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Abstract

:

This paper focuses on computational technique to solve linear systems of Volterra integro-fractional differential equations (LSVIFDEs) in the Caputo sense for all fractional order   lins in   0 , 1     using two and three order block-by-block approach with explicit finite difference approximation. With this method, we aim to use an appropriate process to transform our problem into an analogous piecewise iterative linear algebraic system. Moreover, algorithms for treating LSVIFDEs using the above process have been developed, in order to express these solutions. In addition, numerical examples for our scheme are presented based on various kernels, including symmetry kernel and other sorts of separate kernels, are used to illustrate the validity, effectiveness and applicability of the suggested approach. Consequently, comparisons are performed with exact results using this technique, to communicate these approaches most general programs are written in Python V 3.8.8 software     2021    .
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1. Introduction


A branch of mathematics known as Fractional Calculus (FC) may be thought of as the extension of integration and differentiation to arbitrary non-integer order. In the last few decades, there has been an increasing interest in the study of FC which is a valuable tool of applied mathematics for studying a variety of problems arising from the modeling of many phenomena in several branches of science and engineering, including mathematical physics, finance, hydrology, biophysics, thermodynamics, control theory, statistical mechanics, as well as astrophysics, cosmology and bioengineering, which are just a few of the real-world applications of fractional calculus (see, for instance, [1,2,3,4,5,6,7,8,9,10]). All modeling is based on the description of their properties in terms of fractional derivatives, naturally leading to the formation of fractional differential equations (FDEs) or fractional integro-differential equations (IFDEs). The fractional equations have attracted the interest of mathematicians and other scientists, leading to increased study of the FDE or IFDE solutions or a system of these in recent years [11,12,13,14]. Few of these equations can be solved explicitly, hence numerical approaches that are acceptable mixtures of numerical integrations and interpolation must often be used [15,16].



In addition, various research has been published for the creation of new techniques for finding numerical or approximate solutions, such as the Adomian decomposition method [17], homotopy perturbation method [18], collocation method [19] and Jacobi operational matrix method [20]. Muna, M. Mustafa and Thekra A. Latiff [21] used two and three points of the block-by-block method for solving the Volterra integral equations with delay. Katani and Shahmorad [22] used it to solve the systems of nonlinear Volterra integral equations. Miran and Shazad [23] applied the block-by-block method to solve linear Volterra integro fractional differential equations with a constant time-delay of retardation. Moreover, Atefa J. Salih [24] used second, third and fourth order block-by-block method for solving systems of nonlinear Volterra integro-differential equations.



In this work, the scheme was treated using a new procedure for finding the solutions of LSVI-FDEs based on explicit central finite difference approximation via the block-by-block method combined with adaptive Simpson’s method. The first step was described, summarized in a decent algorithm, and, ultimately, a computer program using Python-software was built.



The rest of this paper is structured as follows. After this introduction, definition of the work problem is presented in Section 2. Key properties with lemmas as well as some definitions and introductions to fractional calculus are offered in Section 3, and we outline the formulation of the essential quadrature formula principles that are applicable to our study. Section 4 derives the new scheme, which is based on the block-by-block method with explicit finite difference approximation. In Section 5, the performance of the suggested method is presented together with acceptable numerical results. The article concludes in Section 6 with conclusions.




2. Definition of the Problem


The goal of this paper is to provide a numerical scheme for solving a fractional order linear system Volterra integro-fractional differential equations (LSVIFDEs) of Caputo sense with variable coefficients in the following general form, for each   i =  0 , 1  , 2 , … , m :  


      D      a   c     x     α   i n       y   i     x   +    ∑  k = 1   n − 1       P   i k     x       D      a   c     x     α   i ( n − k )         y   i     x   +   P   i n     x     y   i     x   =   f   i     x   +    ∑  j = 0   m       λ   i j     ∫  a   x      K   i j     x , t       D      a   c     t     β   i ( m − j )       y   j   ( t ) d t     .  



(1)







Together, with the initial conditions:


        D   x     𝓋   i       y   i     𝓍       x = a   =   y   i   𝓋   i     ,   𝓋   i   =  0 , 1  , … ,   μ   i   − 1 .  



(2)







The variable coefficients     P   i k     x   ∈ C ( R )  , which are real continuous functions, with     P   i 0     x   = 1   for all   i =  0 , 1  , 2 , … , m   and   k =  0 , 1  , … , n .   The fractional order         α   i k   ,   β   i j     ∈ (  0 , 1  ]     have the property that:     α   i n   >   α   i ( n − 1 )   > ⋯ >   α   i 1   >   α   i 0   = 0   and     β   i m   >   β   i ( m − 1 )   > ⋯ >   β   i 1   >   β   i 0   = 0  . For all   i =  0 , 1  , 2 , … , m ,   the     μ   i   =   max  ⁡      m   i k   α   ,   m   i j   β         for all   j =  0 , 1  , 2 , … , m   and   k =  0 , 1  , 2 , … , n   where     m   i k   α   − 1 <   α   i k   ≤   m   i k   α     and     m   i j   β   − 1 <   β   i j   ≤   m   i j   β   .   Furthermore,     y   i   ( 𝓍 )   are the     m + 1    -unknown real continuous functions which are the solution of LSVIFDEs (1), as well as, the functions     f   i   ∈ C     a , b   , R     and     K   i j   ∈ C ( S , R )   with   S =     𝓍 , t   : a ≤ t , 𝓍 ≤ b     given functions.     λ   i j     are the scalar parameter for all   i =  0 , 1  , 2 , … , m   and   j =  0 , 1  , 2 , … , m  .




3. Preliminaries


3.1. Fractional Operators


In this segment, we first review the most common definitions and properties of fractional integration and derivatives with recall certain lemmas which will be used throughout this article. There are various definitions of fractional integration of real arbitrary order in the literature; however, they may not all be equivalent. The most popular definition is that of Riemann–Liouville, and it is as follows, while we begin by defining function space     C   γ   , γ ∈ R  .



Definition 1 

([25]). A real valued function   y ( x )   defined on   [ a , b ]  , be in the space     C   γ     a , b   , γ ∈ R   if there exists a real number   p > γ  , such that   y   x   =     x − a     p     y   *     x   ,   where     y   *   ∈ C   a , b   ,   and it is said to be in the space     C   γ   n     a , b    , if     y   ( n )   ∈   C   γ     a , b   , n ∈   N   0    .





Definition 2 

([26]). The operator       J      a      x   α   y   is the Riemann–Liouville fractional integral (R-L) of order   α ∈   R   +     of a function   y ∈   C   μ   , μ ≥ − 1   on a closed bounded interval   [ a , b ]   is defined as:


      J      a      x   α   y   x   =         1   Γ   α       ∫  a   x        x − ϑ     α − 1   y   ϑ   d ϑ   ,   α > 0       y   x   ,   whenver α = 0        








for all   α , β ≥ 0   have a semi-group property, that is:       J      a      x   α       J      a      x   β   y   x     =   J      a      x   α + β   y   x   =     J      a      x   β       J      a      x   α   y   x    . Respectively, here   Γ   represents the Euler’s Gamma function.





Definition 3 

([4,26]). The Caputo fractional derivative operator       D      a   C     x   α     of order   α ∈   R   +     of a function   y ∈   C   − 1   m     on the closed bounded interval   [ a , b ]   and   m − 1 < α ≤ m , m ∈   Z   +     is defined as:


      D      a   C     x   α   y   x   =           J      a      x   m − α       D   x   m   y   x               =   1   Γ   m − α       ∫  a   x        x − ϑ     m − α − 1     y     m       ϑ   d ϑ ,   α > 0 , x > a       y   x   ,   whenever   α = 0         y     m       x   ,   If α = m   ∈   Z   +       and   y ∈   C   m     a , b          













Additionally, for   α > 0  , the Caputo fractional derivative of a constant function is equal to zero, it means       D   𝓍   α   A =      a   c   0 ,   for any constant   A .   If   y ( x )   is continuous   α ≥ 0   with   n − 1 < α ≤ n , n ∈ N ,   then       D      a   C     x   α       J      a      x   α   y   x   = y   x   , x ∈   a , b    . Additionally, assume that   α ≥ 0 , y ( x ) ∈   C     α       a , b   ,   then


      J      a      x   α       D      a   C     x   α   y   x   = y   x   −   ∑  k = 0     α   − 1        y     k       a     k !       x − a     k      











Lemma 1 

([26]). Let   y   𝓍   =   ( 𝓍 − a )   v   , v ≥ 0   and The Caputo derivative of order   α ≥ 0   is given by:


      D      a   C     𝓍   α   y   𝓍   =       0               if   v ∈ {  0 , 1  , 2 , … ,   α   − 1 }         Г   v + 1     Г   v + 1 − α         𝓍 − a     v − α       if   v ∈ N and v ≥   α                       or   v ∉ N   and   v >   α   − 1             













Lemma 2 

([14]). Let   α ≥ 0 , α ∉ N   and   m =   α   .   Moreover, assume that   y ∈   C   − 1   m     a , b   .   Then the Caputo fractional derivative       D      a   C     x   α   y   x     is continuous on     a , b     and           D      a   C     x   α   y   x       x = a   = 0 .  





Lemma 3 

([26,27]). The finite difference approximation of Caputo derivative for   0 < α ≤ 1   at given points   x = x ; r =  0 , 1  ,   … , N − 1   and   h =   ( b − a )  /  N ,   ( N ∈   Z   +   )   is of the form


      D      a   C     x   α   y     x   r + 1     =     h   − α     Γ ( 2 − α )      ∑  s = 0   r       y     x   r − s + 1     − y     x   r − s         b   s   α      








where     b   s   α   =   ( s + 1 )   1 − α   −   s   1 − α    .





Lemma 4 

([23]). For any   p  -orders of block-by-block methods the Caputo fractional derivative of order   0 < α ≤ 1   for any smooth function   y ( x )   on     a , b    , can evaluate it at any points   x =   x   r p + ϑ     for each   r =  0 , 1  ,   … , N − 1 ( N ∈   Z   +   )   with   ϑ =  1 , 2  ,   … , p   by the following formula:


              D      a   C     x   α   y   x       x =   x   r p + ϑ                   =         h  −      − α     Γ   2 − α         y     x   r p + ϑ       − y (   x   r p + ϑ − 1   ) ] +    ∑  s = 1   p r + ϑ − 1         y ( x   r p + ϑ − s   ) −   y ( x   r p + ϑ − ( s + 1 )   )     b   s   α            








where     b   s   α   =   ( s + 1 )   1 − α   −   s   1 − α   ,   h  −  =   b − a   p N   , p ∈   Z   +    .






3.2. Review Some of Integrated Formulas: [23,24,25,28]


In this section we explain the most important rules in quadrature formulas which are Simpson’s     1   3   h   and Adaptive Simpson’s rules. The following formula is derived by using adaptive Simpson’s rule:


    ∫    x   r       x   r + 1      f ( x ) d x   ≅   h   6     f (   x   r   ) + 4 f (   x   r + 1 / 2   ) + f (   x   r + 1   )    



(3)




where   f (   x   r + 1 / 2   )   can be found from the Newton-Gregory Forward-Difference formula:


    P   n     x   =   f   r   +     s   1     ∆   f   r   +     s   2       ∆   2     f   r   +     s   3       ∆   3     f   r   + ⋯ +     s   n       ∆   n     f   r    








where


    f   r   = f     x   r     ,   x   s   =   x   r   + s h , s =   x −   x   r     h   ;   ∆   n     f   r   =   ∆   n − 1     f   r + 1   −   ∆   n − 1     f   r   ; n ≥ 1  











Hence putting   s =   1   2     and   n = 2   so to interpolate   f     x   r + 1 / 2       by     P   2     x =   x   s      , thus:


  f     x   r + 1 / 2     ≅   P   2     x +   1   2   h   =   3   8     f   r   +   3   4     f   r + 1   −   1   8     f   r + 2    



(4)







If we take   n = 3   and also interpolate   f     x   r + 1 / 2       by     P   3     x =   x   s       we obtain:


  f     x   r + 1 / 2     ≅   P   3       x   r   +   1   2   h   =   1   16     5   f   r   + 15   f   r + 1   − 5   f   r + 2   +   f   r + 3      



(5)









4. Proposed Method


The main objective of this section is to create a new strategy for treating the equation LSVIFDE which build by combining block-by-block techniques of difference block orders (two and three) with aid of forward finite difference approximation. The general form:


      D      a   c     x     α   i n       y   i     x   +    ∑  k = 1   n − 1       P   i k     x       D      a   c     x     α   i ( n − i )         y   i     x   +   P   i n     x     y   i     x   =   f   i     x   +    ∑  j = 0   m       λ   i j     ∫  a   x      K   i j     x , t       D      a   c     t     β   i ( m − j )       y   j   ( t ) d t      











Now, for all fractional orders       α   i n     a n d     β   i m       lies in      0 , 1     , thus     μ   i   =   max  ⁡        α   i n     ,     β   i m         = 1   so the conditions (2) become:     y   i     a   =   y   i 0     ∈ R   , for   all   i =  0 , 1  , 2 , … , m   on the range   a ≤ x ≤ b  .



In our techniques, we begin by dividing the interval     a , b     into   N  -equal sub-intervals, each of them is then divided into   p  -subinterval,   p   is any positive integer number, on length   h   such that:   h =     b − a    /  N p    . Also, for   p r < s ≤ p   r + 1   ; r =  0 , 1  , 2 , … , N − 1   and set   x =   x   s     in system (1), so we can write:


              D      a   c     x     α   i n       y   i     x       x =   x   s         +    ∑  k = 1   n − 1       P   i k       x   s               D      a   c     x     α   i   n − k         y   i     x       x =   x   s     +   P   i n       x   s       y   i       x   s            =   f   i       x   s     +    ∑  j = 0   m       λ   i j     ∫  a     x   p r        K   i j       x   s   , t       D      a   c     t     β   i   m − j         y   j     t   d t            +    ∑  j = 0   m       λ   i j     ∫    x   p r       x   s        K   i j       x   s   , t       D      a   c     t     β   i   m − j         y   j     t   d t          



(6)




where     P   i 0     x   = 1   for all   i =  0 , 1  , 2 , … , m .   Now, by applying the block-step idea [23,24], at each sub-interval in the points   x =   x   p r + 1   ,   x   p r + 2   ,   x   p r + 3   , … ,   x   p r + p   =   x   p ( r + 1 )     for each   p  -blocks order at each subinterval       x   p r   ,   x   p   r + 1         for each equations in the system (1). Apply the Lemma 4 for all fractional parts in the left-hand sides of our equation and we use the quadrature rules to approximate the integral terms: Simpson’s     1   3   h   and Adaptive Simpson’s rules, respectively. Noting that the first integral is vanishes at   r = 0  .



4.1. Two-Block Method


Using the basic technique for the two-block method, where   p = 2   and for each equations, thus for each index   r =  0 , 1  , 2 , … , N − 1  , Simpson’s rule may be used to integrate over     a ,   x   2 r      ; at points     x   2 r   ,   x   2 r + 1     a n d     x   2 r + 2    , a quadratic interpolation polynomial is used to approximate the integrand over the interval       x   2 r   ,   x   2 r + 1      ; and Simpson’s rule can also be used to integrate over       x   2 r   ,   x   2 r + 2      . Furthermore, we approximate the fractional differential by using forward difference in Lemma 4 also using Equations (3) and (4). Thus, after some manipulations on system (6) we obtain the following two basic blocks. For each   i =   0 : m  ¯    and for each   r =   0 , N − 1  ¯   : The First block at point   ( 2 r + 1 )   became:


             G      C   0     n , 1   i , α     r   −     λ   i i   h   6     4     H   m , i   i , β   K   i   i       x   2 r + 1   ,   t   2 r + 1 / 2         3   4   −   1   8     C   m , i   i , β     1     +     H   m , i   i , β   K   i   i       x   2 r + 1   ,   t   2 r + 1           y   i , 2 r + 1                +     λ   i i   h   12       H   m , i   i , β     K   i   i       x   2 r + 1   ,   t   2 r + 1 / 2         y   i , 2 r + 2               −   h   6      ∑  j = 0 , j ≠ i   m         λ   i j     4     H   m , j   i , β   K   j   i       x   2 r + 1   ,   t   2 r + 1 / 2         3   4   −   1   8     C   m , j   i , β     1     +     H   m , j   i , β   K   j   i       x   2 r + 1   ,   t   2 r + 1             y   j , 2 r + 1               +   h   12      ∑  j = 0 , j ≠ i   m         λ   i j     H   m , j   i , β     K   j   i       x   2 r + 1   ,   t   2 r + 1 / 2           y   j , 2 r + 2          =   F   r , 1   i   +       G      C   0     n , 1   i , α     r   −     P   n   i     r         1       y   i , 2 r   −   h   6      ∑  j = 0   m       λ   i j     4   H   m , j   i , β     K   j   i       x   2 r + 1   ,   t   2 r + 1 / 2         3   4   −   1   8     B   m , j   i , β     1     +     H   m , j   i , β   K   j   i       x   2 r + 1   ,   t   2 r + 1         y   j , 2 r                  −    ∑  ℓ = 1   2 r         y   i , 2 r − ℓ + 1   −   y   i , 2 r − ℓ           G      B   ℓ     n , 1   i , α     r   −     P   n   i     r         1              +    ∑  j = 0   m       λ   i j   {    h   3      ∑  d = 1   2 r       w   d       H   m , j   i , β   K   j   i       x   2 r + 1   ,   t   d          ∑  ℓ = 0   d − 1         y   j , d − ℓ   −   y   j , d − ℓ − 1       B   m , j   i , β     ℓ                         +   h   6   (    H   m , j   i , β     K   j   i       x   2 r + 1   ,   t   2 r          ∑  ℓ = 0   2 r − 1         y   j , 2 r − ℓ   −   y   j , 2 r − ℓ − 1       B   m , j   i , β     ℓ                    + 4   H   m , j   i , β     K   j   i   (   x   2 r + 1   ,   t   2 r + 1 / 2   ) [    3   8      ∑  ℓ = 0   2 r − 1         y   j , 2 r − ℓ   −   y   j , 2 r − ℓ − 1       B   m , j   i , β     ℓ     +   3   4      ∑  ℓ = 1   2 r         y   j , 2 r − ℓ + 1   −   y   j , 2 r − ℓ       B   m , j   i , β     ℓ                     −   1   8      ∑  ℓ = 2   2 r + 1         y   j , 2 r − ℓ + 2   −   y   j , 2 r − ℓ + 1       B   m , j   i , β     ℓ      ] +   H   m , j   i , β     K   j   i       x   2 r + 1   ,   t   2 r + 1          ∑  ℓ = 1   2 r         y   j , 2 r − ℓ + 1   −   y   j , 2 r − ℓ       B   m , j   i , β     ℓ        )  }      



(7)







The Second block at point   ( 2 r + 2 )   became:


              G      C   1     n , 2   i , α     r   −     P   n   i     r         2     −     λ   i i   h   3         w  −    2 r + 1       H   m , i   i , β   K   i   i       x   2 r + 2   ,   t   2 r + 1       +   w  −    2 r + 2       H   m , i   i , β   K   i   i       x   2 r + 2   ,   t   2 r + 2       C   m , i   i , β     1         y   i , 2 r + 1          +       G      C   0     n , 2   i , α     r   −     λ   i i   h   3       w  −    2 r + 2     H   m , i   i , β     K   i   i       x   2 r + 2   ,   t   2 r + 2         y   i , 2 r + 2          −   h   3      ∑  j = 0 , j ≠ i   m         λ   i j         w  −    2 r + 1       H   m , j   i , β   K   j   i       x   2 r + 2   ,   t   2 r + 1       +   w  −    2 r + 2       H   m , j   i , β   K   j   i       x   2 r + 2   ,   t   2 r + 2       C   m , j   i , β     1           y   j , 2 r + 1          −   h   3      ∑  j = 0 , j ≠ i   m         λ   i j       w  −    2 r + 2       H   m , j   i , β   K   j   i       x   2 r + 2   ,   t   2 r + 2           y   j , 2 r + 2         =   F   r , 2   i   +       G      B   1     n , 2   i , α     r   −     P   n   i     r         2       y   i , 2 r          −   h   3      ∑  j = 0   m         λ   i j         w  −    2 r + 1       H   m , j   i , β   K   j   i       x   2 r + 2   ,   t   2 r + 1     +     w  −    2 r + 2       H   m , j   i , β   K   j   i       x   2 r + 2   ,   t   2 r + 2       B   m , j   i , β     1         y   j , 2 r            −    ∑  ℓ = 2   2 r + 1         y   i , 2 r − ℓ + 2   −   y   i , 2 r − ℓ + 1           G      B   ℓ     n , 2   i , α     r   −     P   n   i     r         2              +   h   3      ∑  j = 0   m       λ   i j   {      w  −    2 r + 1     H   m , j   i , β     K   j   i       x   2 r + 2   ,   t   2 r + 1          ∑  ℓ = 1   2 r         y   j , 2 r − ℓ + 1   −   y   j , 2 r − ℓ       B   m , j   i , β     ℓ                 +     w  −    2 r + 2     H   m , j   i , β     K   j   i       x   2 r + 2   ,   t   2 r + 2          ∑  ℓ = 2   2 r + 1         y   j , 2 r − ℓ + 2   −   y   j , 2 r − ℓ + 1       B   m , j   i , β     ℓ                 +    ∑  d = 1   2 r         w  −    d       H   m , j   i , β   K   j   i       x   2 r + 2   ,   t   d            ∑  ℓ = 0   d − 1         y   j , d − ℓ   −   y   j , d − ℓ − 1       B   m , j   i , β     ℓ        }   c      



(8)




where for all   i =  0 , 1  , 2 , … , m   and   r =  0 , 1  , 2 , … , N − 1  :


       F   r , v   i   =   f   i       t   0   +   2 r + ϑ   h   ,   ϑ =  1 , 2           H   𝓀 , ℓ   i , σ   =     h   −   σ   i ( 𝓀 − ℓ )       Γ   2 −   σ   i ( 𝓀 − ℓ )       ,   ℓ =  0 , 1  , … , 𝓀 − 1           



(9)







For all fractional orders   σ   equal to     α   o r   β     and   𝓀   equal to     n   o r   m    , respectively. Furthermore,   E   may be select     C   o r   B    , that


      G      E   𝓆     𝓀 , v   i , σ     r   =     P   𝓀   i     r         v   +    ∑  ℓ = 0   k − 1         P   ℓ   i     r         v     H   𝓀 , ℓ   i , σ     E   𝓀 , ℓ   i , σ     𝓆      



(10)







While,       P   ℓ   i     r         v   =   P   i ℓ       t   p r + v     =   P   i ℓ       t   0   +   p r + v   h   ; h =     b − a    /  2 N     and     P   i 0   ≡ 1  . With,


            C   𝓀 , ℓ   i , σ     𝓆   =   B   𝓀 , ℓ   i , σ     𝓆   −   B   𝓀 , ℓ   i , σ     𝓆 − 1         B   𝓀 , ℓ   i , σ     𝓆   =     γ + 1     1 −   σ   i ( 𝓀 − ℓ )     −   γ   1 −   σ   i ( 𝓀 − ℓ )                 B   n , k   i , α     − 1   = 0      a n d     B   m , j   i , β     − 1   = 0            ,   γ , 𝓆 =  0 , 1  , 2 ,   …  



(11)







For all   i , j , ℓ =  0 , 1  ,   … , m   and   𝓀 =  0 , 1  ,   … ,   n   o r   m    . Moreover,


         w   0   =   w   2 r   = 1 ,       w  −    0   =     w  −    2 r + 2   = 1       w   d   = 3 −     − 1     d     w h e r e   d =  1 , 2  , 3 , … , 2 r − 1         w  −    d   = 3 −     − 1     d     w h e r e   d =  1 , 2  , 3 , … , 2 r + 1       



(12)







As a result, at each step (at each   r  ), we get   2 ( m + 1 )   simultaneous equations with the same number of unknown functions, i.e., we will have two-block systems with   2 ( m + 1 )   unknowns from Equations (7) and (8). As a consequence, we must establish the block of unknowns         y   i , 2 r + 1         y   i , 2 r + 2         and         y   j , 2 r + 1         y   j , 2 r + 2         with all   j =   0 : m  ¯    a n d   j ≠ i   for all   r =   0 : N − 1  ¯    with each   i =   0 : m  ¯   . So, in order to obtain the solution of the linear system of VIFDEs using the Python program (V 3.8.8), we wrote the following algorithm (BMP2).






	Algorithm 1: Two-Block Method (BMP2)



	Step 1:

	
For each   i =  0 , 1  , … , m :   Set   T   i , 0   =   y   i 0   =   y   i       t   0       [Are given from initial conditions].



	
Let   h =     b − a    /  2 N   , N ∈   Z   +   .  







Step 2: for each   i =  0 , 1  , 2 , … , m  :

	
Calculate     H   n , k   i , α     a n d     H   m , j   i , β     for   k =   0 : n  ¯    and   j =   0 : m  ¯    from the Equation (9).



	
Determine       P   k   i     r         v     for   =  0 , 1  , … , n  ;   r =  0 , 1  , … , N − 1   and each   v =  1 , 2   .



	
Applying Equation (10) and step (2, i) to compute       G      C   𝓆     n , v   i , α     r   ,     G      B   ℓ     n , v   i , α     r     for all   =  0 , 1  , … , N − 1  ;   𝓆 =  0 , 1   ;   ℓ ≥ 1   and for each   v =  1 , 2   .



	
Compute     C   m , i   i , β     1     and     B   m , j   i , β     ℓ     for all   =  0 , 1  , 2 , …  ; and   i , j =   0 : m  ¯    with all   ℓ ≥ 1   from the Equation (11).



	
Evaluate     F   r , v   i     for all   r =  0 , 1  , … , N − 1   and each   v =  1 , 2  .  







For all    r =  0 , 1  , 2 , … , N − 1 ,    doing steps 3–8:

Step 3: For each   i =  0 , 1  , … , m  :

	
For each   j =   0 : m  ¯  ,   compute     Q   i   1     j , r   = −     λ   i j   h   6     4   H   m , j   i , β     K   j   i       x   2 r + 1   ,   t   2 r + 1 / 2         3   4   −   1   8     C   m , j   i , β     1     +   H   m , j   i , β     K   j   i       x   2 r + 1   ,   t   2 r + 1         and     R   i   1     j , r   =     λ   i j   h   12       H   m , j   i , β     K   j   i       x   2 r + 1   ,   t   2 r + 1 / 2        .



	
For each   j =   0 : m  ¯  ,   evaluate     C   i   1     j , r   =     λ   i j   h   6     4   H   m , j   i , β     K   j   i       x   2 r + 1   ,   t   2 r + 1 / 2         3   4   −   1   8     B   m , j   i , β     1     +     H   m , j   i , β   K   j   i       x   2 r + 1   ,   t   2 r + 1        .



	
Compute     L   i   α , 1     0 , r   =    ∑  ℓ = 1   2 r       T   i , 2 r − ℓ + 1   − T   i , 2 r − ℓ           G      B   ℓ     n , 1   i , α     r   −     P   n   i     r         1         with     L   i   α , 1      0 , 0    = 0  .







Step 4: For each   i =  0 , 1  , … , m  . For each   j =   0 : m  ¯   , If   r = 0   then     L   i   β , 1     j , 0   = 0   else evaluate:

    L   i   β , 1     j , r   =   h   3      ∑  d = 1   2 r       w   d       H   m , j   i , β   K   j   i       x   2 r + 1   ,   t   d          ∑  ℓ = 0   d − 1       T   j , d − ℓ   − T   j , d − ℓ − 1       B   m , j   i , β     ℓ          

      +   h   6       K   j   i       x   2 r + 1   ,   t   2 r       H   m , j   i , β        ∑  ℓ = 0   2 r − 1       T   j , 2 r − ℓ   − T   j , 2 r − ℓ − 1       B   m , j   i , β     ℓ          

      + 4   H   m , j   i , β     K   j   i   (   x   2 r + 1   ,   t   2 r + 1 / 2   )     3   8      ∑  ℓ = 0   2 r − 1       T   j , 2 r − ℓ   − T   j , 2 r − ℓ − 1       B   m , j   i , β     ℓ        

  +   3   4      ∑  ℓ = 1   2 r       T   j , 2 r − ℓ + 1   − T   j , 2 r − ℓ       B   m , j   i , β     ℓ   −   1   8        ∑  ℓ = 2   2 r + 1       T   j , 2 r − ℓ + 2   − T   j , 2 r − ℓ +  1       B   m , j   i , β     ℓ           +   K   j   i       x   2 r + 1   ,   t   2 r + 1       H   m , j   i , β        ∑  ℓ = 1   2 r       T   j , 2 r − ℓ + 1   − T   j , 2 r − ℓ       B   m , j   i , β     ℓ          

Step 5: For each   i =  0 , 1  , … , m  :



	
For each   j =   0 : m  ¯  ,   compute     Q   i   2     j , r   = −     λ   i j   h   3         w  −    2 r + 1       H   m , j   i , β   K   j   i       x   2 r + 2   ,   t   2 r + 1       +   w  −    2 r + 2       H   m , j   i , β   K   j   i       x   2 r + 2   ,   t   2 r + 2       C   m , j   i , β     1       and     R   i   2     j , r   = −     λ   i j   h   3         w  −    2 r + 2       H   m , j   i , β   K   j   i       x   2 r + 2   ,   t   2 r + 2        .



	
For each   j =   0 : m  ¯  ,   evaluate     C   i   2     j , r   =     λ   i j   h   3         w  −    2 r + 1       H   m , j   i , β   K   j   i       x   2 r + 2   ,   t   2 r + 1     +     w  −    2 r + 2       H   m , j   i , β   K   j   i       x   2 r + 2   ,   t   2 r + 2       B   m , j   i , β     1      .



	
Compute     L   i   α , 2     0 , r   =    ∑  ℓ = 2   2 r + 1       T   i , 2 r − ℓ + 2   − T   i , 2 r − ℓ + 1           G      B   ℓ     n , 2   i , α     r   −     P   n   i     r         2         with     L   i   α , 2      0 , 0    = 0  .







Step 6: For each   i =  0 , 1  , … , m  . For each   j =   0 : m  ¯   , If   r = 0   then put     L   i   β , 2     j , 0   = 0   else evaluate:

    L   i   β , 2     j , r   =   h   3         w  −    2 r + 1     H   m , j   i , β     K   j   i       x   2 r + 2   ,   t   2 r + 1          ∑  ℓ = 1   2 r       T   j , 2 r − ℓ + 1   − T   j , 2 r − ℓ       B   m , j   i , β     ℓ          

  +     w  −    2 r + 2     H   m , j   i , β     K   j   i       x   2 r + 2   ,   t   2 r + 2          ∑  ℓ = 2   2 r + 1       T   j , 2 r − ℓ + 2   − T   j , 2 r − ℓ +  1       B   m , j   i , β     ℓ         +    ∑  d = 1   2 r         w  −    d     K   j   i       x   2 r + 2   ,   t   d       H   m , j   i , β          ∑  ℓ = 0   d − 1       T   j , d − ℓ   − T   j , d − ℓ − 1       B   m , j   i , β     ℓ          

Step 7: for each   i =  0 , 1  , … , m  . Compute     y   i , 2 r + 1   ,   y   i , 2 r + 2     and for all   j =   0 : m  ¯   ;   j ≠ i  ,    y   j , 2 r + 1   ,   y   j , 2 r + 2   ;   from the system:

        G      C   0     n , 1   i , α     r   +   Q   i   1     i , r       y   i , 2 r + 1   +   R   i   1     i , r     y   i , 2 r + 2   +    ∑  j = 0 , j ≠ i   m         Q   i   1     j , r     y   j , 2 r + 1   +   R   i   1     j , r     y   j , 2 r + 2         =   F   r , 1   i   +       G      C   0     n , 1   i , α     r   −     P   n   i     r         1     T   i , 2 r   −    ∑  j = 0   m       C   i   1     j , r   T   j , 2 r       −       G      B   ℓ     n , 1   i , α     r   −     P   n   i     r         1       L   i   α , 1     0 , r   +    ∑  j = 0   m       λ   i j     L   i   β , 1     j , r      

and

          G      C   1     n , 2   i , α     r   −     P   n   i     r         2     +   Q   i   2     i , r       y   i , 2 r + 1   +       G      C   0     n , 2   i , α     r   +   R   i   2     i , r       y   i , 2 r + 2     +    ∑  j = 0 , j ≠ i   m         Q   i   2     i , r     y   j , 2 r + 1   +   R   i   2     j , r     y   j , 2 r + 2         =   F   r , 2   i   +       G      B   1     n , 2   i , α     r   −     P   n   i     r         2     T   i , 2 r   −    ∑  j = 0   m       C   i   2     j , r   T   j , 2 r       −       G      B   ℓ     n , 2   i , α     r   −     P   n   i     r         2       L   i   α , 2     0 , r   +    ∑  j = 0   m       λ   i j     L   i   β , 2     j , r      

Step 8: for each   i =  0 , 1  , … , m  : set   T   i , 2 r + 1   =   y   i , 2 r + 1   ; T   i , 2 r + 2   =   y   i , 2 r + 2    








For all, putting


       w   0   =   w   2 r   = 1   ;       w  −    0   =     w  −    2 r + 2   = 1       w   d   = 3 −     − 1     d     w h e r e   d =  1 , 2  , 3 , … , 2 r − 1         w  −    d   = 3 −     − 1     d     w h e r e   d =  1 , 2  , 3 , … , 2 r + 1     












4.2. Three-Block Method


Using the basic technique for the three-block method, where   p = 3  , thus we take   h =     b − a    /  3 N    . Through the use of linear systems (6), the integration becomes over the sub-intervals     a ,   x   3 r       and       x   3 r   ,   x   k       where   k = 3 r + 1 , 3 r + 2 , 3 r + 3   for all   r =  0 , 1  ,   … , N − 1  . After applying the notifications of Equations (9)–(11) and approximating the fractional differential through forward difference as in Lemma 4, the linear system (6) can be solved using the two-blocks method as described in Section 4.1. Following some manipulation, the solution of integrations will then depend on a quadrature formula: Simpson’s     1   3   h   rule, adaptive Simpson’s rule (3) and quadratic interpolation Formula (5) using point’s     x   3 r   ,   x   3 r + 1   ,   x   3 r + 2   ,   x   3 r + 3   .   In practice, the value of   r   divides each block into two parts. Therefore, the resalting equations are, for each   i =  0 , 1  ,   … , m   and for each   r =  0 , 1  , . . . , N − 1  . The approximate solution is computed as follows. For   r   is even: For the first block at point     3 r + 1     became:


         G      C   0     n , 1   i , α     r   −     λ   i i   h   6     4     H   m , i   i , β   K   i   i       x   3 r + 1   ,   t   3 r +   1   2           15   16   −   5   16     C   m , i   i , β     1   +   1   16     C   m , i   i , β     2     +     H   m , i   i , β   K   i   i       x   3 r + 1   ,   t   3 r + 1           y   i , 3 r + 1    −   2   λ   i i   h   3       H   m , i   i , β     K   i   i       x   3 r + 1   ,   t   3 r +   1   2         −   5   16   +   1   16     C   m , i   i , β     1         y   i , 3 r + 2    −     λ   i i   h   24       H   m , i   i , β     K   i   i       x   3 r + 1   ,   t   3 r +   1   2           y   i , 3 r + 3    −   h   6      ∑  j = 0 , j ≠ i   m         λ   i j     4   H   m , j   i , β     K   j   i       x   3 r + 1   ,   t   3 r +   1   2           15   16   −   5   16     C   m , j   i , β     1   +   1   16     C   m , j   i , β     2      +     H   m , j   i , β   K   j   i       x   3 r + 1   ,   t   3 r + 1             y   j , 3 r + 1    −   2 h   3      ∑  j = 0 , j ≠ i   m         λ   i j     H   m , j   i , β     K   j   i       x   3 r + 1   ,   t   3 r +   1   2         −   5   16   +   1   16     C   m , j   i , β     1           y   j , 3 r + 2    −   h   24      ∑  j = 0 , j ≠ i   m         λ   i j     H   m , j   i , β     K   j   i       x   3 r + 1   ,   t   3 r +   1   2             y   j , 3 r + 3        = F   r , 1   i   +       G      C   0     n , 1   i , α     r   −     P   n   i     r         1       y   i , 2 r    −   h   6      ∑  j = 0   m       λ   i j       4   H   m , j   i , β     K   j   i   (   x   3 r + 1   ,   t   3 r +   1   2     )     15   16   −   5   16     B   m , j   i , β     1   +   1   16     B   m , j   i , β     2     +   H   m , j   i , β     K   j   i       x   3 r + 1   ,   t   3 r + 1         y   j , 2 r    −    ∑  ℓ = 1   3 r         y   j , 3 r − ℓ + 1   −   y   j , 3 r − ℓ           G      B   ℓ     n , 1   i , α     r   −     P   n   i     r         1          +    ∑  j = 0   m       λ   i j       h   3      ∑  d = 1   3 r       w   d       H   m , j   i , β   K   j   i       x   3 r + 1   ,   t   d          ∑  ℓ = 0   d − 1         y   j , d − ℓ   −   y   j , d − ℓ − 1       B   m , j   i , β     ℓ      +   h   6       H   m , j   i , β     K   j   i       x   3 r + 1   ,   t   3 r        ∑  ℓ = 0   3 r − 1         y   j , 3 r − ℓ   −   y   j , 3 r − ℓ − 1       B   m , j   i , β     ℓ      + 4   H   m , j   i , β     K   j   i   (   x   3 r + 1   ,   t   3 r +   1   2     )     5   16      ∑  ℓ = 0   3 r − 1         y   j , 3 r − ℓ   −   y   j , 3 r − ℓ − 1       B   m , j   i , β     ℓ   +   15   16      ∑  ℓ = 1   3 r         y   j , 3 r − ℓ + 1   −   y   j , 3 r − ℓ       B   m , j   i , β     ℓ        −   5   16      ∑  ℓ = 2   3 r + 1         y   j , 3 r − ℓ + 2   −   y   j , 3 r − ℓ + 1       B   m , j   i , β     ℓ     +   1   16      ∑  ℓ = 3   3 r + 2         y   j , 3 r − ℓ + 3   −   y   j , 3 r − ℓ + 2       B   m , j   i , β     ℓ        +   H   m , j   i , β     K   j   i       x   3 r + 1   ,   t   3 r + 1        ∑  ℓ = 1   3 r         y   j , 3 r − ℓ + 1   −   y   j , 3 r − ℓ       B   m , j   i , β     ℓ             



(13)







For the second block at point   ( 3 r + 2  ) became:


           G      C   1     n , 2   i , α     r   −     P   n   i     r         2     −     λ   i i   h   3         w  −    3 r + 1     H   m , i   i , β     K   i   i       x   3 r + 2   ,   x   3 r + 1     +     w  −    3 r + 2     H   m , i   i , β     K   i   i       x   3 r + 2   ,   x   3 r + 2       C   m , i   i , β     1         y   i , 3 r + 1    +       G      C   0     n , 2   i , α     r   −     λ   i i   h   3       w  −    3 r + 2     H   m , i   i , β     K   i   i       x   3 r + 2   ,   x   3 r + 2         y   i , 3 r + 2    −   h   3      ∑  j = 0 , j ≠ i   m         λ   i j         w  −    3 r + 1     H   m , j   i , β     K   j   i       x   3 r + 2   ,   x   3 r + 1     +     w  −    3 r + 2     H   m , j   i , β     K   j   i       x   3 r + 2   ,   x   3 r + 2       C   m , j   i , β     1           y   j , 3 r + 1    −   h   3      ∑  j = 0 , j ≠ i   m         λ   i j       w  −    3 r + 2     H   m , j   i , β     K   j   i       x   3 r + 2   ,   x   3 r + 2           y   j , 3 r + 2        = F   r , 2   i   +       G      B   1     n , 2   i , α     r   −     P   n   i     r         2       y   i , 3 r   −   h   3      ∑  j = 0   m       λ   i j           w  −    3 r + 1     H   m , j   i , β     K   j   i       x   3 r + 2   ,   x   3 r + 1     +     w  −    3 r + 2     H   m , j   i , β     K   j   i   (   x   3 r + 2   ,   x   3 r + 2   )   B   m , j   i , β     1       y   j , 3 r    −    ∑  ℓ = 2   3 r + 1         y   j , 3 r − ℓ + 2   −   y   j , 3 r − ℓ + 1           G      B   ℓ     n , 2   i , α     r   −     P   n   i     r         2        +   h   3      ∑  j = 0   m       λ   i j       w  −    3 r + 1     H   m , j   i , β     K   j   i       x   3 r + 2   ,   t   3 r + 1          ∑  ℓ = 1   3 r         y   j , 3 r − ℓ + 1   −   y   j , 3 r − ℓ       B   m , j   i , β     ℓ      +   h   3      ∑  j = 0   m       λ   i j       w  −    3 r + 2     H   m , j   i , β     K   j   i       x   3 r + 2   ,   t   3 r + 2          ∑  ℓ = 2   3 r + 1         y   j , 3 r − ℓ + 2   −   y   j , 3 r − ℓ + 1       B   m , j   i , β     ℓ      +   h   3      ∑  j = 0   m       λ   i j      ∑  d = 1   3 r         w  −    d     H   m , j   i , β     K   j   i       x   3 r + 2   ,   t   d          ∑  ℓ = 0   d − 1         y   j , d − ℓ   −   y   j , d − ℓ − 1       B   m , j   i , β     ℓ         



(14)







For the third block at point   ( 3 r + 3 )   became:


           G      C   2     n , 3   i , α     r   −     P   n   i     r         3     −     λ   i i   h   6     4 H   m , i   i , β     K   i   i   (   x   3 r + 3   ,   x   3 r +   1   2     )     15   16   −   5   16     C   m , i   i , β     1   +   1   16     C   m , i   i , β     2      −     λ   i i   h   6     H   m , i   i , β     K   i   i       x   3 r + 3   ,   t   3 r + 1      −     λ   i i   h   3       H   m , i   i , β     K   i   i       x   3 r + 3   ,   t   3 r + 1     + 4   H   m , i   i , β     K   i   i       x   3 r + 3   ,   t   3 r + 2       C   m , i   i , β     1    +   H   m , i   i , β     K   i   i       x   3 r + 3   ,   t   3 r + 3       C   m , i   i , β     2         y   i , 3 r + 1    +         G      C   1     n , 3   i , α     r   −     P   n   i     r         3     −     λ   i i   h   6   4   H   m , i   i , β     K   i   i   (   x   3 r + 3   ,   x   3 r +   1   2     )   −   5   16   +   1   16     C   m , i   i , β     1      −     λ   i i   h   3     4   H   m , i   i , β     K   i   i       x   3 r + 3   ,   t   3 r + 2     +   H   m , i   i , β     K   i   i       x   3 r + 3   ,   t   3 r + 3       C   m , i   i , β     1         y   i , 3 r + 2         G      C   0     n , 3   i , α     r    −     λ   i i   h   24     H   m , i   i , β     K   i   i   (   x   3 r + 3   ,   x   3 r +   1   2     ) −     λ   i i   h   3     H   m , i   i , β     K   i   i       x   3 r + 3   ,   t   3 r + 3         y   i , 3 r + 3    −   h   6      ∑  j = 0 , j ≠ i   m       λ   i j       4 H   m , j   i , β     K   j   i   (   x   3 r + 3   ,   x   3 r +   1   2     )     15   16   −   5   16     C   m , j   i , β     1   +   1   16     C   m , j   i , β     2      +   h   6     H   m , j   i , β     K   j   i       x   3 r + 3   ,   t   3 r + 1      +   h   3       H   m , j   i , β     K   j   i       x   3 r + 3   ,   t   3 r + 1     + 4   H   m , j   i , β     K   j   i       x   3 r + 3   ,   t   3 r + 2       C   m , j   i , β     1    +   H   m , j   i , β     K   j   i       x   3 r + 3   ,   t   3 r + 3       C   m , j   i , β     2           y   j , 3 r + 1    −   h   6      ∑  j = 0 , j ≠ i   m       λ   i j       4   H   m , j   i , β     K   j   i   (   x   3 r + 3   ,   x   3 r +   1   2     )   −   5   16   +   1   16     C   m , j   i , β     1      +   h   3     4   H   m , j   i , β     K   j   i   (   x   3 r + 3   ,   t   3 r + 2   ) +   H   m , j   i , β     K   j   i   (   x   3 r + 3   ,   t   3 r + 3   )   C   m , j   i , β     1         y   j , 3 r + 2    −   h   24      ∑  j = 0 , j ≠ i   m       λ   i j         H   m , j   i , β     K   j   i   (   x   3 r + 3   ,   x   3 r +   1   2     ) +   h   3     H   m , j   i , β     K   j   i       x   3 r + 3   ,   t   3 r + 3         y   j , 3 r + 3        = F   r , 3   i   +       G      B   2     n , 3   i , α     r   −     P   n   i     r         3       y   i , 3 r    −     h   6      ∑  j = 0   m       λ   i j     4 H   m , j   i , β       K   j   i   (   x   3 r + 3   ,   x   3 r +   1   2     )     15   16   −   5   16     B   m , j   i , β     1   +   1   16     B   m , j   i , β     2      +   h   6      ∑  j = 0   m       λ   i j     H   m , j   i , β       K   j   i       x   3 r + 3   ,   t   3 r + 1      +   h   3       H   m , j   i , β     K   j   i       x   3 r + 3   ,   t   3 r + 1     + 4   H   m , j   i , β     K   j   i       x   3 r + 3   ,   t   3 r + 2       B   m , j   i , β     1    +   H   m , j   i , β     K   j   i       x   3 r + 3   ,   t   3 r + 3       B   m , j   i , β     2         y   j , 3 r   −    ∑  ℓ = 3   3 r + 2         y   j , 3 r − ℓ + 3   −   y   j , 3 r − ℓ + 2           G      B   ℓ     n , 3   i , α     r   −     P   n   i     r         3          +    ∑  j = 0   m       λ   i j       h   3      ∑  d = 1   3 r       w   d     H   m , j   i , β     K   j   i       x   3 r + 3   ,   t   d          ∑  ℓ = 0   d − 1         y   j , d − ℓ   −   y   j , d − ℓ − 1       B   m , j   i , β     ℓ      +   h   6       H   m , j   i , β     K   j   i       x   3 r + 3   ,   t   3 r        ∑  ℓ = 0   3 r − 1         y   j , 3 r − ℓ   −   y   j , 3 r − ℓ − 1       B   m , j   i , β     ℓ      + 4   H   m , j   i , β     K   j   i   (   x   3 r + 3   ,   t   3 r +   1   2     )     5   16      ∑  ℓ = 0   3 r − 1         y   j , 3 r − ℓ   −   y   j , 3 r − ℓ − 1       B   m , j   i , β     ℓ   +   15   16      ∑  ℓ = 1   3 r         y   j , 3 r − ℓ + 1   −   y   j , 3 r − ℓ       B   m , j   i , β     ℓ        −   5   16      ∑  ℓ = 2   3 r + 1         y   j , 3 r − ℓ + 2   −   y   j , 3 r − ℓ + 1       B   m , j   i , β     ℓ     +   1   16      ∑  ℓ = 3   3 r + 2         y   j , 3 r − ℓ + 3   −   y   j , 3 r − ℓ + 2       B   m , j   i , β     ℓ        +   H   m , j   i , β     K   j   i       x   3 r + 3   ,   t   3 r + 1        ∑  ℓ = 1   3 r         y   j , 3 r − ℓ + 1   −   y   j , 3 r − ℓ       B   m , j   i , β     ℓ        +   h   3       H   m , j   i , β     K   j   i       x   3 r + 3   ,   t   3 r + 1        ∑  ℓ = 1   3 r         y   j , 3 r − ℓ + 1   −   y   j , 3 r − ℓ       B   m , j   i , β     ℓ      + 4   H   m , j   i , β     K   j   i       x   3 r + 3   ,   t   3 r + 2        ∑  ℓ = 2   3 r + 1         y   j , 3 r − ℓ + 2   −   y   j , 3 r − ℓ + 1       B   m , j   i , β     ℓ      +   H   m , j   i , β     K   j   i       x   3 r + 3   ,   t   3 r + 3        ∑  ℓ = 3   3 r + 2         y   j , 3 r − ℓ + 3   −   y   j , 3 r − ℓ + 2       B   m , j   i , β     ℓ             



(15)




where for all   i =  0 , 1  , 2 , … , m   and   r =  0 , 1  , 2 , … , N − 1  :


       w   0   =   w   3 r   = 1   ;       w  −    0   =     w  −    3 r + 2   = 1       w   d   = 3 −     − 1     d     w h e r e   d =  1 , 2  , 3 , … , 3 r − 1         w  −    d   = 3 −     − 1     d     w h e r e   d =  1 , 2  , 3 , … , 3 r + 1     



(16)







For   r   is odd: for the first block at point   ( 3 r + 1 )   became:


        G      C   0     n , 1   i , α     r   −     λ   i i   h   3       z   3 r + 1     H   m , i   i , β     K   i   i   (   x   3 r + 1   ,   x   3 r + 1   )       y   i , 3 r + 1    −   h   3      ∑  j = 0 , j ≠ i   m         λ   i j       z   3 r + 1     H   m , j   i , β     K   j   i   (   x   3 r + 1   ,   x   3 r + 1   )         y   j , 3 r + 1     = F   r , 1   i   +       G      C   0     n , 1   i , α     r   −     P   n   i     r         1       y   i , 3 r    −   h   3      ∑  j = 0   m       λ   i j         z   3 r + 1     H   m , j   i , β     K   j   i       x   3 r + 1   ,   x   3 r + 1         y   j , 3 r   −    ∑  ℓ = 1   3 r         y   j , 3 r − ℓ + 1   −   y   j , 3 r − ℓ           G      B   ℓ     n , 1   i , α     r   −     P   n   i     r         1        +   h   3      ∑  j = 0   m       λ   i j     z   3 r + 1     H   m , j   i , β     K   j   i       x   3 r + 1   ,   t   3 r + 1          ∑  ℓ = 1   3 r         y   j , 3 r − ℓ + 1   −   y   j , 3 r − ℓ       B   m , j   i , β     ℓ      +   h   3      ∑  j = 0   m       λ   i j        ∑  d = 1   3 r       z   d       H   m , j   i , β   K   j   i       x   3 r + 1   ,   t   d          ∑  ℓ = 0   d − 1         y   j , d − ℓ   −   y   j , d − ℓ − 1       B   m , j   i , β     ℓ      



(17)







For the second block at point   ( 3 r + 2 )   became:


           G      C   1     n , 2   i , α     r   −     P   n   i     r         2     −   h   λ   i i     3       z   3 r + 1   H   m , i   i , β     K   i   i   (   x   3 r + 2   ,   x   3 r + 1   )  −     λ   i i   h   6       H   m , i   i , β     K   i   i       x   3 r + 2   ,   t   3 r + 1     + 4     H   m , i   i , β   K   i   i   (   x   3 r + 2   ,   t   3 r +   3   2     )     3   8   +   3   4     C   m , i   i , β     1   −   1   8     C   m , i   i , β     2      +   H   m , i   i , β     K   i   i       x   3 r + 3   ,   t   3 r + 2       C   m , i   i , β     1         y   i , 3 r + 1    +       G      C   0     n , 2   i , α     r   −     λ   i i   h   6     4     H   m , i   i , β   K   i   i   (   x   3 r + 2   ,   t   3 r +   3   2     )     3   4   −   1   8     C   m , i   i , β     1     +   H   m , i   i , β     K   i   i       x   3 r + 3   ,   t   3 r + 2           y   i , 3 r + 2    +     λ   i i   h   12       H   m , i   i , β     K   i   i   (   x   3 r + 2   ,   t   3 r +   3   2     )     y   i , 3 r + 3    −   h   3      ∑  j = 0 , j ≠ i   m       λ   i j       z   3 r + 1     H   m , j   i , β     K   j   i   (   x   3 r + 2   ,   x   3 r + 1   )  +   h   6         H   m , j   i , β   K   j   i       x   3 r + 2   ,   t   3 r + 1     + 4   H   m , j   i , β     K   j   i   (   x   3 r + 2   ,   t   3 r +   3   2     )     3   8   +   3   4     C   m , j   i , β     1   −   1   8     C   m , j   i , β     2      +     H   m , j   i , β   K   j   i       x   3 r + 3   ,   t   3 r + 2       C   m , j   i , β     1           y   j , 3 r + 1    −   h   6      ∑  j = 0 , j ≠ i   m       λ   i j       4   H   m , j   i , β     K   j   i   (   x   3 r + 2   ,   t   3 r +   3   2     )     3   4   −   1   8     C   m , j   i , β     1     +     H   m , j   i , β   K   j   i       x   3 r + 3   ,   t   3 r + 2         y   j , 3 r + 2    +   h   12      ∑  j = 0 , j ≠ i   m         λ   i j     H   m , j   i , β     K   j   i   (   x   3 r + 2   ,   t   3 r +   3   2     )       y   j , 3 r + 3        = F   r , 2   i   +       G      B   1     n , 2   i , α     r    −     P   n   i     r         2       y   i , 3 r     −    ∑  j = 0   m       λ   i j         h   3     z   3 r + 1       H   m , j   i , β   K   j   i       x   3 r + 2   ,   x   3 r + 1      +   h   6       H   m , j   i , β     K   j   i       x   3 r + 2   ,   t   3 r + 1     + 4   H   m , j   i , β     K   j   i   (   x   3 r + 2   ,   t   3 r +   3   2     )     3   8   +   3   4     B   m , j   i , β     1   −   1   8     B   m , j   i , β     2      +     H   m , j   i , β   K   j   i       x   3 r + 2   ,   t   3 r + 2       B   m , j   i , β     1       y   j , 3 r   −    ∑  ℓ = 2   3 r + 1         y   j , 3 r − ℓ + 2   −   y   j , 3 r − ℓ + 1           G      B   ℓ     n , 2   i , α     r   −     P   n   i     r         2        −   h   3      ∑  j = 0   m       λ   i j     z   3 r + 1     H   m , j   i , β     K   j   i       x   3 r + 2   ,   t   3 r + 1          ∑  ℓ = 1   3 r         y   j , 3 r − ℓ + 1   −   y   j , 3 r − ℓ       B   m , j   i , β     ℓ        +    ∑  j = 0   m       λ   i j       h   3      ∑  d = 1   3 r       z   d     H   m , j   i , β     K   j   i       x   3 r + 2   ,   t   d          ∑  ℓ = 0   d − 1         y   j , d − ℓ   −   y   j , d − ℓ − 1       B   m , j   i , β     ℓ      +   h   6       H   m , j   i , β     K   j   i       x   3 r + 2   ,   t   3 r + 1        ∑  ℓ = 1   3 r         y   j , 3 r + 1 − ℓ   −   y   j , 3 r − ℓ       B   m , j   i , β     ℓ      + 4   H   m , j   i , β     K   j   i   (   x   3 r + 2   ,   t   3 r +   3   2     )     3   8      ∑  ℓ = 1   3 r         y   j , 3 r − ℓ + 1   −   y   j , 3 r − ℓ       B   m , j   i , β     ℓ      +   3   4      ∑  ℓ = 2   3 r + 1         y   j , 3 r − ℓ + 2   −   y   j , 3 r − ℓ + 1       B   m , j   i , β     ℓ   −   1   8      ∑  ℓ = 3   3 r + 2         y   j , 3 r − ℓ + 3   −   y   j , 3 r − ℓ + 2       B   m , j   i , β     ℓ          +   H   m , j   i , β     K   j   i       x   3 r + 3   ,   t   3 r + 2        ∑  ℓ = 2   3 r + 1         y   j , 3 r − ℓ + 2   −   y   j , 3 r − ℓ + 1       B   m , j   i , β     ℓ             



(18)







For the third block at point   3 r + 3   became:


           G      C   2     n , 3   i , α     r   −     P   n   i     r         3      −     λ   i i   h   3         z  −    3 r + 1     H   m , i   i , β     K   i   i       x   3 r + 3   ,   x   3 r + 1     +     z  −    3 r + 2     H   m , i   i , β     K   i   i       x   3 r + 3   ,   x   3 r + 2       C   m , i   i , β     1    +     z  −    3 r + 3     H   m , i   i , β     K   i   i       x   3 r + 3   ,   x   3 r + 3       C   m , i   i , β     2         y   i , 3 r + 1    +         G      C   1     n , 3   i , α     r   −     P   n   i     r         3      −     λ   i i   h   3         z  −    3 r + 2     H   m , i   i , β     K   i   i       x   3 r + 3   ,   x   3 r + 2     +     z  −    3 r + 3     H   m , i   i , β     K   i   i       x   3 r + 3   ,   x   3 r + 3       C   m , i   i , β     1         y   i , 3 r + 2    +       G      C   0     n , 3   i , α     r   −     λ   i i   h   3       z  −    3 r + 3     H   m , i   i , β     K   i   i   (   x   3 r + 3   ,   x   3 r + 3   )     y   i , 3 r + 3    −   h   3      ∑  j = 0 , j ≠ i   m       λ   i j             z  −    3 r + 1     H   m , j   i , β     K   j   i       x   3 r + 3   ,   x   3 r + 1     +     z  −    3 r + 2     H   m , j   i , β     K   j   i       x   3 r + 3   ,   x   3 r + 2       C   m , j   i , β     1    +     z  −    3 r + 3     H   m , j   i , β     K   j   i       x   3 r + 3   ,   x   3 r + 3       C   m , j   i , β     2     y   j , 3 r + 1    −   h   3      ∑  j = 0 , j ≠ i   m       λ   i j           z  −    3 r + 2     H   m , j   i , β     K   j   i       x   3 r + 3   ,   x   3 r + 2     +     z  −    3 r + 3     H   m , j   i , β     K   j   i       x   3 r + 3   ,   x   3 r + 3       C   m , j   i , β     1       y   j , 3 r + 2    −   h   3      ∑  j = 0 , j ≠ i   m       λ   i j         λ   i j     z  −    3 r + 3     H   m , j   i , β     K   j   i   (   x   3 r + 3   ,   x   3 r + 3   )       y   j , 3 r + 3        = F   r , 3   i   +       G      B   2     n , 3   i , α     r   −     P   n   i     r         3       y   i , 3 r    −   h   3      ∑  j = 0   m       λ   i j           z  −    3 r + 1     H   m , j   i , β     K   j   i       x   3 r + 3   ,   x   3 r + 1     +     z  −    3 r + 2     H   m , j   i , β     K   j   i       x   3 r + 3   ,   x   3 r + 2       B   m , j   i , β     1    +     z  −    3 r + 3     H   m , j   i , β     K   j   i       x   3 r + 3   ,   x   3 r + 3       B   m , j   i , β     2       y   j , 3 r   −    ∑  ℓ = 3   3 r + 2         y   j , 3 r − ℓ + 3   −   y   j , 3 r − ℓ + 2           G      B   ℓ     n , 3   i , α     r   −     P   n   i     r         3        +   h   3      ∑  j = 0   m       λ   i j       z  −    3 r + 1     H   m , j   i , β     K   j   i       x   3 r + 3   ,   t   3 r + 1          ∑  ℓ = 1   3 r         y   j , 3 r − ℓ + 1   −   y   j , 3 r − ℓ       B   m , j   i , β     ℓ      +   h   3      ∑  j = 0   m       λ   i j       z  −    3 r + 2     H   m , j   i , β     K   j   i       x   3 r + 3   ,   t   3 r + 2          ∑  ℓ = 2   3 r + 1         y   j , 3 r − ℓ + 2   −   y   j , 3 r − ℓ + 1       B   m , j   i , β     ℓ      +   h   3      ∑  j = 0   m       λ   i j       z  −    3 r + 3     H   m , j   i , β     K   j   i       x   3 r + 3   ,   t   3 r + 3          ∑  ℓ = 3   3 r + 2         y   j , 3 r − ℓ + 3   −   y   j , 3 r − ℓ + 2       B   m , j   i , β     ℓ      +   h   3      ∑  j = 0   m       λ   i j      ∑  d = 1   3 r         z  −    d       H   m , j   i , β   K   j   i       x   3 r + 3   ,   t   d          ∑  ℓ = 0   d − 1         y   j , d − ℓ   −   y   j , d − ℓ − 1       B   m , j   i , β     ℓ         



(19)




where for all   i =  0 , 1  , 2 , … , m   and   r =  0 , 1  , 2 , … , N − 1  :


        z   0   =   z   3 r + 1   = 1   ;       z  −    0   =     z  −    3 r + 3   = 1       z   d   = 3 −     − 1     d     w h e r e   d =  1 , 2  , 3 , … , 3 r         z  −    d   = 3 −     − 1     d     w h e r e   d =  1 , 2  , 3 , … , 3 r + 2      



(20)







As a result, at each step (at each   r  ), we get   3 ( m + 1 )   simultaneous equations with the same number of unknown functions, i.e., we will have three-block systems with   3 ( m + 1 )  , unknowns from equations for   r  -even using Equations (13)–(15) and for   r  -odd using Equations (17)–(19). As a consequence, we must establish the block of unknowns            y   i , 3 r + 1         y   i , 3 r + 2            y   i , 3 r + 3         and            y   j , 3 r + 1         y   j , 3 r + 2            y   j , 3 r + 3         with all   j =   0 : m  ¯    a n d   j ≠ i   for all   r =   0 : N − 1  ¯    with each   i =   0 : m  ¯   . So, in order to obtain the solution of the linear system of VIFDEs using the Python program (V 3.8.8), we wrote the following algorithm (BMP3).






	Algorithm 2: Three-Block Method (BMP3)



	Step 1:

	
For each   i =  0 , 1  , … , m :   Set   T   i , 0   =   y   i 0   =   y   i       t   0       [Are given from initial conditions].



	
Let   h =     b − a    /  3 N   , N ∈   Z   +   .  





Step 2: for each   i =  0 , 1  , 2 , … , m  :

	
Calculate     H   n , k   i , α     a n d     H   m , j   i , β     for   k =   0 : n  ¯    and   j =   0 : m  ¯    from the Equation (9).



	
Determine       P   k   i     r         v     for   =  0 , 1  , … , n  ;   r =  0 , 1  , … , N − 1   and each   v =  1 , 2  , 3  .



	
Applying Equation (10) and step (2, i) to compute       G      C   𝓆     n , v   i , α     r   ,     G      B   ℓ     n , v   i , α     r     for all   =  0 , 1  , … , N − 1  ;   𝓆 =  0 , 1   ;   ℓ ≥ 1   and for each   v =  1 , 2  , 3  .



	
Compute     C   m , i   i , β     1   ,   C   m , i   i , β     2     and     B   m , j   i , β     ℓ     for all   =  0 , 1  , 2 , …  ; and   i , j =   0 : m  ¯    with all   ℓ ≥ 1   from the Equation (11).



	
Evaluate     F   r , v   i     for all   r =  0 , 1  , … , N − 1   and each   v =  1 , 2  , 3 .  






	   

	
For all    r =  0 , 1  , 2 , … , N − 1 ,    if    r   is even doing the steps (3–9) else doing steps (10–16):






Step 3: For each   i =  0 , 1  , … , m  :

	
For each   j =   0 : m  ¯  ,   compute     Q   i   1     j , r   = −     λ   i j   h   6     4     H   m , j   i , β   K   j   i   (   x   3 r + 1   ,   t   3 r +   1   2     )     15   16   −   5   16     C   m , j   i , β     1   +   1   16     C   m , j   i , β     2     +     H   m , j   i , β   K   j   i       x   3 r + 1   ,   t   3 r + 1        ,     R   i   1     j , r   = −   2   λ   i j   h   3       H   m , j   i , β     K   j   i   (   x   3 r + 1   ,   t   3 r +   1   2     )   −   5   16   +   1   16     C   m , j   i , β     1         and     S   i   1     j , r   = −     λ   i j   h   24       H   m , j   i , β     K   j   i       x   3 r + 1   ,   t   3 r +   1   2         .  



	
For each   j =   0 : m  ¯  ,   evaluate     C   i   1     j , r   =     λ   i j   h   6     4   H   m , j   i , β     K   j   i   (   x   3 r + 1   ,   t   3 r +   1   2     )     15   16   −   5   16     B   m , j   i , β     1   +   1   16     B   m , j   i , β     2     +   H   m , j   i , β     K   j   i       x   3 r + 1   ,   t   3 r + 1        .



	
Compute     L   i   α , 1     0 , r   =    ∑  ℓ = 1   3 r       T   i , 3 r − ℓ + 1   − T   i , 3 r − ℓ           G      B   ℓ     n , 1   i , α     r   −     P   n   i     r         1         with     L   i   α , 1      0 , 0    = 0  .





Step 4: For each   i =  0 , 1  , … , m  . For each   j =   0 : m  ¯   , If   r = 0   then     L   i   β , 1     j , 0   = 0   else evaluate:

    L   i   β , 1     j , r   =   h   3      ∑  d = 1   3 r       w   d       H   m , j   i , β   K   j   i       x   3 r + 1   ,   t   d          ∑  ℓ = 0   d − 1       T   j , d − ℓ   − T   j , d − ℓ − 1       B   m , j   i , β     ℓ     +     h   6   (   H   m , j   i , β     K   j   i       x   3 r + 1   ,   t   3 r        ∑  ℓ = 0   3 r − 1       T   j , 3 r − ℓ   − T   j , 3 r − ℓ − 1       B   m , j   i , β     ℓ     +   4   H   m , j   i , β     K   j   i   (   x   3 r + 1   ,   t   3 r +   1   2     )     5   16      ∑  ℓ = 0   3 r − 1       T   j , 3 r − ℓ   − T   j , 3 r − ℓ − 1       B   m , j   i , β     ℓ   +     15   16      ∑  ℓ = 1   3 r       T   j , 3 r − ℓ + 1   − T   j , 3 r − ℓ       B   m , j   i , β     ℓ       −   5   16      ∑  ℓ = 2   3 r + 1      T   j , 3 r − ℓ + 2   −   T   j , 3 r − ℓ + 1       B   m , j   i , β     ℓ    +   1   16      ∑  ℓ = 3   3 r + 2         T   j , 3 r − ℓ + 3   − T   j , 3 r − ℓ + 2     B   m , j   i , β     ℓ       +     H   m , j   i , β     K   j   i       x   3 r + 1   ,   t   3 r + 1        ∑  ℓ = 1   3 r       T   j , 3 r − ℓ + 1   − T   j , 3 r − ℓ       B   m , j   i , β     ℓ     ) .   

Step 5: For each   i =  0 , 1  , … , m  :

	
For each   j =   0 : m  ¯  ,   compute     Q   i   2     j , r   = −     λ   i j   h   3         w  −    3 r + 1     H   m , j   i , β     K   j   i       x   3 r + 2   ,   x   3 r + 1     +     w  −    3 r + 2     H   m , j   i , β     K   j   i   (   x   3 r + 2   ,   x   3 r + 2   )   C   m , j   i , β     1       and     R   i   2     j , r   = −     λ   i j   h   3         w  −    3 r + 2     H   m , j   i , β     K   j   i   (   x   3 r + 2   ,   x   3 r + 2   )    .



	
For each   j =   0 : m  ¯  ,   evaluate     C   i   2     j , r   =   h   3     λ   i j         w  −    3 r + 1     H   m , j   i , β     K   j   i       x   3 r + 2   ,   x   3 r + 1     +     w  −    3 r + 2     H   m , j   i , β     K   j   i   (   x   3 r + 2   ,   x   3 r + 2   )   B   m , j   i , β     1      .



	
Compute     L   i   α , 2     0 , r   =    ∑  ℓ = 2   3 r + 1       T   j , 3 r − ℓ + 2   − T   j , 3 r − ℓ + 1           G      B   ℓ     n , 2   i , α     r   −     P   n   i     r         2         with     L   i   α , 2      0 , 0    = 0  .





Step 6: For each   i =  0 , 1  , … , m  . For each   j =   0 : m  ¯   , If   r = 0   then put     L   i   β , 2     j , 0   = 0   else evaluate:

    L   i   β , 2     j , r   =   h   3       w  −    3 r + 1     H   m , j   i , β     K   j   i       x   3 r + 2   ,   t   3 r + 1        ∑  ℓ = 1   3 r       T   j , 3 r − ℓ + 1   − T   j , 3 r − ℓ       B   m , j   i , β     ℓ     +     h   3       w  −    3 r + 2     H   m , j   i , β     K   j   i       x   3 r + 2   ,   t   3 r + 2        ∑  ℓ = 2   3 r + 1       T   j , 3 r − ℓ + 2   − T   j , 3 r − ℓ + 1       B   m , j   i , β     ℓ     +     h   3      ∑  d = 1   3 r         w  −    d     H   m , j   i , β     K   j   i       x   3 r + 2   ,   t   d          ∑  ℓ = 0   d − 1       T   j , d − ℓ   − T   j , d − ℓ − 1       B   m , j   i , β     ℓ     .  

Step 7: For each   i =  0 , 1  , … , m  :

	
For each   j =   0 : m  ¯  ,   computem



    Q   i   3     j , r   = −     λ   i j   h   6       4 H   m , j   i , β     K   j   i       x   3 r + 3   ,   x   3 r +   1   2           15   16   −   5   16     C   m , j   i , β     1   +   1   16     C   m , j   i , β     2     −     λ   i j   h   6     H   m , j   i , β     K   j   i       x   3 r + 3   ,   t   3 r + 1     −     λ   i j   h   3       H   m , j   i , β     K   j   i       x   3 r + 3   ,   t   3 r + 1     + 4   H   m , j   i , β     K   j   i       x   3 r + 3   ,   t   3 r + 2       C   m , j   i , β     1   +   H   m , j   i , β     K   j   i       x   3 r + 3   ,   t   3 r + 3       C   m , i   i , β     2        ,



    R   i   3     j , r   = −     λ   i j   h   6     4   H   m , j   i , β     K   j   i       x   3 r + 3   ,   x   3 r +   1   2         −   5   16   +   1   16     C   m , j   i , β     1     −     λ   i j   h   3     4   H   m , j   i , β     K   j   i       x   3 r + 3   ,   t   3 r + 2     +   H   m , j   i , β     K   j   i       x   3 r + 3   ,   t   3 r + 3       C   m , j   i , β     1         and     S   i   3     j , r   = −   λ   i j   h     1   24     H   m , j   i , β     K   j   i       x   3 r + 3   ,   x   3 r +   1   2       +   1   3     H   m , j   i , β     K   j   i       x   3 r + 3   ,   t   3 r + 3       .  



	
For each   j =   0 : m  ¯  ,   evaluate



    C   i   3     j , r   =   λ   i j       h   6     4 H   m , j   i , β     K   j   i   (   x   3 r + 3   ,   x   3 r +   1   2     )     15   16   −   5   16     B   m , j   i , β     1   +   1   16     B   m , j   i , β     2     +    h   6     H   m , j   i , β     K   j   i       x   3 r + 3   ,   t   3 r + 1     +   h   3       H   m , j   i , β     K   j   i       x   3 r + 3   ,   t   3 r + 1     + 4   H   m , j   i , β     K   j   i       x   3 r + 3   ,   t   3 r + 2       B   m , j   i , β     1   +    H   m , j   i , β     K   j   i       x   3 r + 3   ,   t   3 r + 3       B   m , j   i , β     2        .



	
Compute     L   i   α , 3     0 , r   =    ∑  ℓ = 3   3 r + 2       T   j , 3 r − ℓ + 3   − T   j , 3 r − ℓ + 2           G      B   ℓ     n , 3   i , α     r   −     P   n   i     r         3         with     L   i   α , 3      0 , 0    = 0  .





Step 8: For each   i =  0 , 1  , … , m  . For each   j =   0 : m  ¯   , If   r = 0   then put     L   i   β , 3     j , 0   = 0   else evaluate:

    L   i   β , 3     j , r   =   h   3      ∑  d = 1   3 r       w   d     H   m , j   i , β     K   j   i       x   3 r + 3   ,   t   d          ∑  ℓ = 0   d − 1       T   j , d − ℓ   − T   j , d − ℓ − 1       B   m , j   i , β     ℓ     +    h   6       H   m , j   i , β     K   j   i       x   3 r + 3   ,   t   3 r        ∑  ℓ = 0   3 r − 1       T   j , 3 r − ℓ   − T   j , 3 r − ℓ − 1       B   m , j   i , β     ℓ     +  4   H   m , j   i , β     K   j   i   (   x   3 r + 3   ,   t   3 r +   1   2     )     5   16      ∑  ℓ = 0   3 r − 1       T   j , 3 r − ℓ   − T   j , 3 r − ℓ − 1       B   m , j   i , β     ℓ   +   15   16      ∑  ℓ = 1   3 r       T   j , 3 r +  1 − ℓ   − T   j , 3 r − ℓ       B   m , j   i , β     ℓ       −   5   16      ∑  ℓ = 2   3 r + 1       T   j , 3 r − ℓ + 2   − T   j , 3 r − ℓ + 1       B   m , j   i , β     ℓ     +    1   16      ∑  ℓ = 3   3 r + 2       T   j , 3 r − ℓ + 3   − T   j , 3 r − ℓ + 2       B   m , j   i , β     ℓ       +   H   m , j   i , β     K   j   i       x   3 r + 3   ,   t   3 r + 1        ∑  ℓ = 1   3 r       T   j , 3 r −  ℓ + 1   − T   j , 3 r − ℓ       B   m , j   i , β     ℓ       +   h   3       H   m , j   i , β     K   j   i       x   3 r + 3   ,   t   3 r + 1        ∑  ℓ = 1   3 r       T   j , 3 r − ℓ + 1   − T   j , 3 r −  ℓ       B   m , j   i , β     ℓ     + 4   H   m , j   i , β     K   j   i       x   3 r + 3   ,   t   3 r + 2        ∑  ℓ = 2   3 r + 1       T   j , 3 r − ℓ + 2   − T   j , 3 r − ℓ + 1       B   m , j   i , β     ℓ     +    H   m , j   i , β     K   j   i       x   3 r + 3   ,   t   3 r + 3        ∑  ℓ = 3   3 r + 2       T   j , 3 r − ℓ + 3   − T   j , 3 r − ℓ + 2       B   m , j   i , β     ℓ       .   

Step 9: For each   i =  0 , 1  , … , m  . Compute     y   i , 3 r + 1   ,   y   i , 3 r + 2   ,   y   i , 3 r + 3     and for all   j =   0 : m  ¯   ;   j ≠ i  ,    y   j , 3 r + 1   ,   y   j , 3 r + 2   ,   y   j , 3 r + 3   ;   from the system:

          G      C   0     n , 1   i , α     r   +   Q   i   1     i , r       y   i , 3 r + 1   +   R   i   1     i , r     y   i , 3 r + 2   +   S   i   1     i , r     y   i , 3 r + 3   +     ∑  j = 0 , j ≠ i   m         Q   i   1     j , r     y   j , 3 r + 1   +   R   i   1     j , r     y   j , 3 r + 2   +   S   i   1     j , r     y   j , 3 r + 3       =   F   r , 1   i   +       G      C   0     n , 1   i , α     r   −      P   n   i     r         1     T   i , 2 r   −    ∑  j = 0   m       C   i   1     j , r   T   j , 2 r     −       G      B   ℓ     n , 1   i , α     r   −     P   n   i     r         1       L   i   α , 1     0 , r   +    ∑  j = 0   m       λ   i j       L   i   β , 1     j , r    

            G      C   1     n , 2   i , α     r   −     P   n   i     r         2     +   Q   i   2     i , r       y   i , 2 r + 1   +       G      C   0     n , 2   i , α     r   +   R   i   2     i , r       y   i , 2 r + 2   +     ∑  j = 0 , j ≠ i   m         Q   i   2     j , r     y   j , 2 r + 1   +   R   i   2     j , r     y   j , 2 r + 2       =   F   r , 2   i   +       G      B   1     n , 2   i , α     r   −     P   n   i     r         2     T   i , 2 r   −     ∑  j = 0   m       C   i   2     j , r   T   j , 2 r     −       G      B   ℓ     n , 2   i , α     r   −     P   n   i     r         2       L   i   α , 2     0 , r   +    ∑  j = 0   m       λ   i j     L   i   β , 2     j , r      

and

            G      C   2     n , 3   i , α     r   −     P   n   i     r         3     +   Q   i   3     i , r       y   i , 3 r + 1   +         G      C   1     n , 3   i , α     r   −     P   n   i     r         3   + R   i   3     i , r       y   i , 3 r + 2   +          G      C   0     n , 3   i , α     r   + S   i   3     i , r       y   i , 3 r + 3   +    ∑  j = 0 , j ≠ i   m         Q   i   3     j , r     y   j , 3 r + 1   +   R   i   3     j , r     y   j , 3 r + 2   +   S   i   3     j , r     y   j , 3 r + 3       =    F   r , 3   i   +       G      B   2     n , 3   i , α     r   −     P   n   i     r         3     T   i , 2 r   −    ∑  j = 0   m       C   i   3     j , r   T   j , 2 r     −       G      B   ℓ     n , 3   i , α     r   −     P   n   i     r         3       L   i   α , 3     0 , r   +     ∑  j = 0   m       λ   i j       L   i   β , 3     j , r    

Step 10: For each   i =  0 , 1  , … , m  :

	
For each   j =   0 : m  ¯  ,   compute     Q   i   1     j , r   = −     λ   i j   h   3       z   3 r + 1     H   m , j   i , β     K   j   i       x   3 r + 1   ,   x   3 r + 1       .  



	
For each   j =   0 : m  ¯  ,   evaluate     C   i   1     j , r   =     λ   i j   h   3       z   3 r + 1     H   m , j   i , β     K   j   i       x   3 r + 1   ,   x   3 r + 1        .



	
Compute     L   i   α , 1     0 , r   =    ∑  ℓ = 1   3 r       T   i , 2 r − ℓ + 1   − T   i , 2 r − ℓ           G      B   ℓ     n , 1   i , α     r   −     P   n   i     r         1         with     L   i   α , 1      0 , 0    = 0  .





Step 11: For each   i =  0 , 1  , … , m  . For each   j =   0 : m  ¯   , If   r = 0   then     L   i   β , 1     j , 0   = 0   else evaluate:

    L   i   β , 1     j , r   =   h   3     z   3 r + 1     H   m , j   i , β     K   j   i       x   3 r + 1   ,   t   3 r + 1        ∑  ℓ = 1   3 r         T   j , 3 r − ℓ + 1   − T   j , 3 r − ℓ     B   m , j   i , β     ℓ       +   h   3      ∑  d = 1   3 r       z   d       H   m , j   i , β   K   j   i       x   3 r + 1   ,   t   d          ∑  ℓ = 0   d − 1         T   j , d − ℓ   − T   j , d − ℓ − 1     B   m , j   i , β     ℓ      

Step 12: For each   i =  0 , 1  , … , m  :

	
For each   j =   0 : m  ¯  ,   compute:



    Q   i   2     j , r   = − h   λ   i j       1   3     H   m , j   i , β     z   3 r + 1     K   j   i       x   3 r + 2   ,   x   3 r + 1     +   1   6       H   m , j   i , β     K   j   i       x   3 r + 2   ,   t   3 r + 1     +  4     H   m , j   i , β   K   j   i   (   x   3 r + 2   ,   t   3 r +   3   2     )     3   8   +   3   4     C   m , j   i , β     1   −   1   8     C   m , j   i , β     2     +   H   m , j   i , β     K   j   i       x   3 r + 3   ,   t   3 r + 2       C   m , j   i , β     1        ;



    R   i   2     j , r   = −     λ   i j   h   6     4     H   m , j   i , β   K   j   i       x   3 r + 2   ,   t   3 r +   3   2           3   4   −   1   8     C   m , j   i , β     1     +   H   m , j   i , β     K   j   i       x   3 r + 3   ,   t   3 r + 2       .  



And     S   i   2     j , r   =     λ   i i   h   12       H   m , j   i , β     K   j   i   (   x   3 r + 2   ,   t   3 r +   3   2     )   .  



	
For each   j =   0 : m  ¯  ,   evaluate     C   i   2     j , r   =     h   3     z   3 r + 1       H   m , j   i , β   K   j   i       x   3 r + 2   ,   x   3 r + 1     +   h   6       H   m , j   i , β     K   j   i       x   3 r + 2   ,   t   3 r + 1     + 4   H   m , j   i , β     K   j   i   (   x   3 r + 2   ,   t   3 r +   3   2     )     3   8   +   3   4     B   m , j   i , β     1   −   1   8     B   m , j   i , β     2     +     H   m , j   i , β   K   j   i       x   3 r + 2   ,   t   3 r + 2       B   m , j   i , β     1        .



	
Compute     L   i   α , 2     0 , r   =    ∑  ℓ = 2   3 r + 1       T   j , 3 r − ℓ + 2   − T   j , 3 r − ℓ + 1           G      B   ℓ     n , 2   i , α     r   −     P   n   i     r         2         with     L   i   α , 2      0 , 0    = 0  .





Step 13: For each   i =  0 , 1  , … , m  . For each   j =   0 : m  ¯   , If   r = 0   then put     L   i   β , 2     j , 0   = 0   else evaluate:

    L   i   β , 2     j , r   =   h   3     z   3 r + 1     H   m , j   i , β     K   j   i       x   3 r + 2   ,   t   3 r + 1        ∑  ℓ = 1   3 r         T   j , 3 r − ℓ + 1   − T   j , 3 r − ℓ     B   m , j   i , β     ℓ     +    h   3      ∑  d = 1   3 r       z   d     H   m , j   i , β     K   j   i       x   3 r + 2   ,   t   d          ∑  ℓ = 0   d − 1         T   j , d − ℓ   − T   j , d − ℓ − 1     B   m , j   i , β     ℓ     +    h   6       H   m , j   i , β     K   j   i       x   3 r + 2   ,   t   3 r + 1        ∑  ℓ = 1   3 r       T   j , 3 r − ℓ + 1   − T   j , 3 r − ℓ       B   m , j   i , β     ℓ     +  4   H   m , j   i , β     K   j   i   (   x   3 r + 2   ,   t   3 r +   3   2     )     3   8      ∑  ℓ = 1   3 r         T   j , 3 r − ℓ + 1   − T   j , 3 r − ℓ     B   m , j   i , β     ℓ     +   3   4      ∑  ℓ = 2   3 r + 1         T   j , 3 r − ℓ +  2   − T   j , 3 r − ℓ + 1     B   m , j   i , β     ℓ   −   1   8      ∑  ℓ = 3   3 r + 2       T   j , 3 r − ℓ + 3   − T   j , 3 r − ℓ + 2       B   m , j   i , β     ℓ         +    H   m , j   i , β     K   j   i       x   3 r + 3   ,   t   3 r + 2        ∑  ℓ = 2   3 r + 1       T   j , 3 r − ℓ + 2   − T   j , 3 r − ℓ + 1       B   m , j   i , β     ℓ       .   

Step 14: For each   i =  0 , 1  , … , m  :

	
For each   j =   0 : m  ¯  ,   compute     Q   i   3     j , r   = −     λ   i j   h   3         z  −    3 r + 1     H   m , j   i , β     K   j   i       x   3 r + 3   ,   x   3 r + 1     +     z  −    3 r + 2     H   m , j   i , β     K   j   i       x   3 r + 3   ,   x   3 r + 2       C   m , j   i , β     1   +     z  −    3 r + 3     H   m , j   i , β     K   j   i       x   3 r + 3   ,   x   3 r + 3       C   m , j   i , β     2     ,   R   i   3     j , r   = −     λ   i j   h   3         z  −    3 r + 2     H   m , j   i , β     K   j   i       x   3 r + 3   ,   x   3 r + 2     +     z  −    3 r + 3     H   m , j   i , β     K   i   i       x   3 r + 3   ,   x   3 r + 3       C   m , j   i , β     1       and     S   i   3     j , r   = −     λ   i j   h   3         z  −    3 r + 3     H   m , j   i , β     K   j   i   (   x   3 r + 3   ,   x   3 r + 3   )    .



	
For each   j =   0 : m  ¯  ,   evaluate     C   i   3     j , r   =   h   3         z  −    3 r + 1     H   m , j   i , β     K   j   i       x   3 r + 3   ,   x   3 r + 1     +     z  −    3 r + 2     H   m , j   i , β     K   j   i       x   3 r + 3   ,   x   3 r + 2       B   m , j   i , β     1   +     z  −    3 r + 3     H   m , j   i , β     K   j   i       x   3 r + 3   ,   x   3 r + 3       B   m , j   i , β     2      .



	
Compute     L   i   α , 3     0 , r   =    ∑  ℓ = 3   3 r + 2       T   j , 3 r − ℓ + 3   − T   j , 3 r − ℓ + 2           G      B   ℓ     n , 3   i , α     r   −     P   n   i     r         3         with     L   i   α , 3      0 , 0    = 0  .





Step 15: For each   i =  0 , 1  , … , m  . For each   j =   0 : m  ¯   , If   r = 0   then put     L   i   β , 3     j , 0   = 0   else evaluate:     L   i   β , 3     j , r   =   h   3       z  −    3 r + 1     H   m , j   i , β     K   j   i       x   3 r + 3   ,   t   3 r + 1        ∑  ℓ = 1   3 r       T   j , 3 r − ℓ + 1   − T   j , 3 r − ℓ       B   m , j   i , β     ℓ     +   h   3       z  −    3 r + 2     H   m , j   i , β     K   j   i       x   3 r + 3   ,   t   3 r + 2        ∑  ℓ = 2   3 r + 1         T   j , 3 r − ℓ + 2   − T   j , 3 r − ℓ + 1     B   m , j   i , β     ℓ     +   h   3       z  −    3 r + 3     H   m , j   i , β     K   j   i       x   3 r + 3   ,   t   3 r + 3        ∑  ℓ = 3   3 r + 2         T   j , 3 r − ℓ + 3   − T   j , 3 r − ℓ + 2     B   m , j   i , β     ℓ     +   h   3      ∑  d = 1   3 r         z  −    d       H   m , j   i , β   K   j   i       x   3 r + 3   ,   t   d          ∑  ℓ = 0   d − 1         T   j , d − ℓ   − T   j , d − ℓ − 1     B   m , j   i , β     ℓ      

Step 16: for each   i =  0 , 1  , … , m  . Compute     y   i , 3 r + 1   ,   y   i , 3 r + 2   ,   y   i , 3 r + 3     and for all   j =   0 : m  ¯   ;   j ≠ i  ,    y   j , 3 r + 1   ,   y   j , 3 r + 2   ,   y   j , 3 r + 3   ;   from the system:

            G      C   0     n , 1   i , α     r   +   Q   i   1     i , r       y   i , 3 r + 1   +    ∑  j = 0 , j ≠ i   m         Q   i   1     j , r     y   j , 3 r + 1       =   F   r , 1   i   +       G      C   0     n , 1   i , α     r   −      P   n   i     r         1     T   i , 2 r   −    ∑  j = 0   m       C   i   1     j , r   T   j , 2 r     −       G      B   ℓ     n , 1   i , α     r   −     P   n   i     r         1       L   i   α , 1     0 , r   +    ∑  j = 0   m       λ   i j       L   i   β , 1     j , r   .  

              G      C   1     n , 2   i , α     r   −     P   n   i     r         2     +   Q   i   2     i , r       y   i , 2 r + 1   +       G      C   0     n , 2   i , α     r   +   R   i   2     i , r       y   i , 2 r + 2   +    S   i   2     i , r     y   i , 3 r + 3   +    ∑  j = 0 , j ≠ i   m         Q   i   2     j , r     y   j , 2 r + 1   +   R   i   2     j , r     y   j , 2 r + 2   +   S   i   2     j , r     y   j , 3 r + 3       =   F   r , 2   i   +        G      B   1     n , 2   i , α     r   −     P   n   i     r         2     T   i , 2 r   −    ∑  j = 0   m       C   i   2     j , r   T   j , 2 r     −       G      B   ℓ     n , 2   i , α     r   −     P   n   i     r         2       L   i   α , 2     0 , r   +     ∑  j = 0   m       λ   i j     L   i   β , 2     j , r     .  

And

          G      C   2     n , 3   i , α     r   −     P   n   i     r         3     +   Q   i   3     i , r       y   i , 3 r + 1   +           G      C   1     n , 3   i , α     r   −     P   n   i     r         3     + R   i   3     i , r       y   i , 3 r + 2   +          G      C   0     n , 3   i , α     r   + S   i   3     i , r       y   i , 3 r + 3   +    ∑  j = 0 , j ≠ i   m         Q   i   3     j , r     y   j , 3 r + 1   +   R   i   3     j , r     y   j , 3 r + 2   +   S   i   3     j , r     y   j , 3 r + 3       =    F   r , 3   i   +       G      B   2     n , 3   i , α     r   −     P   n   i     r         3     T   i , 2 r   −    ∑  j = 0   m       C   i   3     j , r   T   j , 2 r     −       G      B   ℓ     n , 3   i , α     r   −     P   n   i     r         3       L   i   α , 3     0 , r   +     ∑  j = 0   m       λ   i j       L   i   β , 3     j , r   .   

Step 17: for each   i =  0 , 1  , … , m  : set   T   i , 3 r + 1   =   y   i , 3 r + 1   ; T   i , 3 r + 2   =   y   i , 3 r + 2    ;   T   i , 3 r + 3   =   y   i , 3 r + 3    .








For all, putting


       w   0   =   w   3 r   = 1 ;       w  −    0   =     w  −    3 r + 2   = 1 ;     z   0   =   z   3 r + 1   = 1 ;       z  −    0   =     z  −    3 r + 3   = 1       w   d   = 3 −     − 1     d         w h e r e     d =  1 , 2  , 3 , … , 3 r − 1          w  −    d   = 3 −     − 1     d     w h e r e   d =  1 , 2  , 3 , … , 3 r + 1        z   d   = 3 −     − 1     d       w h e r e   d =  1 , 2  , 3 , … , 3 r     = 3 −     − 1     d           w h e r e     d =  1 , 2  , 3 , … , 3 r + 2     













5. Implementation of the Method


In this section, we are demonstrating the simplicity and efficiency of the introduced numerical method by some examples are given for the LSVIFDEs in the Caputo sense for all multi-fractional order   lies   in      0 , 1     . All results are computed by using of a program written in the Python for algorithms BMP2 and BMP3. The least square error for each problem, denoted by     ( L . S . E )   y     and defined by


      L . S . U     y   =   S U M ( L . S . U o f a l l    y   i   ′  s )   / m  











Example 1. 

Consider the following linear system Volterra integro-fractional differential equations with variable coefficients for all fractional orders   lies   in      0 , 1     :


          D       c     x   0.9     y   0     x   +     D       c     x   0.6     y   0     x   + 2 x   y   0     x        =   − 2   Γ ( 2.1 )     x   1.1   −   2   Γ ( 2.4 )     x   1.4   + 10   e   x       x   2.7     Γ ( 3.7 )   −   2 x   3   +   ∫  0   x    5   e   x       D       c      0.3     y   0     t   d t        










          D       c     x   0.8     y   1     x   + x     D       c     x   0.5     y   1     x        =   − 6   Γ ( 3.2 )     x   2.2   −   6   Γ ( 3.5 )     x   3.5   +   6   sin  ⁡    x       Γ ( 4.2 )     x   3.2   −   6   4.2 Γ ( 3.2 )     x   4.2        +   ∫  0   x    (   sin  ⁡    x     − t )     D       c      0.8     y   0     t   d t        













Together with initial conditions:     y   0   ( 0 ) = 0   and     y   1     0   = 1  , whereas the exact solutions are     y   0     x   =   − x   2     and     y   1     x   =   1 − x   3   .  



Take   N = 10 , h = 0.1 ,   x   r   = a + r h  ;   r =  0 , 1  , 2 , … , N − 1  . Here we have the following:     K   0   0     x , t   = 5   e   x   ;   K   1   0     x , t   = 0   ; K   0   1     x , t   =     sin  ⁡    x     − t   a n d   K   1   1     x , t   = 0 . n = 2   and   m = 1   with fractional orders:     α   02   = 0.9 ,   α   01   = 0.6 ,   α   12   = 0.8 ,   α   11   = 0.5 ,   β   01   = 0.3 ,   β   10   = 0.8   and     α   00   =   β   00   = 0   with variable coefficients     P   00     x   =   P   10     x   =   P   01     x   = 1 ;   P   02     x   = 2 x ,   P   11     x   = x ,   P   12     x   = 0  . By running the programs, the following obtained all Table 1, Table 2, Table 3 and Table 4.



We completed all the steps in the algorithms BMP2 and BMP3. Table 3 presents a comparison between the exact solution and the block-by-block methods. The numerical solution of the forward finite difference techniques via block-by-block methods (a new technique) for     y   0   ( t )   and     y   1   ( t )   depending on the least square error, see Table 3 and Table 4 and Figure 1.



Example 2. 

Consider the following LSVIFDEs with variable coefficients for all fractional orders lies in      0 , 1     , given by


       D       c     x   0.7     y   0     x   +     D       c     x   0.5     y   0     x   − 2   y   0     x   =   f   0     x   +   ∫  0   x      x     D       c     t   0.3     y   0     t   + ( x − t )   y   1   ( t )   d t     










       D       c     x   0.6     y   1     x   +   e   x       D       c     x   0.4     y   1     x   + x   y   1     x   =   f   1     x   +   ∫  0   x      ( x − 2 t )     D       c     t   0.8     y   0     t     d t     








where


     f   0     x   =   24   Γ ( 4.3 )     x   3.3   +   24   Γ ( 4.5 )     x   3.5   −   24   Γ ( 5.7 )     x   5.7   −   1   30     x   6   − 2   x   4     










     f   1     x   =   1   Γ ( 1.4 )     x   0.4   −   2   Γ   2.4       x   1.4   +     e   x     Γ   1.6       x   0.6   −   2   e   x     Γ   2.6       x   1.6   −   1   Γ   2.2       x   2.2   +   2   Γ   3.2       x   3.2    +   2   2.2 Γ   1.2       x   2.2   −   4   3.2 Γ   2.2       x   3.2   +   x   2   −   x   3     













With initial conditions     y   0     0   =   y   1     0   = 0  , whereas the exact solutions are     y   0     x   =   x   4    ;     y   1     x   = x   1 − x   .  



Because we have     K   0   0     x , t   = x ;   K   1   0     x , t   = x − t   ; K   0   1     x , t   = x − 2 t a n d   K   1   1     x , t   = 0   with variable coefficients       P   00     x   = P   01     x   =   P   10     x   = 1 ;   P   02     x   = − 2 ,   P   11     x   =   e   x   a n d   P   12     x   = x .  



We completed all the steps in the algorithms BMP2 and BMP3. After using the information’s in Table 5 and Table 6 we obtain Table 7 which presents a comparison between the exact solution and the block-by-block methods.



The numerical solution of the forward finite difference techniques via block-by-block methods (a new technique) for     y   0   ( t )   and     y   1   ( t )   depending on the least square error, see Table 7 and Table 8 also Figure 2 and Figure 3.




6. Discussion


We present two numerical approaches for solving the linear system Volterra Integro Fractional Differential Equation (LSVIFDEs) of Caputo derivative sense in the range of   (  0 , 1  ]   with variable coefficients. In addition, we apply two numerical algorithms to solve the LSVIFDEs using two-block (BMP2) and two-block (BMP3) methods with the aid of forward finite difference scheme for a Caputo derivative. For each algorithm, a computer program was written. Moreover, we display the comparison of computing accuracy and speed, as well as the least square error and running times in Table 3, Table 4, Table 7 and Table 8. We conclude:




	
The numerical experiments have shown that the three-block method (BMP3) gives better accuracy than the two-block method (BMP2);



	
Where   N   are sufficiently large number, the error to be minimizes and the results are approached to the exact solution;



	
The two-block method (BMP2) is faster, and lower in accuracy, than the three-block method (BMP3).
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Figure 1. The numerical approximation of       y   0     t   ,   y   1     t       by BMP2 and BMP3 with exact solution of Example 1. 
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Figure 2. The numerical approximation of       y   0     t   ,   y   1     t       by BMP2 and BMP3 with exact solution of Example 2. 






Figure 2. The numerical approximation of       y   0     t   ,   y   1     t       by BMP2 and BMP3 with exact solution of Example 2.
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Figure 3. (a) Least square error comparation of BMP2 and BMP3 for     y   0     x     a n d   N = 100  . (b) Least square error comparation of BMP2 and BMP3 for     y   0     x     a n d   N = 200 .   (c) Least square error comparation of BMP2 and BMP3 for     y   1     x     a n d   N = 100  . (d) Least square error comparation of BMP2 and BMP3 for     y   1     x     a n d   N = 200  . 






Figure 3. (a) Least square error comparation of BMP2 and BMP3 for     y   0     x     a n d   N = 100  . (b) Least square error comparation of BMP2 and BMP3 for     y   0     x     a n d   N = 200 .   (c) Least square error comparation of BMP2 and BMP3 for     y   1     x     a n d   N = 100  . (d) Least square error comparation of BMP2 and BMP3 for     y   1     x     a n d   N = 200  .
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Table 1. Contains all value of     H   n , k   i , α     a n d     H   m , j   i , β     for the two-block method where   N = 10 , 100   a n d   200  .






Table 1. Contains all value of     H   n , k   i , α     a n d     H   m , j   i , β     for the two-block method where   N = 10 , 100   a n d   200  .





	      H   n , k   i , α   ;     H   m , j   i , β      
	    B M P 2    

    N = 10    
	    B M P 2    

    N = 100    
	    B M P 2    

    N = 200    





	      H    2 , 0    0 , α      
	   15.58067692   
	   123.76171593   
	   230.9475281   



	      H    2 , 1    0 , α      
	   6.80088179   
	   27.07479805   
	   41.03771995   



	      H    2 , 0    1 , α      
	   11.96469116   
	   75.4920976   
	   131.43937618   



	      H    2 , 1    1 , α      
	   5.04626504   
	15.95769122
	   22.56758334   



	      H    2 , 2    0 , α   =   H    2 , 2    1 , α      
	   1   
	   1   
	   1   



	      H    1 , 0    0 , β      
	   2.70344634   
	   5.39408459   
	   6.64089711   



	      H    1 , 0    1 , β      
	   11.96469116   
	   75.4920976   
	   131.43937618   



	      H    1 , 1    0 , β   =   H    1 , 1    1 , β      
	   1   
	   1   
	   1   
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Table 2. Contains all value of     H   n , k   i , α     a n d     H   m , j   i , β     for the three-block method where   N = 10 , 100   a n d   200  .






Table 2. Contains all value of     H   n , k   i , α     a n d     H   m , j   i , β     for the three-block method where   N = 10 , 100   a n d   200  .





	      H   n , k   i , α   ;     H   m , j   i , β      
	    B M P 3    

    N = 10    
	    B M P 3    

    N = 100    
	    B M P 3    

    N = 200    





	      H    2 , 0    0 , α      
	   22.44235642   
	   178.26597355   
	   332.65606918   



	      H    2 , 1    0 , α      
	   8.67401126   
	   34.53186079   
	   52.34051347   



	      H    2 , 0    1 , α      
	   16.54910456   
	   104.41779068   
	   181.80193299   



	      H    2 , 1    1 , α      
	   6.18038723   
	   19.54410048   
	   27.63953196   



	      H    2 , 2    0 , α   =   H    2 , 2    1 , α      
	   1   
	   1   
	   1   



	      H    1 , 0    0 , β      
	   3.05312883   
	   6.0917929   
	   7.4998768   



	      H    1 , 0    1 , β      
	   16.54910456   
	104.41779068
	   181.80193299   



	      H    1 , 1    0 , β   =   H    1 , 1    1 , β      
	   1   
	   1   
	   1   
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Table 3. A comparison between the exact solution and numerical solution using two-block and three-block methods depending on least square error and running time for   N = 10  .
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      y   0     x      

	
      y   1     x      




	
    x    

	
    E x a c t    

	
    B M P 2    

	
    B M P 3    

	
    E x a c t    

	
    B M P 2    

	
    B M P 3    






	
    0.0    

	
   0.00   

	
   0.0   

	
   0.0   

	
   1.000   

	
   1   

	
   1   




	
    0.1    

	
   − 0.01   

	
   − 0.0133399   

	
   − 0.01201728   

	
   0.999   

	
   0.9984504   

	
   0.99866048   




	
    0.2    

	
   − 0.4   

	
   − 0.04630336074   

	
   − 0.04387683293   

	
   0.992   

	
   0.99001318428   

	
   0.99071904024   




	
    0.3    

	
   − 0.09   

	
   − 0.09932769925   

	
   − 0.09441522742   

	
   0.973   

	
   0.96867129246   

	
   0.97015110022   




	
    0.4    

	
   − 0.16   

	
   − 0.17268975073   

	
   − 0.1667659284   

	
   0.936   

	
   0.92835775574   

	
   0.93075651777   




	
    0.5    

	
   − 0.25   

	
   − 0.26668380513   

	
   − 0.25505162267   

	
   0.875   

	
   0.86304032411   

	
   0.86659591474   




	
    0.6    

	
   − 0.36   

	
   − 0.38168777473   

	
   − 0.36880182427   

	
   0.784   

	
   0.76675844428   

	
   0.77152149574   




	
    0.7    

	
   − 0.49   

	
   − 0.51822851730   

	
   − 0.49322309007   

	
   0.657   

	
   0.63362356671   

	
   0.63978482496   




	
    0.8    

	
   − 0.64   

	
   − 0.67707434414   

	
   − 0.64932899451   

	
   0.488   

	
   0.45778737039   

	
   0.46536622778   




	
    0.9    

	
   − 0.81   

	
   − 0.85938104583   

	
   − 0.80729230200   

	
   0.271   

	
   0.23338351416   

	
   0.24244697072   




	
    1.0    

	
   − 1   

	
   − 1.06693235396   

	
   − 1.00653583547   

	
   0.000   

	
   − 0.0455495788   

	
   − 0.0349831482   




	
L.S.E

     y   0     x     

	
   1.0137416 ×   10   − 2     

	
   3.3482949 ×   10   − 4     

	
L.S.E

    y   1     x    

	
   5.47072095 ×   10   − 3     

	
   3.11145422 ×   10   − 3     




	
   R . T i m e / S   

	
   B M P 2 = 0.046821117   

	
   B M P 3 = 0.250024557   
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Table 4. The mean least square errors and running times for using two-block and three-block methods with various choices of step size   h = ( b − a ) / N  .
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Block-by-Block Method

	
    N = 10    

	
    R . T i m e / S    

	
    N = 100    

	
    R . T i m e / S    

	
    N = 200    

	
    R . T i m e / S    




	
        L . S . E     y      

	
        L . S . E     y      

	
        L . S . E     y      






	
   B M P 2   

	
   7.80406839   

   ×   10   − 3     

	
   0.046821117   

	
   4.7014974   

   ×   10   − 4     

	
   25.2331798   

	
   3.9918725   

   ×   10   − 4     

	
   185.8057982   




	
   B M P 3   

	
   1.72314185   

   ×   10   − 3     

	
   0.250024557   

	
   4.0882842   

   ×   10   − 4     

	
   168.7220046   

	
   3.7973148   

   ×   10   − 4     

	
   1419.887972   
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Table 5. Contains all value of     H   n , k   i , α     a n d     H   m , j   i , β     for the two-block method where   N = 10 , 100   a n d   200  .






Table 5. Contains all value of     H   n , k   i , α     a n d     H   m , j   i , β     for the two-block method where   N = 10 , 100   a n d   200  .





	      H   n , k   i , α   ;     H   m , j   i , β      
	    B M P 2    

    N = 10    
	    B M P 2    

    N = 100    
	    B M P 2    

    N = 200    





	      H    2 , 0    0 , α      
	   9.0719515   
	   45.46746277   
	   73.86211117   



	      H    2 , 1    0 , α      
	   5.04626504   
	   15.95769122   
	   22.56758334   



	      H    2 , 0    1 , α      
	   6.80088179   
	   27.07479805   
	   41.03771995   



	      H    2 , 1    1 , α      
	   3.70945392   
	   9.31772698   
	   12.29481446   



	      H    2 , 2    0 , α   =   H    2 , 2    1 , α      
	   1   
	   1   
	   1   



	      H    1 , 0    0 , β      
	   2.70344634   
	   5.39408459   
	   6.64089711   



	      H    1 , 0    1 , β      
	   11.96469116   
	   75.4920976   
	   131.43937618   



	      H    1 , 1    0 , β   =   H    1 , 1    1 , β      
	   1   
	   1   
	   1   
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Table 6. Contains all value of     H   n , k   i , α     a n d     H   m , j   i , β     for the three-block method where   N = 10 , 100   a n d   200  .






Table 6. Contains all value of     H   n , k   i , α     a n d     H   m , j   i , β     for the three-block method where   N = 10 , 100   a n d   200  .





	      H   n , k   i , α   ;     H   m , j   i , β      
	    B M P 3    

    N = 10    
	    B M P 3    

    N = 100    
	    B M P 3    

    N = 200    





	      H    2 , 0    0 , α      
	   12.04937723   
	   60.38994042   
	   98.10374765   



	      H    2 , 1    0 , α      
	   6.18038723   
	   19.54410048   
	   27.63953196   



	      H    2 , 0    1 , α      
	   8.67401126   
	   34.53186079   
	   52.34051347   



	      H    2 , 1    1 , α      
	   4.36261094   
	   10.95838323   
	   14.45967337   



	      H    2 , 2    0 , α   =   H    2 , 2    1 , α      
	   1   
	   1   
	   1   



	      H    1 , 0    0 , β      
	   3.05312883   
	   6.0917929   
	   7.4998768   



	      H    1 , 0    1 , β      
	   16.54910456   
	   104.41779068   
	   181.80193299   



	      H    1 , 1    0 , β   =   H    1 , 1    1 , β      
	   1   
	   1   
	   1   
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Table 7. The comparison between the exact solution and numerical solution using two-block and three-block methods depending on least square error and running time for   N = 10  .
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      y   0     x      

	
      y   1     x      




	
    x    

	
    E x a c t    

	
    B M P 2    

	
    B M P 3    

	
    E x a c t    

	
    B M P 2    

	
    B M P 3    






	
    0.0    

	
   0.0000   

	
   0.0   

	
   0.0   

	
   0.00   

	
   0.0   

	
   0.0   




	
    0.1    

	
   0.0001   

	
   0.00017600419   

	
   0.00011142044   

	
   0.09   

	
   0.0885394561   

	
   0.08999196501   




	
    0.2    

	
   0.0016   

	
   0.00218275302   

	
   0.00173099784   

	
   0.16   

	
   0.15778964412   

	
   0.16003625270   




	
    0.3    

	
   0.0081   

	
   0.01008512719   

	
   0.00865379048   

	
   0.21   

	
   0.20706630902   

	
   0.20987638340   




	
    0.4    

	
   0.0256   

	
   0.03041946795   

	
   0.02713854520   

	
   0.24   

	
   0.23578330581   

	
   0.23903787881   




	
    0.5    

	
   0.0625   

	
   0.07218455507   

	
   0.06587879423   

	
   0.25   

	
   0.24316336722   

	
   0.24679896667   




	
    0.6    

	
   0.1296   

	
   0.14682235856   

	
   0.13596823567   

	
   0.24   

	
   0.22817032464   

	
   0.23216246675   




	
    0.7    

	
   0.2401   

	
   0.26818749436   

	
   0.25085389684   

	
   0.21   

	
   0.18947806296   

	
   0.19383675025   




	
    0.8    

	
   0.4096   

	
   0.45250140750   

	
   0.42627111448   

	
   0.16   

	
   0.12546287371   

	
   0.13023394799   




	
    0.9    

	
   0.6561   

	
   0.71828591453   

	
   0.68015349552   

	
   0.09   

	
   0.03421792128   

	
   0.03948863309   




	
    1.0    

	
   1.0000   

	
   1.08626922053   

	
   1.03250943177   

	
   0.00   

	
   − 0.08641136656   

	
   − 0.08050292670   




	
L.S.E

     y   0     x     

	
   1.435681810   

   ×   10   − 2     

	
   7.16765525   

   ×   10   − 3     

	
L.S.E

    y   1     x    

	
   1.241261424   

   ×   10   − 2     

	
   1.040173476   

   ×   10   − 2     




	
   R . T i m e / S   

	
   B M P 2 = 0.046799659   

	
  B M P 3   = 1.720833539











[image: Table] 





Table 8. The mean least square errors and running times for two-block and three-block methods with various choices of step size   h  .






Table 8. The mean least square errors and running times for two-block and three-block methods with various choices of step size   h  .





	
Block-by-Block Method

	
    N = 10    

	
    R . T i m e / S    

	
    N = 100    

	
    R . T i m e / S    

	
    N = 200    

	
    R . T i m e / S    




	
        L . S . E     y      

	
        L . S . E     y      

	
        L . S . E     y      






	
   B M P 2   

	
   1.338471617   

   ×   10   − 2     

	
   0.046799659   

	
   6.32473407   

   ×   10   − 3     

	
   25.64327144   

	
   6.20364139   

   ×   10   − 3     

	
   194.53524470   




	
   B M P 3   

	
   8.784695   

   ×   10   − 3     

	
   1.720833539   

	
   6.16783582   

   ×   10   − 3     

	
   195.5688905   

	
   6.13445657   

   ×   10   − 3     

	
   1445.007089   
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