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Abstract: The study shows that the volumes and surfaces of n-balls, n-simplices, and n-orthoplices
are holomorphic functions of 7, which makes those objects omnidimensional, that is well defined in
any complex dimension. Applications of these formulas to the omnidimensional polytopes inscribed
in and circumscribed about n-balls reveal previously unknown properties of these geometric objects.
In particular, for 0 < n < 1, the volumes of the omnidimensional polytopes are larger than those
of circumscribing n-balls, and both their volumes and surfaces are smaller than those of inscribed
n-balls. The surface of an n-simplex circumscribing a unit diameter n-ball is spirally convergent to
zero with real n approaching negative infinity but first has a local maximum at n = —3.5. The surface
of an n-orthoplex circumscribing a unit diameter n-ball is spirally divergent with real n approaching
negative infinity but first has a local minimum at n = —1.5, where its real and imaginary parts are
equal to each other; similarly, is its volume, where the similar local minimum occurs at n = —3.5.
Reflection functions for volumes and surfaces of these polytopes inscribed in and circumscribed about
n-balls are proposed. Symmetries of products and quotients of the volumes in complex dimensions
n and —n and of the surfaces in complex dimensions 1 and 2 — n are shown to be independent of
the metric factor and the gamma function. Specific symmetries also hold between the volumes and
surfaces in dimensions n = —1/2and n = 1/2.

Keywords: regular basic convex polytopes; circumscribed and inscribed polytopes; negative dimensions;
fractal dimensions; complex dimensions; emergent dimensionality; mathematical physics

1. Introduction

The notion of a dimension # is intuitively defined as a natural number of coordinates
of a point within Euclidean space R". However, this is not the only possible definition [1,2]
of a dimension of a set. For example, analytic continuations from positive dimensions [2-5]
can define negative dimensions [6]. Fractional (or fractal), including negative [7], dimen-
sions are consistent with experimental results and enable the examination of transport
parameters in multiphase fractal media [8,9]. This renders dimension # real, or at least a
rational number. Complex [2], including complex fractional [10], dimensions can also be
considered. Complex geodesic paths, for example, emerge in the presence of black hole
singularities [11] and in entropic motion on curved statistical manifolds [12]. Complex
wavelengths occur in Maxwell-Boltzmann, and Fermi-Dirac statistics on black hole event
horizons [13]. Fractional derivatives of complex functions can describe different physical
phenomena [14]. For example, it was recently shown [15] that the magnetic monopole
motion in a 3-simplicial spin ice crystal lattice is limited to a fractal cluster.

In n-dimensional space, n-dimensional objects have (n — 1)-dimensional surfaces
which have a dimension of volume in (n — 1)-dimensional space. However, this sequence
has a singularity at n = —1. A O0-dimensional point in 0-dimensional space has a vanishing
(—1)-surface being a vanishing volume of the (—1)-dimensional void. But the surface of
the (—1)-dimensional void is not (—2)-dimensional. It is undefined. This discontinuity
hints that thinking about dimension in terms of a point on a number axis, where negative

Symmetry 2023, 15, 755. https:/ /doi.org/10.3390/sym15030755

https://www.mdpi.com/journal /symmetry


https://doi.org/10.3390/sym15030755
https://doi.org/10.3390/sym15030755
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/symmetry
https://www.mdpi.com
https://orcid.org/0000-0001-6644-2467
https://orcid.org/0000-0001-6944-0600
https://doi.org/10.3390/sym15030755
https://www.mdpi.com/journal/symmetry
https://www.mdpi.com/article/10.3390/sym15030755?type=check_update&version=2

Symmetry 2023, 15, 755

2 of 25

dimensions are analytic continuations from positive ones, may be misleading. Think-
ing of a dimension as a point on a number semiaxis, similar to a point on a radius with
(—n)-dimension corresponding to n-dimension, seems more appropriate. Considering the
dimension of a set as the length exponent at which that set can be measured makes the
negative dimensions refer to densities as positive ones refer to quantities [5]. Thus, the
(—2)-dimensional pressure, for example, considered in terms of density (e.g., in units of
N/m?) corresponds to a 2-dimensional area (in units of m?) that it acts upon. Following the
same logic, gravitational force F = GMm/R? acting towards an inside of a 2-dimensional
equipotential surface is (—2)-dimensional, whereas centripetal force F = mV?/R! acting
towards an outside of a 1-dimensional curve is (—1)-dimensional.

The notion of distance intuitively defines how far apart two points are. Thus, intuition
suggests that it is a non-negative quantity. However, intuition can be misleading (e.g., in
aviation, where relying on a sense of orientation [i.e., relying on intuition] can be fatal),
and the Euclidean distance admits not only the principal, non-negative, square root but
also a negative one. This fact, taken plainly, violates the nonnegativity axiom of the metric.
However, diffuse metrics [16], including the Lukaszyk-Karmowski metric [17], are known
to violate the identity of the indiscernibles axiom of the metric. This hints that axiomatizing
distance as a non-negative quantity may also be misleading. Complex effects (bivalence)
extend real effects (classically one value), just as quantum theory extends classical physics.

Prior research [18] presented novel recurrence relations for volumes and surfaces
of the three polytopes present in all natural dimensions [19]. It was also conjectured
in the prior research [18] that they were continuous for n € R within domains of their
definitions, whereas the starting points for fractional dimensions can be provided, e.g.,
using spline interpolation between two (or three, in the case of n-balls) subsequent integer
dimensions. The present study shows that these recurrence relations allow removing
indefiniteness present in known formulas, thus making them holomorphic functions of a
complex dimension 7 and omnidimensional (i.e., well-defined Vn € C).

Refs. [13,20-22] outline the framework for the physical explanation of the observed results.

The paper is structured as follows. Section 2 summarizes known formulas and re-
currence relations for volumes and surfaces of n-balls and regular, convex n-polytopes.
Section 3 shows that these formulas and recurrence relations can be extended to all complex
dimensions. Section 4 examines the properties of the omnidimensional, regular, con-
vex polytopes inscribed in and circumscribed about n-balls and their reflection functions.
Section 5 presents metric-independent relations between volumes and surfaces of these
polytopes and n-balls, whereas Section 6 presents particular symmetries between volumes
and surfaces for |n| = 1/2. Section 7 concludes and discusses the findings of this study,
hinting at their possible applications.

2. Known Formulas

It is known that the volume of an n-ball (B) is

/2
— n
where I' : C — C is the Euler’s gamma function, n € C\ {n = -2k -2,k € Ngo}, and R
denotes the n-ball radius. As the gamma function is meromorphic, volumes of n-balls are
complex in complex dimensions. The volume of an n-ball can be expressed [23] in terms of
the volume of an (1 — 2)-ball of the same radius as a recurrence relation

B 27tR?

V(n)g V(n—2)g, )
where V(0)p := 1 and V4(R)p := 2R. The relation (2) can be extended [18] into negative
dimensions as n+2

V(”)B - 271R2

V(n+2)s, ®3)
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solving Equation (2) for V(n — 2) and assigning a new n as the previous n — 2. A radius
recurrence relation [18] (we choose the notation f(n) over f,, asn € C)

Fln) = 2f(n—2), @

where n € C, f(0) :=1and f(1) := 2, allow for expressing the volume n-ball as
V(n)g = f(m)x"/2R", (5)

where “|x]|” is the floor function that yields the greatest integer less than or equal to
its argument x. The relation (4) can be, analogously as Equation (2), extended [18] into

negative dimensions as n42
fmy="22f(n +2), ©
which allows us to define f(—1) = f(0) := 1 to initiate the sequences (4) or (6). The known [23]
surface of an n-ball is n
S(n)p =V (n)s. )

We note in passing that in this study S(n) denotes the (n — 1)-dimensional surface of an
n-dimensional object (that is a property of this object), and not the n-dimensional surface
of the (n 4 1)-dimensional object, as it is commonly defined in the literature.

The known volume of an n-cube (C) is

V(Tl)c = An, (8)
where n € C and A is the edge length. The known surface of an n-cube is
S(n)c =2nA" 1, )
where n € C.
The known [24,25] volume of a regular n-simplex (S) is
V(n)s = - B 1A”, (10)
nly/21
where n € N. Equation (10) can be written [18] as a recurrence relation
n+1

V(n)s = AV(n—1)s (11)

2n3
with V(0)s = 1, to remove the indefiniteness of the factorial for n < 1. Equation (11) can
be solved for V(n — 1). Assigning new n as the previous n — 1, yields [18]

Vin+1)s [2(n+1)3

Vin)s = A n+2 7

(12)

which also removes the singularity for n = 0 present in the volume (10). An n-simplex has
n+1 (n — 1)-facets [23]. Therefore, its surface is

S(I’l)s = (1’1+1)V(Tl—1)5. (13)

The known [23] volume of an n-orthoplex (O) is

V(n)o = \{12!714”, (14)

where n € Nj.
Equation (14) can be written [18] as a recurrence relation

V(I’l)o = AV(I’Z — 1)0%, (15)
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where n # 0and V(0)p := 1, to remove the indefiniteness of the factorial for n < 0. Solving
Equation (15) for V(n — 1) and assigning new # as the previous n — 1, yields [18]
n+1
Vinlo=Vn+1l)o—se=, 16
(n)o =V(n+1)o W (16)
which also removes singularity for n = 0 present in Equation (15). Any n-orthoplex has 2"
facets [23], which are regular (n — 1)-simplices. Therefore, its surface is

S(?’Z)O = 2"V(1’l — 1)5. (17)

3. Holomorphizing Known Formulas

The known formulas presented in the preceding section can be extended to all complex
dimensions. We note that volumes and surfaces of n-cubes are already defined Vn € C
and thus are holomorphic. We also note that a square root is bivalued in the complex
domain and by choosing complex analysis, we enter into bivalence by its very nature
(A" = AZV/2 = VA = +A"). Therefore, volumes and surfaces of n-balls and regular,
convex n-polytopes are also bivalued in complex dimensions n. We call the branch with
positive values in positive real dimensions the principal branch.

Theorem 1. The volume of an n-ball is a holomorphic, bivalued function of a complex dimension n.

Proof. First, we note that the initial bivalued values for the radius recurrence relations (4) and
(6) are f(—1) = f(0) := 1, V(0)p := £1 and V;(R)p := £2R. Then, we note that the
recurrence relations (3) and (5) correspond to each other

n+2 n+2 " "
V(n)p = 53 V(n+2)p = — f(n+2)rl"/2R", (18)

V(n+2)p = nf(n+2)al"/2RM2,

which, after setting 7 := n 4 2, yields
V(#)s = f(R)mHLID2IRT = f(a)ml/2 R, (19)
Comparing the non-recurrence general n-ball volume (1), which is bivalued for n € C
and valid within the domain of the gamma function, with the recurrence relation (3)

/2 )

V(n)gzir(n/2+1)R = 5 V(n+2)s (20)
yields
21/2+1 o
- n+2, 21
Vn+2)s =+ T2 ot @

Setting i := n + 2 yields

/2 /2 .
Vii)g = 420 gm_ 4 T pi_
mI (7/2) Ir(/2)
i (22)
7.[71/2

il

j:1”(771/2—1—1)R !

which recovers Equation (1), as 5T(5) =T'(5 +1),Vn € C\ {n = =2k, k € Np}. Thus, we
have proved that the recurrence relations (2), (3), and (5) correspond to the general n-ball
volume (22) within this domain.
However, now we can use any of the backward recurrence relations (3) or (5) with (6) to
determine the values of the n-ball volume outside this domain: Vn + 2 € C we can find V(1) .
On the other hand
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m"/2R" a
li t——r—=—=0, 23
ke, T(n/211) o (23)
so the poles of the meromorphic gamma function I'(n/2 + 1) present in Equation (22), now
defined in the sense of a limit of a function, vanish, which completes the proof. [

Corollary 1. The surface of an n-ball is a holomorphic, bivalued function of a complex dimension n.

Proof. If the volume of an n-ball is a holomorphic, bivalued function by Theorem 1, then,
using Equation (7), the surface of an n-ball is also a holomorphic function.
Using Equations (22) and (7) the surface of an n-ball is given by

_ nn.n/Z n—1

O

Theorem 2. The volume of a reqular n-simplex is a holomorphic, bivalued function of a complex
dimension n.

Proof. Expressing the factorial in the volume of a regular n-simplex (10) by the gamma
function extends its domain of applicability to complex dimensions

1/2
j:\/n—O—lAn_j: (1+n) an

%4 = =4+ ——< 25
N NT T(n+1)20/2 25)
On the other hand, comparing the volume (25) with the recurrence relation (12)
3
" vn+1 A — Vin+1)s [2(n+1) 26)
[(n+1)21/2 A n+2
yields
Vin+1)s =+ vn+1lyn+2 AnJrl’ 27)
T(n+1)200+1)/2, /(n 4+ 1)3
which, after setting 7 := n 4 1, yields
V(i)g ==+ L V~”+1Aﬁ -
I (7)27/2/7i3
:/ﬁ +1 Aﬁﬁ\/% _ (28)
[(7i+1)20/2"" /73
Vii+1 i

T(7+1)2i2" "

and recovers the volume (25) as nI'(n) = T'(n+1) Vn € C\ {n = —k,k € Ny} and
ny/n/vVnd = £1 (cf. Appendix A).Thus, we have proved that the recurrence relation (12)
corresponds to the generalized n-simplex volume (25) within this domain.

However, now we can use the recurrence relation (12) to determine the values of the
n-simplex volume outside this domain: Vn +1 € C we can find V(n)s. For example, even
though n1y/n/+v/n3 is undefined for n = 0, we can determine that V(0)s = +1 using the
recurrence relation (12) with V(1)s = + A obtained from the volume (25).

On the other hand,

27"2A/n+1  a

li - =—=0, 29
n—>—kl—nll,keN0 IF(n+1) ) (29)
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so the poles of the meromorphic gamma function I'(n 4 1) present in the volume (25), now
defined in the sense of a limit of a function, vanish, which completes the proof. O

Forn e R\ ZN{n € R: n < —1}, the n-simplex volume (25) is imaginary.

Corollary 2. The surface of a regular n-simplex is a holomorphic, bivalued function of a complex
dimension n.

Proof. If the volume of a regular n-simplex is a holomorphic, bivalued function by Theorem 2,
then its surface, using Equation (13), is also a holomorphic, bivalued function.
Using (13) and (25), the surface of a regular n-simplex is given by (cf. Appendix A)
3/2 1 —1Dvn—1
5(1’1)5 — 4+ n (n+ ) An—l (n ) n —
I‘(n_f_l)z(nfl)/z (11—1)3
n3/2(1+n)
[(n+1)201-1)/2

(30)

n—1

O

Again, even though (1 — 1)y/n — 1/+/(n — 1)3 is undefined for n = 1, we can deter-
mine that S(1)s = £2 directly from Equation (13) knowing that V(0)s = +1.
Forn € R\ Z: n <0, the n-simplex surface (30) is imaginary.

Theorem 3. The volume of an n-orthoplex is a bivalued, holomorphic function of a complex
dimension n.

Proof. Expressing the factorial in the volume of an n-orthoplex (14) with the gamma
function extends the domain of applicability of Equation (14) to complex dimensions

VT . T
n! T(n+1)

V(n)o =+ A", (31)

On the other hand, comparing Equation (31) with the recurrence relation (16)

V2" n—+1

t—A"=V No——=, 32
T(n+1) (Do 7 2
yields 2(1’l+1)/2 -
o=t—FF-A
Vit Do =+ ? (33)
whereas setting 71 = n 4- 1 in Equation (33) yields
i iz
V(i)o = V2 w2 g (34)

AL (7) T(7+1)

which recovers n-orthoplex volume (14), as nI'(n) = I'(n+1) Vn € C\ {n = —k, k € Np}.
Thus, we have proved that the recurrence relation (16) corresponds to the general n-orthoplex
volume (31) within this domain.
However, now we can use the recurrence relation (16) to determine the values of the
n-orthoplex volume outside this domain: Vn + 1 € C we can find V(1)o. On the other hand
21/2An g

1i L a— 35
n—>—k1—nll,keN0 I'n+1) oo (35)

so the poles of the meromorphic gamma function I'(n + 1) present in (31), now defined in
the sense of a limit of a function, vanish, which completes the proof. [

Corollary 3. The surface of an n-orthoplex is a holomorphic, bivalued function of a complex
dimension n.
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Proof. If the volume of a regular n-simplex is a holomorphic, bivalued function by Theorem 2,
then, using Equation (17), the surface of an n-orthoplex is a holomorphic, bivalued function.
Using Equations (17) and (31), the surface of an n-orthoplex is given by

23/20(n+1)/2

_ n—1
S(n)p = iwA . (36)

O
Forn € R\ Z : n < 0, n-orthoplex bivalued surface (36) is imaginary.
Thus, the volumes and surfaces of n-balls, n-simplices, and n-orthoplices, shown
in Figures 1 and 2 for n € R, are holomorphic functions of n, which makes those objects

omnidimensional. They can be explicitly expressed in terms of the complex dimension
(cf. Appendix B).

1.5¢

0.5

T

Re(V)
=

T

—0.5

— 5 I I I I I I I i i ]
-4 -3 -2 -1 0 1 2 3 4 5 6

Figure 1. Graphs of volumes (V) and surfaces (S) of unit edge length regular n-simplices (red), n-
orthoplices (green), n-cubes (pink), and unit diameter n-balls (blue), along with the integer recurrence
relations (dashed lines) for n € [—4,6].
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4 3 _5 _ B
32 -1 0 1 2 3 4 s 2

Figure 2. Graphs of volumes (V) and surfaces (S) of unit edge length regular n-simplices (red),
n-orthoplices (green), and unit diameter n-balls (blue) forn € R:n € [—4,6].
4. Omnidimensional Polytopes Inscribed in and Circumscribed about n-Balls

First, we will introduce the definition of a reflection function.

Definition 1. For each function F : C — C of a complex arqument n given by the formula

1
F(n) = £ [ ](a; + bmn) 4™ g (n), (37)
j=1

wherej=1,2,...,1 €N, aj, b]-, Cjs d]- ceR: aj > 0, b]- > 0, and g(n) is some nonzero function of
n, we define its reflection function

1
F(n) = it [T(—a; - bjn)(cf+df”)/2g(n), (38)
j=1

where I

1
c:= ch and d:= .Z‘{dj # 0. (39)
]:
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Theorem 4. The same branches of functions F(n) (37) and F(n) (38) are equal to each other for
n < 0or for n € Z such that sin(%rc) = 0, with ¢, d defined by (39).

Proof. For n € R, the functions (37) and (38) can be expressed as

! .
F(Vl) _ iHe(c]--i-djn) ln(aj+bjn)/2+19n(cj+d]-n)/2g(n) _
=1
= 4e 19'1(2, 1 ]*”ZJ 14j)/2

(40)

1
He cj+din)In(a +hjn)/2g(n>:
j=1

7

!
— Jpln(ctdn)/2 He(c/-+djn) ln(aj-i-b/-n)/Zg(n)
j=1

E(n) = £ictdn

He(cj+d]-n)ln(u/+bjn)/2—i97n(C/+djn)/2g(n) _
=1
_ L -n(Thy gl d))/2

1
He(cj+d]-n)ln(a]-+b]-n)/2g(n) _ (41)
j=1

— :l:ic+dne—i9,n(c+dn)/2

/
He(cj+d/-n) ln(u/-+bjn)/2g(n)
j=1

7

where 0, = atan2(0,n), and 0, = atan2(—0,—n), as lim,_,o- atan2(y,x) = — and
lim, o+ atan2(y, x) = 7 for x < 0.
Without loss of generality, we consider positive branches of F(n) (40) and F(n) (41)

] 1
EZG" (c+dn)/2 H e(chrd]-n) ln(u]-erjn)/zg(n) =
j=1

1
:ic+dnefi9,n(c+dn)/2 1_[ e(cj+d]-n) ln(a]--l-bjn)/zg(n)/ (42)
j=1

eiGn(chdn) jc+dn ,—if _n(c+dn)/2 N

=1
ei(9n+9,n)(c+dn)/2 — ic—i—dn.

We note here that Vn € R, such thatn # 0

T, n<0
9n+9n_{ o ons0 (43)
so that
ol (On+0—n)(c+dn)/2 _
pin(c+dn) /2 _Cos<c+dn )+isin(c+2d”7f), n<o0 (44)

e—imtletdn)/2 — cos(—”z"l” 71) — isin(”rzd" Tf), n >0,

and that Vn € C and for the principal value of 6
o n e
i —cos(zn)—i—zsm(zrc). (45)
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Therefore,

it — cos (c —|—2dn

n) —i—isin(czdnn) =

cos( ) +isin( K ), n<0
= =4

cos( ) —isin( i), n>0 (46)
&F(n) = F(n) under the condition

Vn <0\/VnEZ:sin<C+2dn7r) =0.

O

Each regular, omnidimensional polytope discussed in Section 3 can be inscribed in and
circumscribed about an n-ball. This section presents their volumes, surfaces, and reflection
functions (38). Particular values of their volumes and surfaces are listed in Tables 1 and 2.
Unless stated otherwise, n € R and k € N. Unit diameter n-balls are assumed.

Table 1. Particular volumes of omnidimensional polytopes inscribed in and circumscribed about unit
diameter n-balls (principal branch).

n —3/2 -1 —1/2 0 1/2 1 3/2
Vs 0.331 2/7 ~ 0.637 0.867 1 1.039 1 0.908
,33/4 1-i . P4 55/4
Vsip v ~ i1.286 0 {E ~ 0.399(1 — i) 1 f 1.286 1 737,54/ e ~ 0.617
Vsc 332,4f ~07 0 7~ 0564(1 i) 1 % ~ 0.909 U iy #1133
~ . 4o
Vors 7 ~ —0.282 0 ,T ~ 0.564 1 i~ 1.128 1 7~ 0.752
Vocs W ~ 0.147(1 + i) 0 zl}ff ~0474(1-i) 1 Zﬁ ~ 0.949 1 312/47\/; ~1.02
i— / . i .
Veis =D~ 0.958(i - 1) i 0rd ~0595(1+i) 1 21/4 ~ 1189 1 2~ 0738
Vees 1 1 1 1 1 1 1
Table 2. Particular surfaces of omnidimensional polytopes inscribed in and circumscribed about unit
diameter n-balls (principal branch).
n —3/2 -1 —1/2 0 1/2 1 3/2
S —0.992 _:11/ s —0.867 0 1.039 2 2723
_nl1/4 . . 3/4 1/455/4
SsiB ;3[72 1: —5.787i 0 fl i ~0199(1+i) 0 33% ~ 0.643 2 3 3/54 5: 2.776
—23/231/4 i1 _ PR 35
Ssca T ~ 21 0 T2~ 0.564(i — 1) 0 5= ~ 0.909 2 e ~ 3.4
Sors or i ~ 1.036i 0 T & —0399i 0 Y2 ~ 0798 2 20V3 2764
Socs *g,ﬁi’)}:* ~ —0.442(1 +1) 0 25/4f ~0474(i—1) O % ~ 0.949 2 % ~ 3.059
Scis <1+2;>/z9/4 ~ 3521(1+1) 2 Tk~ 042(1—i) 0 2714~ 0.841 2 33/421/4 ~ 2,711
Sces -3 -2 -1 0 1 2 3

4.1. Regular n-Simplices Inscribed in n-Balls
The diameter Dpcg of an n-ball circumscribing a regular n-simplex (BCS) is known [25]

to be oy
Dpcs = L Y A, (47)

vn+1
where A is the edge length. Hence, the edge length Agyp of a regular n-simplex inscribed
(SIB) in an n-ball (B) with a diameter D is

vn+1
V2n

so that the regular n-simplex volume (25) becomes

Asip = £ D, (48)
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(1 + n)(1+n)/2n7n/227n ;

V(n)sip = £ T

(49)

Forn ¢ Z : n < —1, the inscribed n-simplex volume (49) is imaginary and divergent
with n approaching negative infinity. It is complex for —1 < n < 0, with the real part
equaling the imaginary part for n = —1/2. Itis zero forn = —k, and for 0 < n < 1, it
is larger than the volume of the circumscribing n-ball. The volume (49) does not have a
reflection function (38), as d in the definition (39) vanishes.

Similarly, the surface (30) of a regular inscribed n-simplex with edge length A given
by Equation (48) is
(1 + n)(1+n)/2n(4—n)/221—n

I'(1+n)

S(n)sip = D, (50)
as shown in Figure 4. For n ¢ Z : n < —1 the inscribed n-simplex surface (50) is imaginary
and divergent with n approaching negative infinity. It is complex for —1 < n < 0, with
the real part equaling the imaginary part for n = —1/2. It is zero for n = —k, k € Ny.
The surface (50) does not have a reflection function (38), as d in the definition (39) vanishes.

Volumes (49) and surfaces (50) of n-simplices inscribed in n-balls are shown in Figures 3 and 4.

SIB

Re(V. )

-6 -5 4 3 o 3 0 1 —
2 3 4 5 ¢ Im(VS,B)

Figure 3. Graphs of V(n)g;p (red) and V(n)p (blue) for n € [—6,6].

Im(SSIB)

Figure 4. Graphs of S(n)g;p (red) and S(n)p (blue) for n € [—6, 6].
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4.2. Regular n-Simplices Circumscribed about n-Balls
The diameter Dpg of an n-ball inscribed in a regular n-simplex (BIS) is known [25] to be
V2
Dpijg = +————A,
BIS Vnvn+1

where A is the edge length. Hence, the edge length Agcp of a regular n-simplex circum-
scribed (SCB) about an n-ball (B) with a diameter D is

(51)

Asc = iﬁf D, 52)
so that its volume (25) becomes
1 (1+n)/2n/29—n
V(n)scs = + 1M " D", (53)

I'(1+n)

For n < 0, the volume (53) is complex with a nonzero imaginary part, whereas both
branches are left-handed spirals converging to zero with n approaching negative infinity.
For 0 < n < 1, the volume (53) is smaller than the volume of an inscribed n-ball. It is zero
for n = —k, and real for n = —(2k + 1) /2, where it amounts to

V<_(2k2+1>>5c3 -

_ PRl - )20 (54)

= I’(lfTZk)(Zk+1)(1+2k)/4

~ +{0.7,0.5618,0.4251,0.3172,0.2353, . . . }.

Furthermore, for n = —1/2 and n = —(2k + 3) /4, the real part of the volume (53)
equals the imaginary part in modulus. Forn = —1/2, V(—=1/2)scp = £(1 — i)/t =
+0.5642(1 — 7). Otherwise, it amounts to

V<_(2];+3)>SCB -

(1+ i)ik2(6k+3)/4(2k _ 1)(1—2k)/8
~ +{—0.3549, —0.3359,0.2996,0.2626, —0.2283, . ..}

(1+i)ik.

The reflection function (38) of the volume (53) is
j1+2n (_1 _ n)(l+n)/2(_n)n/227n
I'(1+n)

V(n)scp =+ D", (56)

and the volumes (56) and (53) are equal for n = (2k +1)/2,k € Ny.
Similarly, the surface (30) of a regular circumscribed n-simplex with edge length Agcp (52) is
(1+ n) 151/ 2y (24m) /291 =n

n—1
T+ 1) b 7)

S(n)scp =+

The surface (57) is zero for n = —k, k € Ny, and for 0 < n < 1, it is smaller than
the surface of the inscribed n-ball. The surface (57) is complex for n < 0, with both
branches being left-handed spirals converging towards zero with n approaching negative
infinity. However, it is initially divergent to achieve a modulus maximum of about 2.9757
at n = —3.4997 (numerically calculated; numerical calculations were performed in this
study using Euler gamma function of complex argument defined for |#| < 172) and a real
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maximum of about 2.976 at n = —3.5. For n = —(2k 4 1)/2 the imaginary part of the
surface (57) vanishes and it amounts to

5<_(2k2+ 1)>SCB N

B Z'2k2(4k+1)/2 (2]{ - 1)(1—21()/4 ~ (58)

= ~

q:
r(152) 2K+ 1)/

~ F{2.1,2.809,2.976,2.854,2.588, . . .}.

The real part of the surface (57) is equal to the imaginary part in modulus forn = —1/2
(S(=1/2)scp = +(—1+1i)//m)and n = —(2k + 3) /4

S<(2€1+3)>sc3 B

(1+ i)ik2(6k-1)/4 2k — 1)(1=20)/8
_ 2k—5)/8 - 59
T (152 2k +3) )/ (59)
~ T{—0.8973, —1.1755,1.3484, 1.4443,
—1.4842,-1.4828,...} (1 +i)i.

The reflection function (38) of the surface (57) is
S(n)sc =
B2 () @n)/2( 1 )10/ 21 i1 (60)
I'(1+n) ’

and it equals the volume (53) forn = (2k+1)/2,k € Ny.
Volumes (53) and surfaces (57) of n-simplices circumscribed about n-balls are shown in
Figures 5 and 6.

Re(VS CB)

6 -5 _4 _ ;
543_2_10123456_2 Im(V p

)

Figure 5. Graphs of V(n)scp (red), V(1) (blue), and V(n)scp (dark red), forn € [—6,6].
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6 -5 -4
543 2 1 o 2 3 4 5 ¢ m(S, .,

)

Re(SSCB)
=

) -

-3

4}

-5 i i i i i i i Fil i i j
-6 -5 -4 -3 -2 - 0 1 2 3 4 5 6
n

Figure 6. Graphs of S(1)scp (red), S(n)p (blue), and S(n)scp (dark red), for n € [—6,6].

4.3. n-Orthoplices Inscribed in n-Balls
The diameter Dpco of an n-ball circumscribing an n-orthoplex (BCO) is known [26] to be

Dpco = +V24, (61)
where A is the edge length. Hence, the edge length Ap;p of an n-orthoplex inscribed in an

n-ball (OIB) with a diameter D is
1

Apip = +——=D, 62
OIB 7 (62)
so that its volume (31) becomes
1
Vv =+——D"
(n)OIB F(Tl ¥ 1) (63)
The inscribed n-orthoplex volume (63) is real, vanishes for n = —k, and for 0 < n < 1

it is larger than the volume of the circumscribing n-ball. It does not have a reflection
function, as Equation (63) does not satisfy the definition (37).

Similarly, the surface (36) of the inscribed n-orthoplex with the edge length A given
by Equation (62) becomes
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213/2

n—1
mD . (64)

S(n)oip = +
Forn ¢ Z : n < 0, the inscribed n-orthoplex surface (64) is imaginary and oscillatory
divergent with n approaching negative infinity, and for n = —k it vanishes. It also does not
have a reflection function (d = 0 in the definition (39)).
Volumes (63) and surfaces (64) of n-orthoplices inscribed in n-balls are shown in
Figures 7 and 8.

1.5¢

-15 = i i i i i i i i i i i i
-6 -5 -4 -3 -2 -1 0 1 2 3 4 5 6
n

Figure 7. Graphs of V(n)p;p (green) and V(n)p (blue), for n € [—6,6].

_57'

4 5 ¢ 2 (s, )

Figure 8. Graphs of S(n)o;p (green) and S(n)p (blue), for n € [—6,6].

4.4. n-Orthoplices Circumscribed about n-Balls

The diameter Dpjo of an n-ball inscribed in an n-orthoplex (B10O) is known [26] to be

Dgio = i\/EA, (65)

where A is the edge length. Hence, the edge length Apcp of an n-orthoplex circumscribed
about an n-ball (OCB) with a diameter D is
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n
Aocs = i\/;D, (66)

nn/2
I'(n+1)

so that its volume (31) becomes

V(n)ocs = + D", (67)
as shown in Figure 9.

The circumscribed n-orthoplex volume (67) is complex for n < 0. It oscillates and
is initially convergent to achieve a modulus minimum of about 0.1181 at n ~ —3.4976
(numerically computed) and then becomes divergent with n approaching negative infinity.

For n = —k, it vanishes. For 0 < n < 1, it is smaller than the volume of an inscribed n-ball.
Forn = —(2k +1)/2, k € Ny the real part of the volume (67) equals the imaginary part in
modulus, achieving a local minimum at n = —3.5 and amounts to

(G

(1 _|_i)ik2(2k71)/4
r(%) (2K +1)@+D)/4 (68)
~ £{0.4744, —0.1472,0.0952, —0.0835,

0.0888, —0.1084, ...} (1 +1)i*.

The reflection function (38) of the volume (67) is

_\n/2
V(n)ocs = iinlg(,;q_)’_l)

D", (69)
and it equals the volume (67) for n = 2k, k € Ny.

Similarly, the surface (36) of a circumscribed n-orthoplex with the edge length A given
by Equation (66) becomes

oy (2+n)/2

n—1
i 70)

S(n)ocs = +
as shown in Figure 10.

The circumscribed n-orthoplex surface (70) is complex for n < 0. It oscillates and is
initially convergent to achieve a modulus minimum of about 0.6244 at n ~ —1.5 (numerical)
and then becomes divergent with n approaching negative infinity. For n = —k, it vanishes.
For 0 < n < 1, it is smaller than the surface of an inscribed n-ball. Furthermore, its real
part equals the imaginary part in modulus for n = —(2k +1)/2, k € Ny. It achieves a local
minimum at n = —1.5 and amounts to

S<_(2k2+ 1)>OCB -

_(1 4 l‘)ikz(Zkfl)/4<2k+ 1)(372k)/4
B 1-2k ~ (71)
r(7)
~ +{—0.4744,0.4415, —0.4759, 0.5846,
—0.7989, ...} (1 + )ik,

The reflection function (38) of the surface (70) is
i2+n2(_n)(2+n)/2Dn—1
I(n+1) ’

S(n)ocp = =+ (72)

and it equals the surface (70) for n = 2k, k € Ny.
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Volumes (67), (69) and surfaces (70), (72) of n-orthoplices inscribed in n-balls are
shown in Figures 9 and 10.

Im(Vo le)

Figure 9. Graphs of V(n)ocp (green), V(n)p (blue), and V(1n)ocp (dark green), for n € [—6, 6].

Im(S,

)

OCB’

Figure 10. Graphs of S(1)ocp (green), S(n)p (blue), and S(1)ocp (dark green), for n € [—6,6].
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4.5. n-Cubes Inscribed in and Circumscribed about n-Balls

The edge length Accp of an n-cube circumscribed about an n-ball (CCB) corresponds
to the diameter D of this n-ball. Thus, the volume of this cube is simply

V(n)ccp = £D", (73)
and the surface is S(n)ccp = +onD" L, 74)
However, the edge length Acjp of an n-cube inscribed in an n-ball (CIB) of diameter D is
A(n)cip = £Dn" 12, (75)
which is singular for n = 0 and complex for n < 0, rendering [18] the volume
V(n)cip = £n~"/?D", (76)
and the surface Serp = £an®=m/2pn=1 7

of an n-cube inscribed in an n-ball.
The reflection functions (38) of the volume (76) and surface (77) are [18]

V(n)cip = £i " (—n)""/2D", (78)

S(n)crp = £237"(—n)B—1/2pr-1, (79)

The volumes (76) and (78) are equal [18] for n = 2k, k € Ny, and the surfaces (77) and
(79) are equal for n = 2k — 1, k € N, as shown in Figures 11 and 12.

The volume (76) and the surface (77) are complex if n < 0 and divergent, with n
approaching negative infinity. For 0 < n < 1, the volume (76) is larger than the volume of
a circumscribing n-ball.

0.5+
>U
T
& 0+
2
0.5

405 6 T2 Iy

Figure 11. Graphs of V(n)crp (pink), V(n)p (blue), and V(n)cp (dark pink), for n € [—6,6].
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5
g o0
)
(3]
a4
=
2
0
2\ \ \ \ \ \ \ \ \ \ \ \ \
Im(S ) -6 -5 -4 -3 2 -1 0 1 2 3 4 5 6

Figure 12. Graphs of S(n)cyp (pink), S(n)p (blue), and 5(n)c1p (dark pink), for n € [—6,6].

5. Metric-Independent Relations
The following metric-independent relations hold, for n € C : n # 0, between volumes
of n-balls (22) 6
sin(7ztn/2
V(n)pV(—n)p = + 25000/ (50)
T
n-simplices (25)

1/2 1/2 .
V(n)SV(—n)Szi(l+n) (1 ;nn) sm(nn), (81)

n-orthoplices (31) and n-orthoplices inscribed in n-balls (63)

V(noV(~n)o = V(norsV(~m)ors = £ 2", (52)

n-simplices inscribed in n-balls (49)

(I4+n)/24 _  NA=n)/2/ \N(—n)/2/ __\(n)/2 .
V(”)SIBV(—”)SIB:i(1+n) (=) mgn) (=n) sm(ml), (83)

n-simplices circumscribed about n-balls (53)

(14 ) T72(1 = ) T=m72 () 02y (5172 g ()

V(n)scgV(—n)scg = + p— , (84)

and n-orthoplices circumscribed about n-balls (67)

(n)/2, __\N(—n)/2 _.
V(”)OCBV(—”)OCBZi(n) ( n)m Sm(ml)/ (85)

where we used Euler’s reflection formula, I'(7i)I'(1 — 1) = 7t/ sin 71, with 71 := n + 1, and
I'n)=m-1I'(n—-1)
In+1)I'(—n+1)=T@)I2—-7)=TMI1-1)(1-n)=
T mn m (86)

~ sin(ni) (=)= “sin[n(n+1)]  sin(7n)’

as well as (for n € C : n # 1), between surfaces of n-balls (24)
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S(n)gS(2 —n)p = t4sin(ntn/2), (87)

n-simplices (30),

n1/2(n +1)(2 — n)?(3 — n) sin(7n)

S(n)sS(2—n)s ==+ (0 —n) , (88)
n-orthoplices (36)
4nl/2(2 — n)1/2 sin(7tn)
S(”)Os(z - ”)O ==+ 7_[(1 — 7’1) ’ (89)
n-simplices inscribed in n-balls (50)
(2—n)/2 (n4+1)/2/9 _  \1/2/7  _\(B—1)/2 _:
n n+1 2—-n 3—n sin(7tn
S(n)sipS(2 —n)sip = + ( ) (7'[(1 _)n) ( ) ( ), (90)
n-simplices circumscribed about n-balls (57)
12 (n 4+ 1) FD/2(0 ) 2=m/2(3 B2 gin (7
S(n)scpS(2—n)scp = =+ ( ) ( 7121 vy ( ) ( ), 1)
n-orthoplices inscribed in n-balls (64)
422 — )2 sin(7n
S(”)OIBS(Z_H)OIB ==+ ( 7T(1)1’1) ( )r (92)
n-orthoplices circumscribed about n-balls (70)
4n™2(2 — n) 2/ 2 gin(7n
S(n)ocpS(2 —n)ocp = + ( 7(()1 vy ( ), (93)
and n-cubes inscribed in n-balls (77) (Vn € C)
S(H)CIBS(Q. — n)CIB = i4n(3_”)/2(2 — n)(lJrn)/Z’ (94)

where we againused 7i = n+1,I'(n) = (n — 1)I'(n — 1), and Euler’s reflection formula
T(n+1)(3—n) =T(H)(1—7)(1—7)2—7)3—) =
7 _ m(l-n)2—-n) _mm(l—n)(2—n) (95)

= sy L TR@ -G = =g ] sin(m)

These relations are independent of the distance values D (or A) and their particular
form, whether negative (D < 0), complex (D = a4+ bi, a,b € R), or purely imaginary
(a = 0). Furthermore, the relations (80)—(85) and (87)—(93) are independent of the gamma
function. Relations (80)—(85) are shown in Figure 13. The imaginary part of the surface
relations (88)—(94) vanishes for 0 < n < 2.

Moreover, for n € C : n # 0, the following both metric and gamma function inde-
pendent relations can be obtained between volumes (73), (76) and surfaces (74), (77) of
circumscribed and inscribed n-cubes

V(n)ccp = £n"2V(n)cip,  S(n)ccp = £n""D/25(n)cyp, (96)
between volumes (53), (49) and surfaces (57), (50) of circumscribed and inscribed n-simplices
V(n)scp = £n"V(n)sip, S(n)scp = +n""'S(n)sp, 97)

and between volumes (67), (63) and surfaces (70), (64) of circumscribed and inscribed
n-orthoplices

V(n)ocg = £n"?V(n)ors,  S(n)ocs = £n""V/25(n)orp. (98)
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Notably, the ratio of the volume V(n)ccp of an n-cube circumscribed about an n-ball
to the volume V(1) ¢;p of an n-cube inscribed in an n-ball (96) is the same as the ratio of the
volume V(1) ocp of an n-orthoplex circumscribed about an n-ball to the volume V (1n)op of
an n-orthoplex inscribed in an n-ball (98), and the same holds for the ratio of their surfaces,
S(n)ccp/S(n)cis = S(n)ocp/S(n)orp. This is unsurprising: as an n-cube is dual to an
n-orthoplex, these ratios remain invariant.

Curiously, analogous symmetries do not hold for the reflection functions (38) of
these volumes or surfaces, as neither the inscribed volumes V(n)s;5, V(n)o;p, nor the
circumscribed volume V(1) ccp, nor the corresponding inscribed surfaces S(n)syp, S(1)o1s,
nor circumscribed surface S(n)ccp, have the reflection functions.

Re(V(n)V(-n))

Im(V(n)V(-n))

Figure 13. Volume metric and gamma function independent relations. V(n)gV(—n)p (blue),
V(n)sV(—n)s (red), V(n)sipV(—n)sip (dark red), V(n)scpV(—n)scp (orange-red), V(n)oV(—n)o =
V(n)osV(—n)osp (lime green), V(n)ocgV(—n)ocs (yellow-green), forn € R:n € [—6,6].

6. Volume-Surface Symmetries

Furthermore, the following particular symmetries betweenn = —1/2and n = 1/2
hold for (22), (24); (25), (30); (31), (36); (49), (50); (53), (57); (63), (64); (67), (70); (76), (77);
and (73), (74)

V(=1/2)p = FS(~1/2)yD, V(1/2) = £5(1/2)yD, (99)
V(=1/2)g = £5(—1/2)sAi2v2, V(1/2)g = 15(1/2)5/12\&, (100)
V(=1/2)o = £2iS(~1/2)pA, V(1/2)o = £25(1/2)0A, (101)
V(=1/2)g5 = £25(=1/2)5;5D, V(1/2)g;5 = £25(1/2)4;5D, (102)
V(=1/2)scp = FS(=1/2)scgD,  V(1/2)scp = £5(1/2)scpD, (103)
V(=1/2)o1p = £iV25(~1/2)05D,  V(1/2)o1p = £V25(1/2)015D, (104)
V(=1/2)ocp = FS(=1/2)ocgD, V(1/2)ocp = £5(1/2) oD, (105)

V(=1/2) ¢ = i\[ZS(—l/Z)aBD, V(1/2)cip = i\fZS(l/Z)CIBD, (106)

V(=1/2)ccp = FS(=1/2)ccgD, V(1/2)ccp = £5(1/2)ccpD, (107)

where “*” denotes a complex conjugate.



Symmetry 2023, 15, 755

22 of 25

Furthermore, if A = D
5o = £51)s, S(2)op = £S5(2)¢yp- (108)

7. Discussion

The volumes and surfaces of n-balls, n-simplices, and n-orthoplices have been defined
in any complex dimension. As these geometric objects occur, along with n-cubes, in all
natural dimensions [19], this result makes them omnidimensional, i.e., present in any
complex dimension.

Applications of these formulas to the omnidimensional polytopes inscribed in and
circumscribed about n-balls revealed previously unknown properties of these geometric
objects. In particular, for 0 < n < 1, the omnidimensional polytopes’ volumes are larger
than those of circumscribing n-balls, while their volumes and surfaces are smaller than
those of inscribed n-balls.

Reflection functions for volumes and surfaces of these polytopes inscribed in and
circumscribed about n-balls are proposed.

Symmetries of products (80)—(85), (87)-(94) and quotients (96)—(98) of volumes of
these circumscribed and inscribed omnidimensional polytopes and n-balls in complex
dimensions n and —n and of surfaces in complex dimensions # and 2 — n are shown to be
independent of the metric factor and the gamma function.

Specific symmetries also hold between volumes and surfaces in dimensions n = —1/2
andn =1/2.

The results of this study could be applied in linguistic statistics, where the dimension in
the distribution for frequency dictionaries is chosen to be negative [3], and in fog computing,
where an n-simplex is related to a full mesh pattern, an n-orthoplex is linked to a quasi-full
mesh structure, and an n-cube is referred to as a certain type of partial mesh layout [27].
Further possible applications include molecular physics and crystallography. Perhaps the
results of this study are also related to the 2-dimensional quantum hall effect.

One can also investigate the properties of the examined geometric objects extending
these concepts to quaternions. This can help us discover many interesting mathematical
properties and physical phenomena. One of the challenges certainly involves characterizing
all types of symmetries introduced by Definition 1.
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Appendix A. Bivalence of the Complex Square Root

It is known that complex number 1 = |n|e®® = |n|(cos @ + isin§) # 0 has two square roots

O+2km .. 0+2km
f\/|n|(cosz+zsm2>, (A1)

fork = 0,1, that is
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cos%—l—isin%
cos‘”%—l—isin”%
—/In| cos%—f—isin% B
—cos%—ising
. (A2)
[ -0
{cosz—i-lsm2

0 T =
—(Cosj—f—zsmj)

0 ,
= |n<cosg+isin2> :i\/|n|el%.

=/ Inl

Thus,

nyii Inle® (£y/Infe’) a3
Ve T aymmet

The same holds for (n — 1)v/n —1/4/(n —1)3 = &1, setting i :== n — 1.

Appendix B. Volumes and Surfaces in Terms of the Real and Imaginary Parts of the
Complex Dimension

The volumes and surfaces of the omnidimensional objects can be explicitly expressed
in terms of the real and imaginary part of the Complex Dimensionn = a +ib € C.
In the case of n-balls, for example

/2 — la+ib)/2 _
(A4)
— /2 {cos blr\n) +isin<bln7r>},
2 2
R"™ = RAtib — Ra [cos(bInR) +isin(bInR)], (A5)

and the volume (22) and surface (24) become

n.a/ZRu
r(5+1) (A6)
{Cos [b ln(R\/E)] + isin [b ln(Rﬁ)] },

V(n)p =

1’l7'(u/2Ru_1
S(n)s = T(Z+1) (A7)
{cos[bIn(Ry/7)] +isin[bIn(Rv/7)]},

where we used cos(a + b) = cos(a) cos(b) — sin(a) sin(b) and similarly sin(a + b) =
cos(a) sin(b) + sin(a) cos(b).

In particular, for n = 3 4 bi, b € R (spacetime dimensionality) the volume (A6) and
the surface (A7) become

3/2R3
Vin)g = i
e r(s5e) (A8)
{cos[bIn(Ry/7)] +isin[bIn(Ry/7)]},
S _ nn.a/ZRa—l
(n)s 71“(#) (A9)

{cos[bIn(Rv/7)]| +isin[bIn(Ry/7)]},
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which forms reduce to familiar V(3)3 = 47R3/3 and S(3)3 = 47tR? for n = 3 + 0i (i.e.,
at the present moment of perception). The trigonometric member also vanishes in the
volume (A8) and the surface (A9) for R = 1/y/m. Notably, R = ¢p/+/7, where (p is
the Planck length, is the radius of a 4-bit black hole [13], and one unit of a black hole
entropy [28].

In the case of n-cubes, for example, the volume (8) is equal to

V(n)c = A"{cos[bIn(A)] +isin[bIn(A)]}, (A10)
and it reduces to V(3)c = A% forb = 0. Also, V(n)c =1Vn € Cif A =1.
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