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Abstract: In this paper, we introduce and study a new class of coupled and uncoupled systems,
consisting of mixed-type ¢;-Hilfer and ,-Caputo fractional differential equations supplemented
with asymmetric and symmetric integro-differential nonlocal boundary conditions (systems (2) and
(13), respectively). As far as we know, this combination of ¢,-Hilfer and ,-Caputo fractional
derivatives in coupled systems is new in the literature. The uniqueness result is achieved via the
Banach contraction mapping principle, while the existence result is established by applying the
Leray-Schauder alternative. Numerical examples illustrating the obtained results are also presented.

Keywords: y-Hilfer fractional derivative; -Caputo fractional derivative; boundary value problems;
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1. Introduction

The topic of coupled fractional-order systems, complemented with different kinds
of boundary conditions, constitute an interesting area of research, because such systems
appear in mathematical models of real-world problems, such as ecology [1], chaos and
fractional dynamics [2], financial economics [3], bio-engineering [4], etc. Nonlocal bound-
ary conditions are found to be more plausible and practical in contrast to the classical
boundary conditions in view of their applicability to describe the changes happening
within the given domain. In the literature, there are many fractional derivative opera-
tors, such as Riemann-Liouville, Caputo, Hadamard, Hilfer, Katugampola, etc., see the
monographs [5-10]. For a variety of results on nonlocal single-valued and multi-valued
boundary value problems involving different types of fractional-order derivative operators,
we refer to the monograph [11].

A generalization of both Riemann-Liouville and Caputo fractional derivatives was
given by R. Hilfer in [12]. This derivative can be reduced to the Riemann-Liouville and
Caputo fractional derivatives for special cases of the parameters involved in its definition.
For detailed advantages of the Hilfer derivative, see [13] and some recent applications in
calcium diffusion in [14-16]. The Hilfer fractional derivative with another function, known
as p-Hilfer fractional derivative, has been introduced in [17]. For some recent results on
existence and uniqueness of initial and boundary value problems including the p-Hilfer
fractional derivative, see [18-24] and references therein.
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Recently, in [25], we introduced and studied a new class of boundary value prob-
lems, consisting of mixed-type 1;-Hilfer and f,-Caputo fractional differential equations
supplemented with integro-differential nonlocal boundary conditions of the form:

Hpab (CDY271)(s) = Y1 (s, 7t(s)), 0<ua,B,y<1,s€[0,A]

m n
D"27(0) =0, 7(A) =Y A DVm(n) + Y 6 M (E)), M
ia =

where "D¥F¥1 and D72 are the ¢;-Hilfer and y,-Caputo fractional derivatives with
respect to functions ¥ and i, respectively, where ¢/ (s), {,(s) > 0 for all t € [0, A],
Ai, 6 € R, 13,8 € (0,A), I #i¥2 is the Riemann-Liouville fractional integral of order y; > 0,
with respect to a function ¢,, fori =1,--- ,m,j=1,--- ,nand f : [0,A] xR — Risa
nonlinear continuous function. Existence and uniqueness were established via Banach’s
fixed point theorem and the Leray—Schauder nonlinear alternative.

The novelty of this study lies in the fact that we introduced a new class of boundary
value problems in which we combined 4 -Hilfer and ,-Caputo fractional derivatives and,
as far as we know, this combination is new in the literature.

In the present paper, we continue the above investigation, by considering the follow-
ing system of sequential ¢;-Hilfer and ¢»-Caputo fractional differential equations with
fractional integro-differential nonlocal conditions of the form:

Hpapipr (CDT¥271) (s) = Y4 (s, 7t(s), p(s)), s € [0,A4],
HDYBW1 (CDTW2p) (s) = Ya(s, 7(s),p(s)), s € [0, 4],
CD"27(0) =0, 7(A) = Ay CDTV2p(&1) + Ay IM¥20(83),
CD20(0) =0, p(A) = 6 D27 (1) + 62 IF¥27(1p2),

@

where the differential operators HD*##1 H DYF#¥1 are the y1-Hilfer fractional derivative
of orders 0 < a,& < 1 with Hilfer parameters 0 < 8,3 < 1, CD"¥2,C D7¥2 are the -
Caputo fractional derivatives of orders 0 < 7,4 < 1, A1, A2,01,07 € R are given constants,
71, 12,81,82 € [0, A], and Y1, Y2 : [0, A] x R x R — R are given continuous functions.

We obtain existence and uniqueness results by applying the classical fixed point
theorems. Thus, the uniqueness result is established via Banach’s contraction mapping
principle, while the basic tool for the existence result is the Leray—Schauder alternative.

The rest of the paper is arranged as follows. In Section 2, we recall some definitions
and lemmas from fractional calculus needed in our study and also we present an auxiliary
lemma which is used to transform the given nonlinear problem into a fixed-point problem.
Section 3 contains the main results, while in Section 4, we indicate the uncoupled fractional
integro-differential boundary conditions. Finally, illustrative examples are constructed
in Section 5.

2. Preliminaries

Now, some notations, definitions, and known results of fractional calculus are re-
minded [6].
Let ¢ € C'([0, A],R) with ¢(s) > 0 forall s € [0, A].

Definition 1 ([6]). Leta > 0and f € L'([0, A], R). The p-Riemann—Liouville fractional integral
of order a to a function f with respect to  is defined by

IF(E) = g7 [0 9O W) — g
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Definition 2 ([17]). Letn —1 < a < n,n € Nand f,¢ € C"([0, A],R) such that ¢'(s) > 0
forall s € [0, A]. The y-Hilfer fractional derivative HD*P¥ (-) of order a to a function f and type
0 < B <1, is defined by

. Cowl T AN
Hpepo f(s) — [pln a>,¢<¢/(s)ds> 10-B) (=0 £ ).

Definition 3 ([26]). Letn—1 < a <n,n € Nand f,p € C"([0, A],R) such that ' (s) > 0 for
all s € [0, A]. The p-Caputo fractional derivative “D%¥ (-) of order a to a function f is defined by

D) = 1 (s ) )

Lemma 1 ([17]). The semigroup property and integration of power function formula. Let «, x > 0
and 6 > 1 be constants. Then, we have

() I PPI(s) = ()
(ii) le;llf(q](s) o lp(a))éil _ 1—'(“ i 5) (IP(S) - 1/1(61))“”_1.

The following lemmas contain the compositional property of the Riemann-Liouville
fractional integral operator with the -Hilfer fractional derivative and ¢-Caputo
fractional derivative.

Lemma 2 ([17]). Let f € L(0,A), n—1<a <nn e N, 0< B <1,9* =a+np—ap,
( [(n—a)(1-p) f) € AC[0, A]. Then,

(le;tp Hsz,ﬁ;le) (s) = f(s) — f (lplgil:jbgcoi);_k (1/]’1(5) ;S)n_k (1(1—f5)("—0¢);¢f)(0)_

k=1

Lemma 3 ([26]). Let f € L(0, A) and « > 0, we have

(1% €D F ) (s) = f(5) - f w

k=0

Our first task is to transform the boundary value problem (2) into an integral equation.

Lemma 4. Let h,hi € C(]0, A],R) be given functions and Q) # 0. Then, the unique solution of the
following linear system

Hp©b1 (CD¥271) (s) = h(s),
"D (CD2p) (5) = i(s),

CDM"271(0) =0, 7m(A) = A CDT2p(G1) + Az IM¥2p(52),
CDT2p(0) =0, p(A) =6 D"W27(ipy) + 62 M2 70(1p2),

®)

is given by

n(s) = ;)l}\llﬁ‘ﬂ/’lﬁ(gl)—IW’ZIWh(A)+A21ﬁ”?¢215‘f‘¢1fz(52)

+ 02{5110(;1/;1;1(;71) — [T I‘S‘;‘/’lfq(A) 4 52[#-%7;1/)2[«;1/11]1(,72)}]

+ 172 1%%1(s), (4)
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and
PO = 5 [(51 P (g) — TRI () 4+ 811
+ O { IR (E) — D210 h(A) + AzIMthlﬁ‘“”lfz(@)}]
+ T2 [5¥1 ]y (s), (5)
where

0 =6, [1/12(’7;()#;4)12)(0)]#, 0y = Ay [¢2(§r2()ﬁ_+¢12)(0)]y’ Q=1-0,0

Proof. Assume that x, y are solutions of the nonlocal system (3) on [0, A]. Taking the frac-
tional integrals 1%¥1, [%¥1 on both sides of the first and second equations in (3), respectively,
and using Lemma 2, we obtain for s € [0, A],

CDT¥271(s) = cg Lt) ;(lﬁigwa*l +I%1h(s),

& =1
CD'?:lpzp(S) =d W’l(s) lfi(o)] + I&;lplfz(s),
(&)
where #* = a4 (1 —a)Band &* = &+ (1 —&)B, co,dg € R. Sincea* € («,1) and &* € (&,1),
and from conditions *D"¥271(0) = 0,  D¥¥2p(0) = 0, we obtain ¢y = 0 and dy = 0. Hence,
we have

{Cm:wzn(s) = IV1h(s), (6)

CDT¥20(s) = 1%¥1/i(s).
The fractional integration of the above two equations of orders y and 4, respectively,
leads to

7'((5) =01+ [’Y}l/JzItx;l/hh(S)l ”
o(s) = dy + IT218¥1)i(s), ¢1,dq € R.
From (6), we have
CDV:lPZTL—(Ul) = I"‘”l’lh(m) and CDﬁzlpr(gl) _ I&;wlfl(gl). ®)

In addition, the Riemann-Liouville fractional integral with respect to a function ¢, of
orders y and fi is applied in (7) to the points #, and (5, respectively, then,

przﬂ(ﬂz) _ [4’2(7;2()]1+4712>(0)}V + [ 10621/}1]1(172)’ 9)
and 2
I20(8) = dy WZ(ng()ﬁff)(o)} + TR R (G). (10)

Substituting s = A in (7) and using (8)—(10) in boundary conditions, ¢; and d; can be
expressed as

o = (1)[Aﬂﬁ‘?#’lfz(él)—I”"‘PZI“;‘P]h(A)+/\21ﬁ”’1”21&;w1fl@2)

+ 02{51 I"‘;‘plh(ﬂl) N ) I&;wlft(A) + 52[M+7;1Pz I“"lplh(nz) }] ,
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4 = % l((ﬁlwplh(’h) — [V Ef(A) + 52114+7;¢21a;¢1h(712))
o) {All&;wlfl(gl) _ IW;leIoc;l!’lh(A) + /\ZIﬁJr“?;llJz I&;lﬁlfl(gz) }] .

Substituting the constants into (7), we obtain (4) and (5).

On the other hand, taking the y,-Caputo fractional derivative of orders v and %,
to (4) and (5), respectively, we obtain (6) which satisfies the first condition at lines 3 and 4
of (3) when s = 0. Applying the ¢;-Hilfer fractional derivative of orders & and & to the first
and second equations in (6), respectively, leads to the first two equations in (3). Using the
fractional integration ¢;-Riemann-Liouville of orders y and jI in (4) and (5) with points
s = 172 and s = §», respectively, and from (6) at the points s = #; and s = 77, we can show
by direct computation that the second condition at lines 3 and 4 of (3) holds. Therefore, this
lemma is proved. [

3. Main Results
From Lemma 4, we define an operator Ml : X x X — X x X by

M(, p)(s) = ( M (77,0)(s) >,

Mo (71, p)(s)
where
M (77, ) (s)
= & [MIYa(E, 7@ p(@)) — THRIY (A, 7(A), p(4)
+ APV [OY ) (8, 7(E2), p(82)) + 02{511“”’”\(1(’71/ 7e(m), (1))
— [T (A, (A), p(A)) + IR (11, 70(172), 0 (172)) }]
+ I7921%%1Y (s, 72(s), p(s)),
and

My (7, )(s)

- é SN (1, (), (1)) — T2 1891Y5 (A, 72(A), p(A))
IR, (1, 7(12), 0(12)) + O { M T2, 7(E1), 0(E1))
— T2 [ Yl(A, n(A),p(A)) + /\21ﬁ+“?;lli2 I&;wlyz(gzl ﬂ(@z),p(éz)) }]

+ T2 [%%1Y, (s, 72 (s), p(s)),

and X = C([0, A], R) is the Banach space of all continuous functions 7 from [0, A] to R en-
dowed with the norm || 7t|| = max{|7t(s)|,s € [0, A]}. The product space (X x X, ||(7,p)||)
is also a Banach space with norm || (7, p)|| = ||7z]| + ||p]|-

For simplicity in computation, we put:

Pyl b) = 1R ()
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T h YA () — 910 (ya(8) — ya(a0)?

and
&Y(6) = 19 (1)) = = [ YOO - p(s)? s,

and some constants as

Q= @ [|Qz|<|51|¢¢1(771)+|52|q’¢f$zv(’72))+(1+|QZ|)¢$¢2(A)}'
Q = iy W19 (60 + N2l @) + 10al0f, (4)],

; - .
Qs = 6 [|01| (I/\l|‘b )+ |/\2|®$ﬁl—l~’j(€2)) + (1 + |Q|)<D$’:¢2 (A)}’
0, = L“(g (B, (m) + |62l @yL T (12) + 101 | @ (4)).
TS 1 ) 2 11711172 1y

Now, the existence of a unique solution to the coupled system of sequential 1;-Hilfer
and y»-Caputo fractional differential equations with fractional integro-differential nonlocal
conditions (2) is presented by applying Banach’s contraction mapping principle.

Theorem 1. Assume that Q) # 0and Y1,Y> : [0, A] x R? — R are two functions for which there
exist constants m;, n;,i = 1,2 such that, forall s € [0, A] and 7;,0; € R,i = 1,2,

IY1(s, 1, 01) — Y1(s, M2, 02)| < my|my — 12| 4+ ma|p1 — P2
and
[Ya(s, m1,01) — Ya(s, m2,02)| < ny|my — ma| 4+ n2lp1 — p2l-

If
(Q1+ Quq)(m1 +m2) + (Q2+ Q3)(n1 +1n2) <1,

then the coupled system of sequential y1-Hilfer and p-Caputo fractional differential equations with
fractional integro-differential nonlocal conditions (2) has a unique solution (7t, p) on [0, A).

Proof. Define SUPsc(o,4] Y1(A,0,0) = M < co and SUPc(o,a] Y2(A,0,0) = N < o0 and

choose
rs (Q1+Qy)M+ (Q2+Q3)N
1= [(Q1+ Qa)(m1 4+ ma) + (Qa2 4+ Q3) (11 + n2)]’

where r is a radius of the ball B, = {(7,p) € X x X : ||(7,p)|| < r}. Next, we show that
(MBy) C B,. For each (7, p) € B,, we have

M (72, 0)(s)]

|(1)| l(l/\lua 1 [IYz(le m(&1),0(&1)) — Y2(¢1,0,0)| + ‘YZ(CLO/ON}

IN

7RI 1Y (4, 7(4), p(A)) = Y1 (A,0,0)] +[Y1(4,0,0)]
Al 1Yo 6 e(E2) p(E2) — YalE2, 000+ Ya(62,0,0) ] )

+ |02|{|51|1“;¢1 (Y1071, 7). 0011)) = Y1 (11,0,0)] + Y1 (71,0, 0)

+ 17219 [|Y5(4, 7(A), p(A)) — Ya(4,0,0)] + [Ya(4,0,0) ]

|6 PE I 1Y (o, 7(072), 0(12)) = Y1 (72, 0,0) | + [Y1 (72,0, 0) }]
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L [T “Yl(A,n(A),p(A)) —Y1(4,0,0)] + \Yl(A,O,O)ﬂ

1

Q] l(|/\l|[”1”n| +malp]l + NI (1) (61)

+ [mq || || 4+ malp|| + M]IY¥21%¥1(1)(A)

T gl 7l + malol + N]IMW%(l)(cz))

IN

+ IQzI{\51|[M1||7TH +ma|pll + MJI*¥1 (1) (1)

+ [zl + nzfloll + NJIP21%1 (1) (A)

+ 10| [ma |||l + mafle]l + M]I””;lpzl“;wl(l)(ﬂz)}]
+[my ||l +mallpl| + M1V (1) (s),

by using the following relations |Y1(s, 7t,p)| < |Y1(s, 7t,p) — Y1(s,0,0)| +|Y1(s,0,0)| <
m |x[ + maly| + M and [Ya(s, 71, 0)| < [Ya(s, 71, 0) = Ya(s,0,0)[ + [Ya(s,0,0)| < m|x[ +
nz|y| + N. Then, we have

(M (77, 0)(s)]|

1 -
a [10a] (161195, (1) + [62|@yl 7 (12) ) + (1 + 102 )T, (A)| [ || + mallo ]| + M]

1 <2 &0+
1] (12195, (1) + Aol (&) + 102|957 (A)] I 7] + malpl] + N]

IA

Qilmy ||| +mz|lo|l + M] 4+ Qa[n1|| || + n2|lo|| 4 N]
(Qumy + Qony)|| || 4 (Quma + Qama) ||l + Q1M + Q2N
(Qumy 4 Qong + Qumy + Qong)r + QM + Qo N.

IN

Next, we consider boundedness of the operator M, as
1
1]

+ [ml7t]| + na2lpl| + NJIT¥21%91 (1) (A)

+ 182 [ ||7t]| + ma ||| + M]T*FYH2 11 (1) (72)
+ 10 { 1A Im 1 ell + mallol] + NI (1) (&)
+ [m |72l + ma|lo]] + M]DH2 191 (1) (A)

My(7,p)(s) < [I%Hmlllﬂll +ma|lpll + MJI*¥ (1) (171)

+ |Aam|7r]| + mz ]| + N]IFHT92 [ (1)(62)}

+ [l 7| + nalpl| + N2 1%%1(1) (A)

Qs[m |||l + nalloll + NJ + Qa[m || || + mallpl| + M]
(Qamy + Qany)||7|| + (Qama + Qanz)|lpll + QsM + Q3N
(Qamy + Qany + Qqma + Qsnaz)r + QsM + Q3N.

IN

Then, we have

IM(7, )| = [Mi(7,p)| + [[M2(7,p)|
< (Qumy+ Qong + Quma + Qanp)r + Q1M + Q2N
+(Qamy + Qany + Qumy + Qana)r + QeM + Q3N
= [(Q1+ Qa)(m1 +mz) + (Q2+ Q3)(n1 +n2)lr
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+(Q1+ Q)M+ (Q2+Q3)N <,

which implies the fact that (MB,) C B,.
Now, we show that the operator M is a contraction. For each (712, 02), (711, p01) € X X X,
and for any ¢ € [0, A], we obtain:

|M (712, 02) (5) — M1 (771, 01) (5)|

< |10| KMHI&”’“le(?l/7T2(§1)/P2(§1)) = Y2(G1, m(81),01(81))|
+ 12 [N1Y (A, 0 (A), p2(A)) — Y1 (A, 11 (A), p1(A))]
+ [Ap | IFFVV2 1Yo (8, 710(&2), 02(82)) — Y2 (&2, 1 (82), o1 (Cz)))
+ |Qz|{|511“;¢1Y1(771/ 12(11), p2(11)) — Y1(111, 1 (171), p1(171)) |
+ 172191 1Y, (A, o (A), p2(A)) — Ya(A, 1 (A), p1(A))]
+ [ IFHVP2 1Y (12, 712 (172), 02(12)) — Y1 (172, 711 (112), o1 (172))|}]
+ 12 [N (A, 15 (A), p2(A)) — Y1 (A, m2(A), p2(A))]
1 - «
< il = il + malloz — pill ey 1021 (101195, O) + 102195157 ) )
o 1
+(1+ |Q|)(Dwﬁ¢2(A)} + [ — | + n2jp2 — P1|H@
X 12115, (1) + 1Al @ )7 (82) + 10107 (4)]
= [m|lmy — || + malo2 — p1]]]Q1 + [m1]|7r2 — 1 || 4 n2lp2 — p11]]Q2,
< (mQq +mQa +mpQq + naQo)[||m2 — 71| + [le2 — o1 ]]- (11)

By the same way of computation, we have

IM (712, 02) (5) — M2 (771, 01)(5)]
< (m1Qs +m Qs+ meQs +n2Q3)[||r2 — 711 || + |lo2 — p1]]]- (12)

From the two inequalities (11) and (12) above, we can conclude that

IM(712, p2) — M(711, 01) |
< Q1+ Qa)(my +m2) + (Q2 + Q3z) (11 + n2)][||7r2 — 71| + [|o2 — pal]-

From the assumption that [(Qq + Q4)(m1 +m2) + (Q2 + Q3) (11 +n2)] <1, Misa
contraction operator. Applying Banach’s contraction mapping principle, a unique solution
of the operator M exists on the interval [0, A]. [

Next, the Leray-Schauder alternative is used to prove an existence result [27].

Theorem 2. Assume that Q # 0 and Y1,Y, : [0,A] x R> — R are continuous functions
such that

Yi(s, 70, 0)| < Fo+ Fi|7| + Balo[ and  |Ya(s, 75, p)| < Go+ Gi|7t| + Galp],

forall t,p € R, where constants F;,G; > 0 (i = 1,2) and Fy > 0,Gy > 0. In addition, it is
assumed that

(Q1+Qu)F +(Q+Q3)Gy <1 and (Q1 +Qu)E+ (Q2+Q3)G < 1.
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Then, there exists at least one solution to the coupled system of sequential 1-Hilfer and -
Caputo fractional differential equations with fractional integro-differential nonlocal conditions (2)
on [0, A].

Proof. In view of the continuity of functions Y7 and Yj, the operator M is continuous. Next,
we show that the operator M is completely continuous. Let K; C X x X be a bounded set
defined by

Ky ={(mp) € xx 2 |(m, )| < T}

Then, there exist L1, L, > 0 such that
1Y1(s, 7t(s),p(s)| < Fo+ (F + F){ := Ly,

and
IYa2(s, 7(s),0(s)| < Go+ (G1 + G2)C := La, V(m,p) € K.

Then, for any (7, p) € K;, we have

1 )
M E < 1y 1021 (1011, () + 0210417 (12)) + (14 QDT (4)] Ly
+@ [|/\1|¢$l(§1) + |/\2\<I>$’ff$27(§2) + |Q2|®$’3¢2(A)} Ly,

which leads to
Mi(, o) < Q1L+ QaLo.
In the same way, we have
Mz (71, p) || < QaL1 + QsLo.
Hence,
IM(7z, )| = (M (77, o) || + [IM2 (77, 0) || < (Q1 + Qa)La + (Q2 + Q3) Ly,

which implies the uniformly bounded property of the operator M.
For the equicontinuity of M, we set 51,55 € [0, A] such that sy < sp. Then, by putting
(Y1) p(s) = Ya(s, 7(s), p(s)) and (Y2) 1,(s) = Ya(s, 7t(s), p(s)), we obtain:

M1 (7, p) (52) — M (7, p) 51|
= IR (Y1) gy (52) = TP I (X1) 1)

- r<a+11>r<v> /0 92() (91(u) = 91(0))* (9a(s2) — 2 (1)) (Y1) ()l
‘r(«+11>rm [ 90 1) = 9100 (92(51) = 92107 (Y1) 1 1)
1

IN

Ly \ T(a+1)I(7) /0 o (u) (91 (u) — ¢1<0)>”‘{<¢z<Sz> — ()"

—~(92(51) = 92 ()" }du

1 52
+7/’u u) — 1(0))* (Pa(s2) — Ya(u))? Ldu
r(a+1>r<,y) 5 IPZ( )(1/’1( ) 1/’1( )) (4’2( 2) ‘/’2( ))
which is independent of (77, p) and tends to zero as s; — s; — 0. Analogously, we can obtain
My (7, p)(s2) — My (7T, 0)(s1)| = 0as sy — sp.
Consequently, the set (MK ) is equicontinuous. By the Arzeld—Ascoli theorem, the op-
erator M(7t, p) is completely continuous.
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This final step shows the boundedness of the set £ = {(m,p) € X x X : (7,p) =
AM(m,p),0 < A < 1}. Suppose that (77,p) € &£, then we obtain (77, p) = AM(7, p). For any
€ [0, A], we have

7i(s) = AMy (71, 0)(s),  p(s) = AMa (7, 0) ().

Then, we can compute that

Ol =100 (16115, () + |82l (2)) + (14 Q)@ (4)]
(Fo + Fi|7t| + Elpl)

&ty
STl =119, (60) + el @l ) + 021087, (5)] (Go + Gl + Galpl),

and

Ol oY =10l (104108, 0) + el @ (&) + (1 + (), (4)]
(G0+G1|7T|+G2|P|)

apty
10 = 10118, (1) + 8200557 (2) + 10|37 ()] (Fo + Bxl | + Exlp).

Therefore, we obtain:
7] < Q1(Fo + Fil|7t|| + Exlpl]) + Q2(Go + G1l| || + Gallpl|)

and
lell < Q3(Go + Gil| |l + Gallpll) + Qa(Fo + Ful| ]| + E2[el]),

which yield

7l + el < (Q1+Q4)Fo+ (Q2+Q3)Go + [(Q1 + Qa)F1 + (Q2 + Q3)Gy]| |
+(Q1 + Qu) B + (Q2 + Q3)Go] || o]

Then, we have

IN

(1—[(Q1+ Qu)F + (Q2+ Q3)G1]) || |
+(1=[(Q1+ Qu) 2 + (Q2 4+ Q3)G2]) |l
< (Q1+Qu)F+ (Q2 + Q3)Go,

Mo(ll7ll + llell)

which implies that

(Q1+ Q4)Fo + (Q2 4+ Q3)Go
(7, p)|| < Mo ,

where M is defined as

My = min{1 — [(Q1 + Q4)F1 + (Q2 + Q3)G1],1 - [(Q1 + Q) 2 + (Q2 + Q3)G2] },

which shows that £ is bounded. By the Leray-Schauder alternative, we deduce that the
operator M has at least one fixed point, which is a solution of the system (2) on [0, A]. The
proof is finished. O
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4. Uncoupled Fractional Integro-Differential Boundary Conditions

In this section, we consider the following system of sequential ;-Hilfer and -
Caputo fractional differential equations with uncoupled fractional integro-differential
nonlocal conditions:

Hpabin (CDT27) (s) = Yi (s, 7(s), p(s)), s € [0, 4],
Hpfy (CDY %p)( ) = Ya(s, 7(s),p(s)), s €[0,A]
CD"27(0) =0, 7(s) = Ay CDVP27(ip) 4 A IM¥27 (1),
CDT2p(0) = o, 0(s) = 6 CDW2p(&)) + 65 1F92p(E),

(13)

where all constants and notations are as in the problem (2). The following lemma is not
difficult to derive and, therefore, we omit the proof.

Lemma 5. For h € C([0, A],R) and Ay # 0, the unique solution of the problem

Hpapin (CDY¥21)(s) = h(s), s € [0,4],
{CDW’ZH(O) =0, 7(s) = Ay CDTY27(1p1) + Ay IF¥270(1p2), -
is given by
7() = MIR(p) — DRIP(A) £ Do IR p)
4 I [%¥1(s), (15)
where

A =1-X (1/’2(’;2()#+4;2)(0))H,

From the above Lemma, we can define operator P : X x X — X X X by
Py (7, 0)(s) )
us /
e = ( B

to prove the existence criteria to the system of uncoupled boundary conditions in (13),
where

Py(m,0)(s) = Ail{mwln(m,n(m»p(m))—ﬂ?%z“?wwlm,n<A>,p<A)>
+ AT Y (1, 7(72), p(2)) } + TP IY (5, 72(s), p(s)),
and
Pa(r,p)(s) = Aiz{fslz@;%xrz(cl,n@l),p(a))—ﬁ"w"l/’l\fz(A,n<A>,p<A>>

+ &I TV Y (89, 1(82), p(82)) } + T2 11 Yo (s, 72(s), p(s)).-

The following existence theorems can be presented without proof by using the Banach
contraction principle and also the Leray-Schauder alternative technique. In addition, we
have to give some constants as

LG = m“)‘ﬂ%l 7]1 (1+|A1|)CD$?, ( )+|A2|CD¢1 1} (;72)}
1

G = i ‘[|sl|<1> (&) + L+ M@y, (4) + 6@y ()],
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and

s (1a(&) — a(0)”
N =15 R 20

Theorem 3. Let f,g be two functions satisfy the Lipschitz conditions in Theorem 1. If (mq +
my)Qs + (11 + n2)Qe < 1, then problem (13) has a unique solution on the interval [0, A].

Theorem 4. Suppose that the continuous functions f,g satisfy the growth conditions as in
Theorem 2. If QsF1 + Q6G1 < 1 and QsE + QsGo < 1, then the problem of fractional integro-
differential nonlocal conditions (13) has at least one solution on [0, A].

5. Illustrative Examples

Example 1. Let us consider the following coupled system of sequential 1 -Hilfer and y,-Caputo
fractional differential equations with fractional integro-differential nonlocal conditions of the form:

HD%,%;ES/H(CD%}SZHT[)(s) — Y1(5, ﬂ(S),p(S)), s € [0,3/2], (16)
HDEA (CDIS ) () = Ya(s, 7(s),0(5)), s €1[0,3/2],
subject to
Cy3s2+s _ § _ EC 124 1 i 3.2 45 §
D+ ™ r(0) =0, ”(2)_55 D+ p<4 +7712 P\z) )
1

Cprlis?24s _ § _EC 35245 (1 i 24 §
D4* ™p(0) =0, p(2>_88 D3 ﬂ(2)+99[8 1)

From the above problem: « =1/8,& =7/8, f = 5/8,[§ =3/8,vy=3/4,7=1/4,
A=3/2,A =2/55, Ay =4/77,61 = 3/88,0) =5/99,¢1 =1/4,8, =5/4, 11 =1/2,
2 =3/4, 4 =11/8, i = 3/2 and functions ¢, (s) = e(*/12) and ,(s) = s? + s. This infor-
mation leads to constants as (); ~ 0.0600563771, (), =~ 0.1843197460, () ~ 0.9889304238,
Q1 =~ 1.276579172, Q, =~ 0.2900508368, Q3 ~ 2.069536146 and Q4 ~ 0.1538946945.

(i) Let the functions Y7 and Y; are given on [0,3/2] as

1 7% + 2| 7| 1. 1,
Y1<5'”'P>—z<s+7>< 1+ 7| >+3s+85m|pl+4s +25+3, )
_ 1 3lo| +p
Ya(s, 7, p) S+9tan Tt|+3(s+10)< 14 ] + Vs + 1

Then, we have

1 1
1Y1(s, 1, 01) — Y1(s, M2, 02)| < 7|7T1 — 1| + g’m — 02|,

and

1 1
Y2 (s, 71, 01) — Ya(s, 712, 02)| < =|m — 72| + E|P1 — 02/,

t €[0,3/2], (7, p;) € R?,i = 1,2 and, hence, Y; and Y, satisfy the Lipschitz condition
with Lipschitz constants my = 1/7,mp = 1/8,n1 = 1/9,and np = 1/10. The last condition in
Theorem 1 is fulfilled since (Qy 4 Q4) (11 + my) 4+ (Q2 + Q3) (11 + n2) ~ 0.8812976724 < 1.
Therefore, the nonlinear coupled system of sequential ¢;-Hilfer and ¢,-Caputo fractional
differential equations with fractional integro-differential nonlocal conditions (16) and (17)
with Y and Y; given by (18) has a unique solution (7, p) on [0, 3/2].
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(ii) Now, we consider the functions Y; and Y; defined on [0,3/2], as

Yi(s, 7, p) = 2 7130¢=¢? |0°| cos® m*
1(s,71,0) = s+4  (s+3) 1+ 7)) " (s+5)(1+p%)’ 19)
) 8 - 4 6 2023 4oy —1
Yoo mp) = Lot 7t°sin” p lo| tan™ " 7T

6 (451 +[x7)  27w(14+y>2)

Observe that the above two nonlinear functions in (19) are non-Lipschitzian, but we
can find the bounded planes as follows:

1 1 1 1 1 1
< -4+ = — < 4 = Zlol.
Yi(s, 7 0) < 5+ 3lml + 5lol and |Ya(s,m,p)| < 3 + 2|l + glpl

Hence, we choose the constants Fy = 1/2, [, =1/3,F, =1/5,Gy=1/4,G; = 1/5,and
Gy = 1/4. Then, we obtain two inequalities (Q1 + Q4)F; + (Q2 + Q3)G1 ~ 09487420186 < 1
and (Q + Q4)F + (Q2 + Q3)G, ~ 0.8759915190 < 1. Thus, all conditions of Theorem 2
are satisfied. So, the coupled system (16) and (17), with Y; and Y, given by (19) has at least
one solution (71, p) on [0,3/2].

Example 2. Assume that the sequential i -Hilfer and y-Caputo fractional differential Equation (16)
subject to the following uncoupled fractional integro-differential boundary conditions:

Cry3is?+s _ § 73(3 35245 1 i Wis2+ts §
D%% 7 (0) =0, ”(2)_55 D1 71(2 +77I 1)

Cpis’+s = 3Y _ 3 cplsts, (1L 5 s (O
D 0(0) =0, p(z)ss b y<4 oo TP g )

Then, we can find the constants Ay =~ 0.9382277264, A, =~ 0.8208002471, Qs =~
2159965388, and Qg ~ 2.321388442.
(I) If two nonlinear functions are presented on [0, 3/2] by

(20)

", 1

s+8)(1+|m)  s+11
n? + 2| 7| n

6(s>+3)(1+|m]) s+10

1
Yi(s, T, p) = ( sin|p|—|—§s+1,
(21)

tan~! |po| 4+ 5% +

Yo (s, T, p) = 5
then it is obvious by direct computation that Y; and Y; satisfy the Lipschitz condition with
Lipschitz constants my = 1/8, mp = 1/11, ny = 1/9, and np = 1/10. Then, the relation
(my + mp)Qs + (n1 + n2) Qe ~ 09564270566 < 1 holds. By Theorem 3, the sequential ;-
Hilfer and y,-Caputo fractional differential Equation (16), subject to uncoupled fractional
integro-differential boundary conditions (16)—(20) with Y; and Y; given by (21), has a
unique solution (7t(s),p(s)), s € [0,3/2].
(II) Let f and g be two nonlinear functions defined by

1, (It 1 (ple
Yi(s,7,p) = 55+ G2 e) Tses\1h R ) -
Ya(s, 7t,p) = v iy e ! L il
2T = 3T T a5 +3) s\ 1+p0 )

It is easy to see that the above two functions are bounded, for s € [0,3/2], by
9 1 1 1 1

<Z4Z - <14> Zlol.
Yi(s,70)| < g + 417l + glol and [Ya(s,7p)l <1+ gl + oo

Setting constants Fy = 9/8, F; =1/4,F, =1/5,Gy =1,G; =1/6,and G, = 1/7 leads
to the relations QsF; + QgGy =~ 0.9268894207 < 1 and QsF, + QgGy ~ 0.7636199979 < 1.
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By Theorem 4, the uncoupled system (16)—(20), with Y; and Y, given by (22), has at least
one solution (77, p) on the interval [0,3/2].

6. Conclusions

In the present work, we presented the criteria concerning the existence and unique-
ness of solutions for a coupled system of mixed-type ¢;-Hilfer and ¢p-Caputo fractional
differential equations subjected to integro-differential nonlocal boundary conditions. Af-
ter transforming the given nonlinear problem into an equivalent fixed point problem, we
applied the Banach contraction mapping principle to establish the existence of a unique
solution, while an existence result is proved via the Leray—Schaude alternative. Numerical
examples are also constructed for illustrating the obtained results. The results obtained
here are new and initiate the study of mixed nonlocal systems of ¢ -Hilfer and ¢»-Caputo
fractional differential equations. Hence, our results enrich the existing literature with this
new research area of nonlocal fractional coupled systems. In addition, our results yield
several new results as special cases by fixing the parameters involved in the problems
appropriately. For example, our results correspond to the ones with: (i) coupled system of
Hilfer and Caputo fractional differential equations supplemented with integro-differential
boundary conditions if i1 (s) = ¢ (s) = s; (ii) coupled system of Hilfer and y,-Caputo frac-
tional differential equations supplemented with integro-differential boundary conditions
if 1 (s) = s; (iii) coupled system of ¢, -Hilfer and Caputo fractional differential equations
supplemented with integro-differential boundary conditions if ¢, (s) = s.

For future work, we plan to study boundary value problems and coupled systems of
mixed-type ¢;-Hilfer and yp,-Caputo fractional differential equations subject to new kinds
of boundary conditions.
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