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Abstract: For a given mapping f in the framework of different spaces, the fixed-point equations
of the form fx = x can model several problems in different areas, such as differential equations,
optimization, and computer science. In this work, the aim is to find the best proximity point and
to prove its uniqueness on partial metric spaces where the symmetry condition is preserved for
several types of contractive non-self mapping endowed with a graph. Our theorems generalize
different results in the literature. In addition, we will illustrate the usability of our outcomes with
some examples. The proposed model can be considered as a theoretical foundation for applications
to real cases.
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1. Introduction

The increasing interest of fixed-point theory emerges due to its importance as a tool to
solve nonlinear equations. Many problems can be formulated as nonlinear equations of
the form fx = x, where f is a self-mapping. As shown by Banach [1], for every contractive
self-mapping f : X — X, the fixed-point equation fx = x has a unique solution in X.
For more details, we refer to [2-11]. Nevertheless, if f is a non-self mapping, this type
of equation does not necessarily have a solution. In this case, researchers tried different
approaches, where they established an approximate solution that was the nearest possible
point x to fx in the sense of the metric. This approximate point was said to be best proximity
point, which is more general than the fixed point. We note that this solution x is optimal
in the sense that the distance between fx and x is minimum. Recently, the best proximity
point and fixed-point theory have been combined with graph theory. The first initiative
was carried out by Jachymski [12]. He considered metric spaces with the structure of a
graph as a part where the symmetry condition is preserved in relation to the fixed-point
theory of contractive-type mappings. The principle of his work is that the fixed point needs
only to be satisfied on certain pairs of points joined with the edges of the graph. Fixed-
point and best-proximity-point theory on metric spaces with graphs have an application
in diverse sciences, such as computer science and engineering. In fact, fixed-point theory
is used to examine the stability analysis of complex neural networks. A new process of
contraction mapping principle is employed to explore the stability of impulsive cellular
neural networks with time-varying delays [13,14]. Chena et al. [15] introduced a suitable
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complete metric space and a contraction mapping of which the fixed point is a solution
of the system given by a class of impulsive stochastic delayed neural networks and thus
established the exponential stability of this system. Fixed-point theory can be applied also
in a communication network, which can be considered as a space formed by the node
iterative sequences of the path prediction algorithms [16,17]. The theory may be used
to describe the relation of network nodes and reflect the physical relation characteristic
presented by the network in general. The mapping f can be looked at as an operator used
for multiple aspects, such as cost and energy.

Motivated by the importance of the fixed-point theory and its application, especially
when it is coupled with graph theory, we focus in this paper on the best proximity point
theorems on a partial metric space endowed with a graph that is more general than fixed
point. Additionally, the partial metric is very useful in real work since the measure between
two nodes, x and y, such that x = y is not zero. This work can be considered a theoretical
framework for applications to real cases.

In the following section, we will present some preliminary definitions.

2. Preliminaries

First, we start by reminding the reader of the definition of a best proximity point.

Definition 1. Let (X,d) be a metric space, A1 and Ay, two subsets of X, and a mapping f :
Ay — Ap. We denote by d( Ay, Ay) the distance between Ay and Ay as follows:

d(Al,Az) = inf{d(ul,uz) tup € Ay, up € Az}.
An element u € Ay is called a best proximity point of the mapping f if
d(u, fu) = d(Ay, Az). )

The best-proximity-point theory was introduced by Ky Fan [18]. He considered a
continuous mapping F : C — E where E, is a normed linear space and C is a compact
convex subset of E. Ky Fan gave an approximate solution of Fx = x; unfortunately,
his solution was not optimal. Later, many authors established existence and uniqueness
theorems on best proximity point for contractive mapping [19-27].

Definition 2 ([28]). Let X be a nonempty set, and if the function p : X*> — [0, 00) satisfies the
following assumptions for all t,s,w € X

(p) t=s < p(tt) =p(ts) =p(ss),

(p2) p(t,t) < p(ts),

(ps) p(t,s) = p(st),

(pa) p(t,s) < p(t,w) + p(w,s) — p(w, w).

Then, the pair (X, p) is said to be a partial metric space.

Definition 3 ([28]). Consider a partial metric space (X, p). Then,

1. Asequence {a,} in X converges to a point a if and only zfnlglgo plan,a) = p(a,a).

2. Asequence {a,} in X is called to be a Cauchy sequence if n}%rgoo p(an, ay) exists and is finite.

3. (X, p) is called to be complete if each Cauchy sequence {ay } in X converges to a point a € X
and n}rilrgwp(an,am) = p(a,a).

4. Let By(to,d) be an open ball in (X, p). A mapping g : X — X is called to be continuous at
to € X if for each € > 0 there exists 6 > 0, so that g(By(to,d)) C By(gto, €).

Next, we present the definition of the best proximity point in the partial metric spaces
(X, p)-
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Definition 4 ([28]). Let Ay, Ay be nonempty subsets of a partial metric space (X, p) and f :
A1 — A be a given mapping.

1. Wedenote by p(Aq, Az) = inf{p(ay,a2) : a € Ay,a; € A}

2. Anelement u € Ais called a best proximity point for the mapping f if p(u, fu) = p(A1, Az).

Remark 1. For a given map f, a best proximity point of f is a generalization of its fixed point.

Consider the partial metric space (X, p). Let A; and A, be two nonempty subsets of
(X, p); we denote by Ap and By the following sets:

Ag={a1 € A1 :p(ay,a2) = p(A1, Ay) for some ap € Ay} )
By = {a, € Ay : p(ay,az) = p(A1, Ap) for some ay € Aq}. 3)

Note that Ag and By are nonempty sets [29].

Definition 5 ([27]). Let (A1, Ay) be a pair of nonempty subsets of (X, p) such that Ay # . The
pair (A1, Ap) is called to have the P-property if and only if for x1,x2 € Ag and y1,y2 € By

p(x1,y1) = p(Ar, Az) -
P(x;,y;) = p(Ai,Ai) } = p(x1,x2) = p(y1,y2)-

For the convenience of the reader, we recall some basic concepts of graph theory which
we will use later.

Now, let us recall some preliminaries from graph theory. Let (X, p) be a partial metric
space and A = X x X. A graph G is determined by the given of a pair (V,E), where
V = V(G) is a set of vertices coinciding with X and E = E(G) the set of its edges such that
A C E(G). Additionally, we presume that graph G does not contain parallel edges. Graph
G can be seen as a weighted graph by allocating to each edge the distance obtained by the
p-metric between its vertices. Let G ! be the graph defined as follows:

{ E(G™) ={(a

= {(a,b) € X2: (b,a) € E(G)}
V(G =V(G)

It is clear that G~! derives from graph G by reversing the direction of its edges. We denote
by G~1, the graph obtained from G by reversing the direction of its edges that can be
defined as follows. Thereby, we denote by G the undirected graph obtained by ignoring
the direction of edges of G.

Definition 6. Let u and u be two vertices in a graph G. A path in G from u to v of length s
(s € NU{0}) is a sequence (ax);_, of s + 1 distinct vertices such that ay = u, as = v and
(aj,aj41) € E(G) fori =j,2,...,s. Wedenote

[u]N = {v € X : thereis apathin G of length N from u to v}. 4)

Definition 7. ®  If there is a path between any two vertices of a graph G, we say that G is
connected.
o Gis said to be weakly connected if G is connected.

Inspired by the work of Jachymski in [12] and the platform of graph theory that he
introduced, in this paper, we generalize his results to a partial metric space for non-self
mappings. Therefore, the fixed points do not necessarily exist; for this reason, we focus
on the concept of the best proximity point on partial metric spaces endowed with a graph.
Nevertheless, the distance between two vertices of the graph is given by the partial metric.
Then, we can have nonzero self-distance for each vertex. Thereby, the theorems obtained
represent a generalization of some results, and the essential feature of this work is that it is
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a further extension of partial metric spaces with a graph structure on them. In the following
section, we will present our main results.

3. Main Results

Throughout the rest of the document, we consider (X, p) to be a partial metric space,
and G is a directed graph without parallel edges such that X = V(G).

Definition 8. Let Ay and Ay be two nonempty subsets of (X, p). A mapping f : Ay — Ay is
said to be G-contraction if for all x,y € Ay with (x,y) € E(G):

(i) p(fx, fy) < ap(x,y) for some a € [0,1),

.. , =p(A, A
(i ZE; ;})/Cg = ZEAi,Aig } = (x1,y1) € E(G), Vx1,y1 € Ar.

Theorem 1. Let (X, p) be a complete partial metric space, A and B be two nonempty closed subsets
of (X, p) such that (A, B) has the P-property. Let f : A — B be a continuous G-contraction such
that f(Ap) C By. Assume the following condition (C): xo and x; exist in Ay such that there is
a path in Ay between them and p(xq, fxo) = p(A, B). Then, there the sequence {xy },cn exists
with p(xy+1, fxn) = p(A,B)V n € N, and f has a unique best proximity point.

Proof. From condition (C), two points xg and x; in Ay exist such that p(x1, fxo) = p(A, B),
and a path (z)) N, in G between them exists such that the sequence (z{))¥ ; contains points of
Ayp. Subsequently, 28 = xg, zé\] = x7 and (zé,yé“) € E(G) Y0 <i < N. Given that z(l) € Ao,
f(Ap) C Bj and from the definition of Ay, z! € A exists such that p(z}, fz}) = p(4, B). By
proceeding this way, fori = 2,..., N, z} € Ag exists such that p(z}, fz{,) = p(A, B). Since
()N isapathin G, then (z],z}) = (x0,z}) € E(G). From the above, we have p(x1, fxg) =
p(A,B) and p(z1, fz}) = p(A, B). f is a G-contraction; consequently, (x1,z1) € E(G). In
the same way, we obtain

(zi71,2)) € E(G) fori =2,...,N. (5)
Consider x, = z{\] . Therefore, (zll)fi o is a path from x; = z(l) to x, = z{\] . For each
i=2,...,N,as zi € Ap and fz”1 € f(Ap) C By, then by the definition of By there exists
zy € Ag such that p(z}, fz]) = p(A,B). Additionally, we have p(xp, fx1) = p(A,B).
Similar to the above, we obtain
(x2,2}) € E(G) and (z5°1,25) € E(G)Vi=1,2,...,N. (6)
Let x3 = z}'. Then, (z’z)f\i plisa path from z) = x; and z) = x3. By repeating this process,
for all n € N, we create a path (z},)N, from x, = zJ and x,41 = zl), which gives us a
sequence {x, } ey where x,,11 € [x,4]N and p(xu41, fxn) = p(A, B) such that

p(z;H,fz;) =p(AB)Vi=0,..., N. )

From (7) and the P-property, we obtain

p(zi z) = p(fz, N fz ) Vi=1,... N ®)
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By the triangular inequality, we obtain for all n > 0,

p(xn, xup1) = plzn,z)) ©)

IN

p(20,z0) + p(zh, 22) + ...+ p(zN 1, 2N — Z p(z,2)

AN
BN
—~
N
=T
-
N
RN
~

= Y pr(fz fa0). (10)
i=1
Given that f is a G-contraction, for all n € N, (zi;ll,z;_l) € E(G) and according to (10),
we obtain

p(xn, xpi1) < a p(zi;ll,z;fl) Vn € N. (11)

&=

By induction, it results that Vn € N

N . .
P(xn/ xn+1) < o 2 p(zéilrzw = Aa". (12)

N . .
where A = Y p(zf 1, zf).
i=1
Now, we claim that the sequence {x,} is Cauchy. For n,m € N, m > n and from
property (p4) of the partial metric, we have

m—1
p(xn, Xni1) + p(ng1, Xng2) + oo+ P, xm) — Y, p(xi,x;)

p(xn, xm) <
i=n+1
< p(xn Xng1) + p(Xns1, Xng2) + oo+ p(Xm—1, Xm)
< At AT 4 A
= A"(Q+a+...+am "
< o ,
- 11—«

Since & < 1, then . nl}g . p(xn, xm) = 0. Therefore, {x,},cn is a Cauchy sequence and

uy € A exists such that nh_r)rgo Xy = up. From the continuity of f, we obtain fx, —
fu as n — oo. Now, from the continuity of the partial metric function we obtain
p(xy, fx,) converges to p(u, fu) as n —» oco. Since from the all beforementioned, we
have p(x,+1, fxn) = p(A, B) then {p(x,+1, fx) }n is a constant sequence equal to p(A, B).
Finally, we obtain p(u, fu) = p(A, B). Then, ug is a best proximity point of f.

Suppose that there exist s; and s, such that

p(si fs1) = p(AB) (13)
p(sy fs2) = p(A,B). (14)
In order to obtain s; = sy in (X, p), we must prove that p(sq1,s2) = p(s1,51) = p(s2,52).
Knowing that the pair (A,B) has the P-property, using (13) and (14), we obtain

p(s1,s2) = p(fs1, fs2). Since f is a G-contraction, we obtain p(s1,52) = p(fs1, fs2) <
ap(s1,sp) where a < 1. Therefore,

p(s1,52) =0. (15)
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By the triangular inequality, we have
p(si,51) < pls1,82) + plsz,s1) — p(s2,52)
S ZP(SLSZ) _p(52/52)~
———
=0

Thus, p(s1,51) + p(s2,52) = 0, which implies that

p(s1,51) = p(s2,52) = 0. (16)

Finally, (15) and (16) give thats; =s;. O

Example 1. Consider X = [0, c0) and define p : [0, 00) x [0,00) — [0, 00) such that p(a,b) =
max{a,b}. Clearly, p satisfies the properties (p1) — (pa) in Definition 2 and then it is a par-
tial metric. Let A = [3,4] and B = [1,4], two closed subsets of X. It is easy to obtain
p(A,B) = inf{p(x1,x2) : x1 € A,xp € B} = 4. Let us show that the pair (A, B) has the
max{xy,y1} =4 =p(AB)=4

max{xp, y2} =4 =p(A B)=4 }
max{x1,y1} = max{xy, y»}, which gives that max{x1, x2} = max{y1,y2} =4= p(x1,x2) =
p(y1,y2). Then, the pair (A, B) has the P-property. Suppose that the map f : A — B is defined
as follows:

P-property. Let x1,xy € Aand y1,y2 € B such that

Fla) = %,\m € A. (17)
Consider a graph G with V(G) = X and E(G) = {(a,b) € X x X : p(a,b) < 5}. Let us
prove that f is a G-contraction. Consider x,y € A = [3,4], p(fx, fy) = max{fx, fy} =
max{xT“,yTH} = x—|2—1 wlog. Since3 < x < 4and2 < fx < 25, then L <
2> max{x,y}. Therefore, p(fx, fy) < ap(x,y) witha = % < 1. Now, let x1,y; € A
and (x,y) € E(G) such that

p(x1,fx) = p(AB)=4 (18)
p(v1i,fy) = p(AB)=4 (19)

From (18), (19) and the P-property we obtain p(x1,y1) = p(fx, fy) < ap(x,y) < p(x,y).
Since (x,y) € E(G), then p(x,y) < 5, which gives p(x1,y1) < 5; therefore, (x1,y1) € E(G).
Hence, the map f is a G-contraction. Additionally, let xo € Ay, from (2), xg € A = [3,4], and
y € [1,4] exists such that max{xy,y} = p(A,B) = 4. fxo = *o+1 such that 2 < fxg < g
= fxo € B,and x € A = [3,4] exists satisfying max{x, fxo} = p(A, B) = 4; then fxo € By.
Hence, f(Ag) C By. Consider xo,x1 € Ap, and let us check the condition (C). Let xo = 3.5,
x1 = 4and N = 1. Since max{xg,x1} = 4 < 5, then the pair (x9,x1) € E(G). From (17),
fxo = 2.25, and we obtain max{x1, fxo} = max{4,2.25} =4 = p(A, B). Thus, condition (C)
holds. Finally, all of the assumptions of Theorem 1 are satisfied. Hence, a unique best proximity point
u=4¢e A =34 exists that is p(u, fu) = p(A, B) = 4. Indeed, p(4, f(4)) = max{4,2.25} =
4=p(A,B).

As a consequence of Theorem 1, if X = A = B, then we obtain a fixed point instead of
the best proximity point, which generalizes many results in the literature.

Corollary 1. Consider a complete partial metric space (X, p) and a continuous self-mapping f :

X — Xsuch that forall t,s € X, if (t,s) € E(G) then (ft, fs) € E(G) and p(ft, fs) < ap(t,s)

where a € [0,1). Then, the following statements hold:

(i) if (t, fs) € E(G) then { f"(t) } nen converges to a fixed point of f,

(i) if there is xo € X such that (xo, fxo) € E(G) and G is weakly connected, then for all t € X,
{f"(t) }nen converges to a unique fixed point of f.
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Definition 9 ([30]). Let (X, p) be a partial metric space and A,B C X such that A # @ and
B # @. A mapping f : A — B is said to be proximal-contraction if there exists a € [0,1)
such that

plu, fx) +p(fx fy) + p(fy,0) <ap(ry) Yxy e A (20)

satisfying p(u, fx) = dist(A, B) and p(v, fy) = dist(A, B) for some u,v € A.

Definition 10. Let A and Ay be two nonempty subsets of (X, p). A mapping f : Ay — Ay is
called to be Gprox-contraction if for all x1,x, € Ay, with (x1,x2) € E(G):

(i) p(u, fx1) + p(fx1, fx2) + p(fx2,v) < ap(xq,x7) for some u,v € Ayand a € [0,1),

o p(ufx) = p(Ar,Ar)
(ii) p(v, fra) = p(A, Ay) } = (u,v) € E(G), Yu,v € Ay.

Theorem 2. Let (X, p) be a complete partial metric space, and let A and B be two nonempty
closed subsets of (X, p) such that (A, B) has the P-property. Let f : A — B be a continuous
Gprox-contraction such that f(Ag) C Bo. Assume that xo and xy exist in Aq such that there is a
path in Ag between them and p(x1, fxo) = p(A, B). Then, f has a unique best proximity point.

Proof. It is enough to prove that the restriction f| 4, satisfies the conditions of Theorem 1.
Let us start by proving that the map f : A9 — Bpisa (Ap, By) G-contraction mapping into
By. Consider t,s € Ay. From the definition of Ag and By and knowing that f(Ag) C By,
to,so € Ap exists such that p(to, ft) = p(A, B) and p(sp, fs) = p(A, B). Then, using the
P-property of (A, B), we obtain p(to,sg) = p(ft, fs). Hence, by the triangular inequality
we obtain

p(ft fs) = p(to,%0)
< plto ft) + p(ft, fs) + p(fs,s0)
= p(ft. ft) — p(fs, fs)
< plto, ft) + p(ft, fs) + p(fs,so)
< ap(ts).

Therefore, f : Ag — By is a G-contraction mapping. On the other hand, as
p(Ao, By) = p(A, B), then the pair (A, By) has the P-property. Hence, by Theorem 1,
we obtain the uniqueness of the best proximity point of f. [

Next, we propose a new concept of contractive mappings in a partial metric space.

Definition 11. Let (X, p) be a partial metric space; Ay, Ay are two subsets of X and G a directed
graph. A non-self mapping f : Ay — Ajy is said to be proximally G-edge conserving if for each
t1, b, uq, Uiy € A,

(t1,t2) € E(G) }
p(ur, fti) =p(A,A2) ¢ = (u1,u2) € E(G).
p(uz, fta) = p(A1, A2)

Definition 12. Let (X, p) be a partial metric space; Ay, Ay are two subsets of X and G a directed
graph. A non-self mapping f : Ay — Ay is said to be the Gy-proximal C-contraction if there
a € [0,1) exists and for each t1,tp, u1,up € A,

(t1,t2) € E(G) y ;
p(uy, ft1) = p(A1, Az) } = p(uy,uz) < “[P(tl, 2>erp(t2’ ) —2p(Aq, Ay)].

p(uz, fta) = p(Ay, A2)

Theorem 3. Let (X, p) be a complete partial metric space. Let A and B be two nonempty closed
subsets of X such that Ay # @ and let f : A — B a mapping satisfying the following properties:
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(i) f is proximally G-edge conserving continuous and Gp-proximal C-contraction such that

f(Ao) C By,
(ii) wp, w1 € Ag, p(wy, fwy) = p(A, B) exists and (wy, w1) € E(G).

Then, f has a best proximity point in A, and there exists u € A such that p(u, fu) = p(4A, B).
Moreover, the sequence {w, } defined by p(wy,, fw,—1) = p(A, B) Vn € N converges to u.

Proof. From the property (ii), wo, wq € Ap exist such that
p(wq, fwog) = p(A, B) and (wg, w1) € E(G). (21)
Since f(Ao) C By, we have fw; € By; then, by definition of By, wp € Ay exist such that

p(wa, fwy) = p(A, B). (22)

By the proximal G-edge preserving of f and from (21) and (22), we obtain (wq,w;) € E(G).
Similarly, we create the sequence {w;, } in Aj such that

p(wn, fw,—1) = p(A, B) and (w1, w,) € E(G) ¥n € N. (23)

Let us establish that the sequence {wy, } is Cauchy. We notice that if ny € N, exists such
that wy, = wy,1, then from (23) wy, is a best proximity point of f. Let us suppose that
w,_1 # wy Vn € N. Since f is G-proximal C-contraction, we have for eachn € N

(wp—1,w) € E(G)
p(wn, fw,—1) =p(AB) » =
p(wyi1, fwy) = p(A,B)

p(wn, wyy1) < a[P(w”*l’w”“z) TP @) (B
< a[p(wnflrwiﬂ»lz) + p(wn/ wn)]

Using the property (ps) of the partial metric, we obtain p(wy,_1, wy11) < p(wy—1, wy) +
p(wWn, Wy 1) — p(wy, wy). Therefore,

P(wn/ wn+1) < [p(wn—lz wn) + P(wn/ wn-}-l)]

N R

which gives

o o
(1 - E)p(wnrwn+1) < Ep(wnflzwn)-
Then,
/2
p(wn, Wyy1) < ——5—p(Wy_1,wn) = kp(wy_1,wn), (24)
a-%)
where k = Lza <1
-3

By induction, we obtain

p(wn, wni1) < k"p(wo, wy) Yn € N. (25)
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From (25), for each n,m € N with m > n and by the triangular inequality we have
p(wn,wm) < p(wn, Wyi1) + p(Wny1, Wpi2) + ... +

m—1
+ p(wmflrwm)_ Z p(wi/wi)
i=n+1

m—1
Y p(wj, witq)

i=n

m—1
S Z klp(w()/wl)
i=n
n
< mp(wo,wl) — 0asn — co.

IN

Then, the sequence {wy} is Cauchy. Since A is closed, there exists uy € A such that

hgl wy, = up. Then, by the continuity of f, fw, converges to fuy. Since the partial metric
n o]

is continuous, we obtain
p(wpi1, fwn) — p(u, fu) asn — oco. (26)

Using (23), we obtain that p(u, fu) = p(A, B). Hence, the point u is a best proximity point
of fin A.

To prove the uniqueness, consider t,5 € A two of the best proximity points of the
mapping f. Then, (t,5) € E(G) and p(t, ft) = p(s, fs) = p(A, B). Since f is Gp-proximal
C-contraction,

p(ts) < Slp(ts)+ plst)] —2p(4,B)
< ap(t,s).

Therefore, p(t,s) = 0. On the other hand, the triangular inequality of the partial metric
we obtain p(t,t) < p(t,s) + p(s,t) — p(s,s), which implies that p(t,t) + p(s,s) = 0 =
p(t, t) = p(s,s) = 0. Given that p(t,s) = 0, we obtaint =s. [

4. Conclusions

In conclusion, we want to introduce some open questions.

Question 1: Let (X,m) be a complete M-metric space, and A and B be two nonempty
closed subsets of (X, m). Let f : A — B be a nonself continuous G-contraction satisfying
the assumptions of Theorem 1. Does f have a unique best proximity point?

Question 2: Let (X, p) be a partial metric space. A mapping f : X — X is said to be an
expanding if p(fx1, fxa) > A(x1,x2) Vxq1,x2 € X where A > 1. Does f have a unique best
proximity point ?

Author Contributions: Conceptualization, A.A., N.S., K.M. and N.M.; methodology, A.A.; investi-
gation, W.S.; writing—original draft preparation, A.A., N.S., KM. and N.M.; supervision, K.M. and
N.M. All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.
Data Availability Statement: Not applicable.

Acknowledgments: The authors A. Aloqaily, N. Mlaiki, and W. Shatanawi would like to thank Prince
Sultan University for paying the publication fees for this work through TAS LAB.



Symmetry 2023, 15, 611 10 of 11

Conflicts of Interest: The authors declare no conflict of interest.

References

1.  Banach, S. Sur les opérations dans les ensembles abstraits et leur applications aux équations intégrales. Fundam. Math. 1922, 3,
133-181. [CrossRef]

2. Radenovi¢, S.; Chandok, S.; Shatanawi, W. Some cyclic fixed point results for contractive mappings. Bull. Nat. Sci. Res. 2016, 6, 2.
[CrossRef]

3.  Shatanawi, W.; Pitea, A. Best Proximity Point and Best Proximity Coupled Point in a Complete Metric Space with (P)-Property.
Filomat 2015, 29, 63-74. [CrossRef]

4. Shatanawi, W.; Pitea, A. Some coupled fixed point theorems in quasi-partial metric spaces. Fixed-Point Theory Appl. 2013, 1, 157.
[CrossRef]

5. Souayah, N.; Mrad, M. Some Fixed Point Results on Rectangular Metric-Like Spaces Endowed with a Graph. Symmetry
2019, 11, 18. [CrossRef]

6. Acar,O,; Aydi, H.; De la Sen, M. New Fixed Point Results via a Graph Structure. Mathematics 2021, 9, 1013. [CrossRef]

7. Acar, O.; Altun, I. Multivalued F-contractive mappings with a graph and some fixed point results. Publ. Math. 2016, 88, 305-317.
[CrossRef]

8. Nazam, M.; Ameer, E.; Mursaleen, M.; Acar, O. Nonlinear Inequalities and Related Fixed Point Problems. J. Math. Inequal. 2021,
15, 941-967. [CrossRef]

9.  Asadi, M,; Karapinar, E.; Salimi, P. New extension of p-metric spaces with some fixed point results on M-metric spaces. |. Inequal.
Appl. 2014, 2014, 18. [CrossRef]

10. Ullah, N.; Khan, M.B.; Aloraini, N.; Treanta, S. Some New Estimates of Fixed Point Results under Multi-Valued Mappings in
G-Metric Spaces with Application. Symmetry 2023, 15, 517. [CrossRef]

11.  Alogqaily, A.; Sagheer, D.-E.-S.; Urooj, I.; Batul, S.; Mlaiki, N. Solving Integral Equations via Hybrid Interpolative RJ-Type
Contractions in b-Metric Spaces. Symmetry 2023, 15, 465. [CrossRef]

12.  Jachymski, J. The contraction principle for mappings on a metric space with a graph. Proc. Am. Math. Soc. 2008, 136, 1359-1373.
[CrossRef]

13.  Zhang, Y.; Luo, Q. Global exponential stability of impulsive cellular neural networks with time-varying delays via fixed-point
theory. Adv. Differ. Equ. 2013, 2013, 23. [CrossRef]

14.  Zhoun, L.; Zhang, Y. Global exponential stability of a class of impulsive recurrent neural networks with proportional delays via
fixed-point theory. . Frankl. Inst. 2016, 353, 561-575.

15. Chena, G.; Gaansa, O.N.; Lunel, S.V. Fixed points and pth moment exponential stability of stochastic delayed recurrent neural
networks with impulses. Appl. Math. Lett. 2014, 27, 36—42. [CrossRef]

16. Hui, L,; Jun, Z.; Cheng, L.L. Application Examples of the Network fixed-point theory for Space-air-ground Integrated Communi-
cation Network. In Proceedings of the International Congress on Ultra Modern Telecommunications and Control Systems and
Workshops (ICUMT), Moscow, Russia, 18-20 October 2010.

17.  Souayah, N.; Mlaiki, M.; Mrad, M. The G;;-contraction principle for mappings on M-metric spaces endowed with a graph and
fixed point theorems. IEEE Access 2018, 6, 25178-25184. [CrossRef]

18. Fan, K. Extensions of two fixed point theorems of E. E. Browder. Math. Z. 1969, 122, 234-240. [CrossRef]

19. Abdeljawad, T.; Alzabut, ].O.; Mukheimer, A.; Zaidan, Y. Best Proximity Points For Cyclical Contraction Mappings with
0-Boundedly Compact Decompositions. J. Comput. Anal. Appl. 2013, 15, 678-685.

20. Abdeljawad, T.; Alzabut, J.O.; Mukheimer, A.; Zaidan, Y. Banach contraction principle for cyclical mappings on partial metric
spaces. Fixed-Point Theory Appl. 2012, 2012, 154. [CrossRef]

21. Alghamdi, M.A.; Shahzad, N.; Vetro, F. Best proximity points for some classes of proximal contractions. Abstr. Appl. Anal. 2013,
2013, 713252. [CrossRef]

22.  Aydi, H,; Felhi, A. On best proximity points for various a-proximal contractions on metric-like spaces. J. Nonlinear Sci. Appl. 2016,
9, 5202-5218. [CrossRef]

23.  Kumam, P; Salimi, P; Vetro, C. Best proximity point results for modified a-proximal C-contraction mappings. Fixed-Point Theory
Appl. 2014, 2014, 99. [CrossRef]

24. Shatanawi, W. Best proximity point on nonlinear contractive condition. J. Phys. Conf. Ser. 2013, 435, 012006. [CrossRef]

25. Souayah, N.; Aydi, H.; Abdeljawad, T.; Mlaiki, N. Best Proximity Point Theorems on Rectangular Metric Spaces Endowed with a
Graph. Axioms 2019, 8, 17. [CrossRef]

26. Sultana, A.; Vetrivel, V. Best proximity points of contractive mappings on a metric space with a graph and applications. Appl. Gen.
Topol. 2017, 18, 13-21. [CrossRef]

27. Sankar, R.V. Best proximity point theorems for non-self mappings. Fixed-Point Theory 2013, 14, 447-454.

28. Pant, R.; Shukla, R.; Nashine, H.K.; Panicker, R. Some New Fixed Point Theorems in Partial Metric Spaces with Applications.

J. Funct. Spaces 2017, 2017, 1072750. [CrossRef]


http://doi.org/10.4064/fm-3-1-133-181
http://dx.doi.org/10.5937/univtho6-11813
http://dx.doi.org/10.2298/FIL1501063S
http://dx.doi.org/10.1186/1687-1812-2013-153
http://dx.doi.org/10.3390/sym11010018
http://dx.doi.org/10.3390/math9091013
http://dx.doi.org/10.5486/PMD.2016.7308
http://dx.doi.org/10.7153/jmi-2021-15-65
http://dx.doi.org/10.1186/1029-242X-2014-18
http://dx.doi.org/10.3390/sym15020517
http://dx.doi.org/10.3390/sym15020465
http://dx.doi.org/10.1090/S0002-9939-07-09110-1
http://dx.doi.org/10.1186/1687-1847-2013-23
http://dx.doi.org/10.1016/j.aml.2013.08.005
http://dx.doi.org/10.1109/ACCESS.2018.2833147
http://dx.doi.org/10.1007/BF01110225
http://dx.doi.org/10.1186/1687-1812-2012-154
http://dx.doi.org/10.1155/2013/713252
http://dx.doi.org/10.22436/jnsa.009.08.06
http://dx.doi.org/10.1186/1687-1812-2014-99
http://dx.doi.org/10.1088/1742-6596/435/1/012006
http://dx.doi.org/10.3390/axioms8010017
http://dx.doi.org/10.4995/agt.2017.3424
http://dx.doi.org/10.1155/2017/1072750

Symmetry 2023, 15, 611 11 of 11

29. Kirk, W.A; Reich, S.; Veeramani, P. Proximinal retracts and best proximity pair theorems. Numer. Funct. Anal. Optim. 2003, 24,
851-862. [CrossRef]
30. Sadiq, B.S. Extensions of Banach’s contraction principle. Numer. Funct. Anal. Optim. 2010, 31, 5. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1081/NFA-120026380
http://dx.doi.org/10.1080/01630563.2010.485713

	Introduction
	Preliminaries
	Main Results
	Conclusions
	References

