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Abstract

:

An object of investigation is the differential geometry of the Riemannian  Π -manifolds; in particular, a natural connection, determined by a property of its torsion tensor, is defined, and it is called the second natural connection on Riemannian  Π -manifold. The uniqueness of this connection is proved, and a necessary and sufficient condition for coincidence with the known first natural connection on the considered manifolds is found. The form of the torsion tensor of the second natural connection is obtained in the classes of the Riemannian  Π -manifolds, in which it differs from the first natural connection. All of the main classes of considered manifolds are characterized with respect to the torsion of the second natural connection. An explicit example of dimension 5 is given in support of the proven assertions.
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1. Introduction


Objects of investigation in the present work are the almost paracontact almost paracomplex Riemannian manifolds, also known as Riemannian  Π -manifolds [1,2]. These manifolds are odd-dimensional, and they have a traceless induced almost product structure on the paracontact distribution. Moreover, the restriction on the paracontact distribution of the almost paracontact structure is an almost paracomplex structure. The beginning of their investigation is given in [1] by the name almost paracontact Riemannian manifolds of type   ( n , n )  , followed by series of papers (e.g., [2,3,4,5]).



An important role in the geometry of the manifolds with additional tensor structures is played by the so-called natural connections, i.e., affine connections that preserve the structure tensors and the metric (e.g., [6,7,8,9,10,11,12,13,14,15]). In the differential geometry of almost Hermitian manifolds, a unique natural connection is called canonical Hermitian connection (also known as Chern connection [16]) if the following two conditions are valid [17]: the component of the torsion T that has the property   T ( J · , J · ) = T ( · , · )   and satisfies the Bianchi identity vanishes;     ( S T )  +  =  ( 1 − 2 t )    ( d Ω )  +   ( J · , J · , J · )   , where   t ∈ R   and    ( d Ω )  +   is the part of type   ( 2 , 1 ) + ( 1 , 2 )   of the differential   d Ω   for the Kähler form   Ω = g ( J · , · )  . Known example of such connections are the Lichnerowicz first and second canonical connections [18,19,20]. Moreover, in [17], it is proved that there exists a one-parameter family of canonical Hermitian connections    ∇ t  = t  ∇ 1  +  ( 1 − t )   ∇ 0   , where   ∇ 0   and   ∇ 1   stand for the Lichnerowicz first and second canonical connections, respectively.



Following this ideas, we investigate the counterparts of Lichnerowicz first and second canonical connections in the geometry of the considered manifolds, called first and second natural connections on Riemannian  Π -manifolds. In [21], we presented and studied the first natural connection   D ˙   on Riemannian  Π -manifolds. Here, we introduce a natural connection   D ¨   determined by a property of its torsion tensor   T ¨  , and we call it the second natural connection on the considered manifolds. We prove the uniqueness of   D ¨  , and we determine a necessary and sufficient condition that   D ¨   coincides with   D ˙  . Then, we obtain the form of   T ¨   in the classes of a known classification of Riemannian  Π -manifolds where   D ¨   differs from   D ˙  .



The paper is organized as follows. The introductory Section 1 and Section 2 provide some preliminary facts about Riemannian  Π -manifolds and recall some definitions and assertions for the first natural connection on the studied manifolds necessary for further investigations. Moreover, we characterize all of the basic classes of the considered classification of Riemannian  Π -manifolds with respect to   T ˙  . In Section 3, we define   D ¨   and determine the class of the studied manifolds for which   D ¨   coincides with   D ˙  . After that, we characterize again all of the basic classes but now regarding   T ¨  . The final Section 4 is devoted to an explicit 5-dimensional example in support of the proven theory.




2. Preliminaries


2.1. Riemannian  Π -Manifolds


Let us denote a Riemannian  Π -manifold by   ( M ,  ϕ ,  ξ ,  η , g )  , i.e.,  M  is a   ( 2 n + 1 )  -dimensional differentiable manifold with a Riemannian  Π -structure   ( ϕ , ξ , η )   consisting of a (1,1)-tensor field  ϕ , a Reeb vector field  ξ , and its dual 1-form  η , and  M  is equipped with a Riemannian metric g such that the following basic identities and their immediately derived properties are valid:


     ϕ ξ = 0 ,   ϕ 2  = I − η ⊗ ξ ,  η ∘ ϕ = 0 ,  η  ( ξ )  = 1 ,        tr ϕ = 0 ,  g ( ϕ x , ϕ y ) = g ( x , y ) − η ( x ) η ( y ) ,     



(1)






     g ( ϕ x , y ) = g ( x , ϕ y ) ,      g ( x , ξ ) = η ( x ) ,       g ( ξ , ξ ) = 1 ,      η (  ∇ x  ξ ) = 0 ,     



(2)




where I and ∇ denote the identity and the Levi-Civita connection of g, respectively [2,22]. In the latter equalities and further, x, y, z stand for arbitrary differentiable vector fields on  M  or tangent vectors at a point of  M .



The associated metric   g ˜   of g on   ( M ,  ϕ ,  ξ ,  η , g )   is an indefinite metric of signature   ( n + 1 , n )   and is compatible with the manifold in the same way as g. It is defined by    g ˜   ( x , y )  = g  ( x , ϕ y )  + η  ( x )  η  ( y )   .



On an arbitrary Riemannian  Π -manifold   ( M ,  ϕ ,  ξ ,  η , g )  , we consider two complementary distributions of   T M   using  ξ  and  η —the horizontal distribution   H = ker ( η )   and the vertical distribution   V = span ( ξ )  . They are mutually orthogonal regarding g and   g ˜  , i.e.,


  H ⊕ V = T M ,  H  ⊥  V ,  H ∩ V = { o } ,  



(3)




where o stands for the zero vector field on  M . Thus, the respective horizontal and vertical projectors are determined by   h : T M ↦ H   and   v : T M ↦ V  .



An arbitrary vector field x is decomposed in the so-called horizontal and vertical component (  x h   and   x v  , respectively) as follows:


  x =  x h  +  x v  ,  



(4)




where


   x h  =  ϕ 2  x ,   x v  = η  ( x )  ξ .  



(5)







The   ( 0 , 3 )  -tensor field F, defined by


  F  ( x , y , z )  = g    ∇ x  ϕ  y , z  ,  



(6)




plays an important role in the differential geometry of the considered manifolds. Moreover, the following general properties of F are valid: [1]


     F ( x , y , z ) = F ( x , z , y ) = − F ( x , ϕ y , ϕ z ) + η ( y ) F ( x , ξ , z ) + η ( z ) F ( x , y , ξ ) ,       F ( x , y , ϕ z ) = − F ( x , ϕ y , z ) + η ( z ) F ( x , ϕ y , ξ ) + η ( y ) F ( x , ϕ z , ξ ) ,       F  ( x , ϕ y , ϕ z )  = − F  ( x ,  ϕ 2  y ,  ϕ 2  z )  ,       F  ( x , ϕ y ,  ϕ 2  z )  = − F  ( x ,  ϕ 2  y , ϕ z )  .     



(7)







Lemma 1

([2]). The following identities are valid:




	(1)

	
   (  ∇ x  η )   ( y )  = g  (  ∇ x  ξ , y )   ,




	(2)

	
  η (  ∇ x  ξ ) = 0  ,




	(3)

	
  F  ( x , ϕ y , ξ )  = −  (  ∇ x  η )   ( y )   .











Let    g  i j     be the inverse matrix of    g  i j     of g with respect to a basis   ξ ;  e i    of    T p  M    ( i = 1 , 2 , ⋯ , 2 n ; p ∈ M )  . Then, the 1-forms  θ ,   θ *  ,  ω , called Lee forms, are associated with F and defined by:


  θ =  g  i j   F  (  e i  ,  e j  , · )  ,   θ *  =  g  i j   F  (  e i  , ϕ  e j  , · )  ,  ω = F  ( ξ , ξ , · )  .  



(8)







Taking into account (7), the following relations for the Lee forms are valid: [1]


     ω  ( ξ )  = 0 ,   θ *  ∘ ϕ = − θ ∘  ϕ 2  ,   θ *  ∘  ϕ 2  = θ ∘ ϕ .     











A classification of Riemannian  Π -manifolds with respect to the fundamental tensor F, consisting of eleven basic classes   F 1  ,   F 2  , …,   F 11  , is given in [1]. The intersection of the basic classes is the special class   F 0   determined by the condition   F = 0  . The characteristic conditions of the basic classes in the considered classification are [1,2]


      F 1  :      F  ( x , y , z )  =   1  2 n    { g  ( ϕ x , ϕ y )  θ  (  ϕ 2  z )  + g  ( ϕ x , ϕ z )  θ  (  ϕ 2  y )            F  ( x , y , z )  =   1  2 n    {  − g ( x , ϕ y ) θ ( ϕ z ) − g ( x , ϕ z ) θ ( ϕ y ) } ;        F 2  :      F ( ξ , y , z ) = 0 ,  F ( x , ξ , z ) = 0 ,  θ = 0          F ( x , y , ϕ z ) + F ( y , z , ϕ x ) + F ( z , x , ϕ y ) = 0 ;        F 3  :      F ( ξ , y , z ) = 0 ,  F ( x , ξ , z ) = 0 ,          F ( x , y , z ) + F ( y , z , x ) + F ( z , x , y ) = 0 ;        F 4  :      F  ( x , y , z )  =    θ ( ξ )   2 n     g ( ϕ x , ϕ y ) η ( z ) + g ( ϕ x , ϕ z ) η ( y )  ;        F 5  :      F  ( x , y , z )  =     θ *   ( ξ )    2 n     g ( x , ϕ y ) η ( z ) + g ( x , ϕ z ) η ( y )  ;        F 6  :      F ( x , y , z ) = F ( x , y , ξ ) η ( z ) + F ( x , z , ξ ) η ( y ) ,          F ( x , y , ξ ) = F ( y , x , ξ ) = F ( ϕ x , ϕ y , ξ ) ;        F 7  :      F ( x , y , z ) = F ( x , y , ξ ) η ( z ) + F ( x , z , ξ ) η ( y ) ,          F ( x , y , ξ ) = − F ( y , x , ξ ) = F ( ϕ x , ϕ y , ξ ) ;        F 8  :      F ( x , y , z ) = F ( x , y , ξ ) η ( z ) + F ( x , z , ξ ) η ( y ) ,          F ( x , y , ξ ) = F ( y , x , ξ ) = − F ( ϕ x , ϕ y , ξ ) ;        F 9  :      F ( x , y , z ) = F ( x , y , ξ ) η ( z ) + F ( x , z , ξ ) η ( y ) ,          F ( x , y , ξ ) = − F ( y , x , ξ ) = − F ( ϕ x , ϕ y , ξ ) ;        F 10  :      F ( x , y , z ) = − η ( x ) F ( ξ , ϕ y , ϕ z ) ;        F 11  :      F  ( x , y , z )  = η  ( x )   η ( y ) ω ( z ) + η ( z ) ω ( y )  .     



(9)







In [2], the   ( 1 , 2 )  -tensors N and   N ^   determined by


     N ( x , y ) =       ∇  ϕ x   ϕ  y − ϕ   ∇ x  ϕ  y −   ∇ x  η   ( y )  ξ          −   ∇  ϕ y   ϕ  x + ϕ   ∇ y  ϕ  x +   ∇ y  η   ( x )  ξ ,     










      N ^   ( x , y )  =       ∇  ϕ x   ϕ  y − ϕ   ∇ x  ϕ  y −   ∇ x  η   ( y )  ξ          +   ∇  ϕ y   ϕ  x − ϕ   ∇ y  ϕ  x −   ∇ y  η   ( x )  ξ     








are called Nijenhuis tensor and associated Nijenhuis tensor, respectively, for the  Π -structure on  M . The tensors N and   N ^   are antisymmetric and symmetric, respectively, i.e., the following properties hold:


     N  ( x , y )  = − N  ( y , x )  ,   N ^   ( x , y )  =  N ^   ( y , x )  .     











The corresponding   ( 0 , 3 )  -tensors of N and   N ^   on   ( M ,  ϕ ,  ξ ,  η , g )   are defined by


     N  ( x , y , z )  = g  N ( x , y ) , z  ,   N ^   ( x , y , z )  = g   N ^   ( x , y )  , z      








and have the following properties [2]:


     N  (  ϕ 2  x , ϕ y , ϕ z )  = − N  (  ϕ 2  x ,  ϕ 2  y ,  ϕ 2  z )  ,       N  (  ϕ 2  x ,  ϕ 2  y ,  ϕ 2  z )  = N  ( ϕ x , ϕ y ,  ϕ 2  z )  ,       N  ( x ,  ϕ 2  y ,  ϕ 2  z )  = − N  ( x , ϕ y , ϕ z )  ,       N  (  ϕ 2  x ,  ϕ 2  y , z )  = N  ( ϕ x , ϕ y , z )  ,       N  ( ξ , ϕ y , ϕ z )  = − N  ( ξ ,  ϕ 2  y ,  ϕ 2  z )  ,       N  ( ϕ x , ϕ y , ξ )  = N  (  ϕ 2  x ,  ϕ 2  y , ξ )  ,     



(10)






      N ^   (  ϕ 2  x , ϕ y , ϕ z )  = −  N ^   (  ϕ 2  x ,  ϕ 2  y ,  ϕ 2  z )  ,        N ^   (  ϕ 2  x ,  ϕ 2  y ,  ϕ 2  z )  =  N ^   ( ϕ x , ϕ y ,  ϕ 2  z )  ,        N ^   ( x ,  ϕ 2  y ,  ϕ 2  z )  = −  N ^   ( x , ϕ y , ϕ z )  ,        N ^   (  ϕ 2  x ,  ϕ 2  y , z )  =  N ^   ( ϕ x , ϕ y , z )  ,        N ^   ( ξ , ϕ y , ϕ z )  = −  N ^   ( ξ ,  ϕ 2  y ,  ϕ 2  z )  ,        N ^   ( ϕ x , ϕ y , ξ )  =  N ^   (  ϕ 2  x ,  ϕ 2  y , ξ )  .     



(11)







The tensors N and   N ^   are expressed by means of F through the equalities [2]:


     N ( x , y , z ) = F ( ϕ x , y , z ) − F ( ϕ y , x , z ) − F ( x , y , ϕ z ) + F ( y , x , ϕ z )        N ( x , y , z ) =  + η  ( z )   F ( x , ϕ y , ξ ) − F ( y , ϕ x , ξ )  ,        N ^   ( x , y , z )  = F  ( ϕ x , y , z )  + F  ( ϕ y , x , z )  − F  ( x , y , ϕ z )  − F  ( y , x , ϕ z )          N ^   ( x , y , z )  =  + η  ( z )   F ( x , ϕ y , ξ ) + F ( y , ϕ x , ξ )  .     



(12)







Vice versa, F is expressed in terms of N and   N ^   as follows: [2]


     F  ( x , y , z )  =   1 4    N  ( ϕ x , y , z )  + N  ( ϕ x , z , y )  +  N ^   ( ϕ x , y , z )  +  N ^   ( ϕ x , z , y )          F ( x , y , z ) =  −   1 2   η  ( x )   N  ( ξ , y , ϕ z )  +  N ^   ( ξ , y , ϕ z )  + η  ( z )   N ^   ( ξ , ξ , ϕ y )   .     



(13)







Let us remark that the class of the normal Riemannian  Π -manifolds, i.e., with the condition   N = 0  , is    U 0  =  F 1  ⊕  F 2  ⊕  F 4  ⊕  F 5  ⊕  F 6   . On the other hand, the class with the property    N ^  = 0   is     U ^  0  =  F 3  ⊕  F 7   . Applying the expression of F from (13) for these two classes, we obtain


      U 0  :      F  ( x , y , z )  =   1 4     N ^   ( ϕ x , y , z )  +  N ^   ( ϕ x , z , y )             F ( x , y , z ) =  −   1 2   η  ( x )    N ^   ( ξ , y , ϕ z )  + η  ( z )   N ^   ( ξ , ξ , ϕ y )   ,         U ^  0  :      F  ( x , y , z )  =   1 4    N ( ϕ x , y , z ) + N ( ϕ x , z , y )  −   1 2   η  ( x )  N  ( ξ , y , ϕ z )  .     











The class    U ^  0   is important for further considerations, as well as its orthogonal complement one, characterized by the following:



Lemma 2.

The class    U 1  =  F 1  ⊕  F 2  ⊕  F 4  ⊕  F 5  ⊕  F 6  ⊕  F 8  ⊕  F 9  ⊕  F 10  ⊕  F 11    of the Riemannian Π-manifolds   ( M ,  ϕ ,  ξ ,  η , g )   is determined by the condition


   N ( ϕ · , ϕ · ) = 0 .   













Proof. 

Using the expression of N in terms of F given in (12) and the characteristic conditions (9) of the basic classes of the considered manifolds, we establish the truthfulness of the lemma. □





It is obvious from Lemma 2 that the condition   N ( ϕ · , ϕ · ) ≠ 0   is valid for    U ^  0  . So, we can conclude that the following two properties of N and   N ^   are equivalent:


  N  ( ϕ · , ϕ · )  ≠ 0  ⇔   N ^   ( · , · )  = 0 .  











Let us denote by T the torsion tensor of an arbitrary affine connection D, i.e.,


  T  ( x , y )  =  D x  y −  D y  x −  [ x , y ]  .  



(14)







The corresponding   ( 0 , 3 )  -tensor with respect to the metric g is determined by


     T ( x , y , z ) = g ( T ( x , y ) , z ) .     



(15)







The associated 1-forms of T, denoted by t,   t *  , and   t ^  , are defined by


     t  ( x )  =  g  i j   T  ( x ,  e i  ,  e j  )  ,   t *   ( x )  =  g  i j   T  ( x ,  e i  , ϕ  e j  )  ,   t ^   ( x )  = T  ( x , ξ , ξ )      



(16)




with respect to a basis   ξ ;  e i    of    T p  M    ( i = 1 , 2 , … , 2 n ; p ∈ M )  .




2.2. First Natural Connection on Riemannian  Π -Manifolds


In [21], we defined a non-symmetric natural connection and called it the first natural connection on a Riemannian  Π -manifold. We obtained relations between the introduced connection and the Levi-Civita connection, and we studied some of its curvature characteristics in the so-called main classes, i.e., those basic classes in which F is expressed explicitly by the metrics and the Lee forms. Firstly, we recalled some definitions and assertions from [21] necessary for further investigations.



Let us consider an arbitrary Riemannian  Π -manifold   ( M ,  ϕ ,  ξ ,  η , g )  .



Definition 1

([21]). An affine connection D on a Riemannian Π-manifold   ( M ,  ϕ ,  ξ ,  η , g )   is called a natural connection for the Riemannian Π-structure   ( ϕ , ξ , η , g )   if this structure is parallel with respect to D, i.e.,   D ϕ = D ξ = D η = D g = 0  .





As a consequence, the associated metric   g ˜   is also parallel with respect to D on   ( M ,  ϕ ,  ξ ,  η , g )  , i.e.,   D  g ˜  = 0  .



Let Q stand for the potential of D with respect to ∇:


   D x  y =  ∇ x  y + Q  ( x , y )  ,  



(17)






  Q  ( x , y , z )  = g  Q ( x , y ) , z  .  



(18)







Proposition 1

([21]). An affine connection D is a natural connection on a Riemannian Π-manifold if and only if the following properties hold:


     Q ( x , y , ϕ z ) − Q ( x , ϕ y , z ) = F ( x , y , z ) ,       Q ( x , y , z ) = − Q ( x , z , y ) .     













Definition 2

([21]). A natural connection   D ˙  , defined by


       D ˙  x  y =  ∇ x  y −   1 2      ∇ x  ϕ  ϕ y −   ∇ x  η  y · ξ  − η  ( y )   ∇ x  ξ ,     



(19)




is called the first natural connection on a Riemannian Π-manifold   ( M ,  ϕ ,  ξ ,  η , g )  .





As we remarked in [21], the restriction of   D ˙   on the paracontact distribution  H  of   ( M ,  ϕ ,  ξ ,  η , g )   is the known P-connection on the corresponding Riemannian manifold equipped with traceless almost product structure (see, e.g., [9]).



Let   T ˙   denote the torsion tensor of   D ˙  , i.e.,


   T ˙   ( x , y )  =   D ˙  x  y −   D ˙  y  x −  [ x , y ]  .  











Then, according to [21], we have


      T ˙   ( x , y )  = −   1 2     (  ∇ x  ϕ )  ϕ y −  (  ∇ y  ϕ )  ϕ x − d η  ( x , y )  ξ  + η  ( x )   ∇ y  ξ − η  ( y )   ∇ x  ξ .     



(20)







The corresponding   ( 0 , 3 )  -tensor with respect to g is determined as follows [21]:


      T ˙   ( x , y , z )  = g  (  T ˙   ( x , y )  , z )      



(21)




and it is expressed by F through


      T ˙   ( x , y , z )  = −   1 2    F ( x , ϕ y , z ) − F ( y , ϕ x , z )          T ˙   ( x , y , z )  =  −   1 2   η  ( z )   F ( x , ϕ y , ξ ) − F ( y , ϕ x , ξ )          T ˙   ( x , y , z )  =  + η ( y ) F ( x , ϕ z , ξ ) − η ( x ) F ( y , ϕ z , ξ ) .     



(22)







Moreover, in [21], the torsion of   D ˙   with respect to N and   N ^   is obtained:


      T ˙   ( x , y , z )  = −   1 8   { 2 N  ( ϕ x , ϕ y , z )  + N  ( ϕ x , z , ϕ y )  − N  ( ϕ y , z , ϕ x )          T ˙   ( x , y , z )  = −   1 8   {  +  N ^   ( ϕ x , z , ϕ y )  −  N ^   ( ϕ y , z , ϕ x )  }         T ˙   ( x , y , z )  =  +   1 4   η  ( x )  { 2 N  ( ξ , ϕ y , ϕ z )  − N  ( ϕ y , ϕ z , ξ )          T ˙   ( x , y , z )  = +   1 4   η  ( x )  {  + 2 η  ( z )   N ^   ( ξ , ξ ,  ϕ 2  y )  −  N ^   ( ϕ y , ϕ z , ξ )  }         T ˙   ( x , y , z )  =  −   1 4   η  ( y )  { 2 N  ( ξ , ϕ x , ϕ z )  − N  ( ϕ x , ϕ z , ξ )          T ˙   ( x , y , z )  = −   1 4   η  ( y )  {  + 2 η  ( z )   N ^   ( ξ , ξ ,  ϕ 2  x )  −  N ^   ( ϕ x , ϕ z , ξ )  }         T ˙   ( x , y , z )  =  −   1 8   η  ( z )  { 2 N  ( ϕ x , ϕ y , ξ )  + N  ( ϕ x , ξ , ϕ y )  − N  ( ϕ y , ξ , ϕ x )          T ˙   ( x , y , z )  = −   1 4   η  ( y )  {  +  N ^   ( ϕ x , ξ , ϕ y )  −  N ^   ( ϕ y , ξ , ϕ x )  } .     



(23)







The latter result, using the decomposition in (3)–(5), is transformed into the following form with respect to the horizontal and the vertical components of the vector fields:


      T ˙   ( x , y , z )  =     −   1 8   { S N  (  x h  ,  y h  ,  z h  )  + N  (  x h  ,  y h  ,  z h  )             +  N ^   (  y h  ,  z h  ,  x h  )  −  N ^   (  z h  ,  x h  ,  y h  )  }            −   1 4   {  2 N  (  x h  ,  y h  ,  z v  )  + N  (  y h  ,  z v  ,  x h  )  + N  (  z v  ,  x h  ,  y h  )             + 2 N  (  x v  ,  y h  ,  z h  )  + N  (  y h  ,  z h  ,  x v  )  + 2 N  (  x h  ,  y v  ,  z h  )             + N  (  z h  ,  x h  ,  y v  )  + 2  N ^   (  y h  ,  z h  ,  x v  )  −  N ^   (  z v  ,  x h  ,  y h  )             −  N ^   (  z h  ,  x h  ,  y v  )  − 2  N ^   (  z v  ,  x v  ,  y h  )  + 2  N ^   (  y v  ,  z v  ,  x h  )  } ,     



(24)




where  S  stands for the cyclic sum by the three arguments.



Taking into account that for the basic classes in    U ^  0   the tensor N has the form


      F 3  :      N  ( x , y , z )  = − 2  F  ( ϕ x , ϕ y , ϕ z )  + F  (  ϕ 2  x ,  ϕ 2  y , ϕ z )   ,        F 7  :      N ( x , y , z ) = 4 F ( x , ϕ y , ξ ) η ( z )     



(25)




and   N ^   vanishes [2], as a consequence of (24), we obtain


       U ^  0  :   T ˙   ( x , y , z )  =     −   1 8   { S N  (  x h  ,  y h  ,  z h  )  + N  (  x h  ,  y h  ,  z h  )  }         T ˙   ( x , y , z )  =      −   1 4   { S N  (  x h  ,  y h  ,  z v  )  + N  (  x h  ,  y h  ,  z v  )  }     



(26)




and, respectively,


      F 3  :   T ˙   ( x , y , z )  =     −   1 8   { S N  (  x h  ,  y h  ,  z h  )  + N  (  x h  ,  y h  ,  z h  )  } ,        F 7  :   T ˙   ( x , y , z )  =     −   1 4   { S N  (  x h  ,  y h  ,  z v  )  + N  (  x h  ,  y h  ,  z v  )  } .     



(27)







Then, by virtue of Lemma 1, (9), (10), and (25) and denoting   N  (  x h  ,  y h  ,  z h  )  =  N h   ( x , y , z )   , equalities (26) and (27) take the following shorter form:


          U ^  0  :   T ˙  = −   1 8    S  N h  +  N h   +   1 2    η ∧ d η + d η ⊗ η  ,      










         F 3  :   T ˙  = −   1 8    S  N h  +  N h   ,            F 7  :   T ˙  =   1 2    η ∧ d η + d η ⊗ η  .     











Similarly to (16), the torsion forms   t ˙  ,    t ˙  *  , and    t ˙  ^   for   T ˙   with respect to a basis   ξ ;  e i    of    T p  M    ( i = 1 , 2 , ⋯ , 2 n ; p ∈ M )   are defined by: [21]


      t ˙   ( x )  =  g  i j    T ˙   ( x ,  e i  ,  e j  )  ,    t ˙  *   ( x )  =  g  i j    T ˙   ( x ,  e i  , ϕ  e j  )  ,    t ˙  ^   ( x )  =  T ˙   ( x , ξ , ξ )  .     



(28)







The following formulae for the torsion forms hold


      t ˙   ( x )  =   1 2   θ  ( ϕ x )  −  θ *   ( ξ )  η  ( x )  ,         t ˙  *   ( x )  =   1 2    θ *   ( ϕ x )  − θ  ( ξ )  η  ( x )  ,         t ˙  ^   ( x )  = ω  ( ϕ x )      



(29)




and the following relations between them and the Lee forms are valid [21]:


       t ˙  *  ∘ ϕ =  t ˙  ∘  ϕ 2  ,       2  t ˙  ∘ ϕ = θ ∘  ϕ 2  ,  2  t ˙  ∘  ϕ 2  = θ ∘ ϕ ,       2   t ˙  *  ∘ ϕ =  θ *  ∘  ϕ 2  ,  2   t ˙  *  ∘  ϕ 2  =  θ *  ∘ ϕ .     



(30)







Theorem 1.

Let   ( M ,  ϕ ,  ξ ,  η , g )   be a   ( 2 n + 1 )  -dimensional Riemannian Π-manifold. Then, the basic classes   F i    ( i = 1 , ⋯ , 11 )   are characterized by the following properties of the torsion tensor   T ˙   of the first natural connection   D ˙  :


       F 1  :       T ˙   ( x , y )  = −   1  2 n      t ˙   (  ϕ 2  y )   ϕ 2  x −  t ˙   (  ϕ 2  x )   ϕ 2  y +  t ˙   ( ϕ x )  ϕ y −  t ˙   ( ϕ y )  ϕ x  ;        F 2  :       T ˙   ( ξ , y )  = 0 ,  η   T ˙   ( x , y )   = 0 ,   T ˙   ( x , y )  = −  T ˙   ( ϕ x , ϕ y )  ,   t ˙  = 0 ;        F 3  :       T ˙   ( ξ , y )  = 0 ,  η   T ˙   ( x , y )   = 0 ,   T ˙   ( x , y )  = − ϕ  T ˙   ( x , ϕ y )  ;        F 4  :       T ˙   ( x , y )  = −   1  2 n      t ˙  *   ( ξ )   η ( y ) ϕ x − η ( x ) ϕ y  ;        F 5  :       T ˙   ( x , y )  = −   1  2 n     t ˙   ( ξ )   η  ( y )   ϕ 2  x − η  ( x )   ϕ 2  y  ;        F 6  :       T ˙   ( x , y )  = η  ( x )   T ˙   ( ξ , y )  − η  ( y )   T ˙   ( ξ , x )  − η  (  T ˙   ( x , y )  )  ξ ,         T ˙   ( ξ , y , z )  = −  T ˙   ( ξ , z , y )  =  T ˙   ( ξ , ϕ y , ϕ z )  =   1 2    T ˙   ( y , z , ξ )  =   1 2    T ˙   ( ϕ y , ϕ z , ξ )  ;        F 7  :       T ˙   ( x , y )  = η  ( x )   T ˙   ( ξ , y )  − η  ( y )   T ˙   ( ξ , x )  + η  (  T ˙   ( x , y )  )  ξ ,         T ˙   ( ξ , y , z )  = −  T ˙   ( ξ , z , y )  =  T ˙   ( ξ , ϕ y , ϕ z )  =   1 2    T ˙   ( y , z , ξ )  = −   1 2    T ˙   ( ϕ y , ϕ z , ξ )  ;        F 8  :       T ˙   ( x , y )  = η  ( x )   T ˙   ( ξ , y )  − η  ( y )   T ˙   ( ξ , x )  − η  (  T ˙   ( x , y )  )  ξ ,         T ˙   ( ξ , y , z )  = −  T ˙   ( ξ , z , y )  = −  T ˙   ( ξ , ϕ y , ϕ z )  =   1 2    T ˙   ( y , z , ξ )  = −   1 2    T ˙   ( ϕ y , ϕ z , ξ )  ;        F 9  :       T ˙   ( x , y )  = η  ( x )   T ˙   ( ξ , y )  − η  ( y )   T ˙   ( ξ , x )  ,         T ˙   ( ξ , y , z )  =  T ˙   ( ξ , z , y )  = −  T ˙   ( ξ , ϕ y , ϕ z )  ;        F 10  :       T ˙   ( x , y )  = η  ( x )   T ˙   ( ξ , y )  − η  ( y )   T ˙   ( ξ , x )  ,         T ˙   ( ξ , y , z )  = −  T ˙   ( ξ , z , y )  = −  T ˙   ( ξ , ϕ y , ϕ z )  ;        F 11  :       T ˙   ( x , y )  =  η  ( y )    t ˙  ^   ( x )  − η  ( x )    t ˙  ^   ( y )   ξ .      













Proof. 

The truthfulness of the assertions in the cases when   ( M ,  ϕ ,  ξ ,  η , g )   belongs to the main classes   F 1  ,   F 4  ,   F 5  , and   F 11   is proved in [21].



Now, let    ( M ,  ϕ ,  ξ ,  η , g )  ∈  F 2   . Taking into account the characteristic conditions (9) of F in the considered class, the expression of   T ˙   from (22) takes the following form:


   T ˙   ( x , y , z )  = −   1 2    F ( x , ϕ y , z ) − F ( y , ϕ x , z )  .  



(31)







Therefore, bearing in mind (21) and (2), we find that the following identities hold:


   T ˙   ( ξ , y )  = 0 ,  η   T ˙   ( x , y )   = 0 .  











Setting   x = ϕ x   and   y = ϕ y   in (31) and using (7) and (9), we have


   T ˙   ( ϕ x , ϕ y , z )  =   1 2    F ( x , ϕ y , z ) − F ( y , ϕ x , z )  .  











So, comparing the latter equality and (31), the following property immediately follows:


   T ˙   ( x , y )  = −  T ˙   ( ϕ x , ϕ y )  .  











Using the characteristic conditions of   F 2   from (9) in (29), we obtain    t ˙  = 0  , with which we have established the properties of   F 2   with respect to   T ˙  . The other cases are proved in a similar way. □







3. Second Natural Connection on Riemannian  Π -Manifolds


Let   T ¨   denote the torsion tensor of a natural connection   D ¨  , i.e., according to (14) and (15), we have


      T ¨   ( x , y )  =   D ¨  x  y −   D ¨  y  x −  [ x , y ]  ,        T ¨   ( x , y , z )  = g  (  T ¨   ( x , y )  , z )  .     



(32)







Additionally, let the following property hold for   T ¨  :


         T ¨   ( x , y , z )  +  T ¨   ( y , z , x )  +  T ¨   ( ϕ x , y , ϕ z )  +  T ¨   ( y , ϕ z , ϕ x )           − η  ( x )    T ¨   ( ξ , y , z )  +  T ¨   ( y , z , ξ )  − η  ( y )   T ¨   ( ξ , z , ξ )            − η  ( y )    T ¨   ( x , ξ , z )  +  T ¨   ( ξ , z , x )  +  T ¨   ( ϕ x , ξ , ϕ z )  +  T ¨   ( ξ , ϕ z , ϕ x )            − η  ( z )    T ¨   ( x , y , ξ )  +  T ¨   ( y , ξ , x )  − η  ( y )   T ¨   ( x , ξ , ξ )   = 0 .     



(33)







Definition 3.

A natural connection   D ¨   for which (33) holds is called the second natural connection on a Riemannian Π-manifold   ( M ,  ϕ ,  ξ ,  η , g )  .





Let us remark that the restriction of   D ¨   on the paracontact distribution  H  of   ( M ,  ϕ ,  ξ ,  η , g )   is another studied natural connection (called canonical connection) on the corresponding Riemannian manifold equipped with traceless almost product structure (see, e.g., [23]).



Theorem 2.

On an arbitrary Riemannian Π-manifold   ( M ,  ϕ ,  ξ ,  η , g )  , a unique second natural connection exists.





Proof. 

Let us construct an affine connection   D ¨   on a Riemannian  Π -manifold   ( M ,  ϕ ,  ξ ,  η , g )   as follows:


  g  (   D ¨  x  y , z )  = g  (  ∇ x  y , z )  +  Q ¨   ( x , y , z )  ,  



(34)




where the potential   Q ¨   of   D ¨   is determined by


      Q ¨   ( x , y , z )  =       Q ˙   ( x , y , z )  −   1 8    N  (  ϕ 2  z ,  ϕ 2  y ,  ϕ 2  x )  + 2 η  ( x )  N  ( ϕ z , ϕ y , ξ )   .     



(35)







Using (35), we verify that   D ¨   satisfies the conditions of Proposition 1, i.e.,   D ¨   is a natural connection on   ( M ,  ϕ ,  ξ ,  η , g )  .



From (32), the symmetry of ∇ and the analogous definitions of (17) and (18) for   D ¨  , it follows that


   T ¨   ( x , y , z )  =  Q ¨   ( x , y , z )  −  Q ¨   ( y , x , z )  .  











Taking into account the latter equality, (35) and (23), we obtain


      T ¨   ( x , y , z )  =  T ˙   ( x , y , z )      −   1 8    N  (  ϕ 2  z ,  ϕ 2  y ,  ϕ 2  x )  − N  (  ϕ 2  z ,  ϕ 2  x ,  ϕ 2  y )             +   1 8     + 2 η ( x ) N ( ϕ z , ϕ y , ξ ) − 2 η ( y ) N ( ϕ z , ϕ x , ξ )  ,     



(36)




which is equivalent to


      T ¨   ( x , y , z )  =   T ˙   ( x , y , z )      +   1 8    S N  (  x h  ,  y h  ,  z h  )  − N  (  x h  ,  y h  ,  z h  )            +   1 4    S N  (  x h  ,  y h  ,  z v  )  − N  (  x h  ,  y h  ,  z v  )   .     



(37)







Substituting the form of   T ˙   from (22) into (36), we obtain


      T ¨   ( x , y , z )  =     −   1 2    F ( x , ϕ y , z ) − F ( y , ϕ x , z )           −   1 2   η  ( z )   F ( x , ϕ y , ξ ) − F ( y , ϕ x , ξ )           + η ( y ) F ( x , ϕ z , ξ ) − η ( x ) F ( y , ϕ z , ξ )          +   1 8    N  (  ϕ 2  z ,  ϕ 2  y ,  ϕ 2  x )  − N  (  ϕ 2  z ,  ϕ 2  x ,  ϕ 2  y )             +   1 8     + 2 η ( x ) N ( ϕ z , ϕ y , ξ ) − 2 η ( y ) N ( ϕ z , ϕ x , ξ )  .     



(38)







Then, bearing in mind (7) and (10), we obtain by direct verification that (33) holds for   D ¨  . Therefore, (34) and (35) determine the natural connection   D ¨  , which is the second natural connection on   ( M ,  ϕ ,  ξ ,  η , g )  .



Taking into account (34), (35) and the corresponding form of   Q ˙   and N from (19) and (12), we have an explicit expression of   D ¨   in terms of F. This fact uniquely defines the considered manifold and proves the uniqueness of the second natural connection. □





Using (12), the formula in (38) takes the following form:


      T ¨   ( x , y , z )  =     −   1 2    F ( x , ϕ y , z ) − F ( y , ϕ x , z )           −   1 2   η  ( z )   F ( x , ϕ y , ξ ) − F ( y , ϕ x , ξ )           + η ( y ) F ( x , ϕ z , ξ ) − η ( x ) F ( y , ϕ z , ξ )          −   1 8    2 F  (  ϕ 2  z ,  ϕ 2  x , ϕ y )  + F  ( ϕ x ,  ϕ 2  z ,  ϕ 2  y )  − F  ( ϕ y ,  ϕ 2  z ,  ϕ 2  x )             −   1 8     − F  (  ϕ 2  x ,  ϕ 2  z , ϕ y )  + F  (  ϕ 2  y ,  ϕ 2  z , ϕ x )            −   1 4   η  ( x )   F  (  ϕ 2  z , ϕ y , ξ )  − F  (  ϕ 2  y , ϕ z , ξ )             −   1 4   η  ( x )    + F  ( ϕ z ,  ϕ 2  y , ξ )  − F  ( ϕ y ,  ϕ 2  z , ξ )            +   1 4   η  ( y )   F  (  ϕ 2  z , ϕ x , ξ )  − F  (  ϕ 2  x , ϕ z , ξ )             +   1 4   η  ( y )    + F  ( ϕ z ,  ϕ 2  x , ξ )  − F  ( ϕ x ,  ϕ 2  z , ξ )   .     



(39)







Similarly to (16), we define the torsion forms   t ¨  ,    t ¨  *  , and    t ¨  ^   for   T ¨   with respect to a basis   ξ ;  e i    of    T p  M    ( i = 1 , 2 , … , 2 n ; p ∈ M )  :


      t ¨   ( x )  =  g  i j    T ¨   ( x ,  e i  ,  e j  )  ,    t ¨  *   ( x )  =  g  i j    T ¨   ( x ,  e i  , ϕ  e j  )  ,    t ¨  ^   ( x )  =  T ¨   ( x , ξ , ξ )  .     



(40)







By dint of (36), (39), (40), (29), and   η (  e i  ) = 0    ( i = 1 , … , 2 n )  , we obtain the following expression of   t ¨   in terms of  θ ,   θ *   and  ω  of   ( M ,  ϕ ,  ξ ,  η , g )  :


   t ¨   ( x )  =  t ˙   ( x )  =   1 2   θ  ( ϕ x )  −  θ *   ( ξ )  η  ( x )  .  



(41)







By an analogous approach, we calculate the form of    t ¨  *   and    t ¨  ^  :


       t ¨  *   ( x )  =   t ˙  *   ( x )  =   1 2    θ *   ( ϕ x )  − θ  ( ξ )  η  ( x )  ,    t ¨  ^   ( x )  =   t ˙  ^   ( x )  = ω  ( ϕ x )  .     



(42)







Thus, we obtained that the torsion forms of the first and second natural connection coincide.



Similarly to (30), we obtain the following relation between   t ¨   and    t ¨  *  :


    t ¨  *  ∘ ϕ =  t ¨  ∘  ϕ 2  .  











Theorem 3.

The first natural connection   D ˙   coincides with the second natural connection   D ¨   if and only if    ( M ,  ϕ ,  ξ ,  η , g )  ∈  U 1   .





Proof. 

From (35), we immediately establish that a necessary and sufficient condition for   D ˙   and   D ¨   to coincide is   N ( ϕ · , ϕ · ) = 0  . According to Lemma 2, the latter equality defines the class   U 1   of the Riemannian  Π -manifolds. Thus, we proved the truthfulness of the theorem. □





Let us remark that the assertions proved in [21] for   D ˙   are also valid for   D ¨   when   ( M ,  ϕ ,  ξ ,  η , g )   belongs to   U 1  , bearing in mind Theorem 3.



Considering (24), we obtain the following formula for the torsions of   D ˙   and   D ¨   on    ( M ,  ϕ ,  ξ ,  η , g )  ∈  U 1   :


      T ¨   ( x , y , z )  =  T ˙   ( x , y , z )  =     −   1 8     N ^   (  y h  ,  z h  ,  x h  )  −  N ^   (  z h  ,  x h  ,  y h  )          −   1 4   { N  (  y h  ,  z v  ,  x h  )  + N  (  z v  ,  x h  ,  y h  )          −   1 4   {  −  N ^   (  z v  ,  x h  ,  y h  )  −  N ^   (  z h  ,  x h  ,  y v  )  }        −   1 2   { N  (  x v  ,  y h  ,  z h  )  + N  (  x h  ,  y v  ,  z h  )          −   1 4   {  +  N ^   (  y h  ,  z h  ,  x v  )  −  N ^   (  z v  ,  x v  ,  y h  )  +  N ^   (  y v  ,  z v  ,  x h  )  } .     











The torsion tensors   T ˙   and   T ¨   differ from each other when the Riemannian  Π -manifold belongs to the classes   F 3   and   F 7   or to their direct sums with other classes. Using (26) and (37), we obtain the form of   T ¨   when   ( M ,  ϕ ,  ξ ,  η , g )   is from the class    U ^  0  , as well as when the considered manifold is from the separate two basic classes   F 3   and   F 7  :


       U ^  0  :   T ¨   ( x , y , z )  =     −   1 4   N  (  x h  ,  y h  ,  z h  )  −   1 2   N  (  x h  ,  y h  ,  z v  )  ,        F 3  :   T ¨   ( x , y , z )  =     −   1 4   N  (  x h  ,  y h  ,  z h  )  ,        F 7  :   T ¨   ( x , y , z )  =     −   1 2   N  (  x h  ,  y h  ,  z v  )  .     











The latter three formulae, using Lemma 1, (9), (10) and (25), take the following shorter form:


          U ^  0  :   T ¨  = −   1 4    N h  + d η ⊗ η ,           F 3  :   T ¨  = −   1 4    N h  ,           F 7  :   T ¨  = d η ⊗ η .     











Theorem 4.

Let   ( M ,  ϕ ,  ξ ,  η , g )   be a   ( 2 n + 1 )  -dimensional Riemannian Π-manifold. Then, the basic classes   F i    ( i = 1 , ⋯ , 11 )   are characterized by the following properties of the torsion tensor   T ¨   of the second natural connection   D ¨  :


       F 1  :       T ¨   ( x , y )  = −   1  2 n      t ¨   (  ϕ 2  y )   ϕ 2  x −  t ¨   (  ϕ 2  x )   ϕ 2  y +  t ¨   ( ϕ x )  ϕ y −  t ¨   ( ϕ y )  ϕ x  ;        F 2  :       T ¨   ( ξ , y )  = 0 ,  η   T ¨   ( x , y )   = 0 ,   T ¨   ( x , y )  = −  T ¨   ( ϕ x , ϕ y )  ,   t ¨  = 0 ;        F 3  :       T ¨   ( ξ , y )  = 0 ,  η   T ¨   ( x , y )   = 0 ,   T ¨   ( x , y )  = − ϕ  T ¨   ( x , ϕ y )  ;        F 4  :       T ¨   ( x , y )  = −   1  2 n      t ¨  *   ( ξ )   η ( y ) ϕ x − η ( x ) ϕ y  ;        F 5  :       T ¨   ( x , y )  = −   1  2 n     t ¨   ( ξ )   η  ( y )   ϕ 2  x − η  ( x )   ϕ 2  y  ;        F 6  :       T ¨   ( x , y )  = η  ( x )   T ¨   ( ξ , y )  − η  ( y )   T ¨   ( ξ , x )  − η   T ¨   ( x , y )   ξ ,         T ¨   ( ξ , y , z )  = −  T ¨   ( ξ , z , y )  =  T ¨   ( ξ , ϕ y , ϕ z )  =   1 2    T ¨   ( y , z , ξ )  =   1 2    T ¨   ( ϕ y , ϕ z , ξ )  ;        F 7  :       T ¨   ( x , y )  = η  ( x )   T ¨   ( ξ , y )  − η  ( y )   T ¨   ( ξ , x )  + η   T ¨   ( x , y )   ξ ,         T ¨   ( ξ , y , z )  = −  T ¨   ( ξ , z , y )  =  T ¨   ( ξ , ϕ y , ϕ z )  ,   T ¨   ( y , z , ξ )  =  T ¨   ( ϕ y , ϕ z , ξ )  ;        F 8  :       T ¨   ( x , y )  = η  ( x )   T ¨   ( ξ , y )  − η  ( y )   T ¨   ( ξ , x )  − η   T ¨   ( x , y )   ξ ,         T ¨   ( ξ , y , z )  = −  T ¨   ( ξ , z , y )  = −  T ¨   ( ξ , ϕ y , ϕ z )  =   1 2    T ¨   ( y , z , ξ )  = −   1 2    T ¨   ( ϕ y , ϕ z , ξ )  ;        F 9  :       T ¨   ( x , y )  = η  ( x )   T ¨   ( ξ , y )  − η  ( y )   T ¨   ( ξ , x )  ,         T ¨   ( ξ , y , z )  =  T ¨   ( ξ , z , y )  = −  T ¨   ( ξ , ϕ y , ϕ z )  ;        F 10  :       T ¨   ( x , y )  = η  ( x )   T ¨   ( ξ , y )  − η  ( y )   T ¨   ( ξ , x )  ,         T ¨   ( ξ , y , z )  = −  T ¨   ( ξ , z , y )  = −  T ¨   ( ξ , ϕ y , ϕ z )  ;        F 11  :       T ¨   ( x , y )  =  η  ( y )    t ¨  ^   ( x )  − η  ( x )    t ¨  ^   ( y )   ξ .      













Proof. 

In the cases when    ( M ,  ϕ ,  ξ ,  η , g )  ∈  U 1   ,   D ˙   coincides with   D ¨  , according to Theorem 3. Then, the conditions for   T ¨   coincide with the corresponding conditions for   T ˙   from Theorem 1.



Let us now suppose that    ( M ,  ϕ ,  ξ ,  η , g )  ∈  F 3   . Taking into account (9) in the considered class, the expression of   T ¨   from (39) takes the following form:


      T ¨   ( x , y , z )  =     −   1 2    F ( x , ϕ y , z ) − F ( y , ϕ x , z )           +   1 8    F  ( ϕ y , ϕ z , ϕ x )  + F  (  ϕ 2  y , z , ϕ x )             +   1 8     − F  ( ϕ x , ϕ z , ϕ y )  − F  (  ϕ 2  x , z , ϕ y )   .     



(43)







Therefore, using (32) and (2), we find that the following identities hold:


   T ¨   ( ξ , y )  = 0 ,  η   T ¨   ( x , y )   = 0 .  











By virtue of (43), (7) and (9), we obtain


      T ¨   ( x , ϕ y , ϕ z )  =        1 2    F ( x , ϕ y , z ) − F ( y , ϕ x , z )         −   1 8    F  ( ϕ y , ϕ z , ϕ x )  + F  (  ϕ 2  y , z , ϕ x )           −   1 8     − F  ( ϕ x , ϕ z , ϕ y )  − F  (  ϕ 2  x , z , ϕ y )   .     











So, comparing the latter equality and (43), it immediately follows that


   T ¨   ( x , y )  = −  T ¨   ( ϕ x , ϕ y )  ,  








with which we established the characteristics of   F 3   with respect to   T ¨  .



Similarly, we obtain the conditions for   T ¨   in the case when    ( M ,  ϕ ,  ξ ,  η , g )  ∈  F 7   . □






4. Example


In [21], a 5-dimensional Lie group  G  equipped with an invariant Riemannian  Π -structure   ( ϕ , ξ , η , g )   is considered. The constructed Riemannian  Π -manifold belongs to the basic class   F 4  . Therefore,   ( G , ϕ , ξ , η , g )   is a manifold from the class   U 1  , i.e., by virtue of Theorem 3, the first natural connection   D ˙   and the second natural connection   D ¨   coincide. Therefore, all of the assertions made for   D ˙   in this example also hold for   D ¨  .



Let us consider a Lie group  L  of dimension 5 that has a basis   {  e 0  , ⋯ ,  e 4  }   of left-invariant vector fields on  L , and let the corresponding Lie algebra be defined by the following commutators:


      [  e 1  ,  e 2  ]  =  [  e 3  ,  e 4  ]  =  λ 1   e 1  +  λ 2   e 2  +  λ 3   e 3  +  λ 4   e 4  + 2  μ 1   e 0  ,        [  e 1  ,  e 4  ]  = −  [  e 2  ,  e 3  ]  =  λ 3   e 1  +  λ 4   e 2  +  λ 1   e 3  +  λ 2   e 4  + 2  μ 2   e 0  ,     








where    λ i  ,  μ j  ∈ R    ( i = 1 , 2 , 3 , 4 ; j = 1 , 2 )   and   [  e k  ,  e l  ] = 0   in the other cases.



Let   ( ϕ , ξ , η )   be an invariant  Π -structure defined by


     ξ =  e 0  ,  ϕ  e 1  =  e 3  ,  ϕ  e 2  =  e 4  ,  ϕ  e 3  =  e 1  ,  ϕ  e 4  =  e 2  ,       η  (  e 1  )  = η  (  e 2  )  = η  (  e 3  )  = η  (  e 4  )  = 0 ,  η  (  e 0  )  = 1 .     



(44)







Let g stand for a Riemannian metric determined by


     g  (  e i  ,  e i  )  = 1 ,  g  (  e i  ,  e j  )  = 0 ,  i , j ∈  { 0 , 1 , … , 4 }  ,  i ≠ j .     



(45)







Thus, by virtue of (1) and (2), the constructed manifold   ( L , ϕ , ξ , η , g )   is a Riemannian  Π -manifold.



Theorem 5.

The Riemannian Π-manifold   ( L , ϕ , ξ , η , g )   belongs to the class   F 7  .





Proof. 

By dint of (1), (2) and the well-known Koszul equality regarding g and ∇, we obtain the components of ∇ as follows:


      ∇  e 0    e 0  = 0 ,        ∇  e 0    e 1  =  ∇  e 1    e 0  = −  μ 1   e 2  −  μ 2   e 4  ,        ∇  e 0    e 2  =  ∇  e 2    e 0  =  μ 1   e 1  +  μ 2   e 3  ,        ∇  e 0    e 3  =  ∇  e 3    e 0  = −  μ 2   e 2  −  μ 1   e 4  ,        ∇  e 0    e 4  =  ∇  e 4    e 0  =  μ 2   e 1  +  μ 1   e 3  ,        ∇  e 1    e 1  =  ∇  e 3    e 3  = −  λ 1   e 2  −  λ 3   e 4  ,        ∇  e 1    e 3  =  ∇  e 3    e 1  = −  λ 3   e 2  −  λ 1   e 4  ,        ∇  e 2    e 2  =  ∇  e 4    e 4  =  λ 2   e 1  +  λ 4   e 3  ,        ∇  e 2    e 4  =  ∇  e 4    e 2  =  λ 4   e 1  +  λ 2   e 3  ,        ∇  e 1    e 2  =  ∇  e 3    e 4  =  λ 1   e 1  +  λ 3   e 3  +  μ 1   e 0  ,        ∇  e 1    e 4  =  ∇  e 3    e 2  =  λ 3   e 1  +  λ 1   e 3  +  μ 2   e 0  ,        ∇  e 2    e 1  =  ∇  e 4    e 3  = −  λ 2   e 2  −  λ 4   e 4  −  μ 1   e 0  ,        ∇  e 2    e 3  =  ∇  e 4    e 1  = −  λ 4   e 2  −  λ 2   e 4  −  μ 2   e 0  .     



(46)







Using (6), (44)–(46), we calculate the components    F  i j k   = F  (  e i  ,  e j  ,   e k  )   . Additionally, we obtain the components of  θ ,   θ *  , and  ω  by (8). The nonzero ones of them are determined by the following equalities and their well-known symmetries from (7):


      F 104  =  F 302  = −  F 203  = −  F 401  =  μ 1  ,        F 102  =  F 304  = −  F 201  = −  F 403  =  μ 2  .     











By virtue of the latter equalities, (9) and the following form of the components of F in   F 7  , given in [2],


         F 7   ( x , y , z )  =   1 4    { [ F   (  ϕ 2  x ,  ϕ 2  y , ξ )  − F  (  ϕ 2  y ,  ϕ 2  x , ξ )             F 7   ( x , y , z )  =   1 4   {  + F ( ϕ x , ϕ y , ξ ) − F ( ϕ y , ϕ x , ξ ) ] η ( z )            F 7   ( x , y , z )  =   1 4   {  + [ F  (  ϕ 2  x ,  ϕ 2  z , ξ )  − F  (  ϕ 2  z ,  ϕ 2  x , ξ )             F 7   ( x , y , z )  =   1 4    { [   + F ( ϕ x , ϕ z , ξ ) − F ( ϕ z , ϕ x , ξ ) ] η ( y ) } ,     








we establish the truthfulness of the theorem. □





Let us remark that, according to Theorem 5,   ( L , ϕ , ξ , η , g )   is a manifold from    U ^  0  , i.e., bearing in mind Theorem 3,   D ˙   and   D ¨   on the constructed manifold do not coincide.



Let us consider   D ˙   on   ( L ,  ϕ , ξ , η , g )   defined by (19). Then, using (19), (44), and (46), we obtain the components of   D ˙  . The nonzero ones are the following:


       D ˙   e 0    e 1  = −  μ 1   e 2  −  μ 2   e 4  ,        D ˙   e 0    e 2  =  μ 1   e 1  +  μ 2   e 3  ,         D ˙   e 0    e 3  = −  μ 2   e 2  −  μ 1   e 4  ,        D ˙   e 0    e 4  =  μ 2   e 1  +  μ 1   e 3  ,         D ˙   e 1    e 1  =   D ˙   e 3    e 3  = −  λ 1   e 2  −  λ 3   e 4  ,        D ˙   e 1    e 2  =   D ˙   e 3    e 4  =  λ 1   e 1  +  λ 3   e 3  ,         D ˙   e 1    e 3  =   D ˙   e 3    e 1  = −  λ 3   e 2  −  λ 1   e 4  ,        D ˙   e 1    e 4  =   D ˙   e 3    e 2  =  λ 3   e 1  +  λ 1   e 3  ,         D ˙   e 2    e 1  =   D ˙   e 4    e 3  = −  λ 2   e 2  −  λ 4   e 4  ,        D ˙   e 2    e 2  =   D ˙   e 4    e 4  =  λ 2   e 1  +  λ 4   e 3  ,         D ˙   e 2    e 3  =   D ˙   e 4    e 1  = −  λ 4   e 2  −  λ 2   e 4  ,        D ˙   e 2    e 4  =   D ˙   e 4    e 2  =  λ 4   e 1  +  λ 2   e 3  .     











Using (20), (21), and (44)–(46), we calculate the components     T ˙   i j k   =  T ˙   (  e i  ,  e j  ,  e k  )    of   T ˙  . The nonzero ones of them are determined by the following equalities and their well-known antisymmetries by the first and second argument:


       T ˙  102  =   T ˙  021  =   T ˙  304  =   T ˙  043  =   1 2     T ˙  210  =   1 2     T ˙  430  =  μ 1  ,         T ˙  104  =   T ˙  023  =   T ˙  302  =   T ˙  041  =   1 2     T ˙  410  =   1 2     T ˙  230  =  μ 2  .     



(47)







Taking into account (28) and (47), we obtain   t ˙  ,    t ˙  *  , and    t ˙  ^   and obtain that they are all zero, i.e.,


   t ˙  =   t ˙  *  =   t ˙  ^  = 0 .  











Let us now consider   D ¨   on   ( L , ϕ , ξ , η , g )   defined by (32) and (33). By virtue of (36) and (47), we obtain the components     T ¨   i j k   =  T ¨   (  e i  ,  e j  ,  e k  )    of   T ¨  . The nonzero ones of them are determined by the following equalities and their well-known antisymmetries by the first and second argument:


       T ¨  210  =   T ¨  430  = 2  μ 1  ,    T ¨  410  =   T ¨  230  = 2  μ 2  .     











As it is proved in (41) and (42), the torsion forms of the first and second natural connection coincide, i.e.,   t ¨  ,    t ¨  *  , and    t ¨  ^   also vanish on   ( L , ϕ , ξ , η , g )   and the following equalities hold:


   t ¨  =   t ¨  *  =   t ¨  ^  = 0 .  











The obtained results regarding the torsion properties of the constructed Riemannian  Π -manifold   ( L , ϕ , ξ , η , g )   confirm the statements made in Theorems 1 and 4 in the case of the class   F 7  .




5. Conclusions


In the present work, we introduced and studied a natural connection   D ¨   determined by a property of its torsion tensor   T ¨   and we called it the second natural connection on a Riemannian  Π -manifold   ( M ,  ϕ ,  ξ ,  η , g )  . The most significant results obtained in this work are as follows. We proved the uniqueness of   D ¨   and determined a necessary and sufficient condition for its coincidence with the known first natural connection   D ˙  . We obtained the form of   T ¨   in the classes of the Riemannian  Π -manifolds in which it differs from the torsion tensor   T ˙   of   D ˙   and we characterized the basic classes of   ( M ,  ϕ ,  ξ ,  η , g )   regarding   T ¨  . At the end, we confirmed the results made by an explicit example of dimension 5.



The obtained results enrich the differential geometry of the Riemannian  Π -manifolds. Moreover, the investigated theory for   D ˙   and   D ¨   provides a field for further research on new natural connections on considered manifolds. A future task could be to single out those connections among them that have important additional geometric properties and have an algebraic relation with   D ˙   and   D ¨  .
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