27 28 29 30 31 32 33 34 35 36
14 13 12 " 10 9 8 7

37 38 39 40 41 42 43 44 45 46 4T =~ 59 60

Figure 9. The optimal deployment decision with 15 additional satellites launched.

10 " 12 13 14 15 16 17
20 20 20 20 20 20 20 20

18 19 20 pal 22 23 24 25 26
19 18 17 16 15 14 1% 12 Ja

Figure 10. The optimal deployment decision with 20 additional satellites launched.

As seen in Figures 9 and 10, the case of 15 satellites is similar to the case of 10 satel-

lites. For the case of 20 satellites, 3 scenarios were divided and the analysis process was
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same as the example case. The results of tge deployment decisions under different launch
capabilities are summarized in Table 9.

Table 9. Optimal deployment results under different scenarios.

Scenarios 10 Satellites Launched 15 Satellites Launched 20 Satellites Launched

Scenario 1 10-19 10-1 10-14 15-11 10-17 20
Scenario 2 20-27 10 152215 18-36 19-1
Scenario 3 28-36 9-1 23-36 14-1 -
Scenario 4 >370 >370 >370

4.2. Sensitivity Analysis

Given the long development and deployment periods of a mega-constellation, there
is much uncertainty. The risk aversion coefficient 7 is used for evaluating the degree that
decision-makers could accept risk. Let ER be the expected revenue and C, ;5 be the cost of
risk, then the utility function can be built with the following equation:

U = ER(x) — Cyisk (18)

When the value of tge utility function increased, the decision would be more satisfac-
tory for investors. The standard deviation is denoted by o, then the following relationship
could be obtained with:

1
Crisk = E Y UZ (19)

The risk of cost increases with the risk aversion coefficient increasing; the y can be
denoted by:

u// ( x)

7(x) - u/( X)

Therefore, the general form of the utility function can be built with the following
equation:

(20)

Ux)=m—n-e 7* (21)

In this equation, m and n are the constant fitting parameters. The relationship between
the risk aversion coefficient and net profit is shown in Figure 11.

. x10°
-1.3 T T T

-1.4+

-15+

-1.6

net profit

-1L7 k-

-2 T L L
1072 1074 1072 1072 107!

risk aversion coefficienty

Figure 11. The relationship between risk aversion coefficient and net profit.
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The higher the value of the risk aversion coefficient, the higher the degree of uncer-
tainty is during the tge deployment process. This means that there iare more opportunities
to make the net profit of the system better.

5. Conclusions

Mega-constellation projects have already been proposed and deployed by many
countries and commercial organizations. They can more easily access space due to their
advanced launch vehicles and rapid manufacture based on satellite platform. The LEO
resources are more intense and congestion problems occurring are the direct consequence
of more frequent human space activities. In this article, the space orbital flux model was
built to calculate the space collision probability. When the constellation system encounters
the collision problems, the performance is degraded or even malfunctions, so it is necessary
to launch additional satellites to maintain the normal operations. The optimal deployment
strategy was obtained through the Markov decision process. By launching moderate satel-
lites, the system could continue providing services for customers and the net profit could
be maximizd. The result could be the basis for decision making and the method shows the
engineering applyication prospect to a certain degree.
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