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Abstract: The problem of the classification of the exact solutions to Maxwell’s vacuum equations for
admissible electromagnetic fields and homogeneous space-time with the group of motions G3(VIII)
according to the Bianchi classification is considered. All non-equivalent solutions are found. The
classification problem for the remaining groups of motion, G3(N), has already been solved in other
papers. All non-equivalent solutions of empty Maxwell equations for all homogeneous spaces with
admissible electromagnetic fields are now known.
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1. Introduction

If the symmetry of space-time and physical fields is given by Killing fields whose
number is no less than three, it is possible to reduce the field equations and the equations
of motion of the tested charged particles to ordinary differential equations.

Spaces admitting complete sets of mutually commutative Killing tensor fields of rank
no greater than two are of special interest in the theory of gravitation. Such spaces are
called Steckel spaces. The theory of Steckel spaces was developed in [1-7] (see also [8-11]
and the bibliographies given there). The equations of motion of test particles in Stackel
spaces can be integrated using the commutative integration method (CIM) (or the method
of complete separation of variables). Exact solutions to the gravitational equations are still
actively used in the study of various aspects of gravitational theory and cosmology (see,
for example, refs. [12-23]).

Another method for exact integration of the equations of motion for a test particle
(the method of non-commutative integration (NCIM)) was proposed in [24]. This method
is applied to spaces admitting non-commutative groups of motion G,(r),r > 3 (see A.
Petrov [25]). It allows for reducing the equations of motion to systems of ordinary differen-
tial equations. By analogy with Stackel spaces, we call them poststack spaces (PSS). PSS
are also actively studied in gravitational theory and cosmology (see, e.g., [26-34] ). The
classification of electromagnetic fields in which the Klein-Gordon-Fock equations and
Hamilton-Jacobi equations admit non-commutative algebras of symmetry operators for a
charged sample particle was carried out in [35-38].

Commutative and non-commutative integration methods have a similar classification
problem, namely enumerating all non-equivalent metrics and electromagnetic potentials
satisfying the requirements of the given symmetry. For Stackel spaces, the problem of
classifying admissible external electromagnetic fields and electrovacuum solutions of the
Einstein-Maxwell equations was solved in [39].

In previous works ([40-42]), the non-null PSS of all types were considered according
to the Bianchi classification, except type VIII. In the present work, all non-equivalent exact
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solutions of Maxwell’s vacuum equations for non-null PSS of type VIII are obtained. Thus,
this classification is complete for all non-null PSS.

2. Admissible Electromagnetic Fields in Homogeneous Spaces

According to its definition (see [43]), the space-time Vj is homogeneous if its metric
can be represented in a semi-geodesic coordinate system as follows:

ds? = —du® + ﬂubeﬁegdu“du/}, Sij = —(5?(5]0 + 5?6fe§egi7ub(u0), det|yga| = 4> >0, ¢ =0, 1)

where the condition
Yo, Y] = CopYe,  Yu = €404 )

is satisfied. Here, e} are the triad of the dual vectors:
et = op (©)

and Cj_ are structural constants of the group G3(N), which acts on V4. The vectors of the
frame ¢} define a non-holonomic coordinate system in the hypersurface of transitivity Vs
of the group G3(N). Here and elsewhere, dots denote the derivatives of the variable 1°.
The coordinate indices of the semi-geodesic coordinate system are denoted by the letters
i,j,k = 0,1,...3. The variables of the local coordinate system on V3 are provided with
indices &, 8,y = 1,...3. Indices of a non-holonomic frame are provided with the indices
a,b,c =1,...3. The rule is used according to which of the the repeating upper and lower
indices are summarized within the index range.

It has been proven in the paper [36] that for a charged test particle moving in the
external electromagnetic field with potential A;, the Hamilton—Jacobi equation:

I (pi+A)(pj+ A)) =m* (pi+ A =P), @)

and the Klein-Gordon-Fock equation:

N

Ho = (87 (—ip1 + A))(—ipj + Aj) = m* e (—ipj+ Aj = D)) (5)

admit the integrals of motion

Xe=Cpi (or Xo=2E4p1), (6)

if and only if the condition
Ea(EhAp)a = Cohlh Ap ?)
is satisfied. Here, p; = 0;9, px = —1V} (V} is the covariant derivative operator correspond-

ing to the partial derivative operator d; and ¢ is a scalar function of the particle with mass
m), ¢, is the Killing vector, and C, are structural constants:

(R0, R,] = C5, .

If A; satisfies condition (7), the electromagnetic field is called admissible. All ad-
missible electromagnetic fields for groups of motion G,(N)(r > 3) acting transitively on
hypersurfaces of space-time have been found in [36-38].

Let us show that solutions of the system of Equation (7) for HPSS of type VIII can be
represented in the form:

Ay = a,(u)e? = Ay = %Ay = a,(u). 8)

To prove this, let us find the frame vector using the metric tensor of Bianchi’s VIII-type
space (see [25]).
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ds? = du'’ay, + Zdulduz(anulz —2ap3ul + aq;) exp(—u?) + 2dudu (a3 — ayyut)
+du22(a11u14 — 4a13u13 +2(ayp + 2a33)u12 — day3ul + ax) exp(—2u3) )
2du?dud (—ayyut® + 3aaul” — 2(ary + 2a33)u’ + az) exp(—12) + dud* (ayul® — 2ar3u! + as3) + edu®

where a,, are arbitrary functions on u,e2 = 1. To obtain the functions €%, it is sufficient to

consider the components g11, 12, and g13 from system (1). The solution can be represented

in the form:
1 0 0 1 0 0
ed = [ uPexp(—u!) exp(—u3) —2ulexp(—u3) |, ¥ =|u'® exp(u®) 2u!|. (10)
—u! 0 1 ul 0 1

The lower index numbers the lines. The solution of the system of Equation (7) has
been found in [36]. It has the form:

2
Al = 0{0(1/[0), Ay = (DCQMl +2ﬁ0(u0)u1 + 'YO(MO))r Az = 7(0(01/11 + ,B())
By denoting: g = a1, Yo = a2, Bo = —a3, we obtain (8).

3. Maxwell’s Equations

All exact solutions of empty Maxwell’s equations for solvable groups have been found
in papers [40,41]. The present paper solves the problem for the group G3(VIII).

Consider empty Maxwell’s equations for an admissible electromagnetic field in homo-
geneous space with a group of motions G:

Ml_igwfgmj ~0. an

The metric tensor and the electromagnetic potential are defined by relations (1) and (8).
When i = 0, from Equation (11) it follows:

ab,
\/ SF ) (eyen” vq,) pg(n’;mb) =0 (pa=ep,+egeale). (12)

Here, it is denoted:
g = —det||gupl| = —(7e)?, where 5* = det|[yupll, e= det|lef]|.

Let i = a. Then, from Equation (11), it follows:

1
17(771:0 )0 ( FPY) g = 17(’7’7”6“%) (65’7”1762‘6277”%7@%),1/ = (13)
e(ipn™),0 = el (eehed el Fpo ) oy 1 U™, (14)

Let us find components of F,g using relation (8).

Fup = (€54 — €f o) 0%a = e%ezeZe;(ef; €y )0a = eﬁeae (€Z\b - eZ|a)"‘C = e/’geﬁc}ﬁaac. (15)
Then, B
(eF*P) g = 1"y Claa((ee}) 5 + eehe] ). (16)

We present the structural constants of a group Gz in the form:

S = Chagzs + Ciaes + Chaeny, (17)
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where
A AB
ub =0, (5h 0p 6, -
Let us denote:

01 = Chttg, 02 =Ch0a, 03 = Clhag;

Y2 = 0112 + 02122 + 03123,

{ Y1 = 0111 + 02112 + 03113,
Y3 = 01113 + 02123 + 031]33.

Equation (16) will take the form:

n(mm™ag) 0 = 67 (71(Cl) — 12(Cy + p3) + 13(Cl; +p2)) + 85(711(CE, + p3)+ (18)
Y2C3 — 13(Cl, + p1)) + 05(—71(Co5 + p2) + 12(C35 + p1) + 73C3)),

pan™igy = 0. (19)
To decrease the order of Equation (18), we introduce new independent functions:
b = 6be = iy, = fig = b’ (20)
Let us introduce the function:

N = g (u°) = fab detng, =n = ; (21)

Then, Maxwell’s Equations (18) and (21) take the form of a system of linear algebraic
equations on the unknown functions 7,

b = 0 (11(Chp) — 72(C3y + pa) + V3(Coy +p2)) + 83 (N1(Cip +p3) + 22)
72C35 — 13(Ch, + m)) 35 (—=11(C3 +p2) + 72(Cs +p1) + 73C31)  (Ta = n7a),
iy = ngbl. (23)
Equation (19):
pab® =0 (24)

is a restriction on the function b* (if p, # 0). Let us obtain the Maxwell’s equations for the
group Gs3(VIII). Non-zero structural constants, in this case, have the form:

Ch=2 Clh=1 Ch=1= (25)
From here, it follows that
0] = —Np, 0= —NK1, O03= 2&3.
Using these relations, we obtain Maxwell’s Equation (18) in the form:
Ban=w, (26)
where
ap dp 4as 0 0
by b b3 0 O
0 ay 0 ap as
by 0 by b3

0
0 0 a1 0 ap dajs
0 0 by 0 by b3

SeN
|

, (27)

T AT .. .. b3 a3
it = (1, 12, M13, M2, M3, M33); @ I(—bz,ﬂzf—bhﬂl,?,—?)-
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Hereafter, the following notations are used:

as
M =ay, ap =41, 43 = (28)
Let us find the algebraic complement of the matrix B :
blv% —alv% bgv% —azv% b3v% —a3V12
bivivy  —av1vy bv1vy —av102 b3vivy —azviv
o | bjvgos  —mviv3 bviVos  —apvivz b3vgvs  —azvivs
V=1 .2 2 b2 2 2 2 (29)
103 —a10;5 %) —ap05 305 —azvy
bivaus  —a1vvs  bavpvs  —a0203  b3vpvz —azvU3
bl  —a03 byv3 —apv3  bvy —a3Vi
01 = ab3 —asby, vy =azby —asbs, v3 = a1by —axby.
As B is a singular matrix, V is the annulling matrix for B:
VB =o0. (30)

Therefore, when v12 + v +v32 # 0, one of the equations from system (26) can be
replaced by the equation:

132 + b3® = 4(ayay + by +¢)  (c = const). (31)

Depending on the rank of the matrix B, one or more functions 7., (%) are independent.
It is possible to express the remaining functions n,;, through the functions a,, b,. To find
non-equivalent solutions of the system (26), one should consider the following variants:

l.a; #0;2.a1 =0, ay # 0; 3. a1 = ap = 0,a3 # 0. Taking this observation into
account, let us consider all non-equivalent options.

4. Solutions of Maxwell Equations
Since the functions 4, satisfy the condition:

ai + a3 +a3 £0,
the rank of matrix (29) cannot be less than three if
02 + 03 4+ v3 £ 0 = rank||B|| = 5.

In order to obtain a complete solution to the classification problem, it is necessary:

(I) To consider all non-equivalent variants with non-zero minors of rank = 5 of the
matrix B;

(II) To consider all non-equivalent variants under the condition: v, = 0 (rank < 3).

The components of the matrix # and the functions «, are given by formulae (21)
and (28). In view of these circumstances, let us list all exact solutions of empty Maxwell
equations for PSS of type VIIIL.

L rank||B|| = 5.
1. 4101 # 0 = the minor By, and its inverse matrix P = 1§1_21 have the form:

a das 0 0 0
a1 0 ap das 0
Bu = bl 0 bz b3 0
0 ay 0 ap as
0 by 0 by b3

, (32)
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_ v _a3by a3 _a3bs 5
a101 101 ﬂll)& a101 a101
_ Vs azby _ % azbs _ a3
ay gl a101 a101 a101 a101
A _ V5 (a3bio1—arb3vs)  az(axva—a19q) _a3bvy 302
P = av3 a1v3 a1v3 o3 ayv3 (33)
_ 203 a2byvy _ 3V _ a3b3v3 303
alv% a107 111'02 a107 alv%
_ 5 agbyvs _ 4303 (a3bpv3—abivy)  ap(ay01—a3v3)
a]Zl% a1y 1,7]”0% ulv% ulv%

Then, the solution to Equation (26) is as follows:

iy = Praws, (34)
where
il = (n12,n13, n22, 23, 133);
AT i N
@1 = (—(by +ainyy), —by, a1, o *3).

Functions 111, a4, and b, are arbitrary functions of 10 that obey condition (31).

2. vy # 0. Obviously, we obtain a non-equivalent solution to the previous one only
if a1 = 0. In order to implement the classification, a similar choice should be made for all
other variants. The matrix By4 and its inverse matrix P, = 31_41 have the form:

b
= —Z—i 0 0 0
a a3 0 0 0 “hoow oy 0 )
% %
N L O I TR T . 1
By = 0 0 a as 0|, P= u2v% v2 a 201 01 (35)
0 0 0 a a3 _abiby  aahy 0 by  _a
0 b 0 by b an g o
! 2 abiby b 0 by ap
v% vg U1 2
Then, the solution to Equation (26) is as follows:
i = Py, (36)

where
AT
fiy = (n12, 113, N2, 23, 133);
~ ; . ; 53 as
Wy = (=by, (a2 — bynyy), —b1, =, —=)-
2 2
Functions n11, a4, and B, are arbitrary functions of 10 that obey condition (31).

3. a3v1 # 0 = a1 = ap = 0 = the minor 191_61 and its inverse matrix P; = 31_61 have

the form:
_ by 1
0 a3 0 0 0 iz s 0 00
by b3 0 0 0 4 Ob Ob 0 0
Bo=[0 0 0 a3 0, P=| 23 -3 —55 5 0 (37)

bl 0 bz b3 0 0 0 ai 0 0
0 0 0 0 a 3 1

3 0 0 0 0

Then, the solution to Equation (26) is as follows:

fis = P33, (38)
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where .
. . . . b
13 = (n1p,n13, 22, M3, M33), @3 = (—by, (42 — bynyy), —by,0, 53) (39)

4. avp # 0,= v; = 0 = the minor 32;1 and its inverse matrix P, = 32*41 have

the form:
1 mby  _mey ;b 5
ap ay a3z 0 O & M moy Mo a102
0 ag 0 a3 O 0o -z = 0 0
Byuy=|0 b, 0 b3 0], Pb=|0 0 0 oo (40)
0 0 @ ay as 0o b _a 0 0
(% 0
0 0 by by b3 0 by _mn b _a
03 vy vy v
Then, the solution to Equation (26) is as follows:
g = Pycy, (41)
where
AT by a3

iy = (n11,n12,m13,n23,n33), @4 = (—bp, — (b1 + apnn), (41 — banay), (42)

27 2)
Functions nyy, 4,4, and B, are arbitrary functions of u that obey condition (31) and
a2B3 = azPo.

5.0,V #0,= a1 = V3 = 0 = the minor 34_41 and its inverse matrix P5 = W4_41 have

the form:
_b 1
0 ap a3 0 O ha b0 0 0
1 0 0 by a3
bl bz b3 0 0 ap Ilzbl azbl
Bu=|0 0 0 a3 0|, B5=] 0 0 0O —H% £ (43)
0 0 0 a a3 0 0 4 0 0
0 0 b1 by b3 0 0 _» 1 0
a% as
Then, the solution to Equation (26) is as follows:
fis = Ps, (44)
where
AT . C ; by &3
fis = (n11, 12, M3, M3, 133);  Ws = (—by, &z, — (b + axny), X —7) (45)

Functions nyy, 4,4, and b, are arbitrary functions of 19 that obey condition (31) and
{12b3 = (13192.

6. azvy; #0, v1 = 0,= a1 = ap = b, = 0. From condition (31) it follows:
az =ccos2¢@, bz =csin2g,

where ¢ is an arbitrary function of Y. The minor 3&1 and its inverse matrix Py = 34_61 have
the form:
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__ _sing 1

0 0 ccoseg 0 0 bycosp b S(i)mp (1) 0

X bi O 0 0 A 0 0 - bicosg by 0
By=]0 0 0 ccosp 0 |,Qe=]| g O 0 0 0 (46)

0 W 0 csing 0 0 0 . c;s Z 0 0

0 0 0 0 € cos 1

¢ 0 0 0 0 oy
Then, the solution to Equation (26) is as follows:
fie = Poce, (47)
where

AT o ~ .
g = (111, 12, 13,123, 133); @6 = (0,0, —b1,0,c cos ).

Functions ny, b1, and ¢ are arbitrary functions of ub.

7. a1v3 # 0 = v1 = vy = 0, otherwise, we obtain a solution equivalent to the previous
ones. As v3 # 0 = a3 = by = 0, the minor By and its inverse matrix P; = B;61 have

the form:
1 _amb G 0 0
ap ap 0 0 O aq f103 €103
0 15} 0 a O 0 v% —% 0 0
B=|0 b1 0 b O0f, P=]0 0 0 Z—g -2 @9
0 0 L5] O [4%) 0 _ ﬂ 5% O O
0 0 by 0 b o3 3 b
0 0 0 —% %
Then, the solution to Equation (26) is as follows:
fisg = Prc7. (49)
where
~T .
fiz = (n11,n12, 113, 122, 123);

&F = (=by, —by,41,0,0).

8. m;pv3 # 0 = a; = v1 = vp = 0, otherwise, we obtain a solution equivalent to the
previous ones. As v3 # 0 = a3 = b3 = 0, the minor Bgs and its inverse matrix Py = I§6_41
have the form:

by

1

0 ap 0 0 0 Tob Th o 0 0

by p 0 0 O o o 0 0 0
Bau=|0 0 0 a 0], B=] o0 0 0 —5= & (50)

0 0 0 0 a 0 0 4~ 0 0

2
Then, the solution to Equation (26) is as follows:

g = Pscdg. (51)

where
AT AT P
iy = (n11, 12, M13, 22, M23), Wg = (—bp, —b1,0,0,0).

Functions n33, a1, and B, are arbitrary functions of uY that obey condition (31).

IL rank||B|| < 5
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9. v, = 0. Let us represent the system of Maxwell’s equations in the form:

Qny =y, (52)
where
ap dp as 0 0 0
0 a 0 ap as 0
Q . 0 0 ay 0 a; das
T |lby b, b3 0 0 O}
0 bp 0 by by O
0 0 bl 0 by b3
. PN AT . b3 AT .. a3
wr = (wﬁ/wa)/ w/} - (_bZI_bl/ E)/ wlx - (ﬂz,ﬂl,_?)

iy = (e, ba); AL = (111,112, m13), flg = (np,n3,133)

Consider all possible options.

@a #0=0b, = ub Maxwell’s Equation (52) take the form:

L3

g — By o = B (&p — Bufp),

B[ﬁa = (wlg - B[ﬂ”lﬁ) =

x>

blglﬁtx = a1Wy — blgllﬁﬂ = b]d)ﬁ — 1w, =0=
ayiz +biby = 0,
ayas + bibs =0, (53)
aya1 + bibp = 0.

Here,
1 _a _a
a1 ap as " a2 2 0O o0 O
Bi=[0 a 0 ,B{lz 0 % 0 ,Bir=1a a3 0
0 0 a 0 0 1 0 a, das,
a

From the last equation of system (53) it follows that
ap =epsing, by =epcosp, ey = const.

Thus, by = 4,22 and by = a35=2 and from the previous equations, it follows that

sin ¢ sing”’

a; = epqasing, b, =epqacos@, q,=const, g1 =1

Then, matrices Bj, E’I_l, and B;; and line &7 take the form:

o N 1 ~
P -1 _ ~—1 P
By =wsing, By = sinq)wl , B = Wy sing.
1 q2 43 1 —q2 —q3 0 0 0
=0 1 0 |, @ay'=(0 1 0|, @=[q g 0
0 0 1 0 0 1 0 g2 g3,

A . A .. 3
wﬁT = ¢¢T = ¢sing(qa, 1, —%)
Then, the solution to Equation (26) is as follows:

fio =@ (¢ = dtg)
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References

(b) a1 =0 = ap # 0. Let us use the previous results, in which the indices 1 and 2 are
reversed: 1 < 2. The solution of Maxwell’s equation has the form:

ﬁz; = (1’122, niy, 1’123), ﬁz; = (nllrnl?)/ 7’133),
10 —q 00 0

w'=(01 0|, 4=104 0 |, 5T—(011r—g)-
0 0 1 0 0 g,

a, = eysing, by =egcosp, a3 =epqsing, bz =epqcosp, q=const, ¢ = p(ul).

(c) a3 # 0. The solutions, which are not equivalent to the previous ones, can be
obtained under the conditions a1 = a; = 0 = b; = bp = 0. From Maxwell’s equations it
follows that

bs as . ;
agnyz = asnyz =0, asngz = EX bynzz = 5 =izt b3bz = 0.
The solution has the form

nggz(f), n13:n23:a1:a2:b1:b2:0, ﬂngCOSZ(p, bgzqsiHZ(p.

Functions ¢, n11, 11y, and nyy are arbitrary functions on ul.

5. Conclusions

In previous works [40-42], all non-equivalent solutions of Maxwell’s empty equations
for admissible electromagnetic fields in homogeneous space-time metrics of all types accord-
ing to Bianchi’s classification (except type VIII) were found. The present work completes
the first stage of the classification problem formulated in the introduction. The next step is
the classification of the corresponding exact solutions of the Einstein-Maxwell equations.
All solutions obtained in the completed classification have a form suitable for further use
and have sufficient arbitrariness so that the Einstein-Maxwell equations have nontrivial
solutions. The use of the triad of frame vectors (see [43]) allows us to reduce the Einstein—
Maxwell equations with the energy-momentum tensor of the admissible electromagnetic
field to an overcrowded system of ordinary differential equations. To perform the classifica-
tion, we need to study the coexistence conditions of these systems of equations. It is possible
to use additional symmetries of homogeneous spaces and admissible electromagnetic fields
(see [38]). In the future, we will begin to solve this classification problem.
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