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1. Introduction
The classical Besov space, B;/q (Rd), introduced by Besov [1,2] for s > 0, is a family

of smoothness spaces rooted in Lebesgue spaces, L,(R?), via the modulus of continuity
method. Several classical function spaces, such as Lebesgue, Sobolev, and Holder spaces,
can be recovered as special cases of Besov spaces. In view of the importance of Besov space
theory in some mathematical fields, such as harmonic analysis (see [3-7]), approximation
theory (see [8]), the regularity of solutions of partial differential equations (see [9]), and
probability and statistics (see [10]), it has been a significant research field that has attracted
attention in the past few decades.

A number of problems in financial mathematics, quantum physical chemistry, and
related fields are modeled on Sobolev-type function spaces (see, for example, [11,12]). For
more general versions (Bessel potential) of Sobolev-type function spaces, we refer the
reader to the paper of Cleanthous-Georgiadis—Nielsen [13]. For this reason, there has been
an increasing interest recently in the study of linear or nonlinear approximations of Sobolev
spaces and Besov spaces. To solve these important problems, the use of the theory of
classical Besov spaces may be technically very difficult or its application may not give sharp
and meaningful results. Therefore, the necessity to employ modifications to classical Besov
spaces has arisen. It is well known that Besov spaces have been extended and generalized in
many various different directions and in a variety of settings with equivalent norms, which
are defined by various moduli of smoothness or different kinds of series decompositions,
see, e.g., [10,11]. In order to be widely used in function theory and approximation theory,
it is necessary to study the equivalent relationship between these norms of Besov spaces
defined by various moduli of smoothness. Many equivalent decompositions theorems have
been investigated by several authors, see [11,14-18] and the references therein. There is a
rich literature on classical equivalence decompositions; however, it is worth noting that
the works on equivalent decomposition theorem on Besov spaces with mixed norms are
relatively few compared to classical theories.
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The notion of a mixed-norm Lebesgue space, L;(R?), with f = (p1,- -+, pa) € [1,0)"
is a natural generalization of the classical Lebesgue space Lp(Rd), which was originally
introduced by Hormander [3] ((3.1.3) in Section 3.1, page 125) in 1960 and Benedek and
Panzone [19] (Section 1, page 301) in 1961. In fact, mixed-norm Lebesgue spaces have
significant practical significance and important applications. In PDEs, functions defined by
special and time quantities may belong to some mixed-norm spaces. Recently, the studies of
inhomogeneous Besov spaces, Triebel-Lizorkin spaces, and Hardy spaces has been widely
developed under mixed Lebesgue norms (see [15,20-23]). In addition, sampling theory has
also been studied based on mixed-norm theories (see [24,25]).

In recent years, there has been growing interest in obtaining some equivalent norms
of these function spaces, see, for example, [26,27]. It is well known that the modulus
of smoothness has been used to approximate the ingenious measure of the structural
characteristics of functions in approximation theory. A natural and important question is
how to define a mixed-norm Besov space, B%,q(Rd ), by various equivalent norms. In [28]
(Definition 4.1), we demonstrated research on mixed-norm Besov spaces defined by iterated
difference-type moduli of smoothness. With the help of Littlewood-Paley decomposition
theory of space, we established a sufficient condition for characterization of mixed-norm
Besov spaces (for more details, see [28]).

The main contributions of this paper can be summarized as follows:

(i) We introduce and study the concept of ingredient modulus of smoothness in com-
ponent form in Lﬁ(Rd) and establish some properties and auxiliary results in mixed-
norm spaces, Lﬁ(Rd) (for more details, see Section 2.2).

(if) We introduce a kind of mixed-norm Sobolev space (see Definition 4 below) and obtain
useful inequalities (see Theorem 1 below).

(iii) We present a Bernstain type inequality in Lﬁ(Rd) sense (see Lemma 4 below) and an
auxiliary inequality (see Lemma 5 below) by using the Littlewood-Paley decomposi-
tion.

(iv) We introduce and study the concept of mixed-norm Besov space B% g (R%) (see Defini-
tion 5 below) and establish a new decomposition theorem in B% g (R) (see Theorem 2
below).

The special function decomposition results for the study of ingredient differential
operators and electronic wave functions may instigate further research in the future.

2. Concepts, Properties and Auxiliary Results in Mixed-Norm Spaces
2.1. Preliminaries

Let us start with some fundamental notations or definitions needed in this paper.
The symbols R, Z, and N will denote the set of real numbers, the set of integers, and the
set of positive integers, respectively. For convenience, let Ny := NU {0} be the set of
non-negative integers. Recall that the discrete space [,,(Z) is defined by

1
P
Ip(Z) = CI(Ck)keZZ<Z|Ck|p> <oy if1<p<oo,

keZ

and

I,(Z) = {c = (Ck)kez : su}ZD lex| < oo} if p = oco.

ke
For ¢ = {ck}rez € lp(Z), we define I, (Z)-norm of ¢ by
1
P
Pl , ifl1<p<oo
llells, = Iifextells, = (,EZ'C"' ) Bizpse
supiez [ckl,  if p = oco.
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A mixed-norm Lebesgue space is a natural generalization of the classical Lebesgue space
Ly (R%), in which independent variables that may have different meanings are considered.

Definition 1. (see, e.g., [19] ((3.1.3) in Section 3.1, page 125), [29] (page 357), and [18] ((6.1.3.1)
on page 726)).

Let = (p1,---,pa) € [1,00]% be a mixed-norm index. The mixed-norm Lebesgue space
L,;(Rd) is the set of all measurable functions f on RY such that

P2 s bd

4 P2
/R---/R</R(/R|f(x1,x2,...,xd)|p1dx1)pldx2> dxz...dx, < o0.

For f € Lﬁ(]Rd), we define the L,;,(]Rd)—norm of f by

P3
. B2 P2
P
Py = | fy o /R< [ (Lt mn i, ) 1dx2> dx; ... dx

H .. H ||f(xl/x2/' . 'lxd)HLpl(xl)

1

Pd

Lpy(x2) Lp,(x4)
Ifpi=ocofori=1,...,d, then the relevant Ly,-norms are replaced by Leo-norms. To simplify
the notation || f|| Ly(Rd), We also abbreviate this to || f||5.

Throughout this article, positive constants will be denoted by C, and they may vary at
every occurrence. The Schwartz class will be stated by S(R¢), with the Fourier transform
defined by

A

7@ = [ fe*ax

for every f € S(R?). Other types of Fourier transform are the classical extension of this
form (see [30] (pp. 96-106)). The symbol S’(R¥) denotes the space of functionals of S(R?).

2.2. Ingredient Modulus of Smoothness in Component Form in Lﬁ(Rd )

For clarity, let us first recall the definition of the classical modulus of smoothness
originally below.

Definition 2. (Classical modulus of smoothness) (see, e.g., [8]) Let p € [1,00]% and f € Lﬁ(Rd).
Denote

Aif(x) o= fx = h) = f(x)
and
AMf(x) = A}thMflf(x) for M e N.
Let t > 0. Then, the modulus of smoothness of M-order is defined by

X (f, 1) = sup [|8)'f |5
Ihi<t

In this paper, we introduce and study the concept of ingredient modulus of smooth-
ness in component form in Lﬁ(Rd), which will be used for statistics and anisotropic Nikol-
skij spaces.
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Definition 3. (Ingredient modulus of smoothness in component form.) Let p € [1,00]? and
f e Lﬁ(Rd). Forany 1 < i < d, let e; denote the vector with 1 in the ith coordinate and 0’s

elsewhere. Define
Bj f(x) 1= f(x = hes) = f(x)

and
Aﬁeif(x) = Aﬁ;lA}leif(x) for L e Nwith L > 2.
Let t > 0. Then, the L-order ingredient modulus of smoothness in component form of f is
defined by
(f t) := sup [|AL, fli5 1
|h|<t

Remark 1. In this paper, we will use L = 1 and L = 2 in (1) for characterization, that is

wpi(f ) = sup || A, f5.

|h|<t

and
(f t) = sup HAhe f”p

|h|<t

We start with the following fundamental properties for the ingredient modulus of
smoothness of first and second order in the setting of Lﬁ(Rd). The one-dimensional case
will degenerate to the case in [10] (Lemma 9.1, page 100). Of course, the corresponding
characterization is also the same.

Proposition 1. Let € [1,00]? and f € L~(Rd). Then, the following statements hold.

(1)  Both functions w (f 1) and wﬂ ;(f, t) are nondecreasing in the second argument;

(2) %/l(f t)<2a)ﬁ.(f t)<4||f\| forullt>0
(3) %l(f t) < 22 (+1) (f 2it) <tft dsforallt>0
(4) %’l(f ts) < (s+l) pli(f,t)forall s,t>0;
) %l(f ts) < (S_'_l)zw%/i(f,t)forall s,t > 0.

Proof. From the definitions of wﬁ :(f,t) and wﬁ .(f, 1), the conclusions (1) and (2) follow.
To see (3), let t > 0 be given. Smce 2A = A%he Ahe,-' it leads to

- wl.
Whif,t) < 2[ (D) +whi(£,20)].
Thus, for any k, we obtain
£ j k k
wbi(f, 1) < Y 27Ul (F,27) + 27 Bl (£,254). @)
j=0
Taking the limit of k as tending to infinity in (2) yields

o)

5i(fo1) SZ “Uw (£, 27¢).

]:
On the other hand, since

) ‘
Wi (f,2t)

G+ ¢y j (j+1)
2- 2i(f, 2l =127 .
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2040wl (f, 2t)

=t ds
2/t s2
20+ w%i(f,s)

<t P s,
it 52

the last inequality implies

2
00 ) ) oo w5 (f,9)

2_(]+1)w§i(f12]f) < t/ Wizds
j=0 ' ! °

n—1
We now verify (4). Note that Al, f(x) = ¥ A}, f(x — kh) leads to
k=0 '

nhe;

w%,i(f,nt) < nw%,i(f, t) forn e N.
Therefore, we obtain
Whi(f,5t) < whi(f, (8] + D) < ([s] + Dewok (£,8) < (s 4+ Vel (£,1),
where [s] is the greatest integer less than or equal to s. Finally, we show conclusions (5). Since
A%lheif (x) = A:zheiA}zheif (x)

n—1
= A:zhei (Z A}leif(x - khel))
k=0

n—1n-—1
= Y Y DA f(x — khe; — K'he;)
k'=0 k=0

n—1n-1
=Y Y AR f(x —khe; — K'he;),
k'=0 k=0
we obtain “)%,i (f,nt) < nzw%/i (f,t) for n € N. Hence, we obtain

wi(f,st) < w5 (f, (5] + 1)) < (5] + 1’5, (f, ) < (s + 1w}, (f, 1)
The proof is complete. [J

In order to link ingredient modulus of smoothness in component form with the
traditional modulus of smoothness defined by A,l1 and Ai (see, e.g., [10] (Definition 9.1,
page 99)), we establish the following useful result.

Lemma 1. Let § € [1,00)%. Define Al f(x) = f(x —h) — f(x) and A2f(x) = ALALf(x) for
fe Lﬁ(Rd) and h € RY. Then

d
187 ()l rey < C( |A%Leif(x)||Lﬁ(Rd)>'
i=1

1=

where C is a positive constant independent of f, p, and he;.

Proof. In fact,
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Apf(x1,%2, -, Xg)
= f(x1—hi,xa—hy, -+, xg —hg) — f(x1,x2,- -+, xg)
=f(x1—hi,xo—hy, -, xg —hg) — f(x1 —hy,xa—hy, -+, x4) ®3)
+f(xy —hy,xg—hy, -+, xq)+ -+ f(xr —hy,xp, -, x5) — f(x1,x2, -+, x4)
= Dj flr—=h1, - xaq =g, %) + -+ By, f(xa, o, xa).
Using (3), we obtain
N f(x1, %2, -+, Xg)
= ALALf(x1, X2, -+, xg)
= A (A},gdf(xl —hie xao =g %)+ B fx rxd))
= (A, fx1 =y =y, Xg 0 —hgy —ha1, %0 —ha) + -+ A fx =T, % — )]
—[Ah fxr—hy —h1, o xg g —ha oy —hay,xa) + AL fxr =B, xg)] @)

+[Allzedf(x1 — hl — ]/ll,‘ o, Xg—1 — hdfl — hdfl,Xd) +---+ A},glf(aq - h], cee ,xd)]
b (A fr =l = xa oy =B, Xg) o+ B fn =Ry )]

*[Azlqedf(xl —h1, e Xg =R xa) o A, flx )]

= A, [A}lzedf(xl —h—hy xg o —hgoq — hdeXd)} + A {Allqelf(xlr' - ,Xd)]

ht’l

By the definition of A}l e and (4), we can prove

1

182 F ()l ey < C(

d
||A,1wi f(x)]] L,;(]Rd)> for some positive constant C.
=1

O

2.3. A Kind of Mixed-Norm Sobolev Space Wg(Rd)

In this section, we will introduce and study a kind of mixed-norm Sobolev space,
whose definition can be considered as a natural generalization of [31] ((1) on page 722).

Antoni¢ and Ivec [32] (Corollary 3, page 197) proved the boundedness of Fourier multipliers
in this kind of mixed Sobolev space.

Definition 4. Let j € [1,00]%. The mixed-norm Sobolev space Wi (R%) is given by all Lebesgue
measurable functions f(x) € Lﬁ(Rd) with finite norms

||f\|w;;(Rd) = Hf“Lﬁ(Rd) + Z HakaL,a(Rd)

[e|=n

ork = (ki,ko, -+ ,kz) and n € N. Here, oy f := ofgka .. gka X1,X0,+*+ ,Xq) means the
172 d
k-order partial derivative of f.

Remark 2. It is worth mentioning that in Definition 4, if j cannot be taken as infinity, then the
mixed-norm Sobolev space at this time is a generalization of the function space in [27] (Sobolev
spaces, page 7). If p can be taken as infinity, then the functions in this mixed-norm Sobolev space
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are uniformly continuous and bounded after obtaining weak derivatives (see [10] (Remark 8.4) and
[33] (Proposition 8.4)).

Remark 3. Let § € (1,00)4 and ke Ng. Recall that the mixed-norm Sobolev space W;’; in the
sense of Lizorkin approach [34] (page 227) was defined as the set of all f € S'(R?) such that

oki

7f < o0 .
ki
X

n
I£lhyg = 1 lyee) + 20
]:
Ly(R7)
It is quite obvious that Definition 4 and Lizorkin’s definition for the mixed-norm
Sobolev space are different. In fact, the spaces in Remark 3 are anisotropic and of course
are not the ordinary version that we presented in Definition 4.

The following mixed-norm Minkowski inequality in the setting of Lﬁ(Rd) is crucial in
this paper.

Lemma 2. (Mixed-norm Minkowski inequality, see [35] (Theorem 3, page 5).) Let f(x,y) be a
Borel function on RY x R? and p € [1,00]?. Then

Theorem 1. Let j € [1,00]%. Then, the following inequalities hold.
(@) i (f. 1) < to'flp forall f € w;,(Rd) and t > 0;
(b) w3 (f,t) < 2|0 f | forall f € wg(Rd) and t > 0.

- f(x,-)dx

= R ER] )

Ly(R?

Proof. We only verify the case d = 2, and a similar argument could be made for 4 > 2.
Clearly, we have

1
flxr —hy,x2) — f(x1,x2) = _hl/o d1f (x1 — s1hy, x2)dsy. 5)

By Lemma 2,

1
sup || f(x1 — b1, x2) = f(x1, %)l mey < sup || [ [|91f (x1 = s1h1, x2) | ey
<t ’ e 0 '

< t|yalf(x1,xz)|\Lﬁ<w)

< 91 f (a1, 22) gy

In a similar way, we obtain

1
sup || f(x1,x2 = h2) = f(x1,%2) | mey < sup [ha| [ [192f (x1, %2 — $212) || ey ds2
|| <t ! |n| <t 0 !

< H[02f (x1,x2) |1 e)-

Hence, w}j,i (f,t) < t]o'f| 5 follows and conclusion (a) is proved. To see (b), by (5), we
obtain

Aielf(xl’x2) = A}ZElA}lelf(xl/ xz)

1
= —h1/0 al(A}wlf)(xl — slh1,x2)dsl
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1
= —h1/0 Ao, (1) (x1 = s1h1, x2)dsy
1 1
- —h1/0 (—hl)/o (0191 F) (x1 — sthy — Lhy, x2)dl ds,.
Therefore, using Lemma 2, we obtain

sup HA%elf(xler)”Lﬁ(Rd) < Sup(h1)2||3181f||Lﬁ(Rd) < )09, f| < f2||32f||Lﬁ(Rd)
Ih|<t Ih|<t

and

sup || A%, f(x1,%2) | gy < sup (h2)? (10202 Il (e < 21192021 115 < L2110 f| (g
<t i<t

Therefore, we prove w% (f 1) < t2||82f||Lﬁ(Rd) forany d and f € W%(]Rd). The proof
is complete. [

2.4. Littlewood—Paley Decomposition in Lﬁ(Rd )

The convolution f * g is defined by the formula f * g(x) := [pa f(x — y)g(y)dy for
feL,(1<p<oo)and g € Ly. In this section, we first recall the well-known Littlewood-
Paley decomposition. Let D(R?) be a space with infinitely many times differentiable
compactly supported functions. Define ¢ by §(¢) € D(RY) with supp §(¢) C [~ A, A]? for
some A > 0, and )

. 3A 3A
4(&) =1 for¢ € {4, 4} .

Meanwhile, a function f is given by

per=1(5) - 1@

Let By (x) := 2K (2kx) for k € Ny. Then

and -
YO+ L B(j() =1
k=0
Hence, the Littlewood-Paley decomposition operators are defined by
Prf(x) := By * f(x) fork € Ny

and
Poaf(x) = 7% f(x).

Therefore, we have the Littlewood-Paley decomposition
0 def . n
f= Y Pf|=lim } Pif (6)
k=-1

forall f € S'(RY).
The following result is a generalized convolution inequality in mixed-norm Lebesgue spaces.
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Lemma 3. (Mixed-norm convolution inequality, see [36] ((2.5) in page 4) or [35] (Theorem 4,
page 6).) Let f(x) € Lﬁ(Rd) and g(x) € Li(R?) for p € [1,00]%. Then

1f* 8llymey < I F ey 18]1L, (re)-

The next lemma is a Bernstain-type inequality in L ﬁ(Rd ) sense inspired by the Littlewood-
Paley decomposition, which is important in the decomposition estimation for the partial
modulus of smoothness in component form. Note that the definition of the derivative
(the definition of derivative in this paper is also based on this meaning) is based on a
distributional or is called the weak derivative [10] (Proposition 8.1, page 70). Here, we give
a concise and quick proof.

Lemma 4. Let j € [1,00]% and f € Lﬁ(Rd). If supp f € [—M, M)? for some M > 0, then there
exists a constant C > 0, such that for K € N,

”aKfHLﬁ(Rd) < CMKHfHLﬁ(Rd)'

Proof. Assume A = 2. Then, supp(&) C [~2,2]¢ and '?(C) =1for ¢ € [-3,3]%. Define
v*(x) := My (Mx). Thus, 7*(&) = '?(%) Wthh means 7+ (&) = 1 for ¢ € [—3M, 34,

Therefore, it follows that

P

F(&) =7 (2)f(©),
flx)=a"*f(x)
and
K f(x) = (0%9") * f(x).

Using the mixed-norm convolution inequality in Lemma 3, we obtain
”aKf”Lﬁ(]Rd) < ”aK'y*HLl(Rd)HfHLﬁ(]Rd) = MK”aK'YHLl(Rd)”f”Lﬁ(Rd)'

The proof is complete. [

We can also obtain the above lemma by referring to Proposition 4 of [22] (with f =7
andez---:Rd:M).

Applying Littlewood-Paley decomposition theory, we establish the following impor-
tant lemma which will be used for the sufficiency estimation in our new decomposition
theorem (see Theorem 2 below).

Lemma 5. Let § € [1,00% and f € L,;,(Rd). If of; HP]-(a”f)HLﬁ(Rd) < oo for some n € N.
j=—1

Then, 9" f € Ly(R?) and

2 (0,0 < Y Wl (P"f),0).

j=—1

Proof. Using the Littlewood—-Paley decomposition in (6) (the detailed proof is left to the
readers), we obtain

a"f = Z 73 (" f)
j=-1
and

9 F ) < 3 Pl ey < o
j=-—1
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Hence, we obtain 9" f € Lﬁ(]Rd). Moreover, since
187, (0" /) ()l ety < Z 17, (P (@" )L ey
j=-1

by Proposition 1 (2), we have wﬁ i{(Pj(9"f)),t) < co. With the help of

21 1P (0" )|y < oo
=

we can finish the proof. [

3. New Decomposition Theorem of B;_} g (R%)

In this section, we first introduce the following concept of mixed-norm Besov spaces
induced by the ingredient modulus of smoothness.

Definition 5. Let 1 < g < 0o, € [1,00]%, and s = n+aforn € Ngand 0 < a < 1.
The mixed-norm Besov space B% q(Rd ) is the space of all Lebesgue measurable functions f on RY

such that f € W”; (R) with

d (7 B”ft
2/ T < oo forl <g < oo,
=1\0
and
51" f,1)
esssup, pT < oo for g = oo.

For f € B%q(Rd), we define an integral version of B%q(Rd)—norm of f by

Iflhwgees) + 1 ( e

||f||Wn(Rd + Zesssupt

1

q
t) , 1<g<oo,

q = .

wﬂ.aft)

||f\| b =
2@

ZX 7

We begin by proving a discrete version of B (R%)-norm which will be used to estab-
lish a new decomposition theorem in mixed-norm Besov spaces.

Lemma6. Let 1 < g < oo, € [1,oo]d,unds =n+aforn € Ngand 0 < a < 1. For any
fe B%q(Rd),we define

d ) .
A5 = g+ Y| (2w @5, 203
i=1 q

Then, Hf|| i) i also a Bs (Rd) -norm of f and is equivalent to ||f|| (int)

Proof. It is easy to see that

q
/oo W3 (3" f,1)
0

tﬂ(

00 2j+1

=1/

j=—c0

q
W23, 1)

tﬂ(
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and

i 19
w3 (3", )

@)
2(j+1)a

th

j q
w%,i (a”f, 2j+1 )

log(2) >

2i+1 | o
</
J2]

nd || f ||g?t) are two equivalent norms of B% q(Rd). O
P ’

7<18()

Hence, | f[|y5" a

We can describe the relationship between w%’ (9"f,2/) and w%, (9"f,2/) as follows.

Lemma?7. Let1 <g<oo,p€ [1,oo]dands:n+o¢forneNoandO<1x<1. Then

d
<G)Y,

Iq i=1

d
G ),

i=1

{2l (0 f,2) }

{22, (0", 2])}]

{Zjaw%,i(anfr Zj)} ‘

T

L

‘i q

for some positive constants Cy and Cy.

Proof. By Proposition 1 (2), we can prove the right inequality immediately. To verify the
left inequality, by Proposition 1 (3) and the Hardy inequality in the spirit of Remark 9.1
in [10], we can come to the desired conclusion. [

The following discrete Hardy inequality is very crucial for computing some discrete
inequalities in this paper.

Lemma 8. (Discrete Hardy inequality, see [37] (Lemma 3.4, page 27) or [10] (Lemma 9.2,
page 102).) Let {a;} € Iy and {b;} € I, for 1 < p < co. Then, {cx} € lp and {dy} € I,

k
forcg = E]?”:k ajbj_y and dy = Yi-o ax_jbj.

We now prove the following new decomposition theorem in mixed-norm Besov spaces,
which is the main result of the section.

Theorem 2. Let1 < g < oo, € [1,oo]d, ands =n+aforn € Noand 0 < o < 1. Then,
fe B%,q(Rd) if and only if P_1 f € L5(RY) and {2js||7)]‘f||Lﬁ(Rd)}j:0 € ly.

Proof. Necessity. Suppose f € B%q(Rd). Then, P_,f € L,;,(Rd). Therefore, it remains to

. e}
prove { 28| Pl L5(RY) } o € l5. By using the Fourier transform, we obtain

N AT
(e85 ) 10 = 71 N,
where the symbol 97 f is used to denote n-order partial derivatives for the 1st variable of f.
It is worth noting that 07 f in the above equality can be replaced by 9} f, d% f, or any other
type of n-order partial derivatives d f with |k| = n, which would not have any impact
A d . A
on the proof that we will carry out. Since suppp C [—24, ZA]d \ [—% %} , B (%)f(é) is
compactly supported. Hence, we have

B(5) i@ =em(2) wrs(S)io
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where 7, is given by 7, (1) := 77(51}), 7(&1), -, 1(&) € D(RY) with

1(G1)---1(Ga) =1

on the support B and 0 in the neighborhood of original point. It follows that

PNy < Nl ey 171 e 2771107 (B % )]yt
= [y ey (71 ey 27" 1By % 92 £ -

Now, we will estimate ||8; x 9] f | Ly(Rd): From the definition of f, B; is an even function

(e, Bj(—x) = Bj(x)) and, by B]-(O) = 0, we can easily obtain [ B;(y)dy = 0. Thus,
we deduce

Bj =1 f(x)

= Jra Bi(W)31 f(x — y)dy

= 3 St By (x — y) = 201 F(x) + 3 f(x +y) }y

= 3 Jia B f(x = 27Ty) = 207 (x) + 3} f (x + 27Ty) Jy.
Applying Lemmas 2 and 1, we obtain
1B % 4 £ ()l gty
3l Jpa 1B f (x — 27Ty) — 207 f(x) + 01 f(x + 27Ty Hebyl| o)
= 31 o 1BOIIAZ ;21 f (x +277y)dyl ey @
3 Jea IBWIIAS 21 (x +27T) |y dy

< 3 Jpa [BW)ISUp py<aiyy) HAia'ff(Z)HLﬁ(Rd)d%

IN

IN

where A% iy and A% come from Lemma 1. Therefore, by Proposition 1 (4) and Lemma 1, we

conclude that

[[Bj * 071 f (x ||L (R%) /‘/3 sup <Z”Ahe )l ]Rd)>dy

n|<27Ty|

< (2://3(1/)(;w}a,i(aﬁlffzfly))dy
<5 (f1Bwia+ i) (Zw (@ f,27] )

—C’Zw (91f,27).

Thus, we have

2Pl ey < C Ml ey 17115, )2 <Zw~- aif2 ])>

= C"at Y wh (31,27,

i=1
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By applying Lemmas 6 and 7, {st I P;ifll L;(RY) }w o € 1, is verified.
]:
Sufficiency. Assume P_1f € Lﬁ(Rd) and {ZjSHij”Lﬁ(Rd)}. o € l;. We claim f €
]:

B% . (R%). Using a similar argument as in the proof of the necessity part, we obtain

Fl1(8; + £)(©) = (i) (g)f@)

(81 ()i

(398 g

P17 AUl ety = 1197 (Bj * )l e
= [1Bj 91 fllr,we)
< 2" nll, ey 111, oy HP]f”L (Re) ®)
T i L2 IPifll me
=277 n||L1 R4) ||’7\ L (Rd ZJSHP]fHL (Rd)*

R -

="

and

Since {z]s||7>]- fle e },-=o € Iy, from (8), we obtain :Z, P23 £l < eo. This yields
07 fllz < co by Lemma 5. Other estimations of such type of [|0" f||; can also be verified;
therefore, we finally conclude || f||,y» (rd) < 0. Next, we will prove
P

(2 07,2

el,.
keZ 1

We consider three separate cases below:
Case 1. If k = 0, then we are done.
Case 2. Assume k < 0. Then, for 1 < g < oo, we have

2 (31 F,27F) < 42 [0 aa

and
—1

Y (26,(@"f,27)1 < oo,

j=—eo

— ko, 42 n —k n
If g = co, we have_wrilgé 1(2 wﬁ’i(a f,275)) < 4|0 fHLﬁ(Rd) < 0. Hence

(a2

Case 3. Assume k > 0. Since suppF[P;0" f] C [-27T1 A, 2771 A]?, by Lemma 4, we obtain

el,.
kez 1

||,

S(RA) < szj"PfaHfHLﬁ(Rd)

Therefore, it follows that
w3 (Pi(0"f),27%) < 27%)?0*[P i@ Ly we)
< (:2_2](22]||7)jaanLﬁ R7) 9)
< C272(k*])2*]'0¢2]'sHfP],fHLﬁ(Rd)
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for allj € Nand k € N, where the first inequlaity in (9) comes from Theorem 1 (b) and the
last inequality in (9) comes from (8). In addition, by using Lemma 5, we also have

W} ("f,27F) < i W} (Pa"f,27%)

=wj,(P10"f,27 +2w (P f, 27k +Zw (P f,27F).

In order to finish the proof, we will proceed with the following steps.

Step 1. We show { (P_q0"f, 27 )}k € ly.
By Theorem 1 (b) it is easy to obtain

W3 (P13 f,27%) < C2 2P (P 1" f)| u)
< C2’2k\|77713”f||Lﬁ(Rd)
< Cz_zkHaanLﬁ(Rd)’

which implies {a)ﬁ.( 10" f,2™ )}k €l

Step 2. We prove { Y w%i(Pja"f,sz) €ly.
j=0 " k

Using (9), we have
Zw (P f, 27k <c22 2(k=j)p 1“213||7>f||L (R
j=

<2" k”‘ZZ D2 EDLNPif | e

— - ko iz (k—j)(2— a)zjsHPfHL (]Rd
j=0

Taking into account Lemma 8 and the last inequalities, we deduce

{Zw (P f,2” )} €l

k

Step 3. We prove { E w%i(Pjanf,Zk)} €ly.
j=k k

Using (8) again, we obtain
wi (P f,27F) <4 Z}:{ 1P (" )Ly (re)
=
<4C Z 272 Pifllp e
=k

= 4C2~ k“Zz 2JS||7>]f||L (RY)-
j=k

Mg

k

j

el,

Applying Lemma 8, we show { § % (Pjonf,27F) }
=k k
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Therefore, by Steps 1-3, we verify {Zk“w%i(a” f,Z*k)}k , € lg. The proof is com-
4 S
plete. O

Remark 4. The result of Theorem 3.5 shows that our definition of a Besov space (defined by
ingredient modulus of smoothness) is equivalent with inhomogeneous mixed-norm Besov spaces
in [21]. Therefore, one of the significant findings of this new decomposition theorem is that it is an
extension of Frazier and Jawerth? [16] construction of the discrete decomposition transformation.

Remark 5. (i) It is known that a Besov space defined by the modulus of smoothness is a kind
of very practical space (see [8,37-41] and their references), which can be used to analyze
turbulence [8], the solution of some equations [42], and so on. Hence, we study Besov spaces
defined by moduli of continuity.

(i)  If we can characterize this kind of mixed-norm Besov space by using discrete coefficients,
such as the characterization in [14], then the mixed-norm Besov space studied in this paper
is the same as a classical mixed-norm Besov space [14,36] in the sense of equivalent norms.
Of course, this requires further work. Moreover, the theory of homogeneous mixed-norm Besov
spaces is also worth studying, see [14].

(iii) It can be seen from the proof process of (7) that the following conclusion is not tenable:

1B * 9 fll (e

< C £ 4 1Bl supp <z iy 1%, 2173
< Cw (97 f(x),27).
In other words, although it is obvious that formula
W2 (@ (x),277) < W@ (x),27))

holds, the reverse is not true. Therefore, in the previous definition of a Besov space, we
use the definition of a one-order modulus of smoothness instead of a two-order modulus of
smoothness. This corresponds to why we used the equivalent mixed-norm of Besov spaces
under the definition of introducing a one-order modulus of smoothness in Lemma 6. The cost
is that we cannot choose « to be 0 or 1, but only between 0 and 1.

4. Conclusions

The main purpose of this paper is to study the concept of ingredient modulus of
smoothness in component form in Lﬁ(]Rd) and a kind of mixed-norm Sobolev space. We ob-

tain some new properties, inequalities, and auxiliary results in mixed-norm spaces Lﬁ(Rd).
A new concept of mixed-norm Besov space is presented and a new decomposition the-
orem for mixed-norm Besov spaces is established. In theory, difference operators may
be applied to the study of partial differential equations. The ingredient-type difference
operator we introduced can analyze a certain component, so it can be used to solve some
partial differential equations. However, in general, we are also exploring these studies,
because the application of mixed norm in this field is a relatively new subject. In fact, some
differential operators have been studied in these places, see [21]. We hope that our new
results will have broad and sustainable applications in nonlinear analysis, mathematical
physics, mechanics, biology, and future related fields.
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