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Abstract: This research aims to provide the numerical analysis solution of symmetric angle ply plates
using higher-order shear deformation theory (HSDT). The vibration of symmetric angle ply composite
plates is analyzed using differential equations consisting of supplanting and turning functions. These
supplanting and turning functions are numerically approximated through spline approximation. The
obtained global eigenvalue problem is solved numerically to find the eigenfrequency parameter and
a related eigenvector of spline coefficients. The plates of different constituent components are used to
study the parametric effects of the plate’s aspect ratio, side-to-thickness ratio, assembling sequence,
number of composite layers, and alignment of each layer on the frequency of the plate. The obtained
results are validated by existing literature.
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1. Introduction

The research aims to provide a numerical analysis solution for symmetric angle ply
plates using HSDT. The vibration of symmetric angle ply composite plates is analyzed
using supplanting and turning functions, which are numerically approximated by spline
approximation. Laminated plates have widely been used in many engineering fields and
engineering structures because of their ability to alter mechanical properties. Additionally,
the composite plates offer higher stiffness-to-weight ratios, strength-to-weight ratios, and
shock-absorbing features than the homogeneous plates. One of the benefits of using
composite plates leads to designing such structures which have maximum reliability
and minimum weight. Layered plates show larger thickness effects than plates made of
homogeneous materials, which tend to study the free vibration of laminated composite
plates under third-order shear deformation theory.

The classical theory (CT) is based on the Love–Kirchhoff assumption. In this theory,
the lines which are normal to the undeformed and deformed mid-plane remain straight
and normal and do not experience any stretching along the z direction. The stress of thin
composite plates can be precisely calculated by CT. However, it is not appropriate for thick
laminated plates because the natural frequencies are overestimated (Vinson [1]; Noor and
Burton [2]). So, in order to study relatively thick plates, the effect of shear deformation
should be taken into account. Yang, Nooris, and Stavsky [3] developed the first-order
shear deformation theory (FSDT) which states that there is constant shear strain through
the z direction of the plate (transverse shear strain). Moreover, there are different higher-
order plate theories to precisely calculate the transverse shear stresses which effectively
occurs in thick plates. In higher-order plate theories, the displacements are extended to
any desired degree in terms of thickness coordinates (Vinson [1] Noor and Burton [2]). In
third-order plate theory, the displacement functions are extended to the terms with the
power of three in thickness coordinates to have a quadratic variation of transverse shear
strains and transverse shear stresses through the plate thickness. This avoids the need for
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a shear correction coefficient (Reddy [4]). The third-order plate TSDT theory by Reddy is
widely used because it can represent transverse shear stresses in an efficient way.

Ghiamy and Amoushahi [5] investigated the stability of sandwich plates using the
third-order shear deformation theory. Free and forced vibrations of graphene-filled plates
were analyzed by Parida and Jena [6]. Zhao et al. [7] used the Jacobi–Ritz approach to
study annular plates based on a higher-order shear deformation theory. Tian et al. [8]
studied the nonlinear stability of organic solar cells using the third-order shear deformation
plate theory. Bending, free vibration, and buckling of FGM plates were analyzed under
HSDT by Belkhodja [9]. Third-order shear deformation theory was analyzed on graphene
nanoplates for the modified couple stress theory (Eskandari et al. [10]). Shi and Dong [11]
used the refined hyperbolic shear deformation theory to analyze the laminated composite
plates. Javani et al. [12] used the GDQE procedure to study the free vibration of FG-
GPLRC folded plates. A new higher-order shear deformation theory was used to study
the free vibration of sandwich-curved beams (Sayyad and Avhad [13]). Ellali et al. [14]
investigated the thermal buckling of a sandwich beam attached to piezoelectric layers
based on the shear deformation theory. Bending, free vibration, and buckling analysis of
functionally graded porous beams were examined using the shear deformation theory by
Nguyen et al. [15]. Peng et al. [16] used the MK method to study static and free vibration
analysis of stiffened FGM plates. Free vibration of functionally graded porous non-uniform
thickness annular nanoplates using the ES-MITC3 element was studied by Pham et al. [17].
Hung et al. [18] used the modified strain gradient theory to analyze refined isogeometric
plates. Sharma et al. [19] investigated the static and free vibration of smart variable stiffness
laminated composite plates. Cho [20] examined the nonlinear free vibration of functionally
graded CNT-reinforced plates. Functionally graded plates were studied for their static and
free vibration by Zang et al. [21]. Ghosh and Haldar [22] analyzed the free vibration of
laminated composite plates on elastic point supports using the finite element method. The
extended Ritz method was used to analyze the free vibrations of cracked variable stiffness
composite plates by Milazzo [23]. Saiah et al. [24] studied the free vibration behavior
of nanocomposite laminated plates containing functionally graded graphene-reinforced
composite plies. Singh and Karathanasopoulos [25] examined the composite plates using
an elasticity solution under the patch loads. Belardi et al. [26] investigated the Ritz method
to analyze the bending and stress of sector plates. Zhong et al. [27] analyzed the laminated
annular plate backed by double cylindrical acoustic cavities.

Several studies have been conducted to investigate the mechanical properties and
behavior of composite materials, including alkali-activated composites (Wang et al. [28]),
hierarchical cellular honeycombs (Zhang et al. [29]), welding residual stress distribution of
corrugated steel webs (Zhang et al. [30]), and microcracking behavior of crystalline rock
(Peng et al. [31]). However, to the best of our knowledge, there are limited studies that
have investigated the parametric effects of the plate’s aspect ratio, side-to-thickness ratio,
assembling sequence, number of composite layers, and alignment of each layer on the
frequency of symmetric angle ply plates.

This research utilizes differential equations in terms of displacement and rotational
functions to analyze the vibration of symmetric angle ply composite plates. The spline
approximation method is used to numerically approximate the displacement and rotational
functions. The obtained spline coefficients are then used to solve a generalized eigenvalue
problem numerically. The eigenvalue problem provides an eigenfrequency parameter and
an associated eigenvector, which can be used to study the frequency response of the plate.
The simply supported boundary condition is considered to analyze the geometric effects of
the plate’s aspect ratio, side-to-thickness ratio, assembling sequence, number of composite
layers, and alignment of each layer on the frequency of the plate. Results are narrated by
using graphs and tables.
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2. Solution of Problem

A rectangular plate considered has the Cartesian coordinate system x, y, and z, with
the x, y plane placed at mid-depth (reference surface) of the plate and z taken normal to
the plate, as shown in Figure 1. Here, a and b are the lengths of the sides of the plate along
the x and y directions, respectively, h is the total thickness, and hk is the thickness of the
k-th layer of the plate.
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The following equilibrium equations are derived using the dynamic version of the
principle of virtual displacements for the higher-order theory (Reddy [32]).

Nx,x + Nxy,y = I0 u0 tt
Nxy,x + Ny,y = I0 v0 tt

Qx,x + Qy,y + c1
(

Px,xx + 2Pxy,xy + Py,yy
)
= I0 w0 tt − c2

1 I6
(
w0 xxtt + w0 yytt

)
+ c1 J4

(
φx,xtt + φy,ytt

)
Mx,x + Mxy,y −Qx = K2 φx,tt − c1 J4 w0 xtt
Mxy,x + My,y −Qy = K2 φy,tt − c1 J4 w0 ytt

(1)

Equation (1) is an equilibrium equation in the dynamic form as it consists of force,
moment, transverse shear force resultants, and inertia force components.

Ii are mass moments of inertia, which are defined as follows:
Ii =

∫
z

ρ(k)(z)idz (i = 0, 1, 2, 3, . . . , 6) and ρ is the material density of the k-th layer.

u, v, and w are the displacement components in the x, y, and z directions, respectively, u0,
v0, and w0 are the in-plane displacements of the middle plane, and ψx and ψy are the shear
rotations of any point on the middle surface of the plate.

Mαβ = Mαβ − c1Pαβ, Qα = Qα − c2Rα

Ji = Ii − c1 Ii+2 K2 = I2 − 2c1 I4 + c2
1 I6

where Ni, Mi, and Qi are in-plane force resultant, moment resultant, and transverse shear
force resultants, respectively. Pi and Ri denote higher-order stress resultants.

The stress resultants are defined as:
Ni
Mi
Pi

 =

h/2∫
−h/2

σi


1
z
z3

dz,
{

Qi
Ri

}
=

h/2∫
−h/2

τi

{
1
z2

}
dz (2)
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The stress–strain relationships for the k-th layer, after neglecting transverse normal
strain and stress, is of the form:

σx
(k)

σy
(k)

τxy
(k)

τyz
(k)

τxz
(k)

 =


Q11

(k) Q12
(k) Q16

(k) 0 0
Q12

(k) Q22
(k) Q26

(k) 0 0
Q16

(k) Q26
(k) Q66

(k) 0 0
0 0 0 Q44

(k) Q45
(k)

0 0 0 Q45
(k) Q55

(k)




εx

(k)

εy
(k)

γxy
(k)

γyz
(k)

γxz
(k)

 (3)

where Qij
(k) are elements of the stiffness matrix defined in Appendix A.

When the materials are oriented at an angle θ with the x-axis, the transformed stress–
strain relationships are as follows:

σx
(k)

σy
(k)

τxy
(k)

τyz
(k)

τyz
(k)

 =


Q11

(k) Q12
(k) Q16

(k) 0 0
Q12

(k) Q22
(k) Q26

(k) 0 0
Q16

(k) Q26
(k) Q66

(k) 0 0
0 0 0 Q44

(k) Q45
(k)

0 0 0 Q45
(k) Q55

(k)




εx

(k)

εy
(k)

γxy
(k)

γyz
(k)

γxz
(k)

 (4)

where Q(k)
ij are elements of the transformed stiffness matrix given in Appendix A.

In-plane strains are defined as:

ε =


εx
εy
γxy

; ε = ε0 + zε1 + z3ε3 (5)

where:

ε0 =


ε0

x
ε0

y
γ0

xy

 =


u0 x
v0 y

u0 y + v0 x

, ε1 =


ε1

x
ε1

y
γ1

xy

 =


φx,x
φy,y

φx,y + φy,x

, ε3 =


ε3

x
ε3

y
γ3

xy

 =

(
− 4

3h2

)
φx,x + w0 xx
φy,y + w0 yy

φx,y + φy,x + 2w0 xy


The shear strain components are defined as:

γ =

{
γyz
γxz

}
; γ = γ0 + z2γ2 (6)

where:

γ0 =

{
γ0

yz
γ0

xz

}
=

{
φy + w0 y
φx + w0 x

}
, γ2 =

{
γ2

yz
γ2

xz

}
=

(
− 4

h2

){
φy + w0 y
φx + w0 x

}
When any structure vibrates with a certain frequency, it causes stress and in return strain.
Strain is the ratio of the change in length to the original length. Deformations that are
applied perpendicular to the cross-section are normal strains (ε), while deformations
applied parallel to the cross-section are shear strains (γ).

The stress–strain relationships are obtained as follows:
N
M
P
Q
R

 =


A 0 0 0 0
0 D F 0 0
0 F H 0 0
0 0 0 A′ D′

0 0 0 D′ F′




ε0

ε1

ε3

γ0

γ2

 (7)
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where N, M, Q, P, and R are obtained by integrating stress and strain components across
the thickness of the plate. After integration, a modified equation in matrix form is written as
Equation (7). Values of strain (ε) and shear strain (γ) component given in Equations (2)–(4)
are inserted to the given system of the equation. After that, displacements and rotational
functions given in Equation (9) are used and the resulting Equation (10) is obtained.

Stiffness coefficients are defined as:

Aij = ∑
k

Q(k)
ij ( zk − zk−1 ) , Dij =

1
3∑

k
Q(k)

ij ( z3
k − z3

k−1 ),

Fij =
1
5∑

k
Q(k)

ij ( z5
k − z5

k−1 ) , For i, j = 1, 2, 6,

A′ij = ∑
k

Q(k)
ij ( zk − zk−1 ), D′ij =

1
3∑

k
Q(k)

ij ( z3
k − z3

k−1 ) and F′ij =
1
5∑

k
Q(k)

ij ( z5
k − z5

k−1 ) (8)

for i, j = 4, 5.
Where the elastic coefficients Aij and Dij (extensional and bending stiffnesses) and Fij

and Hij are the higher-order stiffness coefficients.
The supplanting and turning functions are assumed in the separable form for symmet-

ric angle ply plates as cos and sine functions as follows:

u(x, y) = U(x) cos nπy
b eiωt

v(x, y) = V(x) sin nπy
b eiωt

w(x, y) = W(x) sin nπy
b eiωt

ψx(x, y ) = Ψx(x) sin nπy
b eiωt

ψy (x, y) = Ψy(x) cos nπy
b eiωt

(9)

The non-dimensional parameters introduced are as follows:

λ = ω a
√

I0
A11

is the frequency parameter and δk = hk
h is the relative layer thickness

of the k-th layer.
φ = a

b is the aspect ratio, X = x
a is the distance co-ordinate, and H = a

h is the
side-to-thickness ratio.

Using cos and sine functions for displacements and rotational functions modified
differential equations, which are obtained as follows:

A11
(
sin nπy

b
)
eiωt d2U

dX2 − A66
(
sin nπy

b
)
eiωt( nπy

b
)2U

−(A12 + A66)
(
sin nπy

b
)
eiωt( nπy

b
) dV

dX = −I0ω2(sin nπy
b
)
eiωtU

(10a)

(A66 + A12)
(
cos nπy

b
)
eiωt( nπ

b
) dU

dX + A66
(
cos nπy

b
)
eiωt d2V

dX2

−A22
(
cos nπy

b
)
eiωt( nπ

b
)2V = −I0ω2(cos nπy

b
)
eiωtV

(10b)

−H11c2
1
(
sin nπy

b
)
eiωt d4W

dx4 +
(
2H12c2

1 + 4H66c2
1
)(

sin nπy
b
)
eiωt( nπ

b
)2 d2W

dx2

−H22c2
1
(
sin nπy

b
)
eiωt( nπ

b
)4W +

(
A55 − 2D55c2 + F55c2

2
)(

sin nπy
b
)
eiωt d2W

dx2

−
(

A44 − 2D44c2 + F44c2
2
)(

sin nπy
b
)
eiωt( nπ

b
)2W +

(
F11c1 − H11c2

1
)(

sin nπy
b
)
eiωt d3φx

dx3

−
(
2F66c1 − 2H66c2

1 + 2F12c1 − 2H12c2
1
)(

sin nπy
b
)
eiωt( nπ

b
)2 dφx

dx
+
(

A55 − 2D55c2 + F55c2
2
)(

sin nπy
b
)
eiωt dφx

dx

−
(

F12c1 − H12c2
1 + 2F66c1 − 2H66c2

1
)(

sin nπy
b
)
eiωt( nπ

b
) d2φy

dx2

+
(

F22c1 − H22c2
1
)(

sin nπy
b
)
eiωt( nπ

b
)3

φy −
(

A44 − 2D44c2 + F44c2
2
)(

sin nπy
b
)
eiωt( nπ

b
)
φy

= I0
(
sin nπy

b
)
eiωt(−ω2)W − c2

1 I6

((
sin nπy

b
)
eiωt(−ω2) d2W

dx2 +
(
sin nπy

b
)( nπ

b
)2eiωt(ω2)W)

+c1 J4

((
sin nπy

b
)
eiωt(−ω2) dφx

dx +
(
sin nπy

b
)( nπ

b
)
eiωt(ω2)φy

)

(10c)
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(
H11c2

1 − F11c1
)(

sin nπy
b
)
eiωt d3W

dx3 −
(

H12c2
1 − F12c1 + 2H66c2

1 − 2F66c1
)(

sin nπy
b
)
eiωt( nπ

b
)2 dW

dx
−
(

A55 − 2D55c2 + F55c2
2
)(

sin nπy
b
)
eiωt dW

dx

+
(

D11 − 2F11c1 + H11c2
1
)(

sin nπy
b
)
eiωt d2φx

dx2

−
(

D66 − 2F66c1 + H66c2
1
)(

sin nπy
b
)
eiωt( nπ

b
)2

φx
−
(

A55 − 2D55c2 + F55c2
2
)(

sin nπy
b
)
eiωtφx

−
(

D12 − 2F12c1 + H12c2
1 + D66 − 2F66c1 + H66c2

1
)(

sin nπy
b
)
eiωt( nπ

b
) dφy

dx
= K2

(
sin nπy

b
)
eiωt(−ω2)φx − c1 J4

(
sin nπy

b
)
eiωt(−ω2) dW

dx

(10d)

(
2H66c2

1 − 2F66c1 + H12c2
1 − F12c1

)(
cos nπy

b
)
eiωt( nπ

b
) d2W

dx2 −
(

H22c2
1 − F22c1

)(
cos nπy

b
)
eiωt( nπ

b
)3W

−
(

A44 − 2D44c2 + F44c2
2
)(

cos nπy
b
)
eiωt( nπ

b
)
W

+
(

D66 − 2F66c1 + H66c2
1 + D12 − 2F12c1 + H12c2

1
)(

cos nπy
b
)
eiωt( nπ

b
) dφx

dx

+
(

D66 − 2F66c1 + H66c2
1
)(

cos nπy
b
)
eiωt d2φy

dx2

−
(

D22 − 2F22c1 + H22c2
1
)(

cos nπy
b
)
eiωt( nπ

b
)2

φy −
(

A44 − 2D44c2 + F44c2
2
)(

cos nπy
b
)
eiωtφy

= K2
(
cos nπy

b
)
eiωt(−ω2)φy − c1 J4

(
cos nπy

b
)
eiωt(−ω2)W

(10e)

where

λ2 =
I0ω2a2

A11

Method of Solution

Equation (10) contains derivatives of supplanting and turning functions. Spline
approximation is used to approximate these functions, with X having a range between
[0, 1]. The purpose of using splines for approximation is for their high precision and rapid
rate of convergence (Schoenberg and Witney [33]).

The spline approximation defines the supplanting U(X) , V(X), W(X), and the turn-
ing functions ΦX(X), ΦY (X) as follows:

U(X) =
4

∑
i = 0

ai Xi +
N−1

∑
j= 0

bj ( X− Xj )
5 H ( X − Xj )

V(X) =
2

∑
i = 0

ci Xi +
N−1

∑
j= 0

dj ( X− Xj )
3 H ( X − Xj )

W(X) =
4

∑
i = 0

ei Xi +
N−1

∑
j= 0

f j ( X− Xj )
5 H ( X − Xj )

ΦX (X) =
4

∑
i = 0

gi Xi +
N−1

∑
j= 0

gj ( X− Xj )
5 H ( X − Xj )

ΦY (X) =
2

∑
i = 0

li Xi +
N−1

∑
j= 0

qj ( X− Xj )
3 H ( X − Xj )

(11)

Here, H ( X− Xj ) is the Heaviside step function and the range of X, which is [0, 1],
and is divided into the number of intervals (N). The knots of the splines are selected as
the points X = Xs = s

N , (s = 0 , 1 , 2 , . . . , N). Therefore, Equation (10) is satisfied by
the splines. The subsequent set of equations contain (5 N + 5), a homogeneous system of
equations in the (5 N + 21) spline coefficients. Considering simply supported boundary
conditions, three spline coefficients become zero. In return, this gives 13 more equations,
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thus making a total of (5N + 18) equations and the same number of unknowns, which are
represented by the following form:

[ K ] { j } = λ2 [ L ] { j } (12)

The global eigenvalue problem is obtained with the eigenparameter λ and the eigen-
vector { j }. Here, in Equation (12), [K ] and [ L ] are square matrices and { j } is a column
matrix consisting of spline coefficients.

3. Results and Discussion

The research shows that the obtained results are in good agreement with the existing
literature. The parametric effects of plates’ aspect ratio, side-to-tickness ratio, assembling
sequence, number of composite layers, and alignment of each layer on the frequency of
the plate are studied. The results show that the aspect ratio and the side-to-tickness ratio
have a significant effect on the frequency of the plate. The number of composite layers and
alignment of each layer also affects the frequency of the plate, but to a lesser extent. For all
numerical computations in this section, unless otherwise stated, the material considered
is Kevlar-49/epoxy. Three-, five-, and six-layered plates having symmetric orientations
are considered.

Kevler-49 epoxy material properties
ρ = 1440, ET = 5.52, EL = 86.19, µLT = 0.34, GLT = 2.07, GLZ = 2.07, GTZ = 1.72.

3.1. Convergence Study

The convergence study validates the convergence of the spline method for symmetric
angle ply plates, as shown in Table 1. The number of subintervals N of the range X ∈ [0, 1].
The value of N started from 4 and finally it is fixed for N = 12 since for the next value of N,
the percent changes in the values of λ are very low, the maximum being 2%.

Table 1. Convergence for the frequency parameters of four layered anti-symmetric plates under C-C
boundary conditions.

N λ1 % Change λ2 % Change λ3 % Change

4 0.547064 - 1.260471 - 2.0610 -
6 0.511985 −6.41222 1.12029 −11.12131 1.894131 −8.09650
8 0.499459 −2.46555 1.069711 −4.51481 1.761941 −6.97892

10 0.493624 −1.16826 1.046288 −2.18965 1.700053 −3.51248
12 0.490446 −0.64380 1.033585 −1.21410 1.666535 −1.97158

3.2. Validation

The comparative study was carried out to validate the present results in Table 2. The
reduced case of the present study was compared by Shi et al. [34] and Xiang et al. [35].
The present results show a close agreement with the available results by Shi et al. [34] and
Xiang et al. [35].

Table 2. Comparison of non-dimensional frequencies of square clamped supported plate with
a/h = 10, 20, 100. Results are compared with Shi et al. [34] and Xiang et al. [35].

a/h Method Mode
1 2 3

10
Shi et al. [34]

Xiang et al. [35]
Present

17.433
17.225
17.333

22.506
22.261
22.576

30.905
30.631
30.981

20
Shi et al. [34]

Xiang et al. [35]
Present

23.979
23.745
23.854

30.407
30.041
30.342

41.937
41.295
41.821
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Table 2. Cont.

a/h Method Mode
1 2 3

100
Shi et al. [34]

Xiang et al. [35]
Present

28.946
28.572
28.734

36.772
36.184
36.634

50.721
49.791
50.612

Discussion: The research provides a numerical analysis solution for symmetric angle
ply plates using HSDT. The results obtained from the research can be used to study the
frequency response of the plate and the parametric effects of various plate configurations.
The research highlights the importance of considering the aspect ratio and the side-to-
thickness ratio when designing symmetric angle ply plates.

3.3. Frequency Parameter Variation under Different Ply Angles of Symmetric Plates

Table 3 shows that the value of the frequency parameter increases with the increase
in ply angle. It also depicts that as the number of layers of composite plates decreases the
frequency, the parameter value also decreases. It is known that the stiffness decrease or
increase according to the frequency parameter value decreases or increases. In this study,
as the number of layers of plates decreases, the frequency parameter value also decreases,
which shows that its stiffness decreases and flexibility increases.

Table 3. The fundamental frequency of different layered plates by varying ply angles.

θ
6-Layered

λ
5-Layered

λ
3-Layered

λ

10
◦

0.262205 0.249637 0.246888
20
◦

0.276866 0.269521 0.259949
30
◦

0.332592 0.307604 0.309678
40
◦

0.417498 0.404969 0.385188
50
◦

0.53254 0.515285 0.497382
60
◦

0.696845 0.673437 0.643287
70
◦

0.899267 0.869292 0.83807

3.4. Frequency Parameter Variation under the Effect of the Aspect Ratio, Side-to-Thickness Ratio,
and Ply Angle of Symmetric Plates

Figures 2–4 show the effect of the aspect ratio on the frequency parameter of symmetric
angle ply plates of 6-layered plates under simply supported boundary conditions. Different
ply angle orientations were used. It shows that as the aspect ratio increases, the frequency
increases gradually. This shows that the rigidity of the structure increases with the increase
in frequency values and its flexibility decreases.

Figures 5–7 demonstrate the variation of the side-to-thickness ratio and frequency
parameter of plates of different symmetric ply orientations. The curvature of the graph
curve elucidates that as the side-to-thickness ratio value increases, the frequency parameter
value decreases.

Figures 8–10 explicate the effect of ply angle on the frequency parameter value of
6-layered composite plates. They show that as the ply angle increases, the frequency value
also increases.
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4. Conclusions

The research provides a numerical analysis solution for symmetric angle ply plates
using HSDT under simply supported support conditions. The results obtained from the
research can be used to study the frequency response of the plate and the parametric effects
of various plate configurations. The research highlights the importance of considering the
aspect ratio and the side-to-thickness ratio when designing symmetric angle ply plates. The
effect of the aspect ratio on the frequency parameter is that with the increase in the aspect
ratio, the frequency increases gradually. Moreover, as the side-to-thickness ratio increases,
the frequency parameter value decreases. In addition to this, as the ply angle increases, the
frequency value also increases. It is evident from these results that as the number of layers
of plates decreases, the frequency parameter value also decreases, which shows that as the
stiffness of a structure decreases, the flexibility increases. However, with the increase in the
aspect ratio and the side-to-thickness ratio, the frequency increases, which shows that as
the rigidity of a structure increases, the flexibility decreases.

The obtained results are validated by existing literature.
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Nomenclature

Aij Elastic coefficients representing the extensional rigidity
Bij Elastic coefficients representing the bending–stretching coupling rigidity
Dij Elastic coefficients representing the bending rigidity
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G(k)
LT

G(k)
LZ

G(k)
TZ

 Shear modulus in the respective directions of the k-th layer

H Side-to-thickness ratio
H(X− Xj) The Heaviside step function
I1 Normal inertia coefficient
I3 Rotary inertia coefficients
L Length parameter
Mx
My
Mxy

 Moment resultants in the respective directions of the plate

Nx
Ny
Nxy

 Stress results in the respective direction of the plate

N Number of intervals of spline interpolation

Q(k)
ij Elements of the stiffness matrix for the material of the k-th layer

Q(k)
ij Elements of the transformed stiffness matrix for the material of the k-th layer

Qxz
Qyz

}
Transverse shear resultants in the respective directions of the plate

U, V, W Displacement functions in the x, y, and z directions of the plate
X Nondimensionalized distance co-ordinate of the plate
Xs The equally spaced knots of spline interpolation
a,b Length and width of the plates
ai
ci
ei
gi
li

,

bj
dj
f j
pj
qj


Spline coefficients

h The total thickness of the plate
hk The thickness of the k-th layer of the plate
i, j, k Summation or general indices
u, v, w x, y, and z displacements of the plate
u0, v0 The in-plane displacements of the reference surface
x Length coordinate of the plate
y Width coordinate of the plate
z Normal coordinate of any point on the plate
zk Distance of the top of the k-th layer from the reference surface
β Product of nπ(a/b) of the plate
δk The relative layer thickness of the k-th layer
εx
εy

}
Normal strain in the respective directions

γxy
γxz
γyz

 Shear strain in the respective directions of the plate

κx
κy
κxy


The changes in the curvature of the reference surface during deformation in
the respective directions of the plate
Non-dimensional frequency parameter

λ

ψx, ψy Shear rotations of any point on the middle surface of the plate
Ψx, Ψy Shear rotational functions of the plate
ΨX , ΨY Non-dimensionalized shear rotations of the plate
ρ The mass density of the material of the plate or shell
σx
σy

}
Normal stress in the respective directions of the plate

τxy
τyz
τxz

 Shear stress at a point on the reference surface of the plate

θ Ply orientation angle
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Appendix A

Appendix A.1. Components of the Stiffness Matrix for the of k-th Layer of Plate Material

Q(k)
11 =

E(k)
x

1− ν
(k)
xy ν

(k)
yx

, Q(k)
12 =

v(k)xy E(k)
y

1− ν
(k)
xy ν

(k)
yx

=
ν
(k)
yx E(k)

x

1− ν
(k)
xy ν

(k)
yx

, Q(k)
22 =

E(k)
y

1− ν
(k)
xy ν

(k)
yx

,

Q(k)
66 = G(k)

xy , Q(k)
44 = G(k)

yz , Q(k)
55 = G(k)

xz (A1)

Appendix A.2. Components of the Transformed Stiffness Matrix for the k-th Layer Material

Q(k)
11 = Q(k)

11 cos4 θ + Q(k)
22 sin4 θ + 2

(
Q(k)

12 + 2Q(k)
66

)
sin2 θ cos2 θ (A2)

Q(k)
22 = Q(k)

11 sin4 θ + Q(k)
22 cos4 θ + 2

(
Q(k)

12 + 2Q(k)
66

)
sin2 θ cos2 θ (A3)

Q(k)
12 =

(
Q(k)

11 + Q(k)
22 −Q(k)

66

)
sin2 θ cos2 θ + Q(k)

12

(
cos4 θ + sin4 θ

)
(A4)

Q(k)
16 =

(
Q(k)

11 −Q(k)
12 − 2Q(k)

66

)
cos3 θ sin θ −

(
Q(k)

22 −Q(k)
12 − 2Q(k)

66

)
sin3 θ cos θ (A5)

Q(k)
26 =

(
Q(k)

11 −Q(k)
12 − 2Q(k)

66

)
cos θ sin3 θ −

(
Q(k)

22 −Q(k)
12 − 2Q(k)

66

)
sin θ cos3 θ (A6)

Q(k)
66 =

(
Q(k)

11 + Q(k)
22 − 2Q(k)

12 − 2Q(k)
66

)
cos2 θ sin2 θ + Q(k)

66

(
sin4 θ + cos4 θ

)
(A7)

Q(k)
44 = Q(k)

55 sin2 θ + Q(k)
44 cos2 θ (A8)

Q(k)
55 = Q(k)

55 cos2 θ + Q(k)
44 sin2 θ (A9)

Q(k)
45 =

(
Q(k)

55 −Q(k)
44

)
cos θ sin θ (A10)

where, [
Q(k)

]
= [T]

[
Q(k)

]
[T]−1

[T] =


cos2 θ sin2 θ 0 0 −2 sin θ cos θ

sin2 θ cos2 θ 0 0 2 sin θ cos θ
0 0 cos θ sin θ 0
0 0 − sin θ cos θ 0

sin θ cos θ − sin θ cos θ 0 0 cos2 θ − sin2 θ
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