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Abstract: Multiplicative calculus, also called non-Newtonian calculus, represents an alternative
approach to the usual calculus of Newton (1643–1727) and Leibniz (1646–1716). This type of calculus
was first introduced by Grossman and Katz and it provides a defined calculation, from the start,
for positive real numbers only. In this investigation, we propose to study symmetrical fractional
multiplicative inequalities of the Simpson type. For this, we first establish a new fractional identity
for multiplicatively differentiable functions. Based on that identity, we derive new Simpson-type
inequalities for multiplicatively convex functions via fractional integral operators. We finish the study
by providing some applications to analytic inequalities.

Keywords: non-Newtonian calculus; Simpson inequality; multiplicatively convex functions

1. Introduction

Between 1967 and 1970, Grossman and Katz created the first non-Newtonian cal-
culation system, called geometric calculation. Over the next few years they created an
infinite family of non-Newtonian calculi, thus modifying the classical calculus introduced
by Newton and Leibniz in the 17th century each of which differed markedly from the
classical calculus of Newton and Leibniz known today as the non-Newtonian calculus or
the multiplicative calculus, where the ordinary product and ratio are used, respectively, as
sum and exponential difference over the domain of positive real numbers see [1]. This cal-
culation is useful for dealing with exponentially varying functions. It is worth noting that
the complete mathematical description of multiplicative calculus was given by Bashirov
et al. [2]. We recall that the multiplicative derivatives ρ∗ of positive function ρ is defined
as follows:

ρ∗(t) = lim
h→0

(
ρ(t + h)

ρ(t)

) 1
h
.

The relation between ρ∗ and the ordinary derivative ρ′ is as follows:

ρ∗(t) = e(ln ρ(t))′ = e
ρ′(t)
ρ(t) .

Theorem 1. Let ρ : [l, k] ⊂ R → R be four times continuously differentiable function on (l, k).
Then we have∣∣∣∣∣∣16

(
ρ(l) + 4ρ

(
l + k

2

)
+ ρ(k)

)
− 1

k− l

k∫
l

ρ(u)du

∣∣∣∣∣∣ ≤ (k− l)4

2880

∥∥∥ρ(4)
∥∥∥

∞
, (1)

where
∥∥∥ρ(4)

∥∥∥
∞
= sup

u∈[l,k]

∣∣∣ρ(4)(u)∣∣∣ < ∞.
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The above inequality is well known in the literature as Simpson’s integral inequality.
Regarding some results connected with inequality (1) and related inequalities, we refer
readers to [3–17]. Shafqat et al. [18] investigated the existence and uniqueness of the Fuzzy
fractional evolution equations. Boulares et al. [19,20] studied the existence and uniqueness
of solutions for non-linear fractional differential equations.

The multiplicative derivative admits the following properties:

Theorem 2 ([2]). Let ρ and ϑ be two multiplicatively differentiable functions, and c is an arbitrary
constant. Then functions cρ, ρϑ, ρ + ϑ, ρ/ϑ and ρϑ are ∗ differentiable and

• (cρ)∗(t) = ρ∗(t),
• (ρϑ)∗(t) = ρ∗(t)ϑ∗(t),

• (ρ + ϑ)∗(t) = ρ∗(t)
ρ(t)

ρ(t)+ϑ(t) ϑ∗(t)
ϑ(t)

ρ(t)+ϑ(t) ,

•
( ρ

ϑ

)∗
(t) = ρ∗(t)

ϑ∗(t) ,

•
(
ρϑ
)∗
(t) = ρ∗(t)ϑ(t)ρ(t)ϑ′(t).

The multiplicative integral noted ∗ integral
k∫
l
(ρ(t))dt has the following relationship

with the Riemann integral
k∫
l

(ρ(t))dt = exp


k∫
l

ln(ρ(t))dt

.

The multiplicative integral enjoy the following properties:

Theorem 3 ([2]). Let ρ be a positive and Riemann integrable on [l, k], then ρ is multiplicative
integrable on [l, k] and

•
k∫
l

(
(ρ(t))p)dt

=

(
k∫
l
(ρ(t))dt

)p

,

•
k∫
l
(ρ(t)ϑ(t))dt =

k∫
l
(ρ(t))dt

k∫
l
(ϑ(t))dt,

•
k∫
l

(
ρ(t)
ϑ(t)

)dt
=

k∫
l
(ρ(t))dt

k∫
l
(ϑ(t))dt

,

•
k∫
l
(ρ(t))dt =

c∫
l
(ρ(t))dt

k∫
c
(ρ(t))dt, l < c < k,

•
l∫
l
(ρ(t))dt = 1 and

k∫
l
(ρ(t))dt =

(
l∫
k
(ρ(t))dt

)−1

.

The multiplicative integration by parts is given by the following Theorem:

Theorem 4 ([2]). Let ρ : [l, k] → R be multiplicative differentiable, let ϑ : [l, k] → R be
differentiable so the function ρϑ is multiplicative integrable, and

k∫
l

(
ρ∗(t)ϑ(t)

)dt
=

ρ(k)ϑ(k)

ρ(l)ϑ(l)
× 1

k∫
l

(
ρ(t)ϑ′(t)

)dt
.

Using the above result and the properties of multiplicative derivatives and integrals,
Ali et al. [21], established an interesting identity given by the following lemma.
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Lemma 1 ([21]). Let ρ : [l, k] → R be multiplicative differentiable, let h : [l, k] → R and let
ϑ : J ⊂ R→ R be two differentiable functions. Then we have

k∫
l

(
ρ∗(h(t))h′(t)ϑ(t)

)dt
=

ρ(h(k))ϑ(k)

ρ(h(l))ϑ(l)
× 1

k∫
l

(
ρ(h(t))ϑ′(t)

)dt
.

In recent years, much interest has been given to the development of the theory and ap-
plications of multiplicative calculus. Aniszewska [22] presented the multiplicative version
of the Runge–Kutta method and used it to solve multiplicative differential equations. Rıza
et al. [23], gave the numerical solutions of multiplicative differential equations by intro-
ducing the multiplicative finite difference methods. Misirli and Gurefe [24] presented the
multiplicative Adams Bashforth-Moulton methods. Bashirov and Norozpour [25] extended
the multiplicative integral to complex valued functions. Bhat et al. defined multiplicative
Fourier transform in [26] and multiplicative Sumudu transform [27]. Bashirov [28] studied
double integrals in the sense of multiplicative calculus. In [29], Ali et al. introduced the
multiplicative Hermite–Hadamard inequality for multiplicative integral as follows:

Theorem 5. Let f be a positive and multiplicatively convex function on interval [u1, u2], then
following inequalities hold

f
(

u1 + u2

2

)
≤

u2∫
u1

( f (t))dt

 1
u2−u1

≤ G( f (u1), f (u2)),

where G(·, ·) is a geometric mean.

In [30], Ali et al. generalized the obtained results in [29], via φ-convexity. In [31],
Özcan generalized the results in [29] under the h-convexity. In [32], Özcan established the
analogue preinvex of the Hermite–Hadamard inequality. In [33], Özcan generalized the
results of [32] for h-preinvex functions.

In [34], Meftah studied the so-called Maclaurin type inequalities.

Theorem 6. Let f : [u1, u2] → R+ be a multiplicative differentiable mapping on [u1, u2] with
u1 < u2. If f ∗ is multiplicative convex on [u1, u2], then we have∣∣∣∣∣∣∣

(
f
(

5u1 + u2

6

)3
f
(

u1 + u2

2

)2
f
(

u1 + 5u2

6

)3
) 1

8
u2∫

u1

f (t)dt

 1
u1−u2

∣∣∣∣∣∣∣
≤

(
( f ∗(u1))

64
(

f ∗
(

5u1 + u2

6

))379(
f ∗
(

u1 + u2

2

))314(
f ∗
(

u1 + 5u2

6

))379

× ( f ∗(u2))
64
) u2−u1

13824 .

In [21], Ali et al. gave some Ostrowski and Simpson type inequalities for multiplicative
integrals as follow:
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Theorem 7. Let f : I◦ ⊂ R→ R+ be a multiplicative differentiable mapping on I◦, u1, u2 ∈ I◦

with u1 < u2. If f is increasing on [u1, u2] and f ∗is multiplicatively convex on [u1, u2], then the
following Ostrowski type inequality for multiplicative integrals holds for all x ∈ [u1, u2]∣∣∣∣∣∣∣ f (x)

u2∫
u1

( f (t))dt

 1
u1−u2

∣∣∣∣∣∣∣
≤ ( f ∗(a))

x−u1
2(u2−u1)

+
(u2−x)3

+(x−u1)
3

8(u2−u1)
2

( f ∗(b))
u2−x

2(u2−u1)
+
(u2−x)3

+(x−u1)
3

8(u2−u1)
2

.

Theorem 8. Let f : I◦ ⊂ R→ R+ be a multiplicative differentiable mapping on I◦, u1, u2 ∈ I◦

with u1 < u2. If f is increasing on [u1, u2] and f ∗ is multiplicatively convex on [u1, u2], then we
the following Ostrowski type inequality for multiplicative integrals holds for all x ∈ [u1, u2]∣∣∣∣∣∣∣

(
f (u1) f 2

(
u1 + u2

2

)
f (u2)

)u2∫
u1

( f (t))dt

 1
u1−u2

∣∣∣∣∣∣∣ ≤ (( f ∗(a))( f ∗(b)))
5(u2−u1)

72 .

Recently, Abdeljawad and Grossman [35] introduced the multiplicative Riemann–
Liouville fractional integrals as follows:

Definition 1. The of order α ∈ C ,Re(α) > 0, respectively, are defined by

(l Iα
∗ρ)(x) = e

(
Jα
l+

(ln ◦ρ)
)
(x)

and

(∗ Iα
k ρ)(x) = e

(
Jα
k− (ln ◦ρ)

)
(x),

where Jα
l+and Jα

k− denote the left and right Riemann–Liouville fractional integral, defined by

(
Jα
l+ρ
)
(x) =

1
Γ(α)

x∫
l

(x− t)α−1ρ(t)dt, l < x

and (
Jα
k−ρ
)
(x) =

1
Γ(α)

k∫
x

(t− x)α−1ρ(t)dt, x < k.

Budak and Özçelik [36], used the above operator and presented some Hermite–
Hadamard type inequalities for multiplicatively fractional integrals.

Hoping to stimulate future research in this direction and motivated by paper [21]
and some of the existing results in the literature, in this study, we prove a new integral
identity. Based on this, we establish some symmetrical fractional multiplicatively Simpson
type inequalities for convex functions. Some applications to special means are proposed to
demonstrate the effectiveness of our finding.

2. Main Results

We first recall that a positive function ρ is said to be multiplicatively convex, if the
following inequality holds

ρ(tx + (1− t)y) ≤ [ρ(x)]t[ρ(y)]1−t.

Lemma 2. Let ρ : [l, k]→ R+ be a multiplicative differentiable mapping on [l, k] with l < k. If ρ∗

is multiplicative integrable on [l, k], then we have the following identity for multiplicative integrals
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(
(ρ(l))

(
ρ

(
l + k

2

))4

(ρ(k))

) 1
6(

(l Iα
∗ρ)

(
l + k

2

)(
∗ Iα

l+k
2

ρ

)
(k)
)− 2α−1Γ(α+1)

(k−l)α

=

 1∫
0

(
ρ∗
(
(1− t)l + t

l + k
2

)tα− 1
3
)dt

k−l
4
 1∫

0

(
ρ∗
(
(1− t)

l + k
2

+ tk
) 1

3−(1−t)α)dt
k−l

4

.

Proof. Let

I1 =

 1∫
0

(
ρ∗
(
(1− t)l + t

l + k
2

)tα− 1
3
)dt

k−l
4

and

I2 =

 1∫
0

(
ρ∗
(
(1− t)

l + k
2

+ tk
) 1

3−(1−t)α)dt
k−l

4

.

Using the integration by parts for multiplicative integrals, I1 gives

I1 =

 1∫
0

(
ρ∗
(
(1− t)l + t

l + k
2

)tα− 1
3
)dt

k−l
4

=

 1∫
0

(
ρ∗
(
(1− t)l + t

l + k
2

) k−l
2 ( 1

2 tα− 1
6 )
)dt

=

(
ρ
(

l+k
2

)) 1
3

(ρ(l))−
1
6

.
1

1∫
0

(
ρ
((

(1− t)l + t l+k
2

)) α
2 tα−1)dt

= (ρ(l))
1
6

(
ρ

(
l + k

2

)) 1
3 1

exp

{
1∫
0

α
2 (t)

α−1 ln
(

ρ
(
(1− t)l + t l+k

2

))
dt

}

= (ρ(l))
1
6

(
ρ

(
l + k

2

)) 1
3 1

exp

{
2α−1α
(k−l)α

1∫
0
(u− l)α−1 ln(ρ(u))du

}

=
(ρ(l))

1
6
(

ρ
(

l+k
2

)) 1
3

exp


 1

Γ(α)

l+k
2∫
l
(u− l)α−1 ln(ρ(u))du




2α−1Γ(α+1)
(k−l)α

= (ρ(l))
1
6

(
ρ

(
l + k

2

)) 1
3
(
(l Iα
∗ρ)

(
l + k

2

))− 2α−1Γ(α+1)
(k−l)α

.

Similarly, we obtain

I2 =

 1∫
0

(
ρ∗
(
(1− t)

l + k
2

+ tk
) 1

3−(1−t)α)dt
k−l

4
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=

 1∫
0

(
ρ∗
(
(1− t)

l + k
2

+ tk
) k−l

2 ( 1
6−

1
2 (1−t)α)

)dt
=

(ρ(k))
1
6(

ρ
(

l+k
2

))− 1
3

.
1

1∫
0

(
ρ
(
(1− t) l+k

2 + tk
) α

2 (1−t)α−1
)dt

= ρ

(
l + k

2

) 1
3
ρ(k)

1
6 .

1

exp

{
α
2

1∫
0
(1− t)α−1 ln ρ

(
(1− t) l+k

2 + tk
)

dt

}

= ρ

(
l + k

2

) 1
3
ρ(k)

1
6 .

1

exp

 2α−1

(k−l)α α
k∫

l+k
2

(k− u)α−1 ln ρ(u)dt


=

(
ρ

(
l + k

2

)) n
2(n+2)

(ρ(k))
1

n+2 .
1

exp

 2α−1Γ(α+1)
(k−l)α

 1
Γ(α)

k∫
l+k

2

(k− u)α−1 ln f (u)du


=

ρ
(

l+k
2

) 1
3
ρ(k)

1
6

exp


 1

Γ(α)

k∫
l+k

2

(k− u)α−1 ln ρ(u)du




2α−1Γ(α+1)
(k−l)α

.

= ρ

(
l + k

2

) 1
3
ρ(k)

1
6 .
((
∗ Iα

l+k
2

ρ

)
(k)
)− 2α−1Γ(α+1)

(k−l)α

.

Multiplying the above equalities, we obtain

I1 × I2 = (ρ(l))
1
6

(
ρ

(
l + k

2

)) 1
3
(
(l Iα
∗ρ)

(
l + k

2

))− 2α−1Γ(α+1)
(k−l)α

×
(

ρ

(
l + k

2

)) 1
3
(ρ(k))

1
6 .
((
∗ Iα

l+k
2

ρ

)
(k)
)− 2α−1Γ(α+1)

(k−l)α

=

(
(ρ(l))

(
ρ

(
l + k

2

))4

(ρ(k))

) 1
6(

(l Iα
∗ρ)

(
l + k

2

)(
∗ Iα

l+k
2

ρ

)
(k)
)− 2α−1Γ(α+1)

(k−l)α

.

which is the result. The proof is completed.

Theorem 9. Let ρ : [l, k]→ R+ be a multiplicatively differentiable mapping on [l, k] with l < k.
If |ln ρ∗| ≤ lnM on [l, k], then we have∣∣∣∣∣∣

(
(ρ(l))

(
ρ

(
l + k

2

))4

(ρ(k))

) 1
6(

(l Iα
∗ρ)

(
l + k

2

)(
∗ Iα

l+k
2

ρ

)
(k)
)− 2α−1Γ(α+1)

(k−l)α

∣∣∣∣∣∣
≤ M

k−l
2

(
α+2

3(α+1)+
2α

α+1 (
1
3 )

1
α +1

)
.

Proof. From Lemma 2, properties of multiplicative integral and using the fact that |ln f ∗| ≤
lnM, we have
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∣∣∣∣∣∣
(
(ρ(l))

(
ρ

(
l + k

2

))4

(ρ(k))

) 1
6(

(l Iα
∗ρ)

(
l + k

2

)(
∗ Iα

l+k
2

ρ

)
(k)
)− 2α−1Γ(α+1)

(k−l)α

∣∣∣∣∣∣
=

∣∣∣∣∣∣∣
 1∫

0

(
ρ∗
(
(1− t)l + t

l + k
2

)tα− 1
3
)dt

k−l
4
∣∣∣∣∣∣∣

×

∣∣∣∣∣∣∣
 1∫

0

(
ρ∗
(
(1− t)

l + k
2

+ tk
) 1

3−(1−t)α)dt
k−l

4
∣∣∣∣∣∣∣

=

∣∣∣∣∣∣
 1∫

0

(
ρ∗
(
(1− t)l + t

l + k
2

) k−l
4 (tα− 1

3 )
)dt∣∣∣∣∣∣

×

∣∣∣∣∣∣
 1∫

0

(
ρ∗
(
(1− t)

l + k
2

+ tk
) k−l

4 ( 1
3−(1−t)α)

)dt∣∣∣∣∣∣
≤

exp


1∫
0

∣∣∣∣ k− l
4

(
tα − 1

3

)
ln
(

ρ∗
(
(1− t)l + t

l + k
2

))∣∣∣∣dt




×

exp


1∫
0

∣∣∣∣ k− l
4

(
1
3
− (1− t)α

)
ln
(

ρ∗
(
(1− t)

l + k
2

+ tk
))∣∣∣∣dt




=

exp

 k− l
4

1∫
0

∣∣∣∣tα − 1
3

∣∣∣∣∣∣∣∣ln(ρ∗
(
(1− t)l + t

l + k
2

))∣∣∣∣dt




×

exp

 k− l
4

1∫
0

∣∣∣∣13 − (1− t)α

∣∣∣∣∣∣∣∣ln(ρ∗
(
(1− t)

l + k
2

+ tk
))∣∣∣∣dt




≤

exp

 k− l
4

lnM
1∫
0

∣∣∣∣tα − 1
3

∣∣∣∣dt


exp

 k− l
4

lnM
1∫
0

∣∣∣∣13 − (1− t)α

∣∣∣∣dt




=

exp


k− l

4
lnM


( 1

3 )
1
α∫

0

(
1
3
− tα

)
dt +

1∫
( 1

3 )
1
α

(
tα − 1

3

)
dt





×

exp


k− l

4
lnM


1−( 1

3 )
1
α∫

0

(
(1− t)α − 1

3

)
dt +

1∫
1−( 1

3 )
1
α

(
1
3
− (1− t)α

)
dt





=

(
exp

{
k− l

4

(
α + 2

3(α + 1)
+

2α

α + 1

(
1
3

) 1
α +1
)

lnM
})

×
(

exp

{
k− l

4

(
α + 2

3(α + 1)
+

2α

α + 1

(
1
3

)1+ 1
α

)
lnM

})

= M
k−l

2

(
α+2

3(α+1)+
2α

α+1 (
1
3 )

1
α +1

)
.

The proof is completed.

Corollary 1. In Theorem 9, if we take α = 1, we obtain
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∣∣∣∣∣∣∣
(
(ρ(l))

(
ρ

(
l + k

2

))4

(ρ(k))

) 1
6
 k∫

l

ρ(u)du


1

l−k
∣∣∣∣∣∣∣ ≤M

11
36 (k−l).

Theorem 10. Let ρ : [l, k]→ R+ be a multiplicative differentiable mapping on [l, k] with l < k. If ρ∗

is multiplicatively convex function on [l, k], then we have∣∣∣∣∣∣
(
(ρ(l))

(
ρ

(
l + k

2

))4

(ρ(k))

) 1
6(

(l Iα
∗ρ)

(
l + k

2

)(
∗ Iα

l+k
2

ρ

)
(k)
)− 2α−1Γ(α+1)

(k−l)α

∣∣∣∣∣∣
≤ [(ρ∗(l))( f ∗(k))]

k−l
2

(
4−α2−3α

12(α+1)(α+2)+
α

(α+1) (
1
3 )

1+ 1
α − α

2(α+2) (
1
3 )

1+ 2
α

)

×
(

f ∗
(

l + k
2

)) k−l
2

(
4−α

6(α+2)+
α

α+2 (
1
3 )

1+ 2
α

)
.

Proof. From Lemma 2, modulus and properties of multiplicative integral, we have∣∣∣∣∣∣
(
(ρ(l))

(
ρ

(
l + k

2

))4

(ρ(k))

) 1
6(

(l Iα
∗ρ)

(
l + k

2

)(
∗ Iα

l+k
2

ρ

)
(k)
)− 2α−1Γ(α+1)

(k−l)α

∣∣∣∣∣∣
=

∣∣∣∣∣∣∣
 1∫

0

(
ρ∗
(
(1− t)l + t

l + k
2

)tα− 1
3
)dt

k−l
4
∣∣∣∣∣∣∣

×

∣∣∣∣∣∣∣
 1∫

0

(
ρ∗
(
(1− t)

l + k
2

+ tk
) 1

3−(1−t)α)dt
k−l

4
∣∣∣∣∣∣∣

=

1∫
0

∣∣∣∣∣ρ∗
(
(1− t)l + t

l + k
2

) k−l
2 ( 1

2 tα− 1
6 )
∣∣∣∣∣
dt

×
1∫
0

∣∣∣∣∣ρ∗
(
(1− t)

l + k
2

+ tk
) k−l

2 ( 1
6−

1
2 (1−t)α)

∣∣∣∣∣
dt

≤

exp

 k− l
2

1∫
0

∣∣∣∣(1
2

tα − 1
6

)∣∣∣∣∣∣∣∣ln ρ∗
(
(1− t)l + t

l + k
2

)∣∣∣∣dt




×

exp

 k− l
2

1∫
0

∣∣∣∣(1
6
− 1

2
(1− t)α

)∣∣∣∣∣∣∣∣ln ρ∗
(
(1− t)

l + k
2

+ tk
)∣∣∣∣dt


. (2)

From the multiplicative convexity of ρ∗ and properties on ln, we have∣∣∣∣ln ρ∗
(
(1− t)l + t

l + k
2

)∣∣∣∣ ≤
∣∣∣∣∣ln(ρ∗(l))(1−t)

(
f ∗
(

l + k
2

))t
∣∣∣∣∣ (3)

=

(
(1− t) ln(ρ∗(l)) + t ln

(
f ∗
(

l + k
2

)))
and ∣∣∣∣ln ρ∗

(
(1− t)

l + k
2

+ tk
)∣∣∣∣ ≤

∣∣∣∣∣ln(ρ∗(l))(1−t)
(

f ∗
(

l + k
2

))t
∣∣∣∣∣ (4)
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=

(
(1− t) ln

(
ρ∗
(

l + k
2

))
+ t ln( f ∗(k))

)
.

Combining (2)–(4), we obtain∣∣∣∣∣∣
(
(ρ(l))

(
ρ

(
l + k

2

))4

(ρ(k))

) 1
6(

(l Iα
∗ρ)

(
l + k

2

)(
∗ Iα

l+k
2

ρ

)
(k)
)− 2α−1Γ(α+1)

(k−l)α

∣∣∣∣∣∣
≤ exp


k− l

2


( 1

3 )
1
α∫

0

(
1
6
− 1

2
tα

)(
(1− t) ln(ρ∗(l)) + t ln

(
f ∗
(

l + k
2

)))
dt

+

1∫
( 1

3 )
1
α

(
1
2

tα − 1
6

)(
(1− t) ln(ρ∗(l)) + t ln

(
f ∗
(

l + k
2

)))
dt




× exp


k− l

2


1−( 1

3 )
1
α∫

0

(
1
2
(1− t)α − 1

6

)(
(1− t) ln

(
ρ∗
(

l + k
2

))
+ t ln( f ∗(k))

)
dt

+

1∫
1−( 1

3 )
1
α

(
1
6
− 1

2
(1− t)α

)(
(1− t) ln

(
ρ∗
(

l + k
2

))
+ t ln( f ∗(k))

)
dt




= exp


k− l

2



( 1

3 )
1
α∫

0

(
1
6
− 1

2
tα

)
(1− t)dt +

1∫
( 1

3 )
1
α

(
1
2

tα − 1
6

)
(1− t)dt

 ln(ρ∗(l))

+


( 1

3 )
1
α∫

0

(
1
6
− 1

2
tα

)
tdt +

1∫
( 1

3 )
1
α

(
1
2

tα − 1
6

)
tdt

 ln
(

f ∗
(

l + k
2

))


× exp

ln
(

ρ∗
(

l + k
2

))
k− l

2




1−( 1
3 )

1
α∫

0

(
1
2
(1− t)α − 1

6

)
(1− t)dt

+

1∫
1−( 1

3 )
1
α

(
1
6
− 1

2
(1− t)α

)
(1− t)dt



+


1−( 1

3 )
1
α∫

0

(
1
2
(1− t)α − 1

n + 2

)
tdt +

1∫
1−( 1

3 )
1
α

(
1
6
− 1

2
(1− t)α

)
tdt

 ln( f ∗(k))




= exp

 k− l
2

ln(ρ∗(l))

(
4−α2−3α

12(α+1)(α+2)+
α

α+1 (
1
3 )

1+ 1
α − α

2(α+2) (
1
3 )

1+ 2
α

)
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+ ln
(

f ∗
(

l + k
2

)) 1
2

(
4−α

(n+2)(α+2)+
α

α+2 (
1
3 )

1+ 2
α

)


× exp

 k− l
2

ln
(

ρ∗
(

l + k
2

)) 1
2

(
4−α

(n+2)(α+2)+
α

α+2 (
1
3 )

1+ 2
α

)

+ ln( f ∗(k))

((
4−α2−3α

12(α+1)(α+2)+
α

α+1 (
1
3 )

1+ 1
α − α

2(α+2) (
1
3 )

1+ 2
α

))
= [(ρ∗(l))( f ∗(k))]

k−l
2

(
4−α2−3α

12(α+1)(α+2)+
α

α+1 (
1
3 )

1+ 1
α − α

2(α+2) (
1
3 )

1+ 2
α

)
(

f ∗
(

l + k
2

)) k−l
2

(
4−α

6(α+2)+
α

α+2 (
1
3 )

1+ 2
α

)
,

where we have used

( 1
3 )

1
α∫

0

(
1
6
− 1

2
tα

)
(1− t)dt =

1∫
1−( 1

3 )
1
α

(
1
6
− 1

2
(1− t)α

)
tdt

=

(
α

6(α + 1)

(
1
3

) 1
α

− α

12(α + 2)

(
1
3

) 2
α

)
,

( 1
3 )

1
α∫

0

(
1

n + 2
− 1

2
tα

)
tdt =

1∫
1−( 1

3 )
1
α

(
1
6
− 1

2
(1− t)α

)
(1− t)dt

=
α

12(α + 2)

(
1
3

) 2
α

,

1∫
( 1

3 )
1
α

(
1
2

tα − 1
6

)
(1− t)dt =

1−( 1
3 )

1
α∫

0

(
1
2
(1− t)α − 1

6

)
tdt

=
4− α2 − 3α

12(α + 1)(α + 2)
+

α

6(α + 1)

(
1
3

) 1
α

− α

12(α + 2)

(
1
3

) 2
α

and

1∫
( 1

3 )
1
α

(
1
2

tα − 1
6

)
tdt =

1−( 1
3 )

1
α∫

0

(
1
2
(1− t)α − 1

6

)
(1− t)dt

=
4− α

12(α + 2)
+

α

12(α + 2)

(
1
3

) 2
α

.

The proof is completed.



Symmetry 2023, 15, 460 11 of 13

Corollary 2. In Theorem 10, using the multiplicative convexity of ρ∗, i.e., f ∗
(

l+k
2

)
≤
√

ρ∗(l)ρ∗(k),
we obtain ∣∣∣∣∣∣

(
(ρ(l))

(
ρ

(
l + k

2

))4

(ρ(k))

) 1
6(

(l Iα
∗ρ)

(
l + k

2

)(
∗ Iα

l+k
2

ρ

)
(k)
)− 2α−1Γ(α+1)

(k−l)α

∣∣∣∣∣∣
≤ [(ρ∗(l))( f ∗(k))]

k−l
2

(
4−2α

12(α+1)+
α

(α+1) (
1
3 )

1+ 1
α

)
.

Corollary 3. In Theorem 10, if we take α = 1, we obtain∣∣∣∣∣∣∣
(
(ρ(l))

(
ρ

(
l + k

2

))4

(ρ(k))

) 1
6
 k∫

l

ρ(u)du


1

l−k
∣∣∣∣∣∣∣

≤ [(ρ∗(l))( f ∗(k))]
2
81 (k−l)

(
f ∗
(

l + k
2

)) 29
324 (k−l)

.

Corollary 4. In Corollary 3, using the multiplicative convexity of f ∗, we obtain∣∣∣∣∣∣∣
(
(ρ(l))

(
ρ

(
l + k

2

))4

(ρ(k))

) 1
6
 k∫

l

ρ(u)du


1

l−k
∣∣∣∣∣∣∣ ≤ [(ρ∗(l))( f ∗(k))]

5
72 (k−l).

3. Applications to Special Means

We shall consider the means for arbitrary real numbers l, k.
The Arithmetic mean: A(l, k) = l+k

2 .
The Harmonic mean: H(l, k) = 2lk

l+k .
The logarithmic means: L(l, k) = k−l

ln k−ln l , l, k > 0 , and l 6= k.

The p-Logarithmic mean: Lp(l, k) =
(

kp+1−lp+1

(p+1)(k−l)

) 1
p , l, k > 0, l 6= k and p ∈ R8{−1, 0}.

Proposition 1. Let l, k ∈ R with 0 < l < k, then we have∣∣∣e 1
6 (2H−1(l,k)−A4(l,k))−L−1(l,k)

∣∣∣ ≤ e−
11

36l2
(k−l).

Proof. The assertion follows from Corollary 1 applied to the function ρ(t) = e
1
t whose

ρ∗(t) = e−
1
t2 ,M = e−

1
l2 and

(
k∫
l
ρ(u)du

) 1
l−k

= exp
{
−L−1(l, k)

}
.

Proposition 2. Let l, k ∈ R with 0 < l < k, then we have

∣∣∣e 1
6 (2A(lp ,kp)+A4p(l,k))−Lp

p(l,k)
∣∣∣ ≤ ep

5(k−l)(lp−1+kp−1)
72 .

Proof. The assertion follows from Corollary 4, applied to the function ρ(t) = etp
with p ≥ 2

whose ρ∗(t) = eptp−1
and

(
k∫
l
ρ(u)du

) 1
l−k

= exp
{
−Lp

p(l, k)
}

.

4. Conclusions

Multiplicative calculus is an alternative to Newtonian calculus. Since its inception
as one of the non-Newtonian calculus, a number of works have been devoted to different
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applications of multiplicative calculus. In this study, we discussed Simpson-type fractional
integral inequalities for multiplicatively differentiable functions based on a new identity.
Some special cases are derived and applications of our findings are provided. We hope that
the new strategy formulated in this paper will inspire and stimulated further research in
this promising field of multiplicative fractional inequalities.
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