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Abstract

:

We discuss the general concepts underlying the design strategies of complex devices like Tokamaks and Free Electron Lasers (FEL). Regarding the FEL, starting from the desired output performances, the key parameters are embedded to get a set of semi-analytical/empirical equations yielding straightforward and reliable estimates of gain and power. In a similar way, the guiding elements of a fusion reactor, to reach the prescribed fusion gain Q and power, are defined in terms of scaling relations involving pivotal quantities like radius and magnetic field. General formulae characterizing a physical system may be the consequence of an unknown symmetry. The onset of specific instabilities represent the breaking of a symmetry characterizing given equilibrium conditions. In this article, we comment on the analogy between two different physical devices, and even though we do not specify any underlying symmetry, we aim to stimulate further research in this direction.
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1. Introduction


This article is written for a composite audience, namely for experts of Free Electron Laser (FEL) devices and for experts of magnetic fusion and Tokamak design. Since the overlapping expertise between the two disciplines is not necessarily tight, we keep the forthcoming discussion on general grounds, by underscoring the elements of common interest, which may illustrate analogies between fields of research that are seemingly far from each other [1]. The most obvious element of contact is that either the FEL [2] or Tokamak [3] aim at transforming energy of one kind into another. FELs “capture” power from a relativistic e-beam to convert it into laser-like radiation, while Tokamaks convert nuclear potential into heat power. Otherwise, they are completely different devices, having, as common elements, the complexity of their constitutive elements. The relevant design criteria are aimed at dimensioning the relevant pivotal parameters to maximize, in both systems, the power amplification factor. This quantity, when associated with FELs or Tokamaks, has different meanings. To better specify the framework in which we are moving, we remind readers that FELs are devices producing laser light by converting the power of a relativistic electron beam into coherent electromagnetic power. The gain is accordingly defined as for conventional laser systems and specifies the fractional increase of the field intensity per unit length. In the case of Tokamaks, which aim to produce power from a fusion process, the gain, or better the Q amplification factor, is the ratio


  Q =   P  f u s    P  h e a t    ,  



(1)




where the numerator is the power obtained through the process of fusion itself and the denominator is the total heating power (including the Ohmic contribution and the auxiliary power) employed to reach the break-even point. In FEL devices, the laser output power is given by the ratio


  ρ =   P  f e l    P b   ,  



(2)




where   P b   is the electron beam power and  ρ , known as the Pierce parameter, embeds significant quantities defining the constitutive elements of the whole device. Both equations summarize, in two simple expressions, a long conceptual and experimental pathway which yields the key note to exploit either Q and  ρ  as the reference parameter, for the design of the devices themselves. Two pillars of synthetic reasoning can be exploited as paradigmatic examples of how the different constitutive elements of a complex device can be embedded to achieve far reaching conclusions. Regarding plasma and FEL physics, two key points of reasoning based on simple physics have been used to estimate the achievable output power. One of the milestones of the fusion plasma design criteria is the Lawson triple product criterion [4], which fixes the “ignition” conditions. In the physics of storage ring (SR) operating FELs, the Renieri-limit [5,6] determines the efficiency of power delivery from the electron beam to the laser field. Although arising in different physical contexts, the derivation of the previously quoted criteria proceeds from similar logical elaborations, as briefly described below. The power delivered in a fusion process is roughly given by the “wise” identity


   P  f u s   = V  n D   n T   E  f u s    Σ   



(3)




The first term V is the contained volume,   n D   and   n T   are number densities of Deuterium and Tritium (in the following we will use    n D  =  n T  = n / 2  ), respectively, and   E  f u s    is the energy released per fusion process (≃17.6 MeV) with the assumption that it will all contribute to the plasma heating. The reactivity, namely the quantity denoted by   Σ  , accounts for the dependence of the power   P  f u s    on the rate of the fusion events. It can accordingly be defined as the product of the cross section of the fusion processes times the velocity at which it occurs, namely


   Σ  ≃ σ v  



(4)




The next step is that of specifying the amount of fusion power lost (  P  l o s s    ) to the environment, during the energy confinement time   τ E  . The most natural mechanism is the heating of the surrounding plasma, therefore we can write (where T is the plasma temperature)


    P  l o s s   V  =   3 n  k B  T   τ E    



(5)




Requiring that    P  f u s   >  P  l o s s    , we end up with the condition (the numerical factors on the right-hand side are obtained by inserting typical values for the plasma temperature and reactivity)


  n  τ E  >   12  k B  T    E  f u s    Σ    ≃ 1.5 ×  10 20   s  m 3    



(6)




The previous equation states that the fulfillment of the break-even conditions require that the product of the plasma density and confinement time should exceed a certain threshold value.



Regarding the Renieri-limit, the reasoning follows an analogous conceptual strategy. In a free electron laser (see Figure 1), a beam of relativistic electrons moves inside a magnetic undulator, where it executes transverse oscillations and emits bremsstrahlung radiation. In a storage ring, the beam is recirculated many times through the undulator and the emitted radiation is stored and amplified inside an optical cavity [7]. The multiple electron–radiation interactions produce a “heating” of the beam, which determines the increase of its relative energy spread. This effect induces an interruption of the laser process and consequently stops the effects of heating. The associated energy loss by synchrotron radiation emission along the guiding magnets of the SR determines the cooling of the e-beam, which restores the lasing conditions. In quantitative terms, the previous reasoning can be formulated as follows



	
The relative energy spread induced by the interaction is    Δ E / E  ≃ 1 / 2 N  



	
The RMS energy loss is accordingly    Δ E  ≃  N e  E / 2 N  , where   N e   is the number of electrons inside the beam



	
The cooling time is associated with the damping time, therefore the power radiated (  P s  ) in this process is







    P L  ≃   Δ E   τ s   =   P s   2 N     











   P s  =    N e  E   τ s    



(7)




which states that the laser power in a storage ring FEL process is a fraction of the power emitted via synchrotron radiation, inside the machine, during the damping time. Albeit describing different processes, it is evident that the essential elements of the reasoning are a balanced relationship with a characteristic time. In the forthcoming sections we will also discuss further the elements confirming the structural analogies in the design guidelines.




2. A Glimpse into the Design Strategies of Tokamaks


The design of a Tokamak fusion reactor is not a straightforward task, since it is constrained by plasma physics and engineering demands, which are not always aligned [8]. A sense of the complexity of the device can be gathered from Figure 2, which shows the constitutive elements of the device, including:




	a

	
Geometrical, provided by the external (from the center of the Tokamak) radius and inner cross-sectional radius




	b

	
Magnetic field elements concurring with the definition of the confining field




	c

	
Plasma parameters: pressure, temperature, current, density, etc.









It would be desirable to fix the geometrical and electro-technical issues to determine the plasma conditions that could scale the Tokamak to an effective reactor, namely a Fusion Power Plant (FPP), i.e., a facility providing reliable and commercially convenient energy. Unfortunately, plasma physics imposes constraints on engineering and vice-versa. As already stressed in Ref. [8], a Tokamak designed on the basis of nuclear physics and standard engineering constraints does not scale to an FPP.



The design of a Tokamak intended as a FPP, is based on the combination of “laws” derived from the extrapolation of theoretical ideas, the fitting of “laws” emerging from experimental campaigns on a specific machine, or resulting from massive numerical codes capable of embedding the various elements comprising a Tokamak [9,10]. Just to give an example, we note that fusion power can be written in terms of the quantities listed in the points (a)–(c) as in [11,12]


      P  f u s    [ M W ]      =  C  f u s   κ Λ  B 2   R 0 3  ,      Λ = κ    β N   B 2     q 2   A 4        



(8a)






     β N     =  β  A  I p  /  R 0  B   ,       β =   p p   p m   ,        p m  =   B 2   2  μ 0    ,       A =   R 0  a      



(8b)




where we have assumed that the triangularity   δ = 0   (see Figure 2),   p p   is the kinetic plasma pressure,   p m   is the pressure due to the magnetic field, A is the machine aspect ratio,   I p   is the plasma current, q is the edge safety factor and   C  f u s    is the combination of the physical constants in SI units. To ensure plasma stability, we satisfy the condition   q > 2   [13]. The magnetic field is    B →  =   B →  t  +   B →  p   , where   B t   is the thoroidal component and   B p   the poloidal component. The messages contained in Equation (8a) are the manifolds. For example, it states that the fusion power scales with the total magnetic energy. It would accordingly suggest that a larger fusion power can be achieved in devices with larger magnetic field intensities and external radii. Clearly this imposes problems in terms of costs (if one is interested to commercialize the device) and also in terms of additional losses due to synchrotron radiation (  P  s y n c   ) emission which, as reported in Refs. [13,14,15], behaves as


   P  s y n c   = 1.2 ×  10  − 7     ( B  T  a v   )   2.5      A  R 0    n e     1 +  18  A   T  a v        



(9)




where   T  a v    is the average plasma temperature,   n e   is the electron density, and V is the plasma volume. If we use the ITER parameters   A = 3.1  ,   q = 3.1  ,    β N  = 1.8  ,   B = 5.5   T, and    R 0  = 6.8   m we obtain a power around 400 MW.



According to the previous indications, the fusion power by itself is by no means enough to characterize a Tokamak reactor, as long as the corresponding Q factor is not specified. The evaluation of this quantity requires a scaling relationship analogous to that for the fusion power. The physical respects of the associated engineering parameters as they pertain to the aforementioned scaling is worth stressing. It is indeed noted that the amplification factor exhibits the following qualitative behavior [16]


  Q ∝  1    ( B  R 0  )   0.3    B  − 2    R 0  − 3   − c   =  1   B  − 1.7    R 0  − 2.7   − c    



(10)




where c is a constant. The non-integer exponents in Equation (10) come from the fitting of numerical/experimental data (see Refs. [11,12,13]). By means of Equation (9), we rewrite Equation (10) as


  Q ∝  1    ( B  R 0  )   0.3   Λ  P  f u s   − 1   − c    



(11)




We can therefore consider a parameter configuration in which   B  R 0    is fixed and either B or   R 0   are varied in order to fix the amplification factor at a convenient value that corresponds with the given value for the fusion power. In this section, we have just scraped the surface of an extensive field of research. In the forthcoming sections, we present an analogous discussion regarding the design of FEL devices.




3. Design Strategies for FEL Devices


In the previous section we have omitted any reference to dimensionless quantities characterizing a hot plasma. Going back to the 1970s, Kadomtsev proposed non-dimensional parameters [16], which are still currently used [17]. These quantities, derived through the Buckingham theorem (see ref. [18] for specific applications in engineering and physics), specify the already mentioned ratio (see Equation (8b)), the normalized Larmor radius   ρ *  , and   ν *  , which is associated with the connection length and the particle mean free path. They provide us with a well-defined reference quantity set for the design of a Tokamak device and almost all the plasma scaling relations can be expressed in terms of the triple (  ρ *  ,  ν *  ,  β ) [13,14,15,16].



In FEL devices employing long undulators and operating with electron bunches provided by high energy linacs, the laser field grows after undergoing different evolution steps reported in Figure 3 (see Figure caption for further details). The growth of the laser signal is determined by the first phase associated with the energy modulation, then bunching and linear growth induces an increase of the electron energy spread, which eventually leads to the saturation of the process. The pattern leading to the saturation can be characterized through one specific dimensionless quantity called the Pierce parameter, which reads [7,19]


      ρ =    C ρ  γ     J    λ u  K  f b   ( ξ )   2    1 / 3   ,       C ρ  = 8.63 ×  10  − 3          K =    e B  λ u    2 π  m e  c    ,       f b   ( ξ )  =  J 0   ( ξ )  −  J 1   ( ξ )         ξ =   1 4      K 2   1 +   K 2  2         



(12)




where J is the bunch current density, K is the strength parameter (another non-dimensional quantity), and the Bessel factor is a function of dimensionless quantities. The Pierce parameter  ρ  is a key quantity useful for specifying the growth rate, expressed through the gain length, defined as


   L g  =    λ u   4 π  3  ρ     



(13)




and the saturated power (  P S  ), expressed in terms of the electron beam power   P E   as


   P F  ≃  2  ρ  P E   



(14)




The physical reasons, underlying Equation (17), can be traced back to a balance argument resembling that already mentioned in the case of the Renieri-limit. We note that:




	(i)

	
The laser gain relative line width   δ  ω l  /  ω l    is proportional to the Pierce parameter and to the maximum energy delivered from the e-beam to the laser field associated with the electron beam fractional energy variation. Therefore, we have


     Δ  E e    E e    ∝   δ  ω l    ω l   ∝ ρ  



(15)








	(ii)

	
The electron beam power is


   P E  =  E e   I e   



(16)




where   I e   is the e-beam current.









Hence, using Equations (15) and (16) yields


  Δ  P e  ∝ ρ  P e   



(17)




and because, for conservation reasons,   Δ  P e    is the power delivered to the laser, we recover (separate an unessential numerical factor) Equation (16). A remarkable feature that comes out of the previous discussion is that, by defining the dimensionless length


   z ¯  =   z  L g     



(18)




where z is the longitudinal coordinate along which the e-beam is progressing, it is possible to recover with a significant degree of accuracy the curve describing the growth of the laser field intensity from start up to saturation (see Figure 3) ([20,21] and the references therein)


     P  (  z ¯  )  =  P 0     A (  z ¯  )   1 +    P 0   P F     A (  z ¯  ) − 1              A  (  z ¯  )  =   1 9    3 + 2 cosh  (  z ¯  )  + 4 cos     3   z ¯   2   cosh    z ¯  2        



(19)




and also the evolution of the intensity induced electron bunch energy spread, namely


      σ i   (  z ¯  )  ≃ 3  C σ      A (  z ¯  )   1 + 9  B σ   A (  z ¯  ) − 1                C σ  =   1 2        ρ 1   P 0    P E     ,       B σ  ≃    1.24  9      P 0   P F              σ  i , F   ≃    C σ    B σ     ≃ 1.6 ρ     



(20)







The physical meaning behind the previous equations is that the laser growth does not occur at the expense of only the electron energy, but also with a worsening of the beam qualities, which is the major element determining the saturation of the process. A larger energy spread means a reduction of the growth rate through an increase of the gain length. This can be accounted for in terms of dimensionless quantities too. It will be indeed sufficient to replace, in the definition of the gain length, the following expression


      L g  → χ  L g           χ =  1 +  d χ    μ ˜  ε 2   ,       d χ  ≃ 0.185    3  2              μ ˜  ε  = 2    σ ε  ρ       



(21)




with   σ ε   being the RMS relative energy spread. The derivation of Equation (21) is the result of a joint effort, embedding theoretical considerations and fitting procedures (which have provided the determination of the numerical coefficient).



Accordingly a non-ideal energy spread determines the increase of the undulator length, that which is necessary to reach the saturation level. The relevant predictions yield indications for the impact of the quality of the beam on the cost of the whole device.



The minimal point of view on the design of complex devices, which we have thus far provided, will be further corroborated in the forthcoming section.




4. Instabilities in Tokamaks and Electron Accelerators


The growth of electromagnetic power in free electron coherent radiation generators is marked by the onset of a specific instability [22,23], whose evolution rate scales with the beam current raised to the characteristic exponent 1/3. Other instabilities (see below) affecting the e-beam in accelerating devices display growth rates exhibiting similar scaling [24,25,26,27,28,29,30,31]. When both FELs and other instabilities are active, their interplay has generated significant interest in the past [32]. Hot magnetic fusion plasmas are affected by different macroscopic instabilities which may hamper the relevant confinement. One of these is the sawtooth instability (STI) [33], which is characterized by periodic relaxations of the plasma density and temperature. Typical effects of temperature and current density oscillation are reported in Figure 4. Using a purely phenomenological point of view, it is possible to conclude that such a behavior can be traced back to a nonlinear coupling between these quantities, governed by two equations [34,35] closely resembling the Volterra–Lotka prey–predator model [36,37], namely


        d  T e    d t    =  ν T   T e   ( 1 − α j )              d  j e    d t    = −  ν j   j e   ( 1 − β  T e  )      



(22)




where   T e   is the electronic plasma temperature and j is the current density. The constants   ν  T , j    are associated with the temperature rise time and current density damping time, respectively. The nonlinear coupling occurs through the coupling terms   α j   and   β  T e   . Without entering into the details of the physical mechanisms underlying plasma microwave instability, which can for example be found in [34], we simply mention that the temperature oscillations can be excited by an appropriate adjustment of the q-safety factor, by means of a co- and counter-Electron Cyclotron Current Drive (for further comments see [35]).



Regarding the FEL, it is worth stressing that it arises as an instability. Likewise, other instabilities affecting the beam may generate noise, which at macroscopic level determines the increase of the energy spread and bunch length. FELs and other instabilities may eventually give rise to a nonlinear competition.



The competition is due to the feedback between the respectively induced disorders on the electron beam, which can lead to the collapse of one of the two growing instabilities. Empirical procedures based on white noise excitation in the radio frequency cavities of the SR have been used to partially “stabilize” and reduce the instabilities [23]. When the electron beam passes many times within the interaction region, the process does not preserve any memory of the micro-bunch interaction correlated to the FEL, and the long time effect of the multi-turn interaction on the beam is that of a noisy contribution. Our analysis will be limited to the SR manifestation of the microwave instability [38,39], which appears as a fast blowup in the bunch length (or in the energy spread) followed by a damping, in SRs with an intense beam and a strong damping effect. The equations [32]


        d   σ ¯  2    d t    =   σ ¯  2   α −  2  τ s                d α   d t    = α    A   1 +   σ ¯  2    1 / 4     − B   1 +   σ ¯  2    1 / 2        



(23)




where A, B are constants expressed in terms of the SR characteristic parameters, describe the interplay between the evolution of the noise induced energy spread   σ ¯   and the instability growth rate  α . The previous equations can be cast exactly in a Lotka–Volterra form, for values of the induced energy spread not exceeding unity, we indeed find [40]


        d x   d t    = a x  1 − y           d y   d t    = − c y  1 − x        a = A − B ,      c =   2  τ s          x =    τ s  2   α ,      y =    A + 2 B   A − B       σ ¯  2  4      



(24)




The integration of the previous system of nonlinear equations yields the behavior reported in Figure 4, and an important result is that the inclusion of random noise, the part governing the evolution of the energy spread (or equivalently, the temperature   T e  ), determines the suppression of the instability itself. Either for plasma or SR sawtooth instabilities, the addition of noise, e.g., an external additional heating source, determines a reduction or even a suppression. In the case of the SR, it has been shown that the superposition of FEL induced energy spread may inhibit the insurgence of the instability, or on the contrary, a strong sawtooth may hamper the FEL operation. An additional example of instability is one emerging in accelerator physics and shares analogies in plasma physics, the so called micro-bunching instability [41], which arises when an e-bunch is compressed to increase its peak current and operate an X-ray FEL avoiding long undulators to reach the saturation. A crucial element to suppress this kind of instability is the so called laser heater device [42,43,44,45,46,47], designed to induce an energy spread to in turn reduce the instability growth rate, thus eventually determining further beam brightness dilution, which is harmful for FEL operation. The leitmotiv of the previous discussion is that the accelerator and plasma beams are affected by instabilities, which for at least for those of the microwave type, can be traced back to a common physical origin. The possible “cures” foresee the use of an external heater, although a more thorough analysis will be discussed elsewhere.




5. Conclusions


We have thus far mentioned the importance of feedback mechanisms in complex physical systems. These regulation mechanisms have profound roots in applied science (including the economy [48]), which can be traced back to fundamental concepts such as the Landau damping [49] and Le Chatelier’s principle [50]. We should again mention their role in restoring the equilibrium symmetry or in creating the conditions for equilibrium. These topics are of central importance and will be the topic of a forthcoming investigation. The point we tried to convey in the last section is that the mechanisms underlying the growth and the regulation of the instability in the accelerator and fusion plasma can be, in principle, associated with mechanisms sharing some analogies, which then manifest themselves into the behavior of certain macroscopic quantities. The consequences of the sawtooth on the SR e-beam is responsible for an increase in the energy spread and in the bunch length, which agree with the dilution of the beam brightness. Regarding the plasma temperature oscillations, they may determine confinement problems.



Furthermore, we have underscored that in FEL-SR devices, the growth of the laser field provides the necessary conditions (namely, an increase of noise determining the increase in the beam energy spread and decrease in the current density) to suppress the sawtooth itself. In a similar way, the injection of external heating sources induces an increase in the temperature responsible for the relaxation of the nonlinear oscillations.



Most interestingly, for practical purposes, the understanding of the underlying physics of the instability may provide suggestions for specific issues determining their “cures”.



As already underscored, the use of an “external heater” has been of crucial importance in instability suppression for accelerators. Its physical roots, counteracting the underlying mechanism of the instability, trace back to important effects associated with the interplay between disorder and nonlinearity [22].



The practice of increasing the beam’s lifetime in the storage ring by adding noise to the RF cavities has been used since the 1980s [23]. The use of a laser beam heater to counteract the micro-bunch instability has been commonly used in existing X-ray FEL devices [24,25,26,27,28,29]. Accordingly, the use of “external additional heating” to avoid instabilities became a common practice alongside magnetic fusion.



Regarding the design of FELs and Tokamaks as complex systems, we have envisaged the thread of a strategy starting from analogous conceptual tools, mainly based on the systematic use of easily manageable formulae, allowing the fixing of the device working point to be eventually benchmarked by a massive computation campaign. The examples we have exploited regarding the dimensioning of Tokamaks have been addressed with the goal of understanding the general criteria for embedding engineering quantities of different types, which are assembled to determine formulae useful for design purposes. In reality, the procedure is less straightforward. Much effort has been made in the past to reconcile the scaling relationship with theory. Although models predict local single phenomena, they fail in providing the global characteristics of the plasma confinement. Modeling and numerical analysis are important, but the empirical scaling relations inferred from statistical data and experiments play a major role. In this respect, the design of Tokamaks and FELs are different. In the last case, the agreement between theory, experiments, and scaling is fairly good. The same does not apply to plasma acceleration [51,52,53], which can exhibit significant differences between simulation, theory, and experiments. As concluding comment, we stress that the scaling formula [30] has become one of the crucial tools for ITER design.
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Figure 1. (Left) Storage ring layout: the circulating beam emits radiation inside the magnets, constituting the transport elements along the ring; (Center) In the case of an SR FEL, an optical cavity surrounds the undulator, where the emitted and amplified radiation is stored; (Right) Static field magnetic undulator: arrangement of north-south magnetic poles with a period   λ u   and length   L = N  λ u    with N total number of periods. 
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Figure 2. (Left) Cross section of a divertor in the Tokamak configuration with its principal elements; (Right) Plasma cross section shape of a divertor in the Tokamak configuration where the triangularity   δ = d / a  , elongation   κ = b / a  , and aspect ratio   A =  R 0  / a  . Hence, the plasma volume can be estimated using the following expression:    V p  =  ( 2  π 2  κ  ( A − δ )  + 16 π κ δ / 3 )   a 3   . 
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Figure 3. Growth of the FEL power and of the induced energy spread, as predicted by Equations (21) and (22) (dotted lines, continous numerical) along with the e-beam longitudinal phase modifications. 
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Figure 4. Top-Left: solution of Equation (24) with no noise; Top-Right: phase space of the dynamic variables x and y in the case of zero noise for the Lotka–Volterra equation system; Bottom-Left: solution of Equation (24) with the addition of white noise; Bottom-Right: phase space of the dynamic variables x and y in the case of white noise for the Lotka–Volterra equation system. Used parameters:   a = 1.1  ,   c = 0.9  ,   x ( 0 ) = 0.1  ,   y ( 0 ) = 0.2  , noise amplitude =   0.2   (only for bottom plots, otherwise zero). 
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