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Abstract: It is well known fact that fixed point results are very useful for finding the solution of
different types of differential equations. In this paper, some new results of multi-valued functions
involving rational inequality in G—metric spaces have been obtained. Some of the new concepts are
also defined over G—metric spaces that are open set, interior of set, and limit point of set. Moreover,
we have presented the application of our main results in the field of Homotopy. Some non-trivial
examples are also provided to discuss the validation of the main finding.
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1. Introduction

The boundary of the fixed point was bounded using Topology and Mathematical
analysis. Later on, the unique solutions of integral and deferential equations were solved
using the theory of fixed points. Thus, the concept of the fixed point was enlarged to integral
and differential equations. Stefen Banach (1892-1945) presented the idea of locating the
fixed point of self mapping in 1922. This idea is known as a Banach contraction or Banach
contractive theory. Before Banach fixed theory, Brouwer presented the idea of a fixed
point called Brouwer fixed point theory [1]. This theory only guaranteed the existence of a
solution, but not their uniqueness or the existence of a fixed point. However, it might be
helpful in calculating the zeroes of a certain function. Schauder [2] worked on a compact
and bounded closed convex subset of Banach spaces and introduced a fixed point, which is
known as a Schauder Fixed Point. As an application, the Schauder fixed point theory is
used in Game theory, approximation theory, and other fields such as optimization theory,
engineering, and economics. After these, a lot of metric spaces and fixed point theorems
were introduced to the literature.

After Banach fixed theory, Kannan [3] worked on Banach fixed point theory and
relaxed one of the conditions for the scholar that continuity is necessary for Kannan'’s
fixed point theory. In 2011, A. Azam and B. Fisher [4] developed a new idea of complex
valued metric spaces. Many authors arrived with this new concept and introduced many
different types of fixed point theorems with the contractive conditions using single-valued
mappings and multi-valued mappings, interested scholars might include ([5-11]). Along
with these, Gahler [3] introduced the concept of 2-metric space, which was the extension
of regular metric spaces. After detail study, some of the authors felt that the statement of
generalization of regular spaces is not correct, see for detail [12], and proved that 2-distance
mapping is not continuous with its domain. Furthermore, due to the lack of continuity,
Banach contraction mapping theorem is not verified over here. To overcome the loss of
continuity in 2-metric spaces, Dhage [13] introduced the new concept of D-metric spaces
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and provided their topological structure. Moreover, he felt that D-metric spaces were the
extension of the usual metric spaces and proved several fixed point results. (see [14,15].)
However, Z. Mustafa [16] searched for some primary properties of topological spaces that
were not satisfied by D-metric spaces, one of them is D-convergence of the sequence {1, }
to u, i.e., D(upy, uy,u) — 0, whenever n, m — oo may not convergence in any fundamental
topology. Z. Mustafa came across these flaws and introduced a new concept that overcame
this failure and developed a more general idea called G-metric spaces and introduced
many related fixed point theorems under a different sort of contractive condition, see for
instance; ([17-29]).

Moreover, under the detailed study of 2-metric spaces and G-metric spaces, some fixed
point theorems obeying the rational contractive condition are extracted here in this area,
under G-metric spaces. Some theorems of multi-valued functions with rational inequality in
G—mertic spaces, which are new to the literature of fixed point theory and its applications
are presented here in this article. As an application that provides the accuracy to our main
result, Homotopy was introduced with readers. Furthermore, examples are provided to
the undergoing discussion to strengthen the statements of theorems.

2. Preliminaries

This section recalls some classical and new definitions, results, and preliminary notions.

Definition 1. [25] Let M be a non-empty set. G : Ml x Ml x Ml — R™ be a function satisfying
the following conditions:
forallu,v,w,a € M

(i) G(u,v,w) =0, iffu=v=uw.
(ii) 0 < G(u,u,w), where u # v.
(iii) G(u,u,v) < G(u,v,w) where v # w.
(iv)
(v)

Then, the mapping G is known as the generalized metric, more precisely, G—metric on M, and
the pair (M, G) is called G—metric spaces.

G(u,v,w) = G(u,w,v) = G(v,w,u) = ...(i.e,, is symmetric property).
G(u,v,w) <= G(u,a,a) + G(a,v,w), (ie. is rectangular property).

Definition 2. [25] The G—metric space is symmetric if G(u,v,v) = G(u, u,v) for all u,u € M.
Example 1. [16] Let (M, G) be a G—metric spaces, and

(i) Gu(u,v,w) = max[d(u,v),d(v,w),d(u,w)],
(ii) Go(u,v,w) =d(u,v)+d(v,w)+d(u,w),

then (M, G,) and (M, Gy) is symmetric G—metric spaces.

The following are the definitions of Convergence and Completeness on G—metric
spaces.

Lemma 1. [16] Let Ml be a G—metric space.

(i) A sequence {u,}5_, is G—converges if and only if G(un, u,u) — O, as n — oo. More
precisely, for every given € > 0, there exist N € N such that for all n > N, G(u, uy, uy) < €, or
G(uy,u,u) < e.

(ii) A sequence {uy,}5_, in M is named as a G—Cauchy sequence if, for all € > 0, there exists
N € N such that G(uy, uy,u;) < € foralln,m,1 > N.

(iii) A space M is said to be G—compelete if every G—Cauchy sequence in M is G—convergent.
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Definition 3. Let (M, G) be a G—metric space, then the mapping G : M x Ml x Ml — R is
jointly continuous in all three variables.

Definition 4. Let (M, G) be a G—metric space and P : Ml — M is said to be G—continuous
mapping. If the sequence of P, i.e., {P"1h} is G—convergent to h € M, then h is a fixed point of
PP, then {Pu, } is G—convergent to Ph

Here, we define the Interior point, Open ball, Closed ball, and Limit point of a set.

Definition 5. Let (M, G) be a G—metric space.
(i) We say that a point h € M is the interior point of a set E C M, whenever there exists 0 < r € R
such that

B(h,r) ={k e M: G(k,h,h) < r}.

(ii) We say that a point h € M is the exterior point of a set E C M, whenever there exists 0 < r € R
such that
B(h,r) ={k e M:G(k,h,h) >r}.

(iv) A set denoted by B(h;r) and defined as:
B(h;r) = {k € M, G(k,h,h) < r}

is called an open ball.
(iii) A set E is said to an open set, if for every element h € E there exist an open ball in E

h e B(h;r) CE.

(iii) We say that a point h € M is the limit point of a set E C M whenever for every o < r € R
such that

B(l;r)(\M —h # .
Definition 6. Let (M, G) be a G—metric space. We denote
s(u)y={zeM:u <z},
forz € Mland E € CB(M)

s(w,E) = J s(G(u,n,n)) = | J{z € M: G(u,n,n) <z},

nek nek

for E,F € CB(M), we have

s(E,F) = ( N s(n,F)) N < N s(m,IF)).

nek

Definition 7. Let (M, G) be a G—metric space.
(i) Let P : Ml — CB(M) be a multi-valued mapping. For u € M and E € CB(M), define

Wy (E) = {G(u,a,a) :a € E},
and for u,v € M, and Tv € CB(M), we have
Wy (Pv) = {G(u,b,b) : b € Pv}.

(ii) A mapping F : M — 2R is said to be bounded below if for each u € M there exists z,, < w for
allw € F,.

(iii) For multi-valued mapping | : Ml — CB(M), we say that it has a lower bound property
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on (M, G) if for any u € M the mapping F, : Ml — 2R defined by F,(Jv) = Wy (Fv) is bounded
below. This means that for u,vs. € M, there is an element u, (Jv) € R, that implies uju(Jv) < a
forall a € Wy (Jv), where u,(Jv) is said to be lower bound of | corresponding with (u,v).

(iv) For multi-valued mapping | : Ml — CB(M), we say that it has the greatest lower bound
property (g.1.b. property) on (M, G) if the g.L.b. of W, (Jv) exists in M for all u,vs. € M. We
denote the g.1.b. of Wy, (Jv) by G(u, Jv, Jv) and define it as:

G(u, Ju, Jv) = inf{G(u,a,a) :a € Jv}.
Fixed point and common fixed point of multi-valued mappings:

Definition 8. [7] Let (M, G) be a G—metric space and P,Q : Ml — CB(M) be multi- valued

mappings.
(i) A point u € M is called a fixed point of Q if u € Qu.
(ii) A point u € M is called a common fixed point of Q and Q if u € Su and u € Qu.

Example 2. [7] Let M be a non-empty set and define G : Ml x Ml x M — R and define as below:
(i) G(u,v,w) = =V u,0,w € (0,1];

(ii) G(u,v,w) =0 = u =v =w Y uywe [0,1];

(iii) G(u,0,0) = G(0,0,u) = G(0,u,0) = 1,V ue (0,1].

Then the pair (M, G) is known as a G-metric space.

Example 3. [7] Let Ml = [0, 00) be a set and G : Ml x Ml x Ml — R define

0, if u=v=w

Glu,o,w) = {1, if u#v#uw.

Then (M, G) is known as G-metric space.

3. Our Main Theorem

In this section, we propose the new estimates of fixed point results for Almost Con-
traction on a G—metric space.

Definition 9. Let (M, G) be a complete G—metric space. A mapping P : Ml — M is said to be
almost contraction if there exists e € (0,1) and L >0 such that for all u,v,w € M,

G(Pu,Pv, Pw) < eG(u,v,w) + LG(u, Pv, Pw).

Theorem 1. Let (M, G) be a complete G-metric space and P,Q : M — CB(M) be a pair of
multi-valued mappings with g.1.b, property such that

MG(u,v,0) + A2[G(u, Pu, Pu) + G(v, Qu, Qu)| + A3[G(v, Pu, Pu) + G(u, Qu, Qu)]
G(v,Qu,Qu)[1+ G(u, Pu,Pu)] L G(v,Pu,Pu)[1+ G(u, Qu,Qu)]
1+ G(u,v,0) > 1+ G(u,v,0) 1
G(u,v,0)[1+ G(u,Pu,Pu) + G(v, Pu, Pu))
1+ G(u,v,0)

+ Ay

+ Ag + LG(v,Pu,Pu) € s(Pu, Qo)

forallu,v € Mand A1, Ay, A3, A4, As, Ag, L are non-negative real numbers with A1 + 215
+2A3+ Ay + Ag < 1. Then, P and Q have a common fixed point.

Proof. Let u, € M then Qu, is non empty, so we use u; € Ql,. Thus, from 1
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MG (1o, u1, u1) + A2 [G(uo, Puty, Putp) + G(u, Quy, Quq)]+
A3[G(M1,PHO,PMO) + G(”o; Quy, Qul)]
+ A G(ul/ Qulr Qul)[l + G(uOrPuOrPuO)] A G(”lIPMOI Puo) [1 + G(uor Qull Qul)]
4 1+G(MO,M1,M1) 5 1+G(M0,M1,u])
G(uo, ur,u1)[1 + G(uo, Puy, Puy) + G(uq, Puy, Puy)]
+ A 1+ Glutg, g, 141) + LG (u1, Puy, Pu,) € s(Puy, Quy)
)\1G<u0/ ul/ul) + A2[(;<MOI]P)uO/]P)uU) + G(ul/ Qul/ @ul)]+
A3[G(ulrpu0/ Puo) + G(uOI @ull Qul)]
G(ul/ Quy, Qul)[l + G(uo/ Pu,, Puo)] G(ulz Pu,, ]P)uo)[l + G(uo/ Quy, Qul)]
+ A4 +As
1+ G(up, ug, uq) 1+ G(uo, u1,17)
1 Pu,, P Pu,, P
41 Sltortte 1) (L Gt B, Pto) = Glatn P, Btol) | 34, s, Pug) € [ sla,Qur)
1+ G(uo, u1,u1) sePy,
/\1G(1/{0, Uy, ul) + )\Z[G(MO/ ]P)MOI Puo) + G(ulr @ull Qul)]+
/\3[G(H1,PMO,PMO) + G<u0/ Qull Qul)]
G(u1, Quy, Quq)[1 + G(uo, Puy, Puy)] G(uq, Puy, Puy)[1 + G(uo, Qui, Quy)]
+ Ay + Asg
1+G(u0/u1/ul) 1+G(M0,M1,u])
1 Pu,, P Pu,, P
42 Slortt ) {1 Gloto B, Pto) + Gloty Bto, Pto)) |y 4, s, Py € s(a, Qur),
1 + G(u()/ ui, ul)

Va € Pu,.

Since, 11 € Pu,

/\1G(M0, ui, ul) + A2[G(u0/ ]P)u()/ Puo) + G(ulr Qull Qul)]+
A3[G(ug, Puy, Puy) + G(uo, Quy, Quy)]
G(u1, Qui, Quq)[1 4 G(uo, Puy, Puy )]
+ Ay
1 + G(MOI Ui, Lll)
e G(uo, ur,u1)[1+ G(uo, Puy, Puy) + G(uy, Puy, Puy)] LG (g, Pitg, Pitg) € {1ty Quiy)
1+ G(uo, u1,u7)

1 1. Gl P, Puto)[1+ G (o, Quy, Qua)]
> 1 + G(uOI ul/ul)

MG (1o, u1, ur) + A2[G (1o, Puy, Puy) + G(ug, Quy, Quq )]+
/\3 [G(ulr ]P)uor ]P)MO) + G(u()/ Qull Qul)}

vy G(u1, Quy, Qup)[1 + G(uo, Puy, Puy )] G(u1,Puy, Puy)[1 + G(uy, Quy, Quy)]

A
1+ G(uo, uy, uy) > 1+ G(uo, uy, uy)
G(ug,uq,uq) |1+ G(uy, Pu,, Pu G(uq,Pu,, Pu
+ g (1o, 11,101 +1(+0G(u0u1 ‘;)J (11, Pito, Pito)| +LG(uy, Puo, Pu) € | s(ug, b).
0r 7

be(@m
Therefore, there exists 1y € Quq, such that
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MG (1, u1, u1) + A2 [G(uo, Puty, Puty) + G(u1, Quy, Quq) |+
A3[G(u, Puo, Puo) + G(uo, Qui, Quy)]
G(u1, Qui, Qui)[1 4+ G(uo, Puy, Puy)] A G(u1, Puy, Puy)[1 + G(uo, Quy, Quy)]
1+ G(up, u1, uq) > 1+ G(uo, uy,uy)
G(uo, ur,u1)[1 + G(uo, Puy, Puy) + G(uy, Puy, Puy)]
1+ G(uo, 11, 17)

+ A4

+ Ag + LG(u1, Puy, Puy) € s(G(uy, up, uz)).

Using the definition and g.Lb. property of P and Q, we have

G(uq,uz,uz) < MG(uo, uy, u1) + A2[G(uo, ur, u1) + G(uy, Quq, Quy )]
+ A3[G(uq, uy, u1) + G(uo, Quy, Quy )]
G(uy, Quy, Qui)[1 4+ G(uo, uq,11)]
14 G(uo, uq,u7)
G(uo, u1, u1)[1 4+ G(uo, ur, u1) + G(ug, ug, uq)]
1+ G(up, u1,uq)

G(uq,uy,u1)[1 + G(uo, Qui, Quy)]
1+ G(“O/ ul/ul)

+ Ay + As

Iy + LG(u1,u1,u1)

G(ul,uz, uz) < /\1G(1/lo, uy, ul) + )LZ[G(HO, ul,ul) + G(ul,uz, Mz)]+
A3[G(uq, uy, ur) + G(up, up, uz)]
G(uy, up,u2)[1 4 G(ug, uy, uq)] G (11, u1,u1)[1 + G(ug, tp, u2)]
1+ G(ug, ug, uq) 1+ G(ug, ug, uq)
G(uo, uy, u1)[1+ G(ug, uy,ur) + G(uy, ug, u1)]
1+ G(ug, u1, uq)

+ Ay

+ As

+ Ag

+ LG(uq,uq,uq).

Using the rectangular inequality, we have
G(uo, ug, uz) < G(ug, u1, u1) + G(uz, uz, u2)
This implies

G(ul,uz, Mz) < /\1G(ng, ul,u1) + /\2[G(M0,M1,u1) + G(M1, Up, Mz)]-l—
A3[G(uo, u1,u1) + G(uy, uz, up)]
G (u1, up, up)[1 + G(uo, u1, u1)] n
1+ G(ug, ug,uq)
G(uo, uy, u1)[1+ G(ug, u1,u1) + G(ug, uy, u1)]
1+ G(ug, ug,uq) )

+ A4

A6

This implies that

(1 — /\2 — /\4)G(1/l1, Uj, uz) S (/\1 + /\2 + /\3 + A6)G(u0, ui, ul),
(A + A2+ A3+ Ag)

G(uy,ur, ur) <

G(uo, ui, Lll).

_ MHA A HAG)
Letic = (1-A2—A3—Ay)
Then, we obtain

G(uy,up, uz) < kG(ug, uy, u).
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Inductively, we can find a sequence {u,}} ; in M such that

G(uy, up,up) < kG(up,uq,u7)

G(uy, uz, u3)| < kK*G(ug, uy, uy)

G(up, upi1,upy1) < kPG(uo, uq, uy).
Now, by triangular inequality and for g > p, we have the following
G(up,ug,uq) < Gup, upy1,upi1) + Gupy1, pro, tpr2) + .o+ G(ug_1,uq, ug),
< (kP + KPP 4+ L+ KT G(ug, ug, uy).
Since, A1 + Ay + Az + Ag <1 — Ay — A3 — Ay. This implies that k < 1.
G(up,ug,uq) < Gup, upy1,upi1) + Gupy1, pro, tpra) + .o+ G(ug_1,uq, ug),
< (kP + KPP 4+ L+ KT G (ug, ug, 1),
<K+ 4+ KPP )G (ug, ug, uq),

1—ki—p-1
1—k

IN

kPG(uo, ui, 1/[1).

G(up,uq,ug) — 0asp,q — oo,
Using Lemma 1, {u, }} ; is a G—Cauchy sequence in M.
For the completeness of M, there exist some r € M, such that

limy ooty = 1.
Now, we show thatr € Prand r € Qr.

From (1), we have

MG (uzp,7,1) + A2[G(uzp, Puzp, Pusp) + G(r, Qr, Qr)] + A3[G(r, Puzy, Puzy) + G(uzp, Qr, Qr)]
G(r,Qr,Qr)[1 + G(uzp, Puzp, Pusy)] LA G(r,Pugp, Puzp) 1+ G(uzp, Qr, Qr)]

A
+ Ag 1+ G(”Zp, 7, 1’) 5 1+ G(”Zp/ T, r)
G(uzp, 1, 1)[1 + G(uzp, Puizp, Puiny) + G(r, Puzy, Pusy )]
LG(r, Puy,, P P _
s 1+ G(ugp,1,7) + LG(r, Pugy, Puzp) € s(Pusp, Qr)

This implies

MG (ugp, 1,1) + A2[G(up, Puay, Pusy) + G(r, Qr, Qr)] + A3[G(r, Pugp, Puay) + G(uzp, Qr, Qr)]
G(r,Qr,Qr)[1 + G(uzp, Puzp, Puyy)] A G(r,Puzp, Pusy)[1 + G(uzp, Qr,Qr)]

A
A 1+ G(ugp,1,7) > 1+ G(ugp,1,7)
G(ugp, 1, 1)1+ G(uzp, Pugp, Puyy) + G(r, Puzy, Puyy)]
+ A 1+ Cluzp,,) + LG(r, Pup, Puy))
€ ﬂ s(a,Qr)

ac Plzp
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MG (uzp, 1,1) + A2[G(up, Pusp, Pusy) + G(r, Qr, Qr)] + A3[G(r, Pugp, Puay) + G(uzp, Qr, Qr)]
G(r,Qr,Qr)[1 + G(uzp, Puzp, Puyy)] A G(r,Puzp, Pusy)[1 + G(uzp, Qr,Qr)]

A
A 1+ G(ugp,1,7) > 1+ G(ugp,1,7)
G(u2p, T, 1’)[1 + G(”Zp/PMZp/PMZP) + G(I’, Puzp, ]P)uzp)]
A L P P
t 46 1+ G(ugp,1,7) +ILG(r, Pugy, Pugp)

€s(a,Qr), Va& Puy,.

Since uzp 11 € Puyp, therefore

MG (ugp, 1,1) + A2[G(u2p, Puop, Pugy) 4+ G(r, Qr, Qr)] 4 A3[G(r, Puzy, Pusy,) + G(uzp, Qr, Qr)]
G(r,Qr,Qr)[1 + G(uzp, Puzp, Puyy)] A G(r,Puzp, Puzp) [1 + G(uzp, Qr, Qr)]
1 + G(UZP/ r, r) > 1 + G(”Zpl r, r)
G(uzp, 7, 7)[1+ G(uzp, Puzp, Puzy) + G(r, Puap, Pusp)]
1+ G(ugp,1,7)

+ A4

+ Ag + LG(T, Puzp,Puzp) S S(u2p+1,Q1’)

MG (uzp, 1,7) + A2[G(up, Puay, Pusy) + G(r, Qr, Qr)] + A3[G(r, Pugp, Puay) + G(uzp, Qr, Qr)]
G(r,Qr,Qr)[1 + G(uzp, Puzp, Puyp)] A G(r,Puzp, Pusy) (1 + G(uzp, Qr,Qr)]

+ A4

1+ G(ugp,1,7) > 1+ G(ugp,1,7)
G(uzp,1,7)[1 + G(uzp, Puzp, Puzy) + G(r, Puzy, Pusy)]
A L P P
+ Ag 1+ G(u2p,r, 1’) =+ G(V, Uzp, uZp)
€ | s(Gluzpi1,b)).
beQr

This implies that there exists some r, € Qr, such that

MG (uzp,1,1) + A2[G(uzp, Pusp, Pusp) + G(r, Qr, Qr)] + A3[G(r, Puzy, Puzy) + G(uzp, Qr, Qr)]
G(r,Qr,Qr)[1 + G(uzp, Puzp, Pusy)] LA G(r,Puzp, Puzp)[1 + G(uzp, Qr, Qr)]

+ A4

14 G(uzp,1,7) > 1+ G(uzp,7,7)
A G(ugp, 1, 7)1+ G(uzp, Pugp, Puzp) + G(r,Pugp, Puyy)] N
6 1+ G(ugp,1,7)

LG(r, Puzp, Puzp) € s(G(uzps1,7p,7p))

G(uzps1,7p,7p) < MG(up,1,7) + A2[G(uzp, Puzy, Pusy) + G(r, Qr, Qr)]
+ A3[G(r, Pusy, Puay) + G(uzp, Qr, Qr)]
G(r,Qr,Qr)[1 + G(uzp, Puzp, Pusy)] N

A
T 1+ G(uzp,r, 7)
N G(r,Pugp, Puzp) 1+ G(uzp, Qr, Qr)]
1+ G(ugp,1,7)

+ Ag

G(uzp, r,r)[1+ G(u2p,IP’u2p,IP’u2p) + G(r, Puzp,Puzp)} N

1+ G(ugp,1,7)
LG(r, Puyp, ]P’uzp)
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G(uzpi1,7p,7p) < MG(uzp,7,7) + A2[G(Uzp, Ups1,U2ps1) + G(1,7p,7p)]
+ A3[G(r, uzp 1, upy1) + Gluzp, 1p,7p)]
G(r,1p,1p)[1 + G(uzp, tizpi1, tizpi1)] N
1 + G(u2p/ r, 7’)
G(r, U2p+1, u2p+1) [1+ G(sz, Ty, rp)]
G(uzp,1,7)[1 + G(uzp, uopy1,u2pi1) + G(r, Uzpy1, Uopy1)]
+
1+ G(ugp,1,7)

+ A4

As

+ Ag

LG(T, u2p+1/ u2p+1 )

We know that

G(r, T'p, rp) < G(r, Uzp+1, u2p+l) + G(u2p+1/ Tp, rp)

Using this inequality, we obtain

G(r,rp,1p) < G(r,uzpi1,uzps1) + M G(ugp, 7,7)
+ A2[G(uzp, tzp 1, Uupy1) + G(1,1p,7p)]
+ A3[G(r, uzp i1, uzpy1) + Gluap, 1p,7p)]
G(r,1p,1p)[1+ G(uzp, Uzpi1, tap11)] G(r, uzpi1, uaps1)[1 + Guzp, 1p, 7p)]
A4 + A5
1+ G(uzp,7,7) 1+ Gluzprr7)
G(up,1,7)[1 + G(uzp, Uzps1,t + G ugpia,
+ A (u2p,7,7)] (2p, Uzp11, Uzp11) (r, u2p+1, Uzp+1)] +LG(r, uzp 1, U2py1)

1+ G(ugp,1,7)
By letting p — oo, we obtain
G(r,rp,7p) = 0as p — oo.

Using Lemma 1, r, — r as p — oo also since Qr is closed, thus r € Qr. Similarly, we
have r € Pr. Hence, P and Q have a common fixed point. [J

We deduce the following results from above theorem. For A¢ = 0, we have corollary
as follows:

Corollary 1. Let (M, G) be a complete G-metric space and P,Q : M — CB(M) be a pair of
multi-valued mappings with g.1.b. property such that

MG(u,v,0) + A2[G(u, Pu, Pu) + G(v, Qu, Qu)] + A3[G(v, Pu, Pu) + G(u, Qu, Qu)]
G(v,Qu,Qu)[1 + G(u,Pu,Pu)] L G(v,Pu,Pu)[1 + G(u, Qu,Qv)]

1+ G(u,v,0) > 1+ G(u,v,0)
+ LG(v,Pu,Pu) € s(Pu, Qo)

+ Aq

forallu,v € Mand A1, Ay, A3, Ay, As, L are non-negative real numbers with Aq + 24y + 243 +
Ay < 1, then, P and Q have a common fixed point.

For A; = 0, where i = 5,6, we have corollary as follows:



Symmetry 2023, 15, 517 10 of 25

Corollary 2. Let (M, G) be a complete complex valued extended b-metric space and P, Q : Ml —
CB(M) be a pair of multi-valued mappings with g.1.b. property such that

MG(u,v,0) + A2[G(u, Pu, Pu) + G(v, Qu, Qu)] + A3[G(v, Pu, Pu) + G(u, Qu, Qu)]
G(v,Qu,Qu)[1+ G(u,Pu,Pu)] N

1+ G(u,v,0)
+ LG(v,Pu,Pu) € s(Pu, Qo)

+ Ay

foralll,m € Mand Ay, Ay, A3, Ay, L are non-negative real numbers with A1 +2Ay +2A3 4+ A4 < 1.
Then, P and Q have a common fixed point.

For A; = 0, where i = 4,5,6, we have a corollary as follows:

Corollary 3. Let (M, G) be a complete G-metric space and P,Q : M — CB(M) be a pair of
multi-valued mappings with g.L.b. property such that

MG(u,v,0) + A2[G(u, Pu, Pu) + G(v, Qu, Qu)] + A3[G(v, Pu, Pu) + G(u, Qu, Qu)]
+ LG(v,Pu,Pu) € s(Pu, Qo)

forallu,v € Mand Aq, Ay, A3, L are non-negative real numbers with Ay + 2Ay +2A3 < 1. Then,
P and Q have a common fixed point.

For P = Q, we have the following corollary:

Corollary 4. Let (M, G) be a complete G-metric space and Q : Ml — CB(M) be a multi-valued
map with .1.b. property such that

MG(u,v,0) + A2 [G(u, Qu, Qu) + G(v,Qu, Qu)] + A3[G(v, Qu, Qu) + G(u, Qu, Qu)]
G(v,Qu,Qu)[1 + G(u, Qu, Qu)]

G(v, Qu, Qu)[1 + G(u, Qv, Q)]
A 1+ G(u,v,0) s 1+ G(u,v,0) 2)
IPWCICAA) It Gl(i%”(‘u%”l;r G(.QuwQu)] | 160, Qu,Qu) € 5(Qu, Qo)

foralll,m € Mand Ay, Ay, A3, Ay, As, Ag, I are non-negative real numbers with A + 2A,
+ 2/\39([,?11) + A+ A5+ Ag < 1.
Then, Q has a fixed point.

Remark 1. From Corollary 4, we deduced several corollaries by putting Ag = 0, Ag, A5 = 0 and
A6, A5, Ay = 0.

Example 4. Let M = [0,1]. Define G : Ml x M x M — R™ by

G(u,v,w) = max[d(u,v),d(v,w),d(u, w)]

where (M, d) is a usual metric space.

Then, (M, G) is a G—metric space. Let P, Q : Ml — M be a multi-valued mapping defined by:

Pu = [o,g], Qu = [0, ;1-
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By using u = v = 0, the contractive condition of Theorem 1 is fulfilled. For non-zero u,v € M.

Then,
G(u,v,w) = max[d(u,v),d(v,w),d(u, w)],
G(u,v,v) = max[d(u,v),d(v,v),d(u,v)],
= max[2d(u,v),0],
= 2d(u,v).
Similarly,
G(u,Pu,Pu) = max[d(u,Pu), d(Pu,Pu),d(u,Pu)],
= max[2d(u,Pu),0],
= 2d(u,Pu),
=2lu— g|
Now, define

G(v,Pu,Pu) =2Jv — g|,
u

) =

G(u,Qu,Qu) = 2|u — 7|,

G(v,Qu,Qu) = 2|v — ;|,

G(u,Qu,Quv) =2|u — ;|,
s(Pu, Qo) = 2|z — = .

Letting A1, A2, A3,A4,A5,A¢ = 0, A1 = % and L. > 1, it can directly seem that all the

assertions of Theorem 1 are obeyed. In such a situation, 0 is a common fixed point of P and Q.

4. Banach Type Contractive Mapping

Theorem 2. Let (M, G) be a complete G-metric space and P,Q : Ml — CB(M) be a pair multi-
valued mappings satisfying the g.1.b. property such that

MG (u, Pu, Pu)G (v, Qu,Qu) = A3G(v, Pu, Pu)G(u, Qu, Qo) c

1+ G(u,v,0) 1+ G(u,0,0) s(Pu, Qo) (3)

MG(u,v,0) +

for all u,v € M and A1, Ay, A3 are non-negative real numbers with Ay + Ay + Az < 1 and,
assuming that k(1 — Ay) = Ay, where k € [0,1). Then, P and Q have a common fixed point.

Proof. Let u, € M then Tu, is not empty so we use u; € Tu,, thus from (3)

G(MUIPMUIIPMU)G<M1/ Qul/ Qul)
1+ G(ug, ug, uq)
G(U],PHO,PMO)G(MO, Qul/ Qul)
TGl ) e

AlG(uo, ul,ul) + Ay

+ A3
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This implies that

G(uo, Puy, Puy) G (1, Quy, Quy)
1+ G(uo,ul, Lll)

G(u1,Puo, Puy) G (1o, Quq, Quy) c ﬂ s(a’ Quy)
1+ G(uo, u1,u1) dePu !

MG (1o, 1, u1) + Ay

+ A3

G(uo, Puy, Puy)G(uq, Qup, Quy)
1+ G(ug, u,u1)

G(uy, Puy, Puy ) G(uo, Quq, Quy)
1+ G(uo,ul,ul)

Alc(uo/ U, Ml) + Ay

+ Az € s(a’,Quy), Va' € Pu,.

Since uq1 € Pugy, we have

G(uo, Puo, Pu,) G (11, Quq, Quyq)
1 + G(uo,ul,ul)

G(u1, Puy, Puy) G (1, Qup, Quy)
1 + G(MO,Ml,Ml)

A1(;(1’10/ uq, Ml) + )\2

+ Az Es(ul,(@ul)

G(uo, Puy, Puy)G(uq, Qup, Quy)
1+ G(uo,ul, Ll1)
G(ulr]P)uo/]P)uo)G(uorQulr(@ul) c U s(G(u b b/))
1+ G(ug,uy,uq) b eQuy e

Alc(uo/ U, M1) + Ay

+ A3

Therefore, there exist u, € Qu, such that

G(“o: Pu,, PMO)G(”L Quy, Qul)
1+ G(uo,ul,ul)

G(u1, Puy, Puy)G(u, Quy, Quy)
1+ G(uo,ul,ul)

AlG(uo/ U, Ml) + Ay

+ A3 € s(G(u, up, uz)).

Using Definition 6 and g.1.b. property of P and QQ, we obtain

G u ,]P)l/l ,]P)M G uq,Quq, Qu
G(ug, u1,u1) < AG(uo, ur, ur) + Az (o 1"+ GE’LO (ull S) 1, Quq)
G(”l/PuDIPuD)G(uo, Qul,Qul)

1+ G(ug, ug, uq)

+ A3

7

G(uo, ur, u1)G (11, up, up) + A3G(uq, uq, 1) G(uo, p, )
1+ G(ug, uy, uy)

G(ug,uy, u1) < AG(uo, uq,u1) + Az

This implies

A2G (o, 1, u1) G (11, Uz, u2)
1+ G(uo,ul,m)
G(uOI ulrul)
1+ G(uo,ul,ul)'

G(u,up, up) < AMG(up, uy, uy) +

= Alc(”o; U, ”1) + AzG(uh Uus, uz)
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G(uy, up,up) < A1G(uo,uy, 1) + A2G(uo, U, 1t7)
(1 —A2)G(ug, up,up) < A1G(uo, U, ttq)

A

Guqg, us,uy) < ——oro

G(uo, u7,17).

Inductively, we develop a sequence {u,}7 ; in M, such that

G(uq,up,uz) < kG(uo, uy, uy),
G(ug, us, uz) < kZG(uo,ul,ul),

G(up, upy1,upr1) < kPG(uo, u1,u1),
Now, using triangular inequality and for g > p, we have

G(up, ug,ug) < G(up, tpy1,upi1) + G(Upy1,tpio,tpy2) + oo+ Glug_1, g, Ug),
= (kP + kP kP2 L K G (w0, ur, 1),
= (14+kP + KP4 kP2 4 4 KT PO G (1o, 1, 10),
1—k9-p-1
- ﬁkPG(Lio, u],ul).

G(up,uq, ug) — 0as p,q — oo; using Lemma 1, {u,}77 ; is a G—Cauchy sequence in M.
For the completeness of M|, there exist some r € M, such that

limp oty = 1.
Now, we show thatr € Prand r € Qr.

From (3), we have

A2 G (uzp, Puzp, Puzy) G(r, Qr, Qr)
1+ G(ugp,1,7)
G(r,Puzp, Pusy ) G(uzp, Qr,Qr)
1+ G(uzp, r,r)

MG (ugp,1,7) +

€ s(Puyp, Qr)

A2 G (uzp, Puzy, Puzy)G(r, Qr,Qr)
1+ G(ugp,1,7)
G (7, Puzp, Puzy) G(uzp, Qr,Qr)
1+ G(ugp,1,7)

MG (ugp,1,7) +

() s(@,Qr).

!
a’' €Puyy

3

Since upp 11 € Puy,, we have

A2 G (uzp, Puzy, Pusy)G(r, Qr, Qr)
1+ G(ugp,1,7)
G(r, ]P’uzp,]P’uzp)G(uzp, Qr,Qr)
1+ G(ugp,1,7)

/\1G(u2p,r, 7‘) +

3 € s(uzpy1,Qr)
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A2 G (uzp, Puzy, Puzy)G(r, Qr,Qr)
G(r,Puzp, Puzy) G(uzp, Qr,Qr)
1 + G(u2p/ rr r)

MG (uzp,1,1) +

U S(G(u2p+1, b/, b/))
b'eQr

This implies there exists r, € Qr such that
G(uzp, Puy,, Puzp)G(r, Qr,Qr)
1+ G(uzp,7,7)

G(r,Pugp, Pusy)G(uzp, Qr, Qr)
1+ G(ugp,1,7)

AlG(uzp, 7, 7’) + Ap

€ S(G(uZerlr Tp, rp))'

This implies

G(uzp, Puzy, Puy, ) G(r, Qr,Qr)

G(”Zp-‘rlrrp/ rp) S /\lG(uZpr r, 7’) + )\2

G(r, Pusy), Puzp) G(uzp, Qr,Qr)
1+ G(ugp,1,7)

1+ G(uzp, r,T)

+ A5

7

G(uzp, Uzpy1,U2p41)G(7,7p,7p)

G(M2p+1r7’r)r rp) < A]G(Uzr), " 7’) T )\2 1+ G(Mz ¥ 1’)
p/ 4

G(T‘, Uzp+1, u2p+1)G(u2p/ Tp, 7p)

tAs 1+ G(ugp,1,7)

Now, using rectangular property

G(r,1rp,1p) < [G(r, uzpi1, tzpi1) + G(uap i1, 7p, 7p)]

G(}’, rp/ rp) S G(]", 1/[2p+], u2p+1) + Al G(”Zp/ v, 7’)

N A2 G(tzp, tzpi1, tap1)G(r,7p, 7p) + A3G (1, tap 1, U2p 1) G(Uap, Tp, Tp)

1+ G(ugp,1,7)

Letting the limit p — oo, we obtain G(r,7,,7,) — 0.

By using Lemma 1, we have r, — r. Since Qr is closed, r € Qr. By a similar way, we

can prove that » € Pr. Thus, Q and P have a common fixed point. [

By putting A3 = 0 in above the above we have

Corollary 5. Let (M, G) ba a complete G-metric space and P,Q : M — CB(M) be a pair of

multi-valued mappings satisfying the g.1.b. property such that

A G(u, Pu, Pu)G(v, Qu, Qo)
1+ G(u,v,0)

AMG(u,v,0) + € s(Pu, Qo)

4)

for all u,v € M and Ay, Ay are non-negative reals with Ay + Ay < 1. Then, P and Q have a

common fixed point.

By putting P = Q in Theorem (5.1), we have the corollary as follow.

Corollary 6. Let (M, G) be a complete G-metric space and Q : Ml — CB(M) be a multi-valued

mappings satisfying the g.1.b. property such that
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MG (u, Qu, Qu)G (v, Qu, Quv) + A3G(v, Qu, Qu)G(u, Qu, Qu)

MG(u,v,0) + 1+ Gu,0,0) € s(Qu, Qo) (5)

forall u,v € Mand Ay, Ay, A3 are non-negative reals with Ay + Ay + Az < 1. Then, Q has a
common fixed point.

5. Kannan Type Contractive Mapping

Theorem 3. Let (M, G) be a G-metric space and let P, Q : Ml — CB(M) be a pair of multi-valued

mappings satisfying the g.1.b property such that

A3G(u, Pu, Pu)G(v, Qu, Qo)
14+ G(u,v,v)

MG(u,Pu,Pu) + A,G(v, Qu, Qo) + € s(Pu,Qu)  (6)

forallu,v € Mand A1, Ay, A3 are non-negative reals with Ay + Ay + A3 < 1. Then, P and Q have
a common fixed point.

Proof. Let u, € M, then Tu, is non-empty, so we use u; € Tu,; thus, from (6)

A3G (1o, Puo, Puuo) G (uq, Qui, Quy)

MG Pu,, P AG
1 (uOI Uo, uo) + 2 (ullQullQul) + 1+G(1/lo,u1, ul)

€ s(Pu,, Quq),

A3G(MO,EDM0,PMO)G(M1,@M1,@Ml)
1+ G(uo, uy, uy)
€ () s(a',Quy),

a' ePu,

/\lG(uO/]P)uO/ Puo) + AZG(ul/ Qu]/ Qul) +

A3(:'<MOI ]P)uOI PM())G(L[], @ul/ Qul>
1 + G(uolu]/ul)
€s(a’,Quqy), Va' € Pu,.

/\lG(MOI]P)u()/]P)uO) + )\ZG(ull Qul/ Qul) +

Since 1y € Pu,, thus

/\3G(u0/ ]P)u(?/ ]P)MO)G<u1/ Qul/ Qul)

A Pu,, P A
1G(u0, Uy, uO) + 2G(u1’ Quy, Qul) T 1+ G(Mo/ ul/ul)

€ s(ug, Quq),

A3G (1o, Puy, Puo) G, Quy, Quy)
1 + G(uO/ Ml,u])

e U s(Gluy,b,1)).
b’e@u1

MG (uo, Puy, Puo) + A2G(ug, Quy, Quy) +

Therefore, there exist u, € Quy

A3G (1o, Py, Puo) G (11, Quq, Quyp )
1+ G(uOI Ui, ul)

MG (1o, Puy, Puy) + ArG (11, Quq, Qup) + € s(G(uq, up, un)).

By definition, we obtain

/\3G(u0/ Puo; PHO)G(ulr Qull @ul)

< Pu,, P
G(uy, ug,up) < A1G(uo, Puo, Puo) + A2G(uq, Quy, Quyp) + T+ Glutg, ur, 1)




Symmetry 2023, 15, 517 16 of 25

A3G(uo, 11, 11)G (U, Uz, us)

<A A
G(uy,up, up) < AMG(ug, uy, u1) + AaG(uq, up, up) + 1+ G utg, 1y, 1)

7

G(uy, ug, up) < AG(ug, ur,u1) + A2 G(uq, up, un) + A3G(uq, up, us),
(1= Ay — A3)G(ug, up, u2) < AG(uo, uq,17),

A

G(uy, us, ) < —————

G(uo, u,17).

Inductively, we develop a sequence {1} in M, such that

G(uy, up, up) < kG(uo, tq,u7)
G(“Z/ us, l/l3) S kZG(uO/ M],T/ll)

Glup, upi1,upy1)| < kPG(uo, uy, uy).

Now, by triangular inequality and for g > p, we have the following

G(up, ug,ug) < G(up, tpy1,upsp1) + G(Upy1, Upio, tpy2) + oo+ G(ug_1, g, Ug),
= (kP + kP 4 kP72 4+ KT G (o, 1y, u1),
= (14K + kP kP2 4 4 KT P DK G (1, 1y, u1),
1—Ki—r-1

= ﬁkPG<uo, ul,u]).

G(up,ug,ug) — 0asp,q — oo,
Using Lemma 1, {u, };” ; is a G—Cauchy sequence in M.
For the completeness of M|, there exist some r € M, such that

limy ooty = 1.
Now, we show thatr € Prand r € Qr.

From 6, we have

A3G (uzp, Pugy, Pus, ) G(r, Qr, Qr)

A P P A
1G (u2p, Puzp, Puzp) + A2G(r, Qr, Qr) + 1+ G(ugp,r,1)

6 S (PMZpr Qr)/

A3G(uzp, Puzy, Pusy)G(r, Qr,Qr)
1+ G(uzp,r, r)

MG (up, Puigy, Puzy) + A2G(r,Qr, Qr) + € ) s(@,Qr).

a’€Suzy
Since uzp 11 € Puyp, we have

A3G (uzp, Pusy, Pusy,)G(r, Qr, Qr)

A Puy,, P A
1G(M2p, Up, MZP) + ZG(r’ Qr, QT’) T 1+ G(”Zp/r/ 7)

€S (M2p+1, Ql’)
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A3G (uzp, Pugy, Puzy)G(r, Qr, Qr)
1+ G(ugp,1,7)

S U S(G(Liszrl, b,, b/)
VeQr

MG (uzp, Puzy, Pusy) + A2G(r, Qr,Qr) +

So, there exist some r, € Qr

/\3G(H2p, Puzp, Puzp)G(l’, Qr, @1’)

P P
)\1G(”2p, ”2;7, ”2;;) + /\ZG(T’, er QT) + 1 n G(T/lzp, 7, 7")

€ s(G(u2p+1,r,,,rp).

Using Definition 6,

N3G (uzp, Puzy, Pusy)G(r, Qr), Qr
1+ G(uzp,7,7) )

G(u2p+l/ rp/ rp) S /\1G(”2p/ PMZp/ P”Zp) + AZG(T", @7’, QT’) +

Using the g.Lb. property of P and QQ, we have

A3G(u2p/ u2p+l/ u2p+1>G(r/ rp/ ”p)
1 + G(uzp/ 7, r) '

G(uzpi1,7p,7p) < MG(Uzp, Uzpy1,Upy1) + A2G(r,7p,1p) +

Now,
G(}’, rp/ rp) S [G(I", u2p+l/ u2p+1) + G(u2p+1/ rp/ rp)]

G(r,1p,1p) < G(r,uzpy1,uzpi1) + AMG(Uzp, tzp i1, Upy1) + A2G(7,7p,7p)
G(uzp, tzp 1, U2p41)G(7,7p,7p)
1+ G(ugp,1,7) '

+ A3

Using the limit p — oo, we obtain G(r,rp,7p) — 0.

By Lemma 1, we have r, — r. Since Q is closed, then r € Qr. Using a similar way, we
show r € Pr. Thus, P and Q have a common fixed point. [

By setting P = Q in above Theorem 3, we obtain:

Corollary 7. Let (M, G) be a complete G-metric space and T : M — CB(M) be multi-valued
mappings satisfying the g.1.b. property such that

A3G(u, Qu, Qu)G(v, Qu, Qo)
1+ G(u,v,v)

M G(u, Qu, Qu) + A2G(v, Qu, Qu) + €s(Qu,Qov) (7)
forall u,v € M and A1, Ay, A3 are non-negative reals with Ay + Ay + A3z < 1.

Then, Q has a common fixed point.

Theorem 4. Let (M, G) be a complete G-metric space and let P,Q : M — CB(M) be a pair of
multi-valued mappings fulfilling the g.1.b. property such that

G(u, Pu,Pu)G(v, Qu, Qo) i G(v,Pu, Pu)G(u, Qu, Q)
1+ G(u,v,0) 3 14+ G(u,v,0)
G(v,Pu,Pu)G(v, Qu, Qo)
1+ G(u,v,0)

MG(u,v,0) + Ay

G(u,Pu,Pu)G(u, Qu, Qu) ®

1+ G(u,v,0)

+ Ay + As € s(Pu, Qo)
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forall u,v € M and A, Ay, A3, Ay, As, are non-negative real numbers with A1 + Ay + A3
+20A4 + A5 < 1.

Then, P and Q have common fixed point.

Proof. Letu, € M, then Tu, is non-empty, so we use 11 € Tu,; thus, from (8)

G<u0/ ]PMOI]PMO> (M], Qul/ Qul)
A A Az
1G (1o, 11, 11) + A2 1+ G(uo, uq,u7) + 1+ G(ug, ug,uq)
G (1o, Puo, Puy)G(1to, Quq, Quy) G(uq,Puo, Pu,)G(uq, Quq, Quy)
A A P .
A 1+ G(up, uy,uq) 5 1+ G(uo, uy,u7) € s(Puo, Quy )

This implies

(Ml, PuOI PuO)G(MOI Qul/ @ul)

G(“O/ ]P)u()l IEDMO)G(Mll Qul/ Qul) G(ull IPDMD/ PMD)G(MOI Qul/ Qul)
AlG(uo,ul,ul) +A2 1+G(u0/ul/u1) +A 1+G(u0,u1,u1)
G(ul)/ PuO/ ]PuO)G(uOI Qull Qul) G(ul/ II;DMOI PMO)G(M], @ull Qul
A A
+ A 1+ G(up, ug, uq) s 14 G(uo,u1,u1) © m (2, Qu1)

a€Pu,

AlG(uo,ul,ul)+)tzG(uo’Puo’Puo)G(ul'Qul'Qul) +A G(Ml,PMO,PMO)G(MO,QM1,QM1)

1+ G(uo, uy,uy) 1+ G(ug, uy,uy)
A G (1o, Puo, Puy) G (1o, Quq, Quy) i G(u, Puy, Puy)G(uy, Quq, Quy)
4 1+G(uo,u1,u1) > 1+G(MO,M1,M1)

€ s(a,Puy), Va € Pu,.

Since u; € Px,, we obtain

G(uo, Puy, Puy)G(ug, Quy, Quq)
AMG(uy,uq,uq) + A + A
1 ( o, U1 l) 2 1+G(uo,u1,u1) 3
G(”o/P”o;P“o)G(um Q“lr@ul)
+ A A
4 1+ G(Z/lg,u],ul) >

G(ulrPuo/Puo)G(um@ul/Qul)
1—|—G(uo,u1,u1)
G(uy, Pu,, Pu,)G (”11@”11@”1)
uy, WUxq),
1+G(uo/ulru1) ( 1Q 1)

G(uOI PuO/ ]P)uo)G(u]/ Qull Qul) G(ul, ]P)uﬂ/ ]P)MO)G(uo/ Qul’ Qul)
MG A A
1 (uolullul) + A2 1+G(u0/u1/ul) * 1+G(u0/ul/ul)
+ Ay G (1o, Puiy, Puiy) G (1o, Quy, Quy) G (u, Pug, Puo) G (1, Quy, Quy)

A S (u1,b,D)
1+ G(uo, ur,u1) ° 1+ G(uo, ur,u1) be%xl 1:b:b))-

Thus, there exists some u; € Qxq, such that

G (uto, Puto, Ptto) G (111, Quy, Quiq ) G (11, Puto, Pito ) G (110, Quy, Quy )
1G(u0,u1,ul)+ 2 1+G(Mo,u1,1/l1) + 1+G(MO;M1,M1)
G(uo, Puy, Puy)G(uy, Qup, Quy) G(u1, Puo, Puy)G(uy, Quq, Quy)
A4 1+ G(up, u,u7) s 1+ G(uo, u1,uq) € s(G(uy, up, ua)).
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Using Definition 6
G(uO/ ]P)uO/ ]P)uO)G(ull Qull Qul)

1+ G(uo, uz,17)
G(ull PMOI ]P)MO)G(MOI Qul/ Qul)

G(u,up, up) < AMG(up, ug, u1) + Ap +

A
’ 1+G(1/l0,l,£1,1/l1)
G(uO/ ]PuO/ Puo)G(uO/ Qull Qul) G(ul, II;DuO/ PMO)G(ul/ @Ml, Qul)
+ Ay + As .
1+G(u0,1/l1,u]) 1+G(Ho,1/l1,7/ll)

Using the g.Lb. property of P and Q

G(uo, uy, u1)G(uy, up, us) A G(uy, uy, u1)G(uo, up, us)
14 G(up, u,u1) 3 1+ G(ug, uy,uy)
G (1o, ur,u1)G(uo, up, ) G(uy,uq, u1)G(uy, up, )

G(uy,u,up) < A1G(uo, U1, 1) + Ap

+ A + A
4 Guo, Uy, 1) > 1+ Gug, ur, u)
G(ug, up, up) < A G(ug, ur,u1) + AaG(ug, up, uz) + AgG(up, up, up)
Using rectangular inequality i.e., G(uo, up, up) < G(1o, u1,u1) + G(uq, i, uz).
We obtain
G(uy, up, up) < AMG(ug, uy, uq) + A2G(uy, up, uy)
+ AyG(up, uq, u1) + AgG(uq, up, up),
(1 — )\2 — A4)G(u1,u2, uz) < ()\1 + )L4)G(uo, u, ul),
(A1 4+ Ayg)
G < — = .
(ul/u2/ uZ) ~ (1 — /\2 — /\4) G(uO/ ul/ul)
letting % = k, we obtain

G(uy,u,up) < kG(uo, uq,u7).
Inductively, we find a sequence u, in M, such that

G(uy,up,up) < kG(uo,u1,u1),

G(up, uz, u3) < k*G(up, u1,u1),

G(up/ up+1/ up-‘,—l) < kPG(uOI U, ul)'
Now, using triangular inequality and for g > p, we have the following

G(up,ug,uq) < Gup, upy1,upi1) + G(upy1, Upra, tpra) + o+ Gug 1, g, uq),
= (kP + kP kP2 L KNG (w0, ur, 1),
= (1+k + kP4 kP2 4 4 KT P DK G (1o, uy, uy),
1—ki—p-1

= ﬁkPG(l{o, 1/[1, T/l]).

G(up,ug,ug) — 0asp,q — oo,
Using Lemma 1, {u, }3’ ; is a G—Cauchy sequence in M.
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For the completeness of M, there exist some r € M, such that
limy ooty = 1.
Now, we show thatr € Prand r € Qr.

From (8), we have

G(uzp, Puzy, Pusy)G(r, Qr,Qr) G(r, Puzp, Puay)G(uzp, Qr,Qr)
A3
1+ G(up,7,7) 1+ G(uzp,7,7)
G(uzp, Pusp, Pusy ) G(uzp, Qr, Qr) LS G(r,Pugp, Puy,)G(r,Qr,Qr)
1+ G(ugp,1,7) 1+ G(ugp,1,7)

MG (uzp,7,7) + A2

+ A4

€ s(Puyp, Qr)

G(uzp, Puzy, Pusy)G(r, Qr,Qr) N G(r, Puzpy, Puap)G(uzp, Qr,Qr)

A1G(u2p, 7, 1’) + A 1+ G<u2p/ r, 7’) 3 1+ G(uzp, 7, 7‘)
G (12p, Ptiay, Piin, )G (112, Qr, G(r, Puzp, Pusy ) G(r, Qr,
o (t2p, Piiny, Ptz ) G (112, Qr, Qr) A (r, Pugp, Puuzy ) G(r, Qr, Qr) N s(a,Qr).
1+ G(uzp, 7’,1’) 1+ G(uzp, 1’,1’) a€Puy,

Since upp 11 € Puy,, we obtain

G(uzp, Puap, Pusy)G(r,Qr,Qr) A G(r,Pugp, Pusy ) G(uzp, Qr, Qr)
1+ G(ugp,1,7) 3 1+ G(ugp,1,7)

G (uzp, Pusy, Pus, ) G(uzy, Qr, Qr) N G(r, Puay, Puay)G(r, Qr,Qr)
1+ G(ugp,1,7) > 1+ G(ugp,1,7)

MG (uzp,7,7) + A2

+ Ay

€ s(up41,Qr)

G(uzp, Puzy, Pusy)G(r, Qr,Qr) G(r, Puzp, Pusy)G(uzp, Qr,Qr)
1+ G(ugp,1,7) 3 1+ G(up,1,7)
G(uzp, Puap, Pusy ) G(uzp, Qr, Qr) G(r,Pugp, Pusy)G(r,Qr,Qr)

/\1G(u2p/ T, 7’) + )LZ

A
o 1+ G(ugp,1,7) > 1+ G(ugp,1,7)
€ |J s(G(ugpy1,b,b))

beQr

So, there exists some 1, € Qr, such that

G(uzp, Puzp, Pusp)G(r, Qr,Qr) G(r,Puzp, Pusy) G(uzp, Qr,Qr)

MG A
1G(uzp, 1,7) + Az 1+ G(ugp,1,7) 3 5 Gluzy 1)
G(uzp, Puzy, Pusy)G(uzp, Qr, Qr) G(r, Puzp, Pus, ) G(r, Qr, Qr)
+A4 1+G(“2Pr”/7’> > 1+G(M2p,1’,1’) € S(G(sz_;'_l,rp,rp))'

Therefore, by definition we have

G(uzp,Puzp,Puzp)G(I’, QI’, QI’)
1+ G(uzp, r,7)
G(r,Puzp, Puzy) G(uzp, Qr, Qr)
1+ G(uzp, r,r)
G(uzp, Puzp, Pusy) G(uzp, Qr, Qr) G(r,Pusp, Pusy)G(r, Qr, Qr)
1+ G(uzp,r,r) > 1+ G(uzp,r, 7)

G(uszrl/rp/ rp) S AlG(u2p/ r, 7’) + )\2

+ Ay
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Using the g.Lb. property

G(“Zp/u2p+1/MZp-i—l)G(r/rp/rP)+
1+ G(ugp,1,7)
G(r, uzpy1,u2py1)G(U2p, 7p, Tp)
1+ G(ugp,1,7)
G(uzp, tzpi1,U2p11)G(th2p, 7p, 1p) G(r, u2ps1,uzp41)G(r,7p, 7p)
+ As .
1+ G(uzp,r,r) 1+ G(uzp,r, r)

G(”Zp—i—lrrp/ Tp) S )LlG(uZp/ r, 7’) + AZ

A3

+ A4

Using rectangular inequality, i.e.,

G(r,1p,1p) < [G(r,uzpi1, tzpi1) + G(upy1,7p, 1p)]-

We obtain

G(r,rp,1p) < G(r,uzp 1, uzpy1) + A1G(uzp, 7,7)

A G(”Zpr U2p+1/ u2p+l)G(rr Tp, 7’;7) G(r, Uzpt1, u2p+1)G(u2pr Tp, T’p)
2 1+ G(ugp,1,7) 3 1+ G(ugp,1,7)

Y G(uzp, tzp i1, U2p41)G(U2p, Tp, 1p) N G(r,uzpy1,Uu2p41)G(7,7p,7p)
4 1+ G(ugp,1,7) > 1+ G(ugp,1,7) '

Using limit as p — oo, we obtain
G(r,rp, rp) — 0.

Using Definition 6, r, — r as p — 0 also since Qr is closed then r € Qr . Similarly,
r € Pr. Thus, P and QQ have a common fixed point. [

By using Q = P, we have the following corollary.

Corollary 8. Let (M, G) be a complete C.V. extended b-metric space and Q : Ml — CB(M) be a
multi-valued mapping fulfilling the g.L.b. property such that

G(u, Qu, Qu)G(v,Qu,Qu) G(v, Qu, Qu)G(u, Qu, Qu)
14+d(u,v,v) 1+ G(u,v,0)
G(u, Qu, Qu)G(u, Quv,Qu) G (v, Qu, Qu)G (v, Qu, Qo)

1+ G(u,v,0) s 1+ G(u,v,v) € 5(Qu, Qo)

AMG(u,v,0) + Ay + A3

©)

+ A4

forallu,v € Mand A1, Ay, A3, Ay, As are non-negative real numbers with A; + Ay + A3
+2A4+ As < 1. Then, Q has a fixed point.

6. Application to Homotopy Result

Here, we apply the Homotopy result to our main theorem. Before applying the result,
we recall some of the familiar definitions.

Definition 10. A relation < is a total order on a set M if for every u,v,w € M, the following
assertion is to satisfy:

(i)  Reflexivity : u < u.

(i)  Anti-symmetry: ifu <vandv < u,thens = u.

(iii) Transitive: if u < vand v < w, then u < w.

(iv) Comparability: for every u,v € M, either u < vorv < u.

Remark 2. If the conditions (i), (ii), and (iii) are satisfied, then M is called partially ordered. A
totally ordered set is called a chain.
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Lemma 2. Kuratowski—Zorn’s
If Ml is a non-empty partially ordered set in which every chain has an upper bound, the M has a
maximal element.

Definition 11. Let E and [ be topological spaces and ¢ : E — IF are continuous functions. A
function H : E x [0,1] — F such that ifu € E, then H(u,0) = ¢(u) and H(u,1) = ¢(u), are
called a homotopy between ¢ and

Theorem 5. Let (M, G) be complete a G—metric space and O be an open subset of M. Let
H :[0,1] x O — CB(M) be a multi-valued mapping with g.L.b. property. Assume that there exists
a € Mand0 < e € R such that the following conditions are satisfied:

(a) acH(t,a), foreach a € BA(O) and forall t € [0,1];

(b) H(t,.): O — CB(M) be a multi-valued mapping satisfying:

A2G(a, H(t,a), H(t,a))G(b, H(to, b), H(to, b))
1+ G(a,b,b)
AsG(b, H(t,a), H(t,a))G(a,H(t,,b), H(to, b))
* 1+ G(a,b,b) <

A]G(ﬂ, b, b) +

s(H(t,a), H(to,a))

e s(a0, H(to,a0)), (10)

where k = 1 > <1, foreveryt >1,
(c) thereexista contlnuous non-decreasing function g : (0,1] — A U O such that:

8(s) —g(t) € s(H(s,a), H(t, b)), g(s) € g()

for every s, t € [0,1] and each a € G, where A = {z € M: 0 < z}. Then, H(0,.) has a fixed
point if and only if H(1,.) has a fixed point.

Proof. Suppose that H(0,.) has a fixed point u, this implies that u € H(0,u). From (a),
u € O. Define

B={(ta) € [0,1] xO:a¢c H(at)}.

Clearly, B is a non-empty set. Define a partial ordering in B as:

(ta) < (s,b) <t <s and G(a,b,b) < %(Zg(s) —g(t) —g()

< 2 (28(5) — 28(1).

Let Z be a chain in B and t, = sup{t, (t,a) € Z} and let {(t,,a,)}}’ ; be a sequence in
Z such that (t,,a,) < (ty11,8,41) and £, — £, as n — co. Then, for n < m, we have

Gam, an, ) < 72 (28(bm) — (tw) — $(n))
2
<

(Zg(tm) 28(tn)) = 0 n,m — oo,

—_
»A
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this means that {a,, }?° ; is a Cauchy sequence in M. Then, the completeness of M will lead
us to the existing of point a4,M such that a, — a, as n — co. by condition (b) we have

AoG(ay, H(ty, an), H(ty, an))G(ao, H(to,a0), H(t,a,))
1+ G(ay, a,,a,)

n A3G(ao, H(ty, an), H(ty, an))G(ay, H(to,a0), H(to,a0))

1+ G(ay,a,,a,)

MG(an, a0,00) +

€ s(H(tn, an), H(to, a0)).

Since, a, € H(ty,a,), then we have

AoG(ay, H(ty, an), H(ty, an))G(ao, H(to,a0), H(t,a,))
1+ G(ay, a,,a0)

n As3G(ao, H(ty, an), H(ty, an))G(ay, H(to,a0), H(to,a0))

1+ G(ay,a,,a,)

AlG(an/ Ao, ao) +

€ s(an, H(to, a0))-

Therefore, there exist a, € H(t,,a,) such that

AGlay, H(ty, an), H(ty, an))G(ay, H(to,a0), H(t,a0))
1+ G(ay,a,,a,)

n A3G(ao, H(tn, an), H(tn, an))G(an, H(to,a0), H(to,a0))

1+ G(ay, a,,a,)

/\1G(an/ Ao, ao) +

€ s(an, ap).

Since, H has a g.1.b. property, then

Ao G(ay, H(ty, an), H(tn, a,))G(ao, H(to,a0), H(to,a0))
1+ G(ay, a,,a,)

n A3G(ao, H(ty, an), H(ty, an))G(ay, H(to,a0), H(to,a0))

1+ G(ay,a,,a,) ’

G(an/ ﬂp, ap) S Alc(a}’l/a()/ aO) +

which implies that

G(anrap; ap) < Alc(an/ Ao, ao)
G(ao,an,an)G(an, ap, ap)
1+ G(ay, a0,a,) ’

+ A3 (11)

By using the following fact

G(ay,a0,a,) < G(ay,a,,a,) where a, # ay.
G(ay,a0,a,) = G(ay, an,a,) using symmetric property.
G(ay, an,an) < 1+ G(ao, an, an).

By using these equations, then the inequality 11 becomes

G(an, ap,ap) <

A
=7 71)\3 G(an/ Ao, ao)-

Furthermore, it is noted that, G(a,, ap,ap) < 1G(ao,an,an) + TG(an,an,ap). Then, the
above equality of becomes

T)\l
1— A3

G(ao, ap,ap) < tG(ao, an,an) + G(ay, a,,4a).

Using n — oo, we obtain

T)\l
T—As

G(ao, ap,ap) < tG(ao, an,an) + G(ay,a,,a,) — 0.
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This implies that a, — a, € H(to,a,), thus a, € M means (t,,a,) € B. using the
definition of B, (t,a) < (to,a,) € Z, which provides (f,4,), is an upper bound of Z. By
using Kuratowski-Zorn’s Lemma, Z has a maximal element (f,,4,). Let us claim that
t, = 1. However, suppose that t, < 1 and choose 0 < e € R, t, < t such that B(to,r) C
G. By condition (c), we have g(t) — g(t,) € s(H(t,a), H(t,,a,)), where g(t) — g(t,) €
(a0, H(t,a)) for all a, € H(t,, a,). Here, there exists a € H(t,a) such that g(t) — g(t,) €
s(G(ao,a,a)) and G(a,,a,a) < 2g(t) —2g(to) < (1 —k)r for r = 24 (2g(t) — 2g(to))-
It follows that G(a,a,,4,) < (1 — k)r. By condition (b), we deduced that the mapping
H(t,.) : B(ao,r) — CB(M) satisfies all the assertion of the Corollary. Therefore, for all
t € [0,1], there exist a € B(a,, r) such thata € H(t,a). Hence, (a,t) € B.Since G(a, a,,a,) <
r = 2:(2¢(t) — 2g(t,)), then we have (t,,a,) < (t,4), which is a contradiction. So, t, = 1.
This shows that H(., 1) has a fixed point, then, on similar steps, one can prove that H(0, .)
has a fixed point. [

7. Conclusions

In this article, with the help of rational inequality, some results were acquired related
to multi-valued functions over G—metric spaces. Some new definitions of open ball, open
sets, and limit points of a set are introduced over G—metric spaces. Homotopy application
are also provided. Some example provided to discuss and strengthen primary finding. We
hope that the outcomes of this manuscript will be helpful to understand the literature of
fixed point theory and its applications. In the future, we will try to explore these ideas in
the directions of complex single-valued mapping and complex multi-valued mapping.
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