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Abstract: In the present paper, we first prove a new integral identity. Using that identity, we
establish some fractional weighted midpoint-type inequalities for functions whose first derivatives
are extended s-convex. Some special cases are discussed. Finally, to prove the effectiveness of our
main results, we provide some applications to numerical integration as well as special means.
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1. Introduction

It is well known that convexity is one of the most fundamental principles of analysis
that is widely used in several fields of pure and applied sciences. Especially, in the classical
theory of optimization where convexity causes it to be possible to obtain necessary and
sufficient global optimality conditions; in consumer theory in economics, information
theory as well as in the field of inequalities where the relationship is closely linked. For
papers related to convexity and integral inequalities we refer readers to [1-5].

A real function defined on E is called convex; if for all x,z € E and all a € [0,1],
we have

glax+ (1 —a)z) <ag(x)+ (1 —a)g(z).

We note that all convex function on a finite interval, and [o, @] must satisfy the so
called Hermite-Hadamard inequality (see [6]).

0+ 17 2(0) + g(@)
g( 5 )<w_0!g(x)dx<. (1)

2

Inequality (1) can be seen as a second definition of convex functions equivalent to the
first one for continuous function (see [7]); it is a character of which all convex functions
must satisfy at least the left- or right-hand side.

Pearce and Pecari¢ [8] introduced the following inequality connected with (1)

g<g+zw> - wl_g Zg(x)dx < ‘”;Q (3’(Q)Iq;|g’(@)|‘7)$,

where g > 1.
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Kirmaci [9] proved that, for all function f such that |¢’| or |¢’|? are convex, the follow-
ing inequalities hold:

0+ @ /
(£52) - oL oo <2

where g > 1. Furthermore, they proved the following result

g(@;w) _ wlg Zg(x)dx

s% (pil) p ((3|g’(e>!q + Ig’(wﬂq)% + (lg’(e)lq +3[¢(@ ’q) ;>

whereq,p>1with%—|—%:1.

)\,

<2 20|+ ¢ @

Iscan et al. [10] showed the following midpoint inequalities for P-functions (see (3) below):

f(55) - foes

where ¢ > 1. Furthermore, they proved the following result:

g(e+a)> B wl—e Zg(x)dx
(52) rieer)

g“’lg(bil)i ((\g’(9)|c+ g
Sc@;e(})h) G <(2‘g/(g)|f + |g’(&7)|c)% +(Ig' @] +2|g’(w>|c)%),

where ¢, b > 1 with % +% =1.

Nowadays, fractional calculus has become a popular implement for scientists. It has
been successfully used in various fields of science and engineering see [11-18]. Its main
strength in the description of memory and genetic properties of different materials and pro-
cesses has aroused great interest for researchers in different domains. This innovative idea
of fractional calculus has attracted many researchers in recent years, several generalizations,
extensions, refinements, and finding a counterpart have appeared (see [19-26]).

In [6], Sarikaya and Yildirim established the analogue fractional of inequality (1)
as follows:

o+ 2% 1T (e + 1) " N 2(0) + g(@)
g( 2 )S (@ — 0)" (](uzw)+g(w)+](g?o)g(@)>§2.

<22 (lg@ + ]g’(co)]c)%,

N

al
N——

Furthermore, the authors investigate the following fractional midpoint inequalities for
convex-first derivatives

20&—11" 1
(cvfae;‘) (I?"E‘”ﬁg(‘o) + IZ‘%g(Q)) - g(ezwﬂ

©—q (((@+ D[]+ (x+3)|g @)\
54(a+1)(< 2(a +2) )
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(@ +3)|¢ ()] + (& +1)|¢/(@)|"\ ¥
+( 2(a+2) ) )

and

]“Q+w)+g(w) + ]?g;w)g(g)) - g(Q‘;@) ‘

2

210 (e + 1) < (
g ((Ig’(e)l" +3g/<w>q>5 NE GG 5)

(@ —0)"

<5 ) (5 ;
_‘*je(apjl)’l’ug'(e)\ +1g'(@)]),

where « > 0,p,q > 1 with % + % = 1,T is the gamma function and ]EXQ%@ Land] ‘(ﬂiﬂ are

the Riemann-Liouville integrals (see Definition 1 below). ) -

Motivated by the above results, here, we first prove a new integral identity and, then,
by using this identity, we establish some fractional weighted midpoint-type inequalities for
functions that the first derivatives are extended s-convex functions. We also derive some
known results and, state applications in numerical integration and in special means are
presented to prove the effectiveness of our main results.

The paper is organized as follows. In the next section, we provide some auxiliary
results as a preliminaries. In Section 3, we provide the main results and proofs. In Section 4,
we will provide an applications of our analysis to illustrate our main results. In Section 5,
we conclude our work.

2. Preliminaries

In this section, we recall certain notions concerning special functions, some classes of
convex functions, and the Riemann-Liouville integral operator.

A non-negative function g : E C [0,00) — R is said to be s-convex in the second sense
for some fixed s € (0, 1], if

glax + (1 —a)z) <a’g(x)+(1-a)’g(z), €

holds forall x,z € Eand a € [0,1].
Whereas, a non-negative function g : E — R is said to be P-convex; if for all x,z € E
and alla € (0,1), we have

glax+ (1 —a)z) < g(x) +g(2). 3)

A non-negative function g : E — R is said to be s-Godunova-Levin function, where
€[0,1];ifforall x,z € E,and alla € (0,1), we have

§x) . _8(2) @

glax+ (1—a)z) < pe a-ar

A non-negative function g : E C [0,00) — R is said to be an extended s-convex for
some fixed s € [—1,1];if forall x,z € Eand all a € (0,1), we have

glax + (1 —a)z) <a’g(x)+(1-a)’g(2). ®)

Definition 1 ([12]). Let Q € L'[o, @]. The Riemann-Liouville integrals ]ZQQ and % _ Q) of order
a > 0 with @ > ¢ > 0 are defined by

d
“ 0d) = ﬁf(d—a)“‘lﬂ(a)da, d>o,
Q
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respectively, where

and ]g@(d) =J°_Q(d) = Q(d).

For any complex numbers k, I such that Re(k) > 0 and Re(I) > 0. The beta function is
provided by

1
B(k,1) = /ak*1(1—a)l*1da = Fexn"
0

3. Main Results and Proofs

To prepare the proofs of our main results, we will need the following Lemma.

Lemma 1. Let g : E = [0, @] — R be a differentiable map on 1° (1° is the interior of I), with
0 < @, and letw : [0, @] — R be symmetric as regards 5. If ¢, w € Lo, @], then

Lulg(457) -1 fug)

w@(/pl (aQH_a ) /Pz ( >Q§‘”+aw)da)-

where .
a) = /(1 —b)”‘lw(bg+(1—b)Q+2a)>db, (6)
1
pa(a) = /1—b <bw+(1—b)9+2‘”>db, @)
and
(a20) T ) 9
L e o _ o Le(@) ).
(8] Py (a) I(MTQ) g(@)ﬂ(g%w) (@) (
Proof. Let
I=1—1D, )
where )
b= [ (a0 + -0 )aa
0
and

Integrating by parts I, we obtain

/p1 (IZQ+ l—a)Q—;w)da
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1

=Z[[u—bv1w(w+wl—wgzw)ﬂly(w+wl—wgzw)w

:-2[}u-«w]w(@+«1—m@;“jd4g(w+«1-@@;w)
) z]a(l oo (agt (1- 052 g (a0 (-0 252

|0l 0ot =)als(59)

_ 27(1 —a)“lw<ag+ (1 —a)QZCD)g(aQ—i- (1 —u)Q_;w)da
0

(*27)

a=1

—(wig)+{2w—pf*wwmwwu (10)

(62 ey (5) - (25) g o

Similarly, we have

0+w

P2 a)g’<aw+(l—a) 5 >da

(
[}(1 - b)"‘_lw(bw (- b)QJg(D>db] ¢ (aa) L (1- a)Q—;(D)da

ZT_Q [:/(1 b)“1w<bw+ (1 b)@)db]g(aw+ (1 a)Q+2cD>
2

0+ 0+

(1 —a)“1w<a(i)+ (1 —a)2>g<aa)+ (1—a) 3 )da

a=1

a=0

/ (@— u)“_lw(u)g(u)du (11)
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() e (152) (25) o

2
Substituting (10) and (11) into (9), then multiplying the resulting equality by ((D;Q)

and using (8), we obtain the desired result. [

Theorem 1. Let g : [0, @] — R be a differentiable function on (o, @) such that g’ € L([o, ®])
with 0 < o < @, and let w : [0, @] — R be a continuous and symmetric function as regards Q;w.

If |¢'| is an extended s-convex for some fixed s € (—1,1], then we have

il (45 - ]

2
(@—-0
- 4

(F(s +1)T(w+1)[g' ()] +2T(s +a+1)[g' (42 [+ T(s + )T (a + 1)|g’(w)|)
X s

1wl g,c0),00

I'(s+a+2)

where T is the gamma function.

Proof. Using Lemma 1, the absolute value and s-convexity of |¢’| provide
uls (452 - fws]

g (ag +(1- a)Q—;w) ‘da

g’(aw—i— (1 —a)Q—;w> ‘da)
s(‘off)ZHwHW]M (7 (7(1 - b)"‘_ldb)

0 a

1
+ [Ip2(0)
0

g (aQ +(1- a)Q—;(D) ‘da
da)
#(437) o
o(452))e)

g’(aco+(1—a)gz@>

1

2
S%HWH[Q’@]IW (/(1 — a)rx (as}g/(gﬂ + (1 _a)s

0

2
wi
(@0

) (F(s + 1T (e +1)[g/ ()] +20(s + &+ 1)[g'(%2) [+ T(s + )T (a + 1)|g’(c’0)|)

0,@],00

I'(s+a+2)

Then, the proof is now completed. O

Corollary 1. In Theorem 1, if we use:
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1. s =0, weobtain

ulg( 457 - 1*fug]

(@—0? , ,
<tatar 1) ©lleee I8 (@] 423

2. s =1, weobtain

il (452 - ]
_(@-09? 18'()[ +2(a +1)
a1

_Zoc(ac+1) 2(a+2)

+
(42| + |g'<w>|)
Corollary 2. In Theorem 1, if we use & = 1, we obtain

l ¢ (i‘”) 7w(N)dN - 7w(N)g(N)dN
Q Q

Szl(s,(f;)(i)j-z)" lio.o1,00 (’3 |+2(5+1)81(Q;w)‘+|g’(c@)|>.

Remark 1. In Corollary 2, if we use s € (0, 1], we obtain the first inequality of Corollary 2.2.1
in [27]. Moreover, if we use s = 0 and s = 1, we obtain Corollary 2 and Corollary 3 in [28]
respectively.

Corollary 3. In Theorem 1, if we choose:

1. w(u)= ﬁ, we obtain

(%57 - <co2a—;>“”"‘“>(]?ﬁf>‘g(‘\’> 15|

(eta
“(437)]

@—0
T4 (s+a+2)
+T(s+ I (a +1)|¢' (@)])-

(F(s + DI (a+1)|g"(0)| + 2T (s +a +1)

2. w(u):ﬁandzle,weobtain
+® 1
Q _
‘g( 1) - o s
Q
w—0

(1@ +26+1)

g (ng> ‘ + }g’(w)|>-

Corollary 4. In Theorem 1, using the s-convexity of |g'|, i.e.,

g/(w>’ 8'(0)| + |8’ (@)

2 2 1(1+s) ~

S4(s+2)(s+1)

we obtain

0+ @

fuls (452 - gl
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2—s s+ s a . /
I (e s e [IC R O

Corollary 5. In Corollary 4, if we use:

1. o« =1, weobtain

g(g—;w)/w(N)dN—/w(N)g(N)dN
Q Q
2275 4 1)(@ — 0)*
2. w(u):ﬁ,weobtain

0+ B 201 o «
5(52%) - ooy D e 800 e @)
— 2ST(s+a s o , ,
it (T T )

3. w(u) = ﬁ and « = 1, we obtain

(£52) - oLy o

Remark 2. Corollary 5, the third point will be reduced to Theorem 2.2 in [9] when s = 1.

2275 1
< e s>)<§w+ 77 (8@ + 18/ (@)]).

Theorem 2. Let g : [0, @] — R be a differentiable function on (o, @) such that g’ € L([o, ®])
with 0 < ¢ < @, and let w : [0, @] — R be a continuous and symmetric function with respect to
QJFT‘D. If |¢'|" is an extended s-convex for some fixed s € (—1,1] and q > 1 with % + % =1, then
we have

il (452 - gl

S AL ol g (45)[)", (el (45)]

w0 ,
sa(pat 1y s+1 s+1

where B(.,.) is the beta function.

Proof. Using Lemma 1, the absolute value, Holder’s inequality, and s-convexity of |¢’|, we
obtain

fuls (452 - gl

<@ <7|pl<a>| ¢ (a0t 1= 252 ) la

+ 7|p2(a) g’(a(D+ (1 —a)Q;‘D) da)
0
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S, (ZW)%);(Z ¢ (s (-2
+ (Z|p2(ﬂ)|pda> % (Z g’<aw+(1—a)gzw> qda) E
g“’jﬁ”z 1221 g )0 (Z (Z(l - b)“‘ldb) pda) %
: q
x ( 4 (#lg@l+ @ -arly (45 q)da)
1 ;
([ (etwor s a-wle(252))a)

1
@ —0)? i e )
Iy e
0

L 1

a\ q N

@I+ (52)[\ (Ig@l+[(52)] )

s+1 + s+1
l =
(@0 g@I+ (52" (lg@r+ g (%))
=7 [wllpa)e o + —
da(pa+1)7

The proof is now finished. [

Corollary 6. In Theorem 2, if we use:

1. s =0, weobtain

fuls (452 - 1w

< (@-0°
doa(pa+1)7

X ((fg’(@)\‘“r g’(QZ(D)D; + (\g'(w)|q+ g,(ezw> q);).

2. s=1, weobtain

el (452 - ]

2
(Di
S Gl

doa(pa+1)7

1]l g,01,00

0,0],00
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=

() (o)

2 2

18" (@)|" +

Corollary 7. In Theorem 2, if we use o = 1, we obtain

(g <g;w> 7w(N)dN - 7w(N)g(N)dN
Q Q

(@0 g +[g'(%)[ g@l+ [ (22)]")
—— [l g0}, 00 —— _

= (=

<

Ap+1)7

Remark 3. In Corollary 7, if we assume that s € (0, 1], we obtain Theorem 2.4 in [27]. Moreover,
if we use s = 1, we obtain Corollary 7 in [28], respectively.

Corollary 8. In Theorem 2, if we choose

1. w(u) = ﬁ, we obtain

(%57 - <w2“—;>“”““)< fe) 80+ o 150

= =

1
a\ aq 1
0o [(l8@r+]g(%2%)])" [lg@i+]s' (%)
2. wu) = ﬁand&zl, we obtain
+ @ 1
‘ (QZ )—w_g/g(u)du

1
q T\ 4

0o [(l@I+lg()])" [lg@r+]g(%°)]

Remark 4. Corollary 8, the second point will be reduced to Corollary 6 in [10] when s = 0.

Corollary 9. In Theorem 2, using the s-convexity of |¢'|", i.e.,

g,<e+w> T_ 18" +g' (@)

2 = 27 1(1+4s)
we obtain
+ @
tlg( 452 - 1wy
1

@0 ((1+s+21—s>|g’<e>|q+21—S|g'<w>|‘7>ﬂ
= 1 [o,] 00 2
4a(pa+1)7 (1+5)
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(1 +s)2

" <lelg’(e)lq+ (1+s+2“)|g’<w>|ﬂ>‘%).

Corollary 10. In Corollary 9:

1. Ifweuse x =1, we obtain

‘g(QZa)) 7w(N)dN — 7w(N)g(N)dN
4 4

(1+5)?

1
2 1—s / q 1—s|,/ AN
@ — 1+s+2 +2 @

Ap+1)r

N (2“Ig’(e)|”+ (1+s+2“)|g'<w>|‘7>5)_

(1 +s)2

2. Ifwe choose w(u) = %7@, we obtain

| (“‘” 2w+ ) (e 80+ e (@) )

o) (
1+s+21 )l (0 >|q+z“|g'<w>|">5
pzx—i—l %

(1 +s)2

(21 @+ (145 +2 )¢ (@) )5
(1+5)? '

3. Ifwe choose w(u) = ﬁ and « = 1, we obtain

5(152) -k o

L @-q <<1+s+2“>|g'<e>|q+zlS|g'<w>|q>3
C4(p+1) (1+s)?

N (zl—srg'w)w + (1+s+zl—s>rg'<w>|‘7> )

==

(1+5)?

Remark 5.
1. Corollary 10, the first point will be reduced to Corollary 2.3 in [9] when s = 1.

2. The second point of Corollary 10 will be reduced to Theorem 6 in [6] when s = 1.

3. Corollary 10, the third point will be reduced to Theorem 2.3 in [9] when s = 1.

Corollary 11. In Corollary 9, if we use the discrete power mean inequality, we obtain

fuls (452 - gl

1 1

BCET (””2“) (r ey

= 1 [o.@] 00 2 2 '
2a(pa+1)7 (I+5s)
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Corollary 12. In Corollary 11:

1. Ifweuse x =1, we obtain

| g<9+2‘0> 7'w(N)dN - .7w(N)g(N)dN
Q 0

1 1
FECET) <1+s+22S)q(g%@)wﬂg%w)W)q
= T @],00 2 :
2(p+1)7 : (1+5) 2
2. Ifwe choose w(u) = ﬁf we obtain

$(952) - Z @t 1) (e 80+ e @) )

(@—0)* (%2 (
1 1
<_@—¢ <1+s+22S>ﬂ<|g'<e>|q+|g'<w>|q>q
_2(pzx+1)% (1+s)? 2
3. Ifwechoosew(u):ﬁandazl,weobtain

‘g(ezw) ~ wl_QZg(u)du

L @0 <1+s+22S>3<|g/<e>|‘7+|g’<w>l")?

Toppryr \ (149 2

Theorem 3. Let g : [0, @] — R be a differentiable function on (o, @) such that g’ € L([o,®@])
with 0 < ¢ < @, and let w : [0, @] — R be a continuous and symmetric function with respect to
HT‘O. If |¢'|" is an extended s-convex for some fixed s € (—1,1] and q > 1, then we have

fuls (452 - gl

A Y
S(‘DQ)||w‘|[glw],oo((B(s+1,a+1)’8,(9)|q+

1
+ @
¢(“5°)

1

y

1
a+s+1

q)é),

Proof. Using Lemma 1, the absolute value, power mean inequality, and s-convexity of |g'|,
we obtain

fuls (452 - tfws]
oo <7|p1<a>|

+ 7|p2(a)| g’(a(iH— (1 —a)‘\“;‘”> da)

/(%)

+ (B(s+1,a+1)|g’(w)|q+a+s+1

where B(.,.) is the beta function.

o+w

g <ag +(1-— a)2> ‘da
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q! '
(1—a)*"da
0

(etw
¢(45°)
_ —0) g 1 0+ @
-. _1||w|[g,@],w((B<s+1,a+1>rg’<e>| torer (57

uc(zx+1)1 7

1 + w
* <B(s+1,a+1){g’(@)|‘7+a+s+1‘g’<g 2 )

1
§'(@ )yq/(1 a)*asda +
0

1
‘i)q

The proof is now completed. [J

Corollary 13. In Theorem 3, if we use
1. s = 0, we get
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Smmhwlm ((’8’(@)!‘7 + g’(Q_;(D> q>t1]

)

" (\g’(w)\"+

2. Ifweuses =1, we obtain

g (52 -
(@ —0)? 1, g atl
Sm”wu[gw],w a+2|g (0)] +m

(eta@
#(%37)

q)%

(45
q>$>'

1 / g, a+1
—— ¢ (@
+<a+2‘g( ) +rx+2

3. Ifwe choose a = 1, we obtain

‘g(g;c@) 7w(N)dN - 7w(N)g(N)dN
e e

2 ;
S(w SQ) |w||[g,a)],oo<(s_|_l)2(5_,’_2)) ((‘g,(Q)‘q+(S+1)

1
(et @\ |\
Remark 6. In the third point of Corollary 13, if we assume that s € (0, 1], we obtain Theorem 2.2
in [27]. Moreover, if we use s = 1, we obtain Corollary 12 in [28].

q)%

(et@
/(27)

+ (|g’(w)\"+(s+1)

Corollary 14. In Theorem 3, if we choose:

1. w(u) = QL_Q, we obtain

(452) - ot 0 (e 500+ e 50@))

@ —0) (5 (
S‘O—Qll(<3(s+1,a+1)!g’(e)|q+ g/(q w)
g/(Q;w) q)q

_l’_
H 2
1)

y

4(“ 1) q 06+S+1

+ (B(s—l—l,a—l—l)!g’(c@)‘q—l—

a+s+1

2. Ifwe choose w(u) = ﬁ and « = 1, we obtain

F(e;w) B (Dl_QZg(u)du

Swgg((s+1)2(s+2)>

1

y

=

((lg’<e>|q+<s+1>

(ot
#(*3)
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2)))

Corollary 15. In Theorem 3, using the s-convexity of |¢’|, we obtain

il + i — o)
el (452 - gl < MWHMM

+ (]g’(w)]q +(s+1)

1
q

(1+s)(a+s+1)B(s+1La+1)+2"5 , 21-s ,
8 (( (1+s)(a+s+1) |g(g)|q+(1+s)(oc+s+1)|g(w)|q>

213 , (1+s)(a+s+1)B(s+1La+1)+275 , G
Jr((1%—5)(0¢~H~:+1)|g(Q)|qu (14s)(a+s+1) |8(@)|q) )

Corollary 16. In Corollary 9, if we use:

1. o« =1, weobtain

‘g (QJ;(D> 7w(N)dN - 7w(N)g(N)dN
Q Q

<2 et (rrspn) ()P 210

+ (2175|g/(g)|’1+ (1+21s)|g/(w)|Q);).

=

2. w(u)= ﬁ, we obtain

’g<94;w> B ((DZ"‘_‘;)“F(a +1) (]‘E‘ﬁzw)g(q) + ]‘Eﬁzwﬁg((@)) ’
©-Q (((1+s)(oc+s+1)3(s+1,a+1) 4 ol-s

S4(th—1—1)1 (I+s)(a+s+1) 1§'(0)|
21—5 ’ % 21—5 ,
+(14—3)(06—1—54—1)’8(w)‘q) +((1+S)(N+S+1)’8(Q)’q

s)(a+s s x 1=s %
La+s)(ats+1)B(s+1a+1)+2 |g,(w)’q> )

(I+s)(at+s+1)
3. Ifwechoosew(u):(Diiqanduczl,weobtain
+w 19
Q _
|g( 7)o st
qQ

w—0

<2 <(1+S)2(S+2)>"(((1 +21‘5)|g’(e)!q+21‘s|g’(co)!q)%
+ (27 @+ (1+2'7) yg’((o)\q)‘17>.

Remark 7. Corollary 16, the second point will be reduced to Theorem 5 in [6] when s = 1.
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Corollary 17. In Corollary 15, if we use the discrete power mean inequality, we obtain

L*[w)g(52) - L*[wg]|

1 1
(@ 1) (ats+1) B(s+1,a41)+22-\ 7 ( |¢'(0)|7+¢' (@)[7 \ 7
< ;&;;f;ii’”uﬂ“ga) (B )22 )7 (Y QI )7

Corollary 18. In Corollary 17, if we use:

1. « =1, weobtain

(452 foon o

(@—10)° 142278
=1 e\ Trs+2)

= =

(Y@ +lg @)

2. w(u)= QL_Q, we obtain
5(452) - T+ Jioe) 8@+ g(@))‘
2 (@— (42)"
1
o @—0 ((1+s)(tx+s+1)B(s+l oc+1)+22 s> <|g’(g)|q+|g’(w)|’7)‘7
_2(a+1)1_% (1+s)(a+s+1) 2 '
3. w(u) = ﬁanda =1, we obtain

{(55%) - e o] < 23 () (o s o)’

Remark 8. Corollary 18, the first point will be reduced to Theorem 2 in [8] when s = 1.

4. Applications
4.1. Weighted Midpoint Quadrature

Let Y be the partition of the points ¢ = g < g1 < ... < pu = @ of the interval [o, @],
and consider the quadrature formula

[
Jwawgdun = (g, ¥) + Ro(g,Y),
0
where
"o+ pi i
Mo(8,Y) = Zg(2> /w(u)du
i=0 oi

and Ry (g,Y) is the associated approximation error.

Proposition 1. Let g : [0, @] — R be a differentiable function on (0,@) with0 < ¢ < @and g’
€ Lo, @], and let w : [0, @] — R be symmetric as regards 252 If |¢'| is s-convex function, then
for n € N we have

2—s
Ralg V] < g oy

Tyl Z pis1 — 00 (I8 (00)] + 18/ (i1)])-
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Proof. Applying Corollary 5 on the subintervals [p;, p;+1] (i =0,1,...,n — 1) of the parti-
tion Y, we obtain

' ' Pit1 i1
g<@+jM4)/ammm—h/wWMWMu
©i i

22—5 1 . — i 2
= ( 4(_1+_+)S()p(s+j> z)p ) HwH[p, Qir1ls (‘g i | + | pl+1)|)

Add the above inequalities for all i = 0,1, ...,n — 1 and using the triangular inequality
to obtain the desired result. [

Proposition 2. Let g : [0, @] — R be a differentiable functzon on (0,@) with0 < o < @and g’
€ L'[o, @], and let w : [0, ®] — R be symmetric as regards 52 If |¢'|" is a s-convex function,
then for n € N we have

||ZU|| et 14540228 1 qu l
R(g,Y)| < 99y )P [ 252 (Ig(@ "+ 18 (i) ) |
i (1+5)? 2

Proof. Applying Corollary 12 on the subintervals [p;, p;11] (i = 0,1, ...,n — 1) of the parti-
tion Y, we obtain

n Pi+1 Pi+1
‘g(plzp'ﬂ) /w(u)du— /w(u)g(u)du
oi oi

1 1
< (Bir1— i) T+s4+225 )7 (' (pi)|" + 18/ (piy) |7\ 7
= ] [0ipit1],00 )

2(p+1)r (1+s)? 2

Add the above inequalities for all i = 0,1, ...,n — 1 and using the triangular inequality
to obtain the desired result. [

Proposition 3. Let g : [0, @] — R be a differentiable function on (0,@) with0 < 0 < @and g’
€ L'[o, @], and let w : [0, ®] — R be symmetric as regards 2. If |¢'|" is a s-convex function,
then, for n € N, we have

Y.

[l o0 142275\ 17
IR(g,Y)| <~ ((1+S)S+2> Y (o = 90)? (18 (00" + Ig (910)|")

Proof. Applying Corollary 18 on the subintervals [p;, p;11] (i = 0,1, ...,n — 1) of the parti-
tion Y, we obtain

n i+1 i+1
‘g(p’z@“) /w(u)du— /w(u)g(u)du
oi oi

= (=

pir1 — pi)° 1+277 l
< P ol () (19000 + I8 Er0l)"

Add the above inequalities for alli = 0,1, ...,n — 1 and using the triangular inequality
to obtain the desired result. O

4.2. Application to Special Means

Let g, @ be two arbitrary real numbers:
The Arithmetic mean: ‘o
Ao, @) = 5.
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The Logarithmic mean:

L(o, @)

= o —Ing’ 0,@ >0, 0# .

The p-Logarithmic mean:

L @l —ortt \7 0 dpeRV-1,0
00 = (Gimag) 00> 0 0F 0 mdpeRi-L0)

Proposition 4. Let o, € Rwith0 < ¢ < @, then we have

1
(0o)| < 2t (eha(‘?;‘”)z +@%>.

Proof. Using Corollary 3 for function g(k) = k? whose derivative g'(k) = %k% is
convex. [

’Ai(g,a;)—L

NI NI

NI—

Proposition 5. Let 0,0 € Rwith 0 < ¢ < @, then we have

A(g@) - L (g o) < 272V <<Ze+w>% N (ng);)

0w o

Proof. Applying Corollary 17 with g = 2 to the function g(k) = % whose derivative
¢ (k))* = 1 is P-function. [

5. Conclusions

In this study, we considered the weighted midpoint-type integral inequalities for
s-convex first derivatives using Riemann-Liouville integrals operators, where the main
novelties of the paper are provided by a new identity regarding the weighted midpoint-type
inequalities being presented and some new fractional weighted midpoint-type inequalities
for functions whose first derivatives are s-convex being established. Some special cases are
derived and the applications of our results are provided.
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