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Abstract: In this paper, a generalized Camassa–Holm equation, which may be used to describe
wave motion in the shallow water, is considered. Some dynamic properties are studied for the
model. Firstly, a new blow-up criterion for the equation is established. Then, analytical solutions are
presented for the first time by using a new method. Finally, we investigate the persistence property
for strong solutions. The results we obtain complement earlier results in this direction.
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1. Introduction

A series of generalized Camassa–Holm equations, including both quadratic nonlinear-
ity and cubic nonlinearity, which admit integrability and an infinite hierarchy of quasi-local
higher symmetries, are derived by Novikov [1] using the perturbative symmetry approach.
They are of the following structure

(1− ∂2
x)ut = F(u, ux, uxx, uxxx, . . .), u = u(t, x), (1)

where F is some function of u and its derivatives with respect to x, and the subscript denotes
a partial derivative. Among them, one of the most famous examples is the Camassa–Holm
equation

(1− ∂2
x)ut = −3uux + 2uxuxx + uuxxx, (2)

which was deduced by Fokas and Fuchssteiner [2] and Camassa and Holm [3], respectively,
to describe the wave motion of shallow water. It displays many remarkable properties,
which include a Lax pair, a bi-Hamiltonian structure, and infinitely many conserved
integrals [3]. Additionally, it can be solved by the inverse scattering method. The unusual
features of the Camassa–Holm equation are that it has the peakon solutions [3] and the
so-called wave breaking phenomena, that is, the wave profile remains bounded while its
lope becomes unbounded in finite time [4]. More information about the Camassa–Holm
equation can be found in [5–11]

The other celebrated example is the Degasperis–Procesi equation

(1− ∂2
x)ut = −4uux + 3uxuxx + uuxxx. (3)

Degasperis, Holm, and Hone [12] derived the formal integrability of Equation (3) by
constructing a Lax pair. Equation (3) also admits many unusual properties, such as a
bi-Hamiltonian structure and an infinite sequence of conserved quantities. Since the
Degasperis–Procesi equation was derived, many works have been carried out to study
its dynamics; for example, the local well-posedness of Equation (3) on the line [13] and
on the circle [14] were established. In addition, Yin [13,14] derived the precise blow-up
scenario and blow-up structure for the equation. All weak traveling wave solutions were
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classified [15]. Like for the Camassa–Holm equation, multsolton solutions [16] and the
blow-up phenomena [17] for the Degasperis–Procesi equation were found. In a different
direction, a study of discontinuous solutions (a shock wave) to the Degasperis–Procesi
Equation (3) was initiated by Coclite and Karlsen [18–20], and Lundmark [21]. It is worth
noting that a new blow-up quantity [22] among the characteristics is established for the
Degasperis–Procesi Equation (3). The other equations related to shallow water waves, such
as the Novikov equation and the Modified Camassa–Holm equation with cubic nonlinearity,
can be found in [1,3,10,22–27] and the references therein.

In this paper, we consider the Cauchy problem of the integrable dispersive wave
equation {

(1− ∂2
x)ut = 4uux − 6uxuxx − 2uuxxx + 2u2

x + 2uuxx,
u(0, x) = u0(x),

(4)

which is presented in Novikov [1]. u = u(t, x) denotes the fluid velocity at time t > 0 in
the spatial direction; the problem (4) may be used to describe wave motion in the shallow
water. It is shown in [1] that problem (4) possesses a hierarchy of local higher symmetries.
Problem (4) is also regarded as a generalized Degasperis–Procesi equation because it has
a similar structure to the Degasperis–Procesi equation [28]. Using the Littlewood–Paley
theory, the local existence and uniqueness of strong solutions for the problem (4) were
established in nonhomogeneous Besov spaces [28]. In [29], Mi etc. studied the well-
posedness of (4) for the periodic and nonperiodic cases in the sense of Hadamard. In
addition, the authors also proved nonuniform dependence by applying the method of
approximate solutions, and well-posedness estimates.

Our aim in this paper is to investigate whether or not problem (4) with nonlocal
nonlinearities has similar remarkable properties to Equation (2). More precisely, we firstly
establish a new blow-up criterion for the problem (4), which is different from the one in [28].
Then, we use a new method, which differs from other methods [30–35], to obtain some
analytical solutions for the first time. To seek analytical solutions, one of the difficult issues
is that we have to deal with complicated computation. Luckily, we overcome the difficulties.
Finally, we study the persistence property of strong solutions for the problem (4). The
results we obtained in this paper complement earlier results in this direction.

Notation
We firstly give some notations.
The space of all infinitely differentiable functions φ(t, x) with compact support in

[0,+∞)×R is denoted by C∞
0 . Let Lp = Lp(R)(1 ≤ p < +∞) be the space of all measurable

functions h such that ‖ h ‖P
LP=

∫
R |h(t, x)|pdx < ∞. We define L∞ = L∞(R) with the

standard norm ‖ h ‖L∞= infm(e)=0supx∈R\e|h(t, x)|. For any real number s, Hs = Hs(R)
denotes the Sobolev space with the norm defined by

‖ h ‖Hs=

( ∫
R
(1 + |ξ|2)s|ĥ(t, ξ)|2dξ

) 1
2

< ∞,

where ĥ(t, ξ) =
∫
R e−ixξ h(t, x)dx.

We denote by ∗ the convolution, and the convolution product on R is defined by

( f ∗ g)(x) =
∫
R

f (y)g(x− y)dy. (5)

Using the Green function G(x) = 1
2 e−|x|, we have (1− ∂2

x)
−1 f = G(x) ∗ f for all f ∈ L2,

and G ∗ (u− uxx) = u. For T > 0 and nonnegative number s, C([0, T); Hs(R)) denotes the
Frechet space of all continuous Hs-valued functions on [0, T). For simplicity, throughout
this article, we let c denote any positive constant.

We rewrite the equivalent form of the problem (4) as follows:
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{
ut − 2uux = ∂x(1− ∂2

x)
−1(u2 + (u2)x),

u(0, x) = u0(x).
(6)

2. Blow-Up Criterion

Proposition 1 (see [36]). Given u(x, 0) = u0 ∈ Hs(R), s > 3/2, then there exist a maximal
T = T(u0) and a unique solution u to the problem (4) such that

u = u(·, u0) ∈ C([0, T); Hs(R))
⋂

C1([0, T); Hs−1(R)).

Moreover, the solution depends continuously on the initial data, i.e., the mapping u0 → u(·, u0) :
Hs → C([0, T); Hs(R))

⋂
C1([0, T); Hs−1(R)) is continuous.

Proposition 2. Let u0 ∈ Hr(R) with r > 3
2 . Then, the corresponding solution u to problem (4)

blows up in finite time if and only if

‖ u ‖L∞ + ‖ ux ‖L∞= +∞. (7)

Proof. Applying Proposition 1 and a simple density argument, it suffices to consider the case
s = 3. Let T > 0 be the maximal time of existence of solution u to the problem (4) with initial
data u0 ∈ H3(R). From Proposition 1, we know that u ∈ C([0, T); H3(R))

⋂
C1([0, T); H2(R)).

Due to y = u− uxx, by direct computation, one has

‖ y ‖2
L2=

∫
R
(u− uxx)

2dx =
∫
R
(u2 + 2u2

x + u2
xx)dx. (8)

So,

‖ u ‖2
H2≤‖ y ‖2

L2≤ 2 ‖ u ‖2
H2 . (9)

The first equation of problem (6) is rewritten as

ut − utxx − 4uux + 6uxuxx + 2uuxxx − 2u2
x − 2uuxx = 0. (10)

Multiplying both sides of (10) by u and integrating with respect to x on R, we obtain

d
dt

∫
R
(u2 + u2

x)dx =
∫
R

2u3
xdx−

∫
R

4uu2
xdx. (11)

Differentiating (10) with respect to x, we have

utx − utxxx − 4u2
x − 4uuxx + 6u2

xx + 8uxuxxx + 2uuxxxx − 6uxuxx − 2uuxxx = 0. (12)

Multiplying both sides of (12) by 2ux and integrating with respect to x on R, we obtain

d
dt

∫
R
(u2

x + u2
xx)dx = −4

∫
R

u3
xdx− 10

∫
R

uxu2
xxdx + 4

∫
R

uu2
xxdx. (13)

Adding up (11) and (13), we arrive at

d
dt

∫
R
(u2 + 2u2

x + u2
xx)dx = −2

∫
R

u3
xdx− 4

∫
R

uu2
xdx− 10

∫
R

uxu2
xxdx + 4

∫
R

uu2
xxdx

≤ c(‖ u ‖L∞ + ‖ ux ‖L∞)
∫
R
(u2 + 2u2

x + u2
xx)dx. (14)

If there exists a constant M > 0 such that ‖ u ‖L∞ + ‖ ux ‖L∞< M, from (14) we
deduce that

d
dt
‖ u ‖2

H2
0
≤ cM ‖ u ‖2

H2
0
, (15)
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where ‖ u ‖2
H2

0
=
∫
R(u

2 + 2u2
x + u2

xx)dx. By virtue of Gronwall’s inequality, one has

‖ u ‖2
H2

0
≤‖ u0 ‖2

H2
0

ecMt. (16)

On the other hand, due to u = G ∗ y and ux = Gx ∗ y, then

‖ u ‖L∞ + ‖ ux ‖L∞≤‖ G ∗ y ‖L∞ + ‖ Gx ∗ y ‖L∞

≤ (‖ G ‖L2 + ‖ Gx ‖L2) ‖ y ‖L2

≤
√

2(‖ G ‖L2 + ‖ Gx ‖L2) ‖ u ‖H2 . (17)

This completes the proof of Proposition 2.

3. Analytical Solutions

In this section, we will use the definition of the weak solution to discuss analytical
solutions for the problem (4).

Definition 1. Given the initial data u0 ∈ Hs, s > 3
2 , the function u is said to be a weak solution

to the initial-value problem (6) if it satisfies the following identity:∫ T

0

∫
R

uϕt − u2 ϕx − G ∗ (u2 + 2uux)ϕxdxdt +
∫
R

u0(x)ϕ(0, x)dx = 0 (18)

for any smooth test function ϕ(t, x) ∈ C∞
c ([0, T)×R). If u is a weak solution on [0, T) for every

T > 0, then it is called a global weak solution.

Proposition 3. The peakon function

u(t, x) = p(t)e−|x−q(t)|. (19)

is not a global weak solution to problem (4) in the sense of Definition 1, where p(t) and q(t) are
uncertain functions.

Proof. Assume that u(t, x) = p(t)e−|x−q(t)| is a global weak solution to problem (4) in the
sense of Definition 1. We firstly claim that

ut = p′(t)e−|x−q(t)| + p(t)q′(t)sign(x− ct)e−|x−q(t)|, ux = −p(t)sign(x− ct)e−|x−q(t)|. (20)

Hence, using (18), (20) and integration by parts, we derive that∫ T

0

∫
R

uϕt − u2 ϕxdxdt +
∫
R

u0(x)ϕ(0, x)dx

= −
∫ T

0

∫
R

ϕ(ut − 2uux)dxdt

= −
∫ T

0

∫
R

ϕ[p′(t)e−|x−q(t)| + p(t)q′(t)sign(x− q(t))e−|x−q(t)|

+2p2(t)sign(x− q(t))e−|x−q(t)|]dxdt. (21)

On the other hand,∫ T

0

∫
R
−G ∗ (u2 + 2uux)ϕxdxdt

=
∫ T

0

∫
R

ϕGx ∗ [p2(t)(1− 2sign(x− q(t)))e−2|x−q(t)|]dxdt. (22)

Note that Gx = − 1
2 sign(x)e−|x|. For x ≤ q(t),
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Gx ∗ (u2 + 2uux) = −
1
2

∫
R

sign(x− y)e−|x−y|p2(t)(1− 2sign(y− q(t)))e−2|y−q(t)|dy

= −1
2
(
∫ x

−∞
+
∫ q(t)

x
+
∫ ∞

q(t)
)sign(x− y)e−|x−y|

×p2(t)(1− 2sign(y− q(t)))e−2|y−q(t)|dy

= I1 + I2 + I3. (23)

We directly compute I1 as follows:

I1 = −1
2

∫ x

−∞
sign(x− y)e−|x−y|p2(t)(1− 2sign(y− q(t)))e−2|y−q(t)|dy

= −3
2

p2(t)
∫ x

−∞
e−x−2q(t)+3ydy

= −3
2

p2(t)e−x−2q(t)
∫ x

−∞
e3ydy

= −1
2

p2(t)e2x−2q(t). (24)

Applying a similar procedure, we obtain

I2 = −1
2

∫ q(t)

x
sign(x− y)e−|x−y|p2(t)(1− 2sign(y− q(t)))e−2|y−q(t)|dy

=
3
2

p2(t)
∫ q(t)

x
ex−2q(t)+ydy

=
3
2

p2(t)ex+ 8
3 t
∫ q(t)

x
eydy

=
3
2

p2(t)ex−q(t) − 3
2

p2(t)e2x−2q(t). (25)

and

I3 = −1
2

∫ ∞

q(t)
sign(x− y)e−|x−y|p2(t)(1− 2sign(y− q(t)))e−2|y−q(t)|dy

= −1
2

p2(t)
∫ ∞

q(t)
ex+2q(t)−3ydy

= −1
2

p2(t)ex+2q(t)
∫ ∞

q(t)
e−3ydy

= −1
6

p2(t)ex−q(t). (26)

Therefore, from (24)–(26), we deduce that for x ≤ q(t)

Gx ∗ (u2 + 2uux)(t, x) = −2p2(t)e2x−2q(t) +
4
3

p2(t)ex−q(t). (27)

For x > q(t),

Gx ∗ (u2 + 2uux) = −
1
2

∫
R

sign(x− y)e−|x−y|p2(t)(1− 2sign(y− q(t)))e−2|y−q(t)|dy

= −1
2
(
∫ q(t)

−∞
+
∫ x

q(t)
+
∫ ∞

x
)sign(x− y)e−|x−y|

×p2(t)(1− 2sign(y− q(t)))e−2|y−q(t)|dy

= I I1 + I I2 + I I3. (28)
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We directly compute I I1 as follows:

I I1 = −1
2

∫ q(t)

−∞
sign(x− y)e−|x−y|p2(t)(1− 2sign(y− q(t)))e−2|y−q(t)|dy

= −3
2

p2(t)
∫ q(t)

−∞
e−x−2q(t)+3ydy

= −3
2

p2(t)e−x−2q(t)
∫ x

−∞
e3ydy

= −1
2

p2(t)e−x+q(t). (29)

Using a similar procedure, we have

I I2 = −1
2

∫ x

q(t)
sign(x− y)e−|x−y|p2(t)(1− 2sign(y− q(t)))e−2|y−q(t)|dy

=
1
2

p2(t)
∫ x

q(t)
e−x+2q(t)−ydy

=
1
2

p2(t)e−x+2q(t)
∫ x

q(t)
e−ydy

= −1
2

p2(t)e−2x+2q(t) +
1
2

p2(t)e−x+q(t). (30)

and

I I3 = −1
2

∫ ∞

x
sign(x− y)e−|x−y|p2(t)(1− 2sign(y− q(t)))e−2|y−q(t)|dy

= −1
2

p2(t)
∫ ∞

x
ex+2q(t)−3ydy

= −1
2

p2(t)ex+2q(t)
∫ ∞

x
e−3ydy

= −1
6

p2(t)e−2x+2q(t). (31)

Therefore, from (29)–(31) we deduce that for x > q(t)

Gx ∗ (u2 + 2uux)(t, x) = −2
3

p2(t)e−2x+2q(t). (32)

Hence, we obtain from two cases mentioned above that

Gx ∗ (u2 + 2uux)(t, x) =

{
− 2

3 p2(t)e−2x+2q(t), i f x > q(t),
−2p2(t)e2x−2q(t) + 4

3 p2(t)ex−q(t), i f x ≤ q(t).
(33)

Due to u = p(t)e−|x−q(t)|,

p′(t)e−|x−q(t)| + p(t)q′(t)sign(x− q(t))e−|x−q(t)| + 2p2(t)sign(x− q(t))e−|x−q(t)|

=

{
p′(t)e−x+q(t) + p(t)q′(t)e−x+q(t) + 2p2(t)e−2x+2q(t), i f x > q(t),
p′(t)ex−q(t) − p(t)q′(t)ex−q(t) − 2p2(t)e2x−2q(t), i f x ≤ q(t).

(34)

To ensure that u = p(t)e−|x−q(t)| is a global weak solution 0f the problem (4), then the
functions p(t) and q(t) satisfy the following conditions:{

p′ + pq′ = 0, p2 = 0 i f x > q(t),
p′ − pq′ = 4

3 p2, i f x ≤ q(t).
(35)
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Obviously, u = 0 is a general solution for the problem (4). So, there is not global weak
solution in the sense of Definition 1.

This completes the proof of Proposition 3.

Remark 1. If x ≤ q(t), the analytical solution of the problem (4) is of following form:

u = p(t)ex−q(t), (36)

where p(t) and q(t) satisfy

p′ − pq′ =
4
3

p2. (37)

Example 1. For x ≤ q(t), letting q(t) =
√

t + c, c > 0, from (37) we derive that

p′ − 1
2
√

t
p− 4

3
p2 = 0. (38)

(38) implies that

p = − 3
8(
√

t− 1)
. (39)

Hence, we obtain from (36) the solution of (4) for x ≤ q(t).

u = − 3
8(
√

t− 1)
ex−
√

t+c. (40)

Example 2. For x ≤ q(t), letting q(t) = ct + x0, c > 0, from (37) we derive that

p′ − cp− 4
3

p2 = 0. (41)

(41) implies that

p = −3c
4

. (42)

Therefore, we obtain from (36) the solution of (4) for x ≤ q(t).

u = −3c
4

ex−ct−x0 . (43)

4. Persistence Property

The task of this section is to study persistence property of the strong solutions to
problem (4) in L∞-space.

Proposition 4. Provided that u0 ∈ Hs(R) with s > 3
2 satisfies

| u0(x) |, | u0x(x) |∼ O(e−θx) as x → ∞, for θ ∈ (0, 1),

then the corresponding strong solution u(t, x) ∈ C([0, T]; Hs(R)) to the problem (4) satisfies

| u(t, x) |, | ux(t, x) |∼ O(e−θx) as x → ∞

uniformly in the time interval [0, T].
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Notation 1.

| u(t, x) |∼ O(e−θx) as x → ∞ if lim
x→∞

| u(x) |
e−θx = L.

Proof. We introduce the notations

F(u) = u2 + 2uux, M = sup
t∈[0,T]

{‖ u(t) ‖L∞ + ‖ ux(t) ‖L∞} < 0

and the weight function ϕN(x) which is independent of t

ϕN(x) =


1, x ≤ 0,
eθx, x ∈ (0, N],
eθN , x ≥ N,

where N ∈ Z+.
From the first equation of the problem (4), we obtain

∂t(ϕNu)− 2ϕNuux − ϕN∂xG ∗ F(u) = 0. (44)

Multiplying Equation (44) by (ϕNu)2n−1 with n ∈ Z+ and integrating the both sides with
respect to x, we have ∫

R
(ϕNu)2n−1∂t(ϕNu)dx− 2

∫
R
(ϕNu)2n−1 ϕNuuxdx

−
∫
R
(ϕNu)2n−1 ϕN∂xG ∗ F(u)dx = 0. (45)

The first term of the above identity is∫
R
(ϕNu)2n−1∂t(ϕNu)dx =

1
2n

d
dt
‖ ϕNu ‖2n

L2n

=‖ ϕNu ‖2n−1
L2n

d
dt
‖ ϕNu ‖L2n . (46)

Using Hölder’s inequality, for the second and third term, we have

2 |
∫
R
(ϕNu)2n−1 ϕNuuxdx |≤ 2 ‖ ux ‖L∞‖ ϕNu ‖2n

L2n (47)

and

|
∫
R
(ϕNu)2n−1 ϕN∂xG ∗ F(u)dx |≤‖ ϕNu ‖2n−1

L2n ‖ ϕN∂xG ∗ F(u) ‖L2n . (48)

It follows from (45)–(48) that

d
dt
‖ ϕNu ‖L2n≤ 2 ‖ ux ‖L∞‖ ϕNu ‖L2n + ‖ ϕN∂xG ∗ F(u) ‖L2n . (49)

From the Gronwall’s inequality, we obtain

‖ ϕNu ‖L2n≤ e2Mt(‖ ϕNu0 ‖L2n +
∫ t

0
‖ ϕN∂xG ∗ F(u) ‖L2n ds). (50)

Due to limr→∞ ‖ f ‖Lr=‖ f ‖L∞ , when f ∈ L1(R)
⋂

L∞(R).
Taking limits to both sides of (50) results in

‖ ϕNu ‖L∞≤ e2Mt(‖ ϕNu0 ‖L∞ +
∫ t

0
‖ ϕN∂xG ∗ F(u) ‖L∞ ds). (51)
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Next, we will establish an estimate on ‖ ϕNux ‖L∞ . Differentiating the first equation of the
problem (6) with respect to x and multiplying the resultant equation by ϕN , one has

∂t(ϕNux)− 2ϕNuxux − 2ϕNuuxx − ϕN∂2
xG ∗ F(u) = 0. (52)

Multiplying Equation (52) by (ϕNux)2n−1 with n ∈ Z+ and integrating the both sides with
respect to x, we have∫

R
(ϕNux)

2n−1∂t(ϕNux)dx− 2
∫
R
(ϕNux)

2n−1 ϕNuxuxdx

−2
∫
R
(ϕNux)

2n−1 ϕNuuxxdx−
∫

R
(ϕNux)

2n−1 ϕN∂2
xG ∗ F(u)dx = 0. (53)

Applying integration by parts and the Hölder’s inequality, from the third term of Equation (53)
one has

| 2
∫
R
(ϕNux)

2n−1 ϕNuuxxdx |

=| 2
∫
R

u(ϕNux)
2n−1((ϕNux)x − ϕ′Nux)dx |

=| 2
∫
R

u
(
(ϕNux)2n

2n

)
x
dx− 2

∫
R

u(ϕNux)
2n−1 ϕ′Nuxdx |

≤ 1
n
‖ ux ‖L∞‖ ϕNux ‖2n

L2n +2 ‖ u ‖L∞‖ ϕNux ‖2n
L2n

≤ (
1
n
‖ ux ‖L∞ +2 ‖ u ‖L∞) ‖ ϕNux ‖2n

L2n , (54)

where we have used the relation 0 ≤ ϕ′N ≤ ϕN for a.e. x ∈ R. For other terms of
Equation (53), we use the same procedure as the above. Hence, we obtain

d
dt
‖ ϕNux ‖L2n≤ (

2n + 1
n

‖ ux ‖L∞ + ‖ u ‖L∞) ‖ ϕNux ‖L2n

+ ‖ ϕN∂2
xG ∗ F(u) ‖L2n

≤ 2n + 1
n

M ‖ ϕNux ‖L2n + ‖ ϕN∂2
xG ∗ F(u) ‖L2n . (55)

From the Gronwall’s inequality, we obtain

‖ ϕNux ‖L2n≤ e
2n+1

n Mt(‖ ϕNu0x ‖L2n +
∫ t

0
‖ ϕN∂2

xG ∗ F(u) ‖L2n ds). (56)

Taking limits on both sides of inequality (56) yields

‖ ϕNux ‖L∞≤ e2Mt(‖ ϕNu0x ‖L∞ +
∫ t

0
‖ ϕN∂2

xG ∗ F(u) ‖L∞ ds). (57)

It follows from (51) and (57) that

‖ ϕNu ‖L∞ + ‖ ϕNux ‖L∞≤ e2Mt(‖ ϕNu0 ‖L∞ + ‖ ϕNu0x ‖L∞)

+e2Mt(
∫ t

0
‖ ϕN∂xG ∗ F(u) ‖L∞ + ‖ ϕN∂2

xG ∗ F(u) ‖L∞ ds). (58)

On the other hand, a calculation shows that there is a constant c0 depending only on
θ ∈ (0, 1) such that for any N ∈ Z+

ϕN(x)
∫
R

e−|x−y| 1
ϕN(y)

dy ≤ c0 =
1

1− θ
+

1
1 + θ

+ 2. (59)
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Therefore, for any function f , we have

| ϕN∂xG ∗ f 2(x) |

=| 1
2

ϕN

∫
R

sgn(x− y)e−|x−y| f 2(y)dy |

≤ 1
2

ϕN

∫
R

e−|x−y| 1
ϕN(y)

ϕN(y) f (y) f (y)dy

≤ 1
2
(ϕN

∫
R

e−|x−y| 1
ϕN(y)

dy) ‖ ϕN(y) f (y) ‖L∞‖ f (y) ‖L∞

≤ c0 ‖ ϕN(y) f (y) ‖L∞‖ f (y) ‖L∞ . (60)

Noting ∂2
xG ∗ f 2 = G ∗ f 2 − f 2, it has

| ϕN∂2
xG ∗ f 2 |=| ϕNG ∗ f 2 − ϕN f 2 |≤ c0 ‖ ϕN f ‖L∞‖ f ‖L∞ . (61)

Therefore, from (60) and (61), we have

| ϕN∂xG ∗ [u2 + 2uux] |
≤| ϕN∂xG ∗ u2 | + | ϕN∂2

xG ∗ u2 |
≤ 2c0 ‖ ϕNu ‖L∞‖ u ‖L∞ (62)

and

| ϕN∂2
xG ∗ [u2 + 2uux] |
≤| ϕN∂2

xG ∗ u2 | + | ϕN∂2
xG ∗ 2uux |

≤ c0 ‖ ϕNu ‖L∞‖ u ‖L∞ +c0 ‖ ϕNux ‖L∞‖ u ‖L∞ . (63)

Substituting inequalities (62) and (63) into (58), we obtain

‖ ϕNu ‖L∞ + ‖ ϕNux ‖L∞

≤ e2Mt(‖ ϕNu0 ‖L∞ + ‖ ϕNu0x ‖L∞) + 2c0e2Mt

×
∫ t

0
(‖ ϕNu ‖L∞‖ u ‖L∞ + ‖ ϕNux ‖L∞‖ u ‖L∞)ds

≤ e2Mt(‖ ϕNu0 ‖L∞ + ‖ ϕNu0x ‖L∞) + 2c0e2Mt

×
∫ t

0
‖ u ‖L∞ (‖ ϕNu ‖L∞ + ‖ ϕNux ‖L∞)ds

≤ e2Mt(‖ ϕNu0 ‖L∞ + ‖ ϕNu0x ‖L∞) + 2c0Me2Mt

×
∫ t

0
(‖ ϕNu ‖L∞ + ‖ ϕNux ‖L∞)ds. (64)

It follows from the Gronwall’s inequality that

‖ ϕNu ‖L∞ + ‖ ϕNux ‖L∞

≤ e[2M+c0 Me2Mt ]t(‖ ϕNu0 ‖L∞ + ‖ ϕNu0x ‖L∞). (65)

Therefore, for any N ∈ Z+ and any t ∈ [0, T], we obtain

‖ ϕNu ‖L∞ + ‖ ϕNux ‖L∞

≤ e[2M+c0 Me2Mt ]t(‖ eθxu0 ‖L∞ + ‖ eθxu0x ‖L∞). (66)
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Taking the limit as N goes to infinity in (66) leads to

| eθxu | + | eθxux |
≤ e[2M+c0 Me2Mt ]t(‖ eθxu0 ‖L∞ + ‖ eθxu0x ‖L∞). (67)

This completes the proof of Proposition 4.

5. Conclusions

In this paper, we focus on several dynamic properties of the problem (4). We first
establish a new blow-up criterion for the equation; then, we study analytical solutions
for the equation by using a new method. Here, we present two analytical solutions
for the problem (4) for the first time. Finally, we study persistence property for strong
solutions. The properties of the problem (4) not only present fundamental importance from
a mathematical point of view but also are of great physical interest. In future paper, we will
study blow-up structures and the stability of solitary waves for problem (4).

Author Contributions: Y.W.; writing original draft preparation, Y.G.; writing review and editing. All
authors have read and agreed to the published version of the manuscript.

Funding: This research was funded by the Guizhou Province Science and Technology Basic Project
(Grant No. QianKeHe Basic [2020]1Y011), the Department of Guizhou Province Education project
(Grant No. QianJiaoHe KY Zi [2019]124), and the Guizhou Province Science and Technology Plan
Project (Grant No. QianKeHe Platform Talents [2018]5784-09.

Data Availability Statement: Not applicable.

Acknowledgments: The authors would like to thank the anonymous reviewers for their constructive
comments and insightful suggestions.

Conflicts of Interest: The authors declare no conflict of interest.

References
1. Novikov, V. Generalizations of the Camassa–Holm equation. J. Phys. A 2009, 42, 342002. [CrossRef]
2. Fokas, A.; Fuchssteiner, B. Symplectic structures, their Baklund transformations and hereditary symmetries. Phys. D Nonlinear

Phenom. 1981, 4, 47–66.
3. Camassa, R.; Holm, D. An integrable shallow water wave equation with peaked solitons. Phys. Rev. Lett. 1993, 71, 1661–1664.

[CrossRef] [PubMed]
4. Constantin, A.; Escher, J. Wave-breaking for nonlinear nonlocal shallow water equations. Acta Math. 1998, 181, 229–243. [CrossRef]
5. Danchin, R. A note on well-posedness for Camassa–Holm equation. J. Differ. Equ. 2003, 192, 429–444. [CrossRef]
6. Fu, Y.P.; Guo, B.L. Time periodic solution of the viscous Camassa–Holm equation. J. Math. Anal. Appl. 2006, 313, 311–321.

[CrossRef]
7. Guo, Z.; Jiang, M.; Wang, Z.; Zheng, G. Global weak solutions to the Camassa–Holm equation. Discrete Contin. Dyn. Syst. 2008,

21, 883–906. [CrossRef]
8. Wang, Y.; Guo, Y. Several Dynamic Properties for the gkCH Equation. Symmetry 2022, 14, 1772. [CrossRef]
9. Hakkaev, S.; Kirchev, K. Local well-posedness and orbital stability of solitary wave solutions for the generalized Camassa–Holm

equation. Comm. Partial Differ. Equ. 2005, 30, 761–781. [CrossRef]
10. Lai, S.; Wu, Y. The local well-posedness and existence of weak solutions for a generalized Camassa–Holm equation. J. Differ. Equ.

2010, 248, 2038–2063. [CrossRef]
11. Constantin, A.; Molinet, L. Global Weak Solutions for a Shallow Water Equation. Commun. Math. Phys. 2000, 211, 45–61.

[CrossRef]
12. Degasperis, A.; Holm, D.D.; Hone, A.N.W. A new integrable equation with peakon solution. Theor. Math. Phys. 2002, 133,

1463–1474. [CrossRef]
13. Yin, Z. On the Cauchy problem for an integrable equation with peakon solutions. Ill. J. Math. 2003, 47, 649–666. [CrossRef]
14. Yin, Z. Global existence for a new periodic integrable equation. J. Math. Anal. Appl. 2003, 283, 129–139. [CrossRef]
15. Lenells, J. Traveling wave solutions of the Degasperis–Procesi eqaution. J. Math. Anal. Appl. 2005, 306, 72–82. [CrossRef]
16. Matsuno, Y. Multisolution solutions of Degasperis–Procesi equation and their peakon limit. Inverse Probl. 2005, 21, 1553–1570.

[CrossRef]
17. Escher, J.; Liu, Y.; Yin, Z. Shock waves and blow-up phenomena for the periodic Degasperis–Procesi equation. Indiana Univ. Math.

J. 2007, 56, 87–117. [CrossRef]

http://doi.org/10.1088/1751-8113/42/34/342002
http://dx.doi.org/10.1103/PhysRevLett.71.1661
http://www.ncbi.nlm.nih.gov/pubmed/10054466
http://dx.doi.org/10.1007/BF02392586
http://dx.doi.org/10.1016/S0022-0396(03)00096-2
http://dx.doi.org/10.1016/j.jmaa.2005.08.073
http://dx.doi.org/10.3934/dcds.2008.21.883
http://dx.doi.org/10.3390/sym14091772
http://dx.doi.org/10.1081/PDE-200059284
http://dx.doi.org/10.1016/j.jde.2010.01.008
http://dx.doi.org/10.1007/s002200050801
http://dx.doi.org/10.1023/A:1021186408422
http://dx.doi.org/10.1215/ijm/1258138186
http://dx.doi.org/10.1016/S0022-247X(03)00250-6
http://dx.doi.org/10.1016/j.jmaa.2004.11.038
http://dx.doi.org/10.1088/0266-5611/21/5/004
http://dx.doi.org/10.1512/iumj.2007.56.3040


Symmetry 2023, 15, 493 12 of 12

18. Coclite, G.M.; Holden, H.; Karlsen, K.H. Well-posedness of a parabolic-elliptic system. Discret. Contin. Dyn. Syst. 2005, 13,
659–682. [CrossRef]

19. Coclite, G.M.; Karlsen, K.H. Periodic solutions of the Degasperis–Procesi eqution: Well-posedness and asymptotics. J. Funct. Anal.
2015, 268, 1053–1077. [CrossRef]

20. Coclite, G.M.; Karlsen, K.H. On the well-posedness of the Degasperis–Procesi equations. J. Funct. Anal. 2006, 233, 60–91.
[CrossRef]

21. Lundmark, H. Formation and dynamics of shock waves in the Degasperis–Procesi equation. J. Nonlinear Sci. 2007, 17, 169–198.
[CrossRef]

22. Chen, R.M.; Guo, F.; Liu, Y.; Qu, C.Z. Analysis on the blow-up of solutions to a class of integrable peakon equations. J. Funct.
Anal. 2016, 270, 2343–2374. [CrossRef]

23. Fuchssteiner, B. Some tricks from the symmetry-toolbox for nonlinear equations: Generalizations of the Camassa–Holm equation.
Phys. D Nonlinear Phenom. 1996, 95, 229–243. [CrossRef]

24. Zhou, Y. Blow-up phenomenon for the integrable Degasperis–Procesi equation. Phys. Lett. A 2004, 328, 157–162. [CrossRef]
25. Guo, Z.; Ni, L. Wave breaking for the periodic weakly dissipative Dullin-Gottwald-Holm equation. Nonlinear Anal. 2011, 74,

965–973. [CrossRef]
26. Henry, D. Infinite propagation speed for Degasperis–Procesi equation. J. Math. Anal. Appl. 2005, 311, 755–759. [CrossRef]
27. Himonas, A.; Misiolek, G.; Ponce, G.; Zhou, Y. Persistence properties and unique continuation of solution of the Camassa–Holm

equation. Commun. Math. Phys. 2007, 271, 511–522. [CrossRef]
28. Li, J.; Yin, Z. Well-poseness and global existence for a generalized Degasperis–Procesi equation. Nonlinear Anal. RWA 2016, 28,

72–92. [CrossRef]
29. Mi, Y.S.; Liu, Y.; Guo, B.L.; Luo, T. The Cauchy problem for a generalized Camassa–Holm equation. J. Differ. Equ. 2019, 266,

6739–6770. [CrossRef]
30. Kumar, K.H.; Jiwari, R.R. A note on numerical solution of classical Darboux problem. Math. Methods Appl. Sci. 2021, 44,

12998–13007. [CrossRef]
31. Kumar, S.; Jiwari, R.; Mittal, R.C. Radial basis functions based meshfree schemes for the simulation of non-linear extended

Fisher-Kolmogorov model. Wave Motion 2022, 109, 102863. [CrossRef]
32. Pandit, S. Local radial basis functions and scale-3 Haar wavelets operational matrices based numerical algorithms for generalized

regularized long wave model. Wave Motion 2022, 109, 102846. [CrossRef]
33. Ma, Y.K.; Raja, M.M.; Vijayakumar, V.; Shukla, A.; Nisar, K.S. Results on controllability for Sobolev type fractional differential

equations of order 1 < r < 2 with finite delay. AIMS Math. 2022, 7, 10215–10233.
34. Ma, Y.K.; Raja, M.M.; Vijayakumar, V.; Shukla, A.; Nisar, K.S. Existence and continuous dependence results for fractional evolution

integrodifferential equations of order r ∈ (1, 2). Alex. Eng. J. 2022, 61, 9929–9939. [CrossRef]
35. Raja, M.M.; Vijayakumar, V. Existence results for Caputo fractional mixed Volterra-Fredholm-type integrodifferential inclusions

of order r ∈ (1, 2) with sectorial operators. Chaos Solitons Fractals 2022, 159, 112127. [CrossRef]
36. Guo, Y.X. On weak solutions to a generalized Camassa–Holm equation with solitary wave. Bound. Value Probl. 2020, 2020, 15.

[CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

http://dx.doi.org/10.3934/dcds.2005.13.659
http://dx.doi.org/10.1016/j.jfa.2014.11.008
http://dx.doi.org/10.1016/j.jfa.2005.07.008
http://dx.doi.org/10.1007/s00332-006-0803-3
http://dx.doi.org/10.1016/j.jfa.2016.01.017
http://dx.doi.org/10.1016/0167-2789(96)00048-6
http://dx.doi.org/10.1016/j.physleta.2004.06.027
http://dx.doi.org/10.1016/j.na.2010.09.050
http://dx.doi.org/10.1016/j.jmaa.2005.03.001
http://dx.doi.org/10.1007/s00220-006-0172-4
http://dx.doi.org/10.1016/j.nonrwa.2015.09.003
http://dx.doi.org/10.1016/j.jde.2018.11.019
http://dx.doi.org/10.1002/mma.7602
http://dx.doi.org/10.1016/j.wavemoti.2021.102863
http://dx.doi.org/10.1016/j.wavemoti.2021.102846
http://dx.doi.org/10.1016/j.aej.2022.03.010
http://dx.doi.org/10.1016/j.chaos.2022.112127
http://dx.doi.org/10.1186/s13661-020-01326-3

	Introduction
	Blow-Up Criterion
	Analytical Solutions
	Persistence Property
	Conclusions
	References

