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Abstract: In this study, kinetic interaction at the Cherenkov resonance between an electromagnetic
wave pulse and a flow of electrons possessing a wide velocity spread at the scale of the characteristic
range of the resonant electron wave interaction is considered. Due to the absence of a distribution
function slope in the range of velocities corresponding to the electron wave’s resonance, an electron’s
flow is a nearly stable media from the point of view of its interaction with a long enough wave pulse.
In this paper, we explain our findings on the process of electron interaction with potential relief where
the wave pulse is so short that the characteristic scale of the wave amplitude’s inhomogeneity and
the profile of the potential relief is comparable to the wavelength. We show that if an appropriate
slippage between the phase and group velocities of the wave is provided, then the reflection process
of particles from “fast” and “slow” close-to-resonance velocity fractions becomes non-symmetrical.
This can provide a mechanism of amplification of short intensive wave pulses with electron flows
with very large velocity spreads.

Keywords: wave–particle interaction; radiation mechanism; plasma

1. Introduction

Frequent and powerful quasi-monochromatic electromagnetic wave pulses were ob-
served in various space plasma systems. For example, extensive experimental data were
obtained in the course of space experiments during the projects CLUSTER and THEMIS
and with the Van Allen Probes. The excitation of powerful and rapidly varying chorus
emissions occurs in the Earth’s magnetosphere with marginally stable plasma [1]. Mysteri-
ous pulse radio emissions are typical for brown dwarfs and pulsars. Completely polarized
radiation at GHz frequencies in the form of periodic bursts of extremely bright circularly
polarized coherent radio emission were observed from brown dwarfs [2,3]. Giant pulses
with sporadic occurrences represent a special form of radio emission that is considered to
be typical in the GHz frequency bands observed from the Crab pulsar [4,5].

Currently, several possibilities for the coherent excitation of electromagnetic radiation
are being considered in space plasma (see, e.g., [6,7]). All of these mechanisms assume the
presence of a “population inversion” due to the suitable slope of a distribution function.
This can take place at the leading edge of particle flows, and it can also be associated
with both a loss cone in the velocity space and longitudinal currents. At present, there
are no data on the distribution function of particles in the regions of excitation of the
mentioned emissions from astrophysical objects. Moreover, the mechanisms behind the
regular formation of strongly anisotropic distributions of particles in the momentum space
within the framework of traditional mechanisms are also unknown. Thus, despite several
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advantages of the theory, there is no widely accepted explanation for many types of
important natural pulse emission such as chorus emissions in the magnetospheres of Earth
and Jupiter and the pulsed radio emissions of brown dwarfs and pulsars, which are based
on the approach of a slope of a velocity distribution function of electrons in space flows.

There are traditional theoretical approaches [6,7] explaining the excitation and am-
plification of long wave pulses by electron flows in the presence of a slope of the charged
particle distribution function at a velocity corresponding to the Cherenkov-type electron
wave resonance. If the slope of the distribution function is absent, then in traditional
models (describing various problems of plasma physics and the physics of electron masers),
in which the effective length of the interaction of an electron with a wave is unlimited (as
in, for example, problems for finding the instability growth rate in a linear approximation),
such a flow of charged particles is usually considered to be an inert media. This is because
in the electron flow, the number of “fast” electrons (whose velocity is slightly greater than
the resonant velocity, and thus, they should pass their energy to the wave in the process of
electron wave interaction) and “slow” electrons (which should absorb the wave energy)
placed in the band of velocities close to the electron wave resonance is the same.

In contrast, the symmetry between the energy exchanges of “slow” and “fast” resonant
electrons can be broken, even if their number is the same. It can happen when electrons
interact with a short-wave pulse slipping with respect to the resonant electrons. As a result,
an electron flow with a wide velocity spread can become active (either as radiation or as
absorbing media). For instance, the symmetry between the energy exchanges of “slow” and
“fast” electrons can be disturbed due to difference in the “lifetimes” of these electrons in the
field of the wave pulse [8]. This situation takes place when the wave pulse is short enough
and when its group velocity is close to the phase velocity (this is equal to the electron
velocity corresponding to the exact Cherenkov electron wave resonance). In this situation,
different slippages of “fast” and “slow” close-to-resonance electrons with reference to the
wave pulse (and, therefore, different “lifetimes” of these electrons in the wave pulse area)
lead to the transformation of an inert electronic medium into an active one (depending on
the slippage sign, either absorbing or amplifying the wave pulse). This effect can result in
the formation of short waves pulsed at the small-signal stage of the interactions of electron
flows with initial small chaotic wave noises. Therefore, this process can be considered an
analysis of the initial stage of excitation of extremely short pulses.

However, the existence of extremely short and powerful pulses in space plasma
systems requires considerations of other amplification mechanisms of such pulses by
electron flows with large velocity spreads. In [9], a beam pulse amplifier mechanism was
proposed that explains some experimental data known for space and laboratory plasmas.
The physical background of this mechanism with quasi-hydrodynamic time scale was
discussed in [10–12]. The conditions for the applicability of this mechanism assume that
the amplified pulse is so short that the inequality lw/l < Γ/ω is satisfied, where lw is the
wave pulse length, l is the electron wave interaction region length, Γ is the growth rate, and
ω is the frequency. Such impulses are already evolving as non-quasi-monochromatic.

In this paper, we describe a different mechanism of the kinetic interaction of an
electron flow with large velocity spread and a short-adjusted wave pulse at the Cherenkov
resonance. Unlike the effect described in work [8], it is not related to the difference in
the “lifetimes” of different particles in the wave pulse field but to a possible asymmetry
between “slow” and “fast” resonant electrons when they pass a short wave pulse and
perform non-linear oscillations in the potential relief formed by a slipping resonant wave.

More specifically, in this paper, we consider a short quasi-monochromatic wave pulse
whose pulse length corresponds to several wave cycles. Therefore, the potential relief
describing the interaction of the close-to-resonance electrons with the wave filed is notice-
ably inhomogeneous. If we describe the motion of electrons on the phase plane in the
adiabatic approximation (that is, when the characteristic time of the wave amplitude change
is quite small on the scale of the period of electron oscillations in the wave field) in exact
group synchronism (when the phase velocity is equal to the group wave velocity), then the
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non-homogeneity of the potential relief should lead to “reflections” of close-to-resonance
electrons from this potential relief, and this process would be symmetrical for the “fast”
and “slow” velocity fractions of the electron flow. However, if we take into account a small
slippage between the phase and group velocities, then the symmetry is broken, and the
average (over all velocity fractions) change in electron energy (in other words, the efficiency
of the electron wave interaction) becomes non-zero.

In this paper, we report our study of the motion of electrons with various initial
velocities in the field of a short wave pulse. We considered the case in which electrons
are close to the Cherenkov resonance with the wave, and in which the group velocity of
the wave pulse is close to the phase velocity. Note that such a situation can be realized in
various systems [8], including in space plasma. In particular, the proximity of the phase
and group velocities can be ensured for the so-called whistler waves [13–15] in a relatively
dense plasma medium immersed in a moderate magnetic field. On the other hand, such
a situation can also be realized in electron masers based on the use of the Cherenkov-
type electron wave resonance provided in a corrugated waveguide [16]. Moreover, similar
situations are possible in other types of electron masers; for instance, in free-electron masers,
a situation is possible in which the group velocity of the electromagnetic wave excited by
electrons is close to the phase velocity of the combination wave due to the resonance with
which the electrons amplify the operating electromagnetic wave [17].

We should also mention here modern radiation sources of the 3rd and 4th generations
for the synchrotron and undulator radiation (including X-ray free-electron lasers). On one
hand, in such sources, the translational velocity of the particles of the operating electron
bunch is close to the speed of the radiated wave packet (that is, to the speed of light). On
the other hand, the weakness of the electron wave interaction (due to the greater relativistic
mass of the operating electrons) leads to the fact that the velocity spread in the operating
electron bunches of such generators is very large on the scale of the resonant electron wave
interaction band (see, e.g., [18]).

In Section 2, we describe this motion in terms of the phase plane and potential relief.
In particular, we describe an adiabatic process of reflection of close-to-resonance electrons
from an inhomogeneous potential relief in the case where the phase and group velocities of
the wave are the same. Then, we describe changes in this picture regarding where a small
slippage between the phase and group velocities leads to the system becoming not purely
adiabatic. In Section 3, we give the results of our numerical simulations of the electron
motion equations. They illustrate perturbations in the symmetry of reflections of particles
from the “fast” and “slow” velocity fractions of the electron flow regarding a small slippage
between the phase and group velocities, which results in non-zero efficiency in the electron
wave energy exchange.

2. Basic Equations and Analysis of Electron Motion on the Phase Plane
2.1. Basic Equations

We considered the interaction of an electromagnetic wave pulse with a flow of electrons
at the Cherenkov resonance (Figure 1). A small pulse length was considered to be an
important feature, as it corresponds to several wave cycles. Accordingly, the characteristic
scale of the inhomogeneity of the wave field is comparable to its wavelength. We assume
that electrons move along a strong axial magnetic field, and therefore, they interact only
with the axial (z-axis) component of the electric field Ez of a wave pulse. To be more specific,
we considered the pulses with the Gaussian shape

Ez = E0exp
−
(
z−Vgrt

)2

l2 cos(h0z−ω0t). (1)

where E0 is the pulse amplitude, ω0 is the base frequency, h0 is the axial wavenumber corre-
sponding to this frequency, Vgr is the group velocity of the wave, and l is the characteristic
length of the wave pulse. We considered an electron flow with a wide spread in initial
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velocities (V0). In particular, this includes the velocity fraction being in the exact Cherenkov
resonance with the wave V0 = Vφ, where Vφ= ω0/h0 is the phase velocity.
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Figure 1. Tracks of electrons with different initial velocities with respect to the wave pulse.

We assumed that in the close-to-resonance range of velocities V0 ≈ Vφ, the distribution
function of particles over their axial velocities is uniform ( f (V 0) = const). We assumed
also that the group velocity of the wave is close to its phase velocity, Vgr ≈ Vφ. Electrons
with velocities exceeding the group velocity, i.e., V0 > Vgr, catch up with the wave pulse
(Figure 1). On the other hand, particles whose initial velocity is less than the resonant one,
i.e., V0 < Vgr, interact with the wave pulse when it catches up with them.

Let us introduce the phase of a particle with respect to the wave θ = h0z−ω0t. Then,
Equation (1) is re-written as follows:

Ez = E0exp
−(θ − ετ)2

L2 cosθ (2)

where τ = ω0t is the normalized time, L = h0l is the normalized length of the wave pulse,
and ε =

(
Vgr −Vφ

)
/Vφ is the “slippage” factor describing the difference between the group

velocity of the wave and its phase velocity. Evolution in the time of electron phase with
respect to the wave is described by the following equation:

dθ

dτ
= u (3)

where u =
(
V −Vφ

)
/Vφ is the normalized difference between the electron velocity and the

wave phase velocity; note that u = 0 corresponds to the exact Cherenkov resonance of the
particle with the wave V = Vφ.

In the non-relativistic approximation, the equations for change in the normalized
electron velocity u can be written as follows:

du
dτ

= −a(θ, τ)cosθ, a(θ, τ) = a0 exp
−(θ − ετ)2

L2 (4)

where a0 = eE0/mh0 is the normalized amplitude of the wave pulse, and e and m are the
magnitude of the charge of the electron and the mass of the electron, respectively. The
initial conditions for the motion Equations (3) and (4) are expressed as follows:

u(τ = 0) = δ, θ(τ = 0) = θ0 = h0z0 (5)

where δ =
(
V0 −Vφ

)
/Vφ is the mismatch of the Cherenkov electron wave resonance.
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2.2. Motion of Electrons on the Phase Plane with Zero Slippage

In the approximations of the constant wave amplitude a(θ, τ) = const, the motion
Equations (3) and (4) have a canonic form simple standard model, treating the motion of a
particle from the Newtonian formalism

du
dτ

= −∂H
∂θ

,
dθ

dτ
=

∂H
∂u

, (6)

with the following Hamiltonian formalism:

H =
u2

2
+ P(θ), P(θ) = a sinθ

Here, we stay within the simple standard model and treat the motion of a particle
as prescribed by the aforementioned Newtonian formalism. Figure 2 illustrates the corre-
sponding phase plane motion along lines H = const, where electrons with H > a move
along infinite trajectories, whereas particles with H < a perform finite oscillations inside of
the separatrix (“bucket”).
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Figure 2. Potential relief P(θ) formed by the wave field (a) and motion characteristics of electrons
with various initial velocities on the phase plane (b) in the manner of a constant wave amplitude.

As a next step, we should consider that the amplitude a of the effective potential P(θ)
in Equation (6) depends on the electron phase. Actually, it is mentioned previously that
the wave pulse is so short that the characteristic scale of the inhomogeneity of the wave
field is comparable to its wavelength (Figure 1). This corresponds to the situation where
the effective potential P(θ) is noticeably inhomogeneous on the scale ∆θ = 2π. Figure 3
illustrates the behavior of particles with different initial velocities V0 (different mismatches
δ =

(
V0 −Vφ

)
/Vφ) in the case of the zero slippage factor ε (i.e., when Vgr = Vφ). At the

beginning of the interaction process, when u(τ = 0) = δ, all particles are far from the wave
pulse (|θ| � L), and therefore, we should put a→ 0 and P→ 0 in Equation (6). Thus,
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in the adiabatic approximation, trajectories of electrons H = const are described by the
following formula:

u2

2
+ P(θ) =

δ2

2
(7)
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Let us consider two particles with u(τ = 0) = δ1,2 > 0 (V0 > Vφ) that catch up with
the wave pulse (they approach it in Figure 3a on the left). The particle “1” with a relatively
high velocity of δ2

1/2 > a0 passes through the wave pulse without reflection, and thus, its
final velocity coincides with the initial one of u1 = δ1. In contrast, the particle “2” with a
lower velocity of δ2

2/2 < a0 cannot overcome the potential barrier at a certain point inside
the pulse. Thus, it is reflected from the wave pulse. According to Equation (7), its final
normalized velocity is u2 = −δ2. A similar situation occurs for two particles with initial
velocities lower than the group velocity of the wave pulse (that is, with negative detuning
u(τ = 0) = δ3,4 < 0). They approach the wave pulse from the right (Figure 3b), and the
particle “3” (which has a large mismatch of δ2

3/2 > a0) passes through the pulse with no
change in the normalized velocity u3 = δ3 whereas the particle “4” with a relatively small
mismatch of δ2

4/2 < a0 is reflected from it (Figure 3c,d) with the final normalized velocity
u4 = −δ4.

Hence, given the zero slippage factor Vgr = Vφ, the adiabatic approximations give the
following result for the final (at the end of the interaction with the wave pulse) normalized
velocity (Figure 4a):

ufin =

{
−δ, |δ| <

√
2a0;

δ, |δ| >
√

2a0
(8)
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Figure 4. Illustrations of the dependence of the final (at the end of the interaction of a particle with
the wave pulse) electron velocity on its initial velocity at various slippage factors: ε = 0 (a), ε > 0
(b), and ε < 0 (c). Left plots illustrate the dependence of the normalized electron velocity u versus
its initial value δ. Right plots illustrate the same dependences in terms of the change in the velocity
V −V0 versus the initial velocity V0.

This corresponds to the following dependence of the final electron velocity Vfin on the
initial velocity (Figure 4a):

Vfin −V0 =

−2(V 0 −Vφ),
∣∣∣V0−Vφ

Vφ

∣∣∣ < √2a0;

0,
∣∣∣V0−Vφ

Vφ

∣∣∣ > √2a0
(9)

If we consider interaction with the wave pulse of an electron flow composed of particles
of different velocity fractions with the uniform distribution function f (V 0) = const in the
close-to-resonance range of velocities V0 ≈ Vφ, then for zero slippage factor Vgr = Vφ, we
get a zero average change in electron velocity:∫

(Vfin −V0)dV0 = 0 (10)

Actually, the far-from-resonance electrons (with relatively large |δ| ∼
∣∣V0 −Vφ

∣∣) pass
through the wave pulse, and their final velocities coincide with the initial ones. As for
electrons being relatively close to the resonance, they are reflected from the potential barrier
formed by the wave field. As a result, particles with V0 > Vφ are decelerated down to
Vfin < Vφ, whereas particles with V0 < Vφ are accelerated up to Vfin > Vφ. However,
due to the symmetry of these two processes (Figure 4a), the deceleration of relatively fast
(V0 > Vφ) close-to-resonance particles is fully compensated by the acceleration of relatively
slow (V0 < Vφ) close-to-resonance particles.
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2.3. Motion of Electrons on the Phase Plane with Non-Zero Slippage

According to numerical calculations described in detail in Section 3, the symmetry
shown in Figure 4a is broken when the slippage factor is nonzero, i.e., when
ε =

(
Vgr −Vφ

)
/Vφ 6= 0. Figure 5 illustrates this effect for when the group velocity of

the wave slightly exceeds the phase velocity, i.e., ε > 0. In this case, the maximum of the
potential P(θ) can be expressed with the following equation:

a = a0 exp
−(θ − ετ)2

L2

Symmetry 2023, 15, x FOR PEER REVIEW 8 of 18 
 

 

2.3. Motion of Electrons on the Phase Plane with Non-Zero Slippage 

According to numerical calculations described in detail in Section 3, the symmetry 

shown in Figure 4a is broken when the slippage factor is nonzero, i.e., when 𝜀 = (𝑉𝑔𝑟 −

𝑉𝜙)/𝑉𝜙 ≠ 0. Figure 5 illustrates this effect for when the group velocity of the wave slightly 

exceeds the phase velocity, i.e., 𝜀 > 0. In this case, the maximum of the potential 𝑃(𝜃) 

can be expressed with the following equation: 

𝑎 = 𝑎0⁡exp
−(𝜃 − 𝜀𝜏)2

𝐿2
  

In addition, 𝑃(𝜃)⁡slowly shifts in the positive direction of the axis 𝜃~𝑧 − 𝑉𝜙𝑡. Let us 

consider the behavior of two particles with 𝑉0 > 𝑉𝜙 and 𝑉0 < 𝑉𝜙 that are relatively close 

to the electron wave resonance |𝛿| < √2𝑎0. These electrons are analogous to the “sym-

metrical” particles with 𝛿 = 𝛿2 and 𝛿 = 𝛿4 shown in Figure 3, and therefore, when 𝜀 =

0, they should be reflected from the wave pulse. When 𝜀 > 0, the symmetry is broken 

because, with respect to the coordinate 𝜃~𝑧 − 𝑉𝜙𝑡, the envelope of the wave pulse (Figure 

5a) and the potential relief 𝑃(𝜃) (Figure 5b,c) slowly move forward. Therefore, “from the 

point of view” of the faster (𝑉0 > 𝑉𝜙, 𝛿 > 0) particle (Figure 5b), the potential relief 𝑃(𝜃) 

moves co-directionally to the movement of this particle with a low relative velocity of 

𝑑

𝑑𝜏
(𝜃 − 𝜀𝜏) = 𝛿 − 𝜀.  

 

Figure 5. (a) Evolution of the field of the wave pulse when 𝑉𝑔𝑟 > 𝑉𝜙 as well as the motion of faster 

(𝑉0 > 𝑉𝜙) and slower (𝑉0 < 𝑉𝜙) electrons through the wave pulse. (b,c) Motion of the faster and 

slower electrons on the background of the evolution in the time of the potential relief 𝑃(𝜃) formed 

by the wave field. 

Such a motion of the potential relief does not fundamentally change the particle mo-

tion pattern so that it is reflected from the barrier slowly escaping from it. In contrast, 

“from the point of view” of the slower (𝑉0 < 𝑉𝜙, 𝛿 < 0) particle (Figure 5c), the relief 𝑃(𝜃) 

Figure 5. (a) Evolution of the field of the wave pulse when Vgr > Vφ as well as the motion of faster
(V0 > Vφ) and slower (V0 < Vφ) electrons through the wave pulse. (b,c) Motion of the faster and
slower electrons on the background of the evolution in the time of the potential relief P(θ) formed by
the wave field.

In addition, P(θ) slowly shifts in the positive direction of the axis θ ∼ z−Vφt. Let us
consider the behavior of two particles with V0 > Vφ and V0 < Vφ that are relatively close to
the electron wave resonance |δ| <

√
2a0. These electrons are analogous to the “symmetrical”

particles with δ = δ2 and δ = δ4 shown in Figure 3, and therefore, when ε = 0, they should
be reflected from the wave pulse. When ε > 0, the symmetry is broken because, with
respect to the coordinate θ ∼ z−Vφt, the envelope of the wave pulse (Figure 5a) and
the potential relief P(θ) (Figure 5b,c) slowly move forward. Therefore, “from the point of
view” of the faster (V0 > Vφ, δ > 0) particle (Figure 5b), the potential relief P(θ) moves
co-directionally to the movement of this particle with a low relative velocity of

d
dτ

(θ − ετ) = δ− ε.

Such a motion of the potential relief does not fundamentally change the particle motion
pattern so that it is reflected from the barrier slowly escaping from it. In contrast, “from
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the point of view” of the slower (V0 < Vφ, δ < 0) particle (Figure 5c), the relief P(θ) moves
counter-directionally to this particle, and the relative velocity of this motion with respect to
this particle, expressed as

d
dτ

(θ − ετ) = |δ|+ ε,

is higher compared to the previous case of the slower particle. As a result of this rapid
movement of the potential barrier towards the particle, there is a possibility of a non-
adiabatic effect of the electron overcoming the barrier (Figure 5c).

Thus, in the case of a positive slippage factor, i.e., when ε > 0, the dependence
u(δ) becomes non-symmetrical for the close-to-resonance electrons (|δ| <

√
2a0). All

faster (δ > 0) close-to-resonance electrons are reflected from the wave pulse (and thereby
decelerated) similar to the case of ε = 0 so that ufin = −δ for all electrons (compare
Figure 4a,b). As for the slower (δ < 0) close-to-resonance particles, there are two scenarios
for their interaction with the wave pulse, namely, such particles can either be reflected by
the wave pulse (in this case, ufin = −δ, similar to the case of ε = 0) or pass through the
pulse (in this case, the final velocity is equal to the initial one, ufin = δ).

Here, we should note that when we talk about different electrons with the same nor-
malized initial velocity u(τ = 0) = δ (i.e., about the different behavior of these electrons in
the process of their interaction with an electromagnetic pulse), we mean the following. Any
velocity fraction of the electron flow consists of particles possessing the same normalized
initial velocity δ but different initial phases θ(τ = 0) = θ0 with respect to the wave (in other
words, different initial axial coordinates h0z(0) = θ0). More precisely, the initial phases of
the particles are randomly distributed within the interval

θ0,1 < θ0 < θ0,2.

The range of these initial phases (θ0,1, θ0,2) was chosen for the following reasons. First,
the electrons are considered, which, at the initial moment of time, are located away from
the center of the wave pulse, that is, in the region of an almost zero wave field; according
to Equation (4), this means that |θ0| � L. Second, the interval (θ0,1, θ0,2) should cover
particles with all possible phases of entry into the field of the wave pulse. Practically, this
means that if we introduce the final (at the end of the interaction with the wave pulse)
electron velocity of a given velocity fraction δ averaged over all phases as

ufin(δ) =
1

θ0,2 − θ0,1

∫ θ0,2

θ0,1

ufin(δ)dθ0,

then the result of such averaging should not change when the interval of the initial phases
is shifted

(θ0,1, θ0,2)→ (θ0,1 + 2πn, θ0,2 + 2πn)

where n is any integer.
Therefore, the existence of these two scenarios for the interaction of particles from

a slower (δ < 0) close-to-resonance velocity fraction (either ufin = −δ or ufin = δ) means
that the averaged (over electrons with all initial phases) normalized final velocity ufin(δ)
for electrons of these fractions is somewhere between −δ < ufin(δ) < δ (Figure 4b).
Consequently, the deceleration of the faster (δ > 0) close-to-resonance electrons due to
their reflection from the wave pulse is not compensated by the reflective acceleration of the
slower (δ < 0) close-to-resonance particles. As a result, for the uniform distribution function
f (V 0) = const, the averaged (over all velocity fractions) change in electron velocity is

negative (Figure 4b), i.e., ∫ (
V −V0

)
dV0 < 0.

This means that for a positive slippage factor, i.e., ε =
Vgr−Vφ

Vφ
> 0, the electron flow passes
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a part of its energy to the wave pulse, and therefore, it amplifies this pulse. In contrast, if the
slippage factor is negative, i.e., ε < 0, then the symmetry is broken due to the incomplete
reflection from the wave pulse of the faster (V0 > Vφ, δ > 0) particles (Figure 4c), and in
this case, the electron flow absorbs the energy of the wave pulse∫ (

V −V0
)
dV0 > 0

3. Simulation of Electrons with a Short Adjusted Wave Pulse
3.1. Normalized Equations

In the equations used for our simulations, we introduced the following new variables:

τn =
√

a0τ, un = u/
√

a0, δn = δ/
√

a0, εn = ε/
√

a0. (11)

In this case, Equations (3) and (4) are transformed as follows:

dun

dτn
= −exp

−(θ − εnτn)
2

L2 cosθ,
dθ

dτn
= un, un(τn = 0) = δn. (12)

The reflection of electrons from the potential barrier looks as follows (Figure 6):

|δn| <
√

2. (13)
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Figure 6. Averaged final normalized velocity un,fin of electrons versus their initial normalized velocity
δn for normalized slippage parameters εn = −0.1 (a) and εn = 0.1 (b). Points A, B, and C in Figure 6b
correspond to the parameters of the calculations illustrated in Figure 7a–c, respectively.

At any fixed initial velocity of particles δn, we solve this problem for an ensemble of
electrons having different initial phases θ(0) = h0z(0) = θ0. Their values are determined
by the sign of the difference

δn − εn ∼ V0 −Vgr.

If this difference is positive, then the initial phases θ0 should be negative; this corre-
sponds to the case where the electrons catch up to the wave pulse. In the opposite case,
phases θ0 should be positive. Moreover, the absolute values of initial phases should be big
enough, i.e., |θ0| � L, to model the situation where the initial positions of all electrons
correspond to a close-to-zero wave field.

In simulations, we studied the motion of an ensemble of electrons with the same initial
normalized velocity δn and with a sufficiently large set of initial phases θ0 describing all
possible scenarios of the interaction of particles with a wave pulse. We solved Equation (12)
for such electron ensembles corresponding to various velocity fractions of δn using the
standard Runge–Kutta procedure and found the averaged (over all initial phases) final
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(after passing through the whole wave pulse) velocity un,fin = 〈un〉θ0
for electrons from

the fraction δn, and we also found plot dependences un,fin(δn) analogous to the schematic
pictures shown in Figure 4. In these simulations, we assumed that the electron wave energy
exchange did not effect the amplitude and shape of the wave pulse; this corresponds to the
situation when the electron density is so small that the result of such an energy exchange
for the characteristic interaction time of a particle with a wave pulse turns out to be much
less than the total energy of the wave pulse.
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Figure 7. Dynamics of motion of different electrons with normalized initial velocities δn when
εn = 0.1. Normalized velocity of the particles un (top plots) and their normalized position are shown
with reference to the center of the wave pulse ∆Z (bottom plots) versus the normalized time τn. In
the bottom plots, the distribution of the wave pulse is also shown. (a) Normalized initial velocities
δn = 1.5 corresponds to the case in which all electrons pass through the potential barrier created by
the wave pulse (point A in Figure 6b). (b) Initial velocities δn = 0.7 corresponds to the case in which
all electrons are reflected from the wave pulse (point B in Figure 6b). (c) Ininitial velocities δn = −0.7
corresponds to the case in which a particle can both be reflected and pass the wave pulse (point C in
Figure 6b).

3.2. Violation of the Symmetry of the Interaction of Different Electron Fractions with a Wave Pulse
with Small Slippage Factors

Figure 6 compares the cases of the slippage parameters εn = 0.1 and εn = −0.1. In
these simulations, as an example, we considered the case where the normalized length
of the wave pulse, 2L, corresponds to eight wave circles, but the results were almost
independent on this length. Naturally, we saw two mutually symmetric pictures. For
negative εn, the symmetry of the dependence un,fin(δn) was disturbed in the range where
δn are positive and correspond to reflections 0 < δn <

√
2, whereas for positive εn, we saw

the same perturbations in the range −
√

2 < δn < 0. (compare with Figure 4). Evidently, in
the case illustrated in Figure 6a,∫

[un,fin(δn)− δn]dδn ∼
∫ (

V −V0
)
dV0 > 0.
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Therefore, the whole electron ensemble on average absorbs the wave energy. In
contrast, the case in which εn > 0, which is illustrated in Figure 6, describes the situation
where the electron ensemble passes the energy to the wave:∫

[un,fin(δn)− δn]dδn ∼
∫ (

V −V0
)
dV0 < 0.

Figure 7 illustrates dynamics of motion of different electrons with normalized initial
velocities corresponding to points a, b, and c, which are shown in the circles in Figure 6b
(where εn = 0.1). Here, we introduced the normalized position of a particle with respect to
the center of the wave pulse:

∆Z =
θ − εnτn

L
.

The case of the normalized initial velocities δn = 1.5 (Figure 7a) corresponds to the
case where all electrons pass through the potential barrier created by the wave (point A
in Figure 6b). The simulations predicted such behavior for all particles. The next case,
in which δn = 0.7 (Figure 7b), corresponds to the case where all electrons have positive
normalized initial velocities δn corresponding to the reflection from the potential barrier
(point B in Figure 6b). The simulations predicted again the same behavior for all particles
from this velocity fraction.

Finally, the case in which δn = −0.7 (Figure 7c) corresponds to the case where all
electrons have negative normalized initial velocities δn corresponding to the reflection from
the potential barrier (point C in Figure 6b). Here, the simulations predicted two kinds of
behavior for the particles with different initial phases with respect to the wave pulse. The
“proper” particles (solid black curves in Figure 7c) are really reflected, and at the end of
the electron wave interaction, their velocity is un,fin = −δn. However, there are also the
“wrong” particles (dashed blue curves in Figure 7c) that pass through the potential barrier,
and their final normalized velocity is approximately equal to the initial one, un,fin = δn.
Because the difference between −δn and the calculated value of un,fin(δn) in this case is
~0.2 (Figure 6c), it is easy to calculate that the share of the “wrong” particles in this case is
close to 15%.

3.3. Large Slippage Factors and the “Non-Resonant” Reflection

Figure 8a illustrates how the perturbations in the symmetry of the function un,fin(δn)
depends on the values of the slippage parameter εn where this parameter is small, i.e.,
εn � 1. On one hand, an increase in εn results in an increase in non-symmetry between
electron from the reflection range |δn| <

√
2, as the differences between −δn and the

calculated value of un,fin(δn) increase in the region of negative δn.This is easily explained
by the increase in the degree of non-adiabatic interaction of particles with a potential
barrier with an increase in the slippage factor. Thus, for εn= 0.3 in the region of mismatches
corresponding to the reflection of particles (−

√
2 < δn < 0), the characteristic value of the

final normalized particle velocity un,fin(δn) is close to zero. This corresponds to the fact
that the share of “wrong” particles (which, instead of reflecting, pass through the potential
barrier) becomes close to 50%.

On the other hand, at εn= 0.3, we see a certain small “outlier” (i.e., deviation from
the “correct” dependence un,fin(δn) = −δn) in the region of positive normalized initial
velocities δn corresponding to the reflections of particles from the potential barrier. This
deviation takes place in areas close to the value of the normalized initial velocity

δn = εn. (14)

which corresponds to the fraction with “zero” slippage of electrons relative to the wave
pulse. Note that Equation (12) does not allow us to calculate the situation exactly as
described by the condition of Equation (14), but we can make calculations near the ini-
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tial velocity. It is clear that this “outburst” somewhat compensates for the effect of the
asymmetry of electrons with positive and negative mismatches of δn.
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Figure 8. The averaged final normalized velocity un of electrons versus their initial normalized
velocity δn for small slippage parameters (εn = 0.1, 0.2, and 0.3) (a) and for large slippage parameters
(εn = 0.5, 1.0, and 1.5) (b). Points a and b in Figure 8b correspond to parameters of calculations
illustrated in Figure 9.

With a further increase in the slippage factor, the harmony of the electron asymmetry
pattern is destroyed (Figure 8b). On one hand, the non-adiabaticity of the motion of
particles with negative δn increases, and the dependence corresponding to the full reflection
un,fin(δn) = −δn at εn= 1.5 is transferred into the dependence un,fin(δn) = δn corresponding
to the passage of particles through the wave pulse without a change in velocity. On
the other hand, we observed the growth of the “outburst” in the area around the point
δn = εn. Evidently, the negative effect of this “outburst” begins when resonant electrons
with relatively large mismatches δn corresponding to a relatively large perturbation of
particle velocities by the wave field are involved in it, i.e., when

δn = εn ∼ 1.

The physical reasons explaining this “outburst” are as follows. It describes the non-
resonant reflection from the wave pulse of particles that are relatively far from the electron
wave resonance. In fact, this is the reflection of particles not from the potential barrier
described in Figure 3, but from the wave pulse itself under the influence of an averaged
pondermotive force (in fact, the Miller force [19]), pushing particles into the region of a
weaker wave field.

Let us consider particles with normalized initial velocities δn ≈ εn when the slippage
factor εn is large. Then, they are far enough away from resonance with the wave that their
phases change rapidly, as follows:

θ = θ0 +
∫ τn

0
undτn ≈ θ0 + δnτn

Next, we carried out a standard procedure for calculating the Miller force, representing
the phase and the normalized velocity of the particle as the sum of the slow and small
oscillating components as follows:

un = Un + u∼, θ = θ0 +
∫ τn

0
Undτn + θ∼
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Figure 9. Non-resonant reflection of particles from a wave pulse. This is an example of calculation
at εn = 1 for two particles with initial velocities δn = εn ± 0.3 (points a and b in Figure 8b). The
normalized electron velocity un (upper graphs) and their normalized coordinates are relative to the
center of the wave pulse ∆Z (lower graphs) versus the normalized time τn.

For a rapidly oscillating phase from Equation (12) we obtained the following expression:

θ∼ ≈
g

(Un)
2 cos

[
θ0 +

∫ τn

0
Undτn

]
θ∼ ≈

g

(εn)
2 cos

[
θ0 +

∫ τn

0
Undτn

]
(15)

Here,

g = exp
−(θ − εnτn)

2

L2 ,

and we assume that the slow normalized velocity Un is always close to the level
Un ≈ δn ≈ εn. Then, the slow component of the electron velocity is described by the
following expression:

dUn

dτn
= − cos

[
θ0 +

∫ τn

0
Undτn

]
× ∂g

∂θ∼
θ∼ (16)
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Having considered Equation (15), after the averaging we obtain:

dUn

dτn
=
−1

4(εn)
2

∂g2

∂θ∼
(17)

Then, we consider the following formula:

∂g2

∂θ∼
=

1
Un − εn

× ∂g2

∂τn

As a result, Equation (17) reduces to the following equation:

(Un − εn)×
dUn

dτn
=
−1

4(εn)
2

∂g2

∂τn
(18)

This equation is easily integrated due to the fact that the particle starts from the region
of the zero field (g2 = 0):

(Un − εn)
2 − (δn − εn)

2 =
−g2

2(εn)
2 (19)

Because the particle ends its interaction with the wave pulse in the region of the zero
field, its final normalized velocity is determined by the expression

Un − εn = ±(δn − εn). (20)

One of the solutions of Equation (20) corresponds to the passage of a wave pulse by a
particle without changing the velocity, i.e.,

Un = δn,

but another solution,
Un = 2εn − δn, (21)

Describes the “reflection” of the normalized velocity from the level Un = εn. Actually, if
the initial normalized velocity of the particle

Un(0) = δn = εn + (δ n − εn)

exceeds the level Un = εn by an amount (δ n − εn), then the final velocity is below this
level by the same amount, i.e.,

Un = 2εn − δn = εn − (δ n − εn).

Similar considerations are true for a particle whose initial normalized velocity is below
the level of Un = εn. As an example of such particle behavior in the process of non-resonant
reflection from the wave pulse, Figure 9 shows the calculation results at εn = 1 for two
particles with initial normalized velocities δn = εn ± 0.3.

It is clear that in order to realize non-resonant reflection, it is necessary that Formula (19)
should “allow” the particle to reach the velocity level Un = εn. Therefore, the reflection is
realized only for particles whose mismatches are close enough to the slippage factor

δn = εn ±
1√
2εn

. (22)

Note that due to the symmetry of the non-resonant reflection process with respect
to particles with δn larger and smaller than εn on average for all fractions involved in
non-resonant reflection, it does not lead to energy exchange with the wave pulse. Indeed, if
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Un is described by Formula (21), then the average velocity change for particles being in the
region of non-resonant reflection εn − α < δn < εn + α is zero:∫ εn+α

εn−α
[Un(δn)− δn]dδn = 0.

At the same time, the non-resonant reflection of particles “spoils” the “proper” statistics for
all velocity fractions (the “proper” perturbation in symmetry of the dependence un(δn)).

4. Discussion and Conclusions

In conclusion, we can assert that the considered effect of the perturbation of the
symmetry of the kinetic resonant interaction of electrons with different velocities and
a short adjusted wave pulse is able to explain the effect of formation and subsequent
amplification by an electron flow with a large velocity spread of powerful pulses of quasi-
monochromatic electromagnetic radiation known as space plasma. Obviously, such an
amplification of wave pulses should be associated with the extraction of the kinetic energy
of electron flow particles by these pulses. For an electron flow with a wide velocity spread,
when the number of “fast” and “slow” (with respect to the wave phase velocity) electrons
in the resonant velocity band is the same, there must be a mechanism that ensures the
asymmetry of the energy exchange of fast and slow electrons with the wave. In other
words, a situation should be realized when fast particles, on average, give more energy to
the wave than slow electrons absorb. This is exactly the mechanism described in this paper.
We see that this effect is realized when resonant particles whose translational velocities are
close to the phase velocity are near the group synchronism with the wave pulse. For the
exact group synchronism, the interaction of the “fast” and “slow” resonant electrons with
the wave is symmetrical, and as a result, there is no energy exchange between the electron
flow and the wave (Figures 4a and 6). However, this symmetry disappears if there is a
small slippage between the phase and the group velocities (Figure 4b,c and Figure 6). In
particular, if the group velocity of the wave should slightly exceed its phase velocity, then
the electron stream gives energy to the wave. This paper also describes the disappearance
of this effect with an increase in the slippage factor of resonant electrons relative to the
wave pulse.

Note that the effect described in this paper exists in a fundamentally non-linear regime.
The amount of kinetic energy of electrons transmitted to the wave per unit of time increases
with the increase in the power of the electron pulse. Actually, it is evident that the total
electron velocity losses are determined by the area that the reflected electrons “occupy” in
Figure 3, represented as

δVΣ =

∣∣∣∣∫ (V −V0
)
dV0

∣∣∣∣ ∝ δ2
re f ,

where δre f =
√

2a is the maximal mismatch corresponding to the reflected electrons. It is
also evident that the number of electrons of the “reflected” fractions that “meet” with the
pulse per unit of time is proportional to the difference between the group velocity and the
characteristic translational velocity of the particles of the reflected fractions as follows:

dN ∝
(
V0 −Vgr

)
dt ∝ δre f dt

If the change in the electron energy is small (and the change in the kinetic energy of a
particle is proportional to the change in the velocity), then the energy of the wave pulse
increases in the time as follows:

dW ∝ δVΣdN ∝ δ3
re f dt ∝ a3/2dt
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Because W ∝ la2 (here, l is the wave pulse length), the effect described in this paper
corresponds to the following estimated equation describing the growth of the wave pulse
amplitude and of the total energy in the pulse:

da
dt

∝
√

a
l

,
dW
dt

∝
(

W
l

)3/4

Thus, although the average (over all velocity fractions) change in electron energy
resulting from the symmetry-breaking effect between fast and slow particles described in
the paper weakly depends on the duration of the wave pulse, the corresponding growth
rate of the amplitude and energy of the wave pulse increases with the shortening of the
pulse length. This may be a possible explanation for the observation of short and powerful
microwave pulses in space plasma. At the same time, such non-linear radiation process
can be observed in modern synchrotron and undulator radiation sources (including the
short-wavelength free-electron lasers), where the velocity spread in the operating electron
bunches is typically very large on the scale of the resonant electron wave interaction band.

It is clear that the described effect was studied in this paper on the basis of the simplest
model of the interaction of electrons with a wave pulse of a fixed structure. It is necessary
to consider influences on the structure of the wave pulse for a more correct description
of the energy exchange between an electronic ensemble and a wave. At the same time,
it is clear that such an approach is quite acceptable as the first step in describing such a
nonlinear gain (for example, for a relatively low charge density in the electron flow).
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