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Abstract: Karapinar et al. established a more general class of contractions, namely, hybrid inter-
polative Riech Zstrastescue-type contractions, and presented some results on the platform of metric
spaces. This research uses the domain of b-metric spaces to modify this class proficiently. Several
interesting fixed-point results are presented by using this new class defined on b-metric space, where
the symmetric condition is preserved in this study. Examples are provided for the authentication
of proved results. Eventually, an application is also provided in order to comprehend our extensive
effort in a better way.

Keywords: b-metric space (bMS); hybrid interpolative Riech Zstrastescue RZ-type contractions;
picard operator; r-admissible mapping; Fredholm integral equations
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1. Introduction and Preliminaries

Today, fixed-point theory is a rapidly expanding and intriguing topic of mathematics
with significant applications in a variety of disciplines. One of the powerful applications
is in the context of integral equations, where recent numerical approaches have achieved
significant scientific advancements. The objectives of this study are to propose some useful
methods for predicting the solution of a family of integral equations by using certain
modified results from fixed-point theory.

In 1922, Banach [1] established the famous Banach contraction principle (BCP), which
used contraction mapping on complete metric spaces. It was later considered an effective
technique for finding unique fixed points. It was also useful in nonlinear analysis, which
resulted in a slew of developments in all directions. There are several generalizations of the
Banach contraction principle in the literature on metric fixed-point theory. Three ingredients
are very crucial for establishing fixed-point results. These are the underlying space, the
completeness property, and an equality that is strong enough to guarantee the existence of
a fixed point. It is suggested that readers look at some of the latest extensions established
by [2-7]. In addition, during the past several decades, fixed-point theory has played a key
role in solving many problems arising in nonlinear analysis and optimization [8,9].

In this context, Czerwik [10] and Bakhtin [11] proposed an interesting notion of metric
spaces, termed b-metric space in 1993, by keeping the symmetric condition and changing
the triangular inequality of the metric spaces. Furthermore, they presented some valuable
fixed-point results to demonstrate the validity of this extension. This space was used by
several authors for establishing new directions to prove the existence of fixed-points [12-24].
Recently, Karapinar et al. [25] presented a novel family of contraction mappings that
combined some linear and non-linear contractions in metric spaces. These results are the
generalization of the theorems of [26-28].
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This research provided some interesting results in the context of bMS by using the
contraction condition introduced by Karapinar et al. [25]. The fundamental advantage of
these new conditions is that they allow us to include contractivity conditions involving a
large number of terms, and we can also use either addition or multiplication at the same
time. We suggested some significant convergence criteria and obtained fixed-point results
in this regard. Finally, one of our results is applied to establish a novel existence condition
for the solution of a class of the integral equations. Our results extend many existing results,
including those given in [25].

Throughout the article, M refers to a non-empty set, N represents the set of natural
numbers, R corresponds to the collection of real numbers, and Fixg(M ) denotes set of all
fixed points of a mapping S on M.

Let us have a look at some core concepts that will be helpful for the proof of our
main results.

Definition 1. Let M # ¢ and b > 1 be any real number, a map dy : M x M — RY satisfying
the following properties on M is called a b metric on M:

db(1): dy(m,n) =0 <= m=n;

db(2): dy(m,n) = dy(n,m);

db(3): dy(m,n) < b{dy(m, k) +dy(k,n)},

forallm,n, k € M.

The pair (M, dy) is said to be a b-metric space (bMS).

Example 1. Let M = RT, definedy, : M x M — M as dy(m,n) =| m —n |1 for all
m,n € M, q > 1be any constant; then, (M,dy) is a bMS with b = 2971,

Definition 2. For a mapping S : M — M and m € M, the orbit of m with respect to S is defined
as the following sequence of points:

Og(m) = {m,Sm,S*m, ...}.

Definition 3. Let (M, dy) be a bMS. A sequence {my} defined by my = S¥myq for all k € N is
called the Picard sequence of S based on mg, where S* = S0 So...(K 0 S : M — M is the k-th
iterate of S and the mapping S is called a Picard operator if each Picard sequence of such an operator
converges to one of its fixed points.

Definition 4. A function 7 : M x M — [0,00) in a bMS is called rt-orbital admissible if for
m € M it satisfies
n(m,Sm) >1 = m(Sm,S?m) > 1.

Definition 5. Let (M, dy) be a bMS and w : M x M — [0,00) be a function. A mapping
S : M — M is called a hybrid interpolative RZ-type contraction if there exists a w € [0,1)
such that

n(m,n)db(Szm, Szn) < wM(m,n),

here

c1dp (m, n)P + cody (m, Sm)P + c3dy(n, Sn)?

==

+cqdy (Sm, Sn)P + csdy (Sm, S*m)P + qdy (Sn, S?n)P Yo cit+g<i
ifp>0 M

M(m, n)

dy(m,n)1.dy(m, Sm)2.dy(n, Sn)3.dy (Sm, Sn)

dy(Sm, S*m)%s.dy (Sn, S?n)4 Y2 cit+g=1
ifp=0.
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with {¢; :i=1,2,.5>0},p € Rand g > 0.

2. Main Results

In this section, we develop some fixed-point results for RZ-type contractions in the
context of bMS. Furthermore, an example and an application are also presented for a deeper

understanding of our results.

Proposition 1. Given w € [0,1) and {my} C R™ be any sequence such that
Myy o < wmax{my, my1} forallk e NUO

then,
My < wEA, Mopr1 < wkA ¥ k> 1,

where A = max{myg, m1}.
Proof. Setting k = 0 in (2), we obtain

my < wmax{mg, my} = wA,
for k = 1 we obtain

mg < wmax{my, my}
< wmax{my, wmax{mgy,m }}
< wmax{my, wA}
< wA.

Suppose that (3) holds for some k € N; then,

Majro < wmax{moy, My}
< wmax{wFA, wkA}

< wkHA,

on the same lines we will obtain my;3 < wktA.
This completes the proof by induction. O

Lemma 1. Let {ry} be a sequence on a bMS, and there exists w € [0,1) such that
do(rkt2, rers) < wmax{dy (1, 1e41), do (k41 7k42) }, Yk EN,
then, {ry} is a Cauchy sequence in (M, dy).
Proof. Let us consider a sequence {m;} in M defined as
my = dy (r, k1)
for all k € N, this sequence guarantees the condition (3) ; then, for all k > N we have
do (1o Toks1) = Moy < WHA,

also,
p
Ao (Tok41, Toks2) = Mop1 < WA

Adding both vertically

dy (ros Tors1) + do (raks1, 2 r2) < 20FA.

@)

@)

4)
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Notice that if w = 0 or A = 0, we will have a constant sequence which is Cauchy. So, let
w > 0and A > 0; let € > 0 be any arbitrary real number, so ﬁ > 0,;and forw € (0,1),
there is a natural number n* > ky > 1 such that

—+o00

ST 240

in particular,
" n " +o00
26MA Y wt < 26" A Y wf <,
k=ko k=ko

for all n € N such thatn > k.
Letn*,k,1 € Nsuch that n* > 1 > k > 2kg and n > kg + 1 and 2n > [; thus, we have

do (1, 11) < b[dp (e, hs1) + do (11, 71))
= bdy (1, Tx41) + bdp (rks1,71)
< bdy (ri, 1) + 6% [do (regr, 1rr2) + do (rer2, 1))
< bdy (1, Try1) + 02 do (g1, 1er2) + 03y (Feso, Tras) + oo
6 Ry (r g, m)
=
= Y 6 dy (g, 7j41)
iz
-1
< Y 0" dy(r,7ig1)
iz
2n—1 .
< Y 0" dy(rjrign)
=2k

2n—1

< Y 0" {dy(rop rors) + do(raks1, Tacr2) }
K=k

n—1 n
< Y " 2ufA < Y 0" 2wkA
k=ko k=ko

showing that {r;} is a Cauchy sequence in bMS. [
Corollary 1. Let {ry} be a sequence in bMS, and w € [0, 1) exists such that

dy (rig2,Tks3) < w[de (r, Tkt )PLdp (res, res)P2], VEEN, ©)
then, {ry} is a Cauchy sequence in (M, dy), where By, B2 € [0,1] satisfy B1 + f2 = 1.

Proof. Consider

dy (a2, irs) < w[de (ri, 1) PLdy (Fesn, i) P2
< wlmax{dy (1, ris1), do (res1, i) P
-max{dy (g, 1), do (ki1 Trr2) 12
= wlmax{dy (ri, k1), do (1, es2) HPTP2
= w[max{dp (g, rk+1), do (k11 Tk42)
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then, the result follows form Lemma (1). O

Theorem 1. Let (M, dy) be a complete bMS, dy, be continuous, and S be a hybrid interpolative
‘RI-type contraction mapping. Assume that

(1) S is continuous;
(2)  Sisa t orbital-admissible mapping;
(3) 19 € M exists such that 7t(rg, Srg) > 1.

then S has a fixed point.
Proof. For ry € M by assumption, 7t(rg, Srg) > 1. Since S is an 7t orbital-admissible, we

may write
7t(Srg, S%rg) > 1.

Continuing in the same manner, for ry we will obtain n(SkrO, SkHrO) > 1lforany k € N,
and for such a sequence {ry, we can write

1 = Srg,ta = St = S%rg, . 1 = St_q = S5ro.

If . € Srgyq this means that ry is the fixed point of S trivially. Suppose ry # Sryq for all
k € N. Now consider

< 7 (Tkg2, Thg3) o (Tkg2 Ths3)
< (2, Ter3)de (SPri, Srsn) (6)
< wMl(rg, Trq1)

do (k42 Tk43)

Now, we will discuss both possible cases of choice of p.
Case-I:-If p > 0,
M(ry, 1) = [Cldb(fkfrkﬂ)p + cady (i, Sric)P 4 cadp (11, Sricsn)?
1

p
+ c4dp (Sri, Sri1)? + csdo (Srie, S7ri)? + qdp (Sresa, 527k+1)p}

= |:Cldb(7’krrk+1)p+C2db(rkzrk+1)p+C3db(rk+1zrk+2)p

==

+ cadp (tky1, Ti2)? + c5dp (Pra1, Tran)? +qdy (7k+2/7’k+3)]
()

= {(01 +c2)do (1, 1ie1)P 4 (c3 + ca + ¢5)dp (Fey1, Treg2)P

==

+qdp (142, Vk+3)p}

< {(ﬁ +c2 +c3 +cq +c5) max{dy (g, 1e41), do (kg Thg2) " }

1
P

+ qdy (rit2, 7’k+3)p} ,
taking power of p on both sides of (6), we have

do (g2, Tk13)P <wP(cq + co + 3+ ¢4 + ¢5) max{dy (1%, 7x11)P, do (Fes1, Trs2)P }
+wPqdy (rxs2, 1k43)"

®)
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Therefore,

(1 —wPq)dy (ris2, 1e43)P <wP(c1 4 c2 4¢3 + ¢4 + cs5) max{dy (1, 1), do (g1, Te2)P } ©)
< wP (1 —q) max{dy (1, 7x11), do (Tks1, Tis2) 1
Soforallk € N,

d P < wP(1—4q) d d p 10
o (Tt Tkt3)? < = — p max{dp (1, 711), do (111, Tk12) 1, (10)

or equally

wP(1—¢q)\ 7

do (12, Tks3) = (1_u)pZ> max{dp (re, 7e+1), Ao (M1, Tk2) (1)

=w max{db (T’k, T’k+1), db (T’k+1r Tk+2) }

1
b1 1
oo (WA=
1—wPq
and it is easy to verify that w € (0,1), so Lemma (1) concludes that {r;} is a Cauchy se-

quence.

Case-IL- If p = 0.

Here, we used

M(ry, %11) = do (1, 7x1) Ao (v, 1) 2o (rk1, STr1)®
g (Sr, Sriesr) .y (Sri, S*ric)5.dy (Sris1, Sris)”
= do (1 141) o (ks Ty 1) 2 (Mg 1, Th42) (12)
Ay (Tks1, Thr2) 4o Py, Ter2) © Ao (T2, Tk43) 7
= dy (i, 1) T2y (P, Teg2) B TS

do (Tkr2,7k43)"
(6) implies that

Ao (g2 Tirs) < wdy (i, Ties1) T2y (Pep, i) 3745

q

(13)
Ao (T, 1e43) 1

As by assumption
5
Y citqg=1,
i=1

so notice that if we set 4 = 1, then (13) will be a contradiction. Then, necessarily g < 1, so

5
Y ci=1—g>0.
i=1
Let us consider,
8 gt B 3+ cq4+Cs5
1 1_q/ 2 1_q ’

satisfying 1 + B2 = 1. Now, setting these in (13),

do(Teio, rk+3)1*q < wdy (1, resr )V T2y (1, T )3 HET

1
= dp(rks2, 1%43) < W0 dp (rg, 141)P o (Tig1, 1rs2) P2
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Asw € (0,1),; therefore,

1

1
0<1—-g<1 = 1§1— — w1 <w<l,

so {r¢} is a Cauchy sequence by Corollary (1). In both cases, we have shown that this
Picard sequence is a Cauchy sequence. As M is complete, so there exists a point r* € M
such that

lim db (Si’k, ST’*) =0,

dy(r*,Sr*) = I}LHJO dp (7gq1,ST7) = Jm

so Sr* = r*, that is, r* is the fixed pointof S. O

Corollary 2. Let (M,dy) be a complete bMS and dy, be continuous; also, S : M — M isa
continuous map. Suppose that c1,c; € (0,1) exists satisfying c1 + ¢y < 1 such that

dy(S%m, S?n) < c1dy(m,n) + c1dy(Sm, Sn),
then S has a fixed point.

Theorem 2. Let (M,dy) be a complete bMS, dy, be continuous and S be a hybrid interpolative
‘RI-type contraction mapping. Assume that

(1)  S?is continuous;

(2)  Sisa v orbital-admissible mapping;

(3)  my € M exists such that 7t(mg, Smy) > 1,
(4)  7t(m,Sm) > 1forall m € Fixg (M)

then S has a fixed point.

Proof. Let {r;} be the Picard sequence of S based on my defined by m; = Skmy. By
completeness of M, we have m* such that

dy (m*, S*m*) = l}ggodb(mk+1,52m*) = klgrolod[,(szmk, S2m*) =0,

showing that m* is fixed point of S2. This shows that the set Fixg (M) is non empty. Next,
we verify that m* is also a fixed point of S. On the contrary, assume that Sm* # m* then

m* ¢ Fixg(M).

0 < dy(m*,Sm™) m*, Sm*)dy (m*, Sm*)

m*, Sm*)dy (S?m*, S?m*) (14)
M(m*, Sm™)
Now, we will discuss both possible cases of choice of p.

Case-I:-If p > 0,
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M(m*, Sm*) = {cldb(m*, Sm*)P 4 cody (m*, Sm* )P + c3dy, (Sm*, S?m* )P

1

+ cqdy (Sm*, SPm* )P 4 c5dy (Sm*, S2m* )P + qdy (S*m*, S3m*)p} ’

= {cldb(m*,Sm*)” + codp (m*, Sm* )P + c3dy (Sm™, m*)?

1
P

+ cady (Sm*, m*)P + c5dy (Sm™, m™* )P + qdh(m*,Sm*)”]

14
= {(cl +cr4c3+cy+c5+ q)db(m*,Sm*)p]

< {db (m*, Sm*)p]
=dy, (m*,Sm"),

which contradicts (14).
Case-IL-If p = 0.

M(m*, Sm*) = dy(m*, Sm*).dy (m*, Sm*)2.dy (Sm*, S>m*)3

a.

dy
Ay
= dy(m”

dy (m*, Sm)

(m*, Sm*)V.dy (m*, Sm™)2.dy (Sm™, m*)%
(

Sm*,m*)4.dy(Sm*, m*).dy (Sm™, m*)1
)C1+62+C3+C4+C5+q

which is again a contradiction to (14), thus m* is fixed pointof S O

Ay (Sm*, S?m*).dy (Sm*, S?m*) %5 .dy (S*m*, S3m™* )1

Theorem 3. Let (M, dy) be a complete bMS, dy, be continuous. Let 7 : M x M — [0,00) bea

function, and let S : M — M be a mapping such that
(1)  Either S is S is continuous;

(2)  Sisa v orbital-admissible mapping;

(3)  my € M exists such that 7t(mg, Smy) > 1,

(4) A constant w € [0,1) exists such that at least one of the following conditions is fulfilled for all

distinct m,n € M\Fixs(M):

(a) t(m,n)dy(S*m, S?n) < wdy(m,n)

(b)  m(m,n)dy(S*m,S*n) < wdy(m, Sm)
(c) 7t(m, n)dy(S?*m, S?n) < wdy(n, Sn)
(d)  m(m,n)dy(S*m,S*n) < wdy(Sm,Sn)
(e) 7t(m, n)dy(S?*m, S?n) < wdy(Sm, S*m)
62 mw(m,n)dy(S%m, S?n) < wdy(Sn, S?n).

then S has a fixed point.
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Proof. The proof of this result follows from the case of p > 0 from of theorem (1) and
theorem (2), and it can be observed easily that the contractions condition (1) is satisfied by
the following suitable choice of parameters

c1=1,6=0,c3=0,c4=0,¢c5=0,4=0
c1=0,c0=1,¢3=0,¢4=0,c5=0,9g=0
c1=0,c0=0,c3=1,c4=0,¢c5=0,4=0
c1=0,c00=0,c3=0,c4=1,¢c5=0,4=0
c1=0,¢0=0,c3=0,c4=0,¢c5=1,4=0
c1=0,0=0,c3=0,c4=0,c5=0,g=1

(15)

O

Corollary 3. Let (M, dy) be a complete bMS, dy, be continuous, and S : M — M be a mapping
such that either S is S or is continuous . Suppose that there exists a constant w € (0,1) such that
at least one of the following conditions is fulfilled for all distinct m,n € M Fixs(M):

db(Szm S%n) < wdy(m,n)

dp (S%m, S*n) < wdy(m, Sm)
dy (S*m, S*n) < wdy(n, Sn)
dy(S?*m, S*n) < wdy(Sm, Sn)
dy(S2m, $?n) < wdy(Sm, S%m)
dp(S?m, S?*n) < wdy (Sn, S%n)

then S has a fixed point.

SRS SIS e

In particular, if we drop the condition of continuity of either S or 52, then we have
a special case of existence of the fixed point provided that § = 0. For this, observe the
following example.

Example 2. Let (M, dy) be a complete metric space where M = [—1,1], and dy : M x M —
(0,00) is defined as dy(m,n) = |m —n|?. Let S : M — M be defined by

1—m? if —1<m<0
Sm =

m ifo<m<1,

then

L jf —1<m<0
$%m =

mfo<m<1

Next, define 7t : M x M — [0, 00), which is defined as

% fo<m<1
n(mmn) =491 ifn=1 m=-1
0 if otherwise

Now to check the contractivity condition, for 0 <m <1
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3
7t(m, n)dy(S*m, $*n) = m| T
= G|~ T )
S

Form = —1, n = 1, we have

t(m, n)dy (S%m, S*n) =

N

db(m,n)%db(Sm,Sn)%.

1 Q| W~

All of the conditions of theorem (1) except the continuity of S are satisfied with § = 0. Hence, S has
a fixed point.
3. Application

Now, we apply our main result to find a solution to an integral equation of the
Fredholm type.

Suppose I = [0,1] and M = C(I,IR?) are the space of all continuous functions defined
from I to R?, endowed with the usual sup-norm.

We define a b metric on M as

A6 (@) = 119 = ¥ [l = sup{lg(m) - pm)|T} gt >1,

for all ¢, p € M. Itis easy to verify that (M, dy) is a complete bMS.
Consider a Fredholm integral equation

PO =FO+ [ KT p( i )

Define a mapping S : M — M, as

S(9°(0)) = F0) + [ ko3 gl ax 17

Theorem 4. Suppose that the following conditions hold:

(1) Letky:Ix1IxR?— R?and f: I — R? be continuous;
(2)  ¢o € M exists such that ¢ = S¢py_1;
(3) A continuous function § : I x I — I exists such that

*

g (i, e, p(m*)) — kg (m,m*, ip (m*)) |77 < [§(@ (™), p (m*)) | p(m*) — p ()|,

for each m, m* € Iand |§(¢p(m*), p(m*))| < L wherev > 0.
Then, the integral Equation (16) has a solution.
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Proof. Let (M, dy) be a complete bMS and 7t(¢, ) = 1. Let p* > 1 such that % + ql* =1
then, for ¢* € S(¢) we have

dy(S¢*(m), S(y* (m))) = sup |S¢” (m) — Sy (m)|”

*

dm*

q

[ ksl (o)) gom, )

1
*
*

1 * 12
sup K/ [1]7 dm*>
mel 0
14

/01 (|k¢(m,m*/¢(m*>) —kzp(m,m*,lp(m*))q*) q]*:| s

= sup
mel

IN

1 *
=sup [ [kom,m",¢(m")) = ky(m,m,(m*)) |7 dm

mel

<sup [ @Un")90n ) ot0) o)

mel
< () | pn) = p(°) |1
= ()du(p(m), p())

Similarly, one can easily obtain

(52" (m), 5% (m)) = sup[5%" (m) - 52" ()"
< (22 (p(m), p(m))

v
= (0 2Mdy (), ().
All of the conditions of the theorem (1) are satisfied by choice of w = (1)? € (0,1) and
c1=1,0=c=c,=c¢c5=6=0,
hence the integral Equation (16) has a solution. [

4. Conclusions and Future Work

Several results from the literature may be considered as a special cases of our devel-
oped extension, which illustrates the degree of the validity of our results. If b = 1 then the
main results of Karapinar et al. [25] are just a subcase of our results. The proposed idea
also yields some consequences of work done by Istradtescu ([26,27]).

Further work should be considered on how to redevelop the contractivity condition in
order to formulate these results in more general abstract spaces, for example, controlled, as
well as double-controlled, metric spaces; fuzzy metric spaces; fuzzy b-metric spaces; and
generalized fuzzy metric spaces .
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