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Abstract: In this paper, a new technique using a tensor product is presented in order to provide exact
solutions to some certain fractional differential equations. Particularly, the well-known third order
Gardner’s equation, which is also known in some contexts as KdV-mKdV, of the fractional type. This
type of equations plays an important role in modeling many symmetric and asymmetric problems.
Moreover, the existence of an atomic solution using a tensor product technique for certain second
order equations has been proved.
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1. Introduction

A large variety of biological, chemical and physical phenomena are governed by
different kinds of nonlinear partial differential equations. Most of the exciting advances in
theoretical physics and nonlinear science are the ones related to the development of methods
to find the exact solutions of nonlinear partial differential equations. Such solutions play
an important role in nonlinear science, since they can provide more insight of the physical
aspects of the problem which can lead to further applications, see for instance, [1-9].

In recent years, several powerful methods for obtaining the exact solution of nonlinear
evolution equations have been established, such as homogeneous balance method [2,7],
Hirota’s method [10,11], projective Riccati equation method [3,12], separation of vari-
ables [4,13,14] and Jacobi elliptic functions method [15].

Using a tensor product of two Banach spaces Zigan and others, [16,17], have presented
a new method to find the exact solution of homogeneous and non-homogeneous first
order abstract Cauchy problem. After that, different kinds of ordinary and fractional type
differential equations have been solved using the tensor product methods [18-23], while
atomic solution of certain inverse problems has been obtained [24,25].

It is known that the Gardner equation is one of those type of equations that plays an
important role in applications in many different kinds of fields in science and engineering.
For example, in fluid mechanics, plasma and physics, Gardner equation has the form

M o 20U | fyas—”

ds dw dw w3
which is also called the KdV-mKdV equation. By changing the value of A, B and vy different
types of equations can be obtained.

If B and 7y are chosen to be 0 and 1, respectively, then the KdV equation has the form

+ Bu =0,

o
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Ju +/\ua—u +

E dw =0 @
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where A is any real number. Taking the value of A = £1 or A = +6, the KdV equation
represent a large variety of phenomena such as diving waves in plasma and acoustic
ion waves.

Moreover, if A = 0 and v = 1, the mKdV equation can be written as

20U 3u

ou

g + [Su
that is completely integrable and can be obtained easily from the KdV using Miura trans-
form [5].

In the last few years, differential equations of fractional order type received a great
attention because they play a big aspect in the model life problems, symmetric and non-
symmetric problems and their applications in physics, finance, and other branches of
science and engineering, see e.g., [26-30].

Over the years, many different forms of fractional differential operators have been
introduced, such as Riemann, Caputo, etc. [31,32]. Most of them use integral form and they
are generally not equivalent. All definitions appear to satisfy linearity property and all of
them do not satisfy the familiar rules of ordinary derivative. To overcome these difficulties
and others, new simple interesting definition appeared and extended the definition of the
usual derivation [33,34] as follows:

If ¢ is a function from [0, c0) to the set of real numbers R, the a— conformable derivative
of the function g is defined as

Da(g)(s) — limg(s +€51_a) —g(S)I

e—0 €

forall0 < « <1andalls > 0. If g has a—conformable derivative in some interval (0, b),
b > 0and lirélJrg"‘(s) exists, then ¢g*(0) = liréhg‘*(s), where ¢*(s) stands for D*(g)(s) and
s s—

g2 (s) represents D*D*(g)(s).
In this paper, we focus on studying the atomic solution of the conformable fractional

Gardner’s equations:
o*u ey o*u n ot (9% [(d%u —0
s dw®  dw* \ dwr \dw® ) )

atxiu_l’_ uzaaiu_kai ai alxiu =0
Js¥ p dw®  dw* \ dwt \dw® ) )

using a tensor product technique.

and

2. Main Result

In the theory of tensor product of two Banach spaces A and B, a linear operator of
the form ¢ =h ®j: A* — Bis defined by h ® j(w*) = w*(h)j, where A* is the dual of the
Banach space Aand h ® j € A ® B, is called an atom.

It is known that, g is bounded as a linear operator and has norm equal to | ||| ||j||. By
A ® B we denote the linear space spanned by the set {w ®y, (w,y) € A x B}. There are

many norms that one can define on A ® B. One of most popular ones is the injective norm
n

|.[lv, see [35]. For Y = } w; ®y; € A®B,
i=1

Y[y = sup{}_ (w, 0"}y, y"),w" @y" € A" x B, ||w*|| = [ly*|| = 1}.
i=1

%
The space (A ® B, ||.||v) need not to be complete. We let A ® B denote the completion
of A ® B in the space of all bounded linear operators from A* to B, which is denoted by
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L(A*, B) with respect to the injective norm. It is known [35], that C(I, A) (The space of
all continuous function from I to A) is isometrically isomorphic to C(I) é A IfA=C(I),
then C(I) é C(I) ~ C(I1,C(I)) which is isomorphic to C(I x I), see [36]. That means any
continuous function of two variables can be represented by an element in C(I) é C(I), the
completion of C(I) ® C(I), since there exists a one-one correspondence between the two
spaces. If u(x,y) € C(I x I), then u(x,y) can be represented by f € C(I) é C(I) which has

[0 9)

theform f =) P,®Q; P, Qi € C(I),i=1,2,3,....
i=1
If sum is finite, then we say that u(x,y) can be represented by a finite rank operator

n
f =Y P ®Q;. If n =1, then the function u(x,y) can be represented by one atom. If the
i=1
solution of the differential equation can be represented by an atom we say that it has an
atomic solution.
In this section, we prove the existence of an atomic solution of the fractional type

Gardner differential equation. To handle this, we need the following lemma.

Y
Lemma 1. [21] Let uy ® vy and up @ vy be two non zero atoms in C(I) @ C(I). Then the following
are equivalent:

(1) uqg ® vy + ux @ v = Uz V3, a Non zero atom.
(2)  uq,up or v1, vy are linearly dependent.

In the sequel, we state our main results of this paper, where we prove the existence
of an atomic solution of the non-linear KAV-mKdV equations of conformable fractional
type using a tensor product technique, a simple new method to find the exact solution
of such non-linear fractional partial differential equations that cannot be solved by the
well known separation of variables method, and in addition, is more accurate than the
numerical approximate methods.

Theorem 1. Let u € C(I x I), where I = [0,1] or [0, 00) with values in the Banach space A. If u
is an a—differentiable in some o € (0, 1], then the fractional partial differential equation

ul® + Auuly) +ud™ =0, 3)

has an atomic solution.

Proof. Let u(w,s) = X ® T, where X and T are functions of w and s, respectively. Then
uc(ff) =XWgT, uglx) = X® TWand uS’“) = X% @ T. This implies that Equation (3)
becomes

X@TW 4 AXTXWeT) = -xeT,
which implies
X@T®W £ Axx® o712 = X6 o T. 4)

Using Equation (4) and Lemma 1, we have either X = AXX* or T®) = T2,
Case 1: If T®®) = T2, then

721 = 1

/T_ZdaT - daS
~1 1
T - G

T(s) = —as "
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Hence,
X@TW 4+ AXX® T2 = —XC) T,
and
X+ AXXW]@T? = —XBY @ T.
Therefore, T> = T and X + AXX® = —X©3%)_ This is a contradiction since in this case
T?> #T.

Case 2: If X = AXX®, then X — AXX®) = 0 which implies X[1 — AX(®)] = 0, and hence
X=0o0r1—AX® =0.

(i) If X = 0, then it is a zero solution.

(if) if 1 — AX® = 0, then X(*) = 1, which leads to

X 1
dw* A
by integrating both sides, we obtain
1
X = /Xdaw,
and hence,
1
X(w) = —w".
(W) =~w

Now, we have X(w) = Lw? X (w) = 1, X2 (w) = X% (w) = 0. Hence,
X@TW+AXXWeT? = —XgT,
which implies,
X@TW 4+ X@T2=0®T,

and hence,
X® [T® + T2 = 0.

Since here X # 0, we have T®) 4+ T2 = 0, which implies

T®W = _T72
T2T* = -1,
/ T2d,T = /—1d,xs,
-1 -1
T =
T(s) = as ™.

To verify (4), setu = X®T, uEf,") = X9 T, uga) = X®T®W and u((ja) = XG) oT,

where X(w) = Lw®, XW(w) = %,X(Z"‘) (w) = XBY(w) = 0,and T(s) = as™* T (s) =
—a2s72 = _T2(s), then X®% @ T = 0.

Now,
X@TW 4+ AXXW g -TW = XoTW4Xg-TW
= 0
XCY @ T.
This implies that u = X ® T is an atomic solution of Equation (3), where X(w) = Lw*

and T(s) =as™™. O
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Theorem 2. Let u € C(I x I), where I = [0,1] or [0, 00) with values in the Banach space A. If u
is an a—differentiable in some « € (0, 1], then the fractional partial differential equation

us(“) + ,Buzuff,x) + uS“) =0, (5)

has an atomic solution.

Proof. Let u(w,s) = X ® T, where X and T are functions of w and s, respectively. Then,
2= [XeTXeT =X2aT,ul) = XxWaT ul" = XeT® and 3 = X g T.
This implies that Equation (5) becomes

X@TW +BX*0T[XWe T +XCYeT = o
X@oTW +px2XW o+ XCV T = o
SO,
BX2XW @ T+ XB) T = —X @ TW. (6)

In this case, either BX2X(®) = X5%) or T3 = T.
Case 1: If /SXZX (@) = X(3%) then substitute it in Equation (6) to obtain

XG0 o718 41 xBC) T = —XxXgT®
XtV @P+T] = X@-TW,
and therefore, XB%) = Xand T2+ T = —T. Thisis a contradiction, since X = X (Ba) —
BX2X(®) implies X = 0 or X = pX2X(.
(i) X =0 = X = X6 = 0, which is a zero solution.
(i) X = pX2X") —= 1 = BXX) — X = ,/%w% # X a contradiction.
Case2:If T° =T, then T =0and T> = 1.

(i) If T(s) = 0, then it is a zero solution (trivial solution).
(i) If T2 =1 = T(s) = +1 and T(*)(s) = 0, then Equation (6) becomes

BX2XW T+ X eT = —XoTW,
BX2XxW £ XCN o1 = 0,

and since T(s) # 0, we have /SXZX("‘) + X3%) = 0, and hence

xBa) _ﬁxzx(a),

/ XCVget = —p / X2X @) dycw,
@) _ —Pys
X 3 X°.

Setn = %ﬁ, then X2 = X3, Put X(2) = () by chain rule we have y® = y/(X)d, X =
y'y, so

yW = yly=nx5,
/ydy = /77X3dX,
2
¥ _ N4
2 R

_ 2
y—\/;X.
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Then,

x(®) T2
2 7
a*X N oo

= /Ix
dw® 277
X(w) = —Eo

i

2

To verify (6),setu = X® T, u((f,") =XWgT, u§"‘> = X®T® and ufj‘"” = X0 @ T, where
X(w) = =E£w™", then

X (@) = “ngw_z"‘ — \/gxz,
X2 (w) = \/gXZJ”", and
XG0 (w) = —px2X @),

and T(s) = +1 = T3(s), T®(s) = 0, then X ® TW = px2x(®) =,
Now,

BX*X®) @ T3 + XY @ T,
= [px2x@W + xBI o T,

= px2x 4 —gx2x(®

= 0

= ﬁXZX(a)

= X®@TW,

X@TW 4+ BX2X® @18 + XC) g T

Therefore, u = X ® T is a solution of (5), where X(w) = —%~w *and T(s) = +£1. O

3. A Further Result

In this section, we give an atomic solution of a conformable fractional version of a
second order Gardner’s equation type of the form

u ou %u

Theorem 3. Let u € C(I x I), where I = [0,1] or [0, 00) with values in the Banach space A. If u
is an a—differentiable in some o € (0, 1], then the fractional partial diffrential equation

uﬁ(;“) + /\uu((f) + ug“) =0, )

has an atomic solution.

Proof. Let u(w,s) = X ® T, where X is a function of w and T is a function of s. Then
1Y = x@ o1, 4" = X TWand 4l = x@) o T.

This implies that Equation (7) becomes
XQTW 4+ AXT[X®W 0T = —XxgT,

then we have
X@T®W £ Axx® @12 = —x@) o T. (8)
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This is the form where the sum of two atoms equal an atom. Hence, by Lemma 1 either
X =AXX*orT* = T
Case 1: If T® = T2, then

T21% = 1,
/ T2d,T = [ dgs,
_ -

1 1
T:<§)’

T(s) = —as ™.
Hence,

X@TW 4 AXxx®WeoT1? = X gT,
X+ AXXW T2 = —X@gT.

Therefore, T2 = T and X + AXX® = —X(2)_ This is a contradiction since T = —as ™% #
ws 2% = T2,
Case 2: If X = AXX@W, then X — AXX(®) = 0, and so X[1 — AX®)] = 0, which implies
X=0or1-AX® =0.

(i) If X = 0, then it is a zero solution.

(i) if 1 — AX(®) = 0, then X®) = 1 —

O G|
dox A
1
X = / Xd“w’
X(w) = icu”‘
aA

Now, we have X(w) = Lw*, X (w) = 1, X2 (w) =0.

Hence,
X@TW AXXWoT? = X gT,
X@TW +XT? = 0T,
Xe[TW414 = 0

Since here X # 0, we have T% 4 T? = 0 which implies

™ = -T?
T2 = -1,
/ T2d,T = / “1d,s,
~1
_Tfl — - tX/
(s
T(s) = as™™

To verify (8),setu = X® T, uc(ff) = X® T, us('x) = X ® TWand ug“) = X @ T, where

and
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Then, X(2%) @ T =0,

X@TW 4 AXXW g -TW = XgTWAxx®W g _T®
X@TW + X©-T®
X@TW - XgTW

=0

= X2 gT.

This implies that u = X ® T is an atomic solution of equation (7), where X(w) = w
and T(s) =as™* O

4. Conclusions

In this paper, we presented exact solutions to some certain fractional differential
equations, specifically, the well-known second and third order Gardner’s equations of
fractional type using a tensor product technique, a simple and new method to solve such
non-linear equations that gives an exact and accurate solution of well-known problems
appear in many applications in science and engineering rather than other methods that are
known to be approximate methods and include some kind of error estimate or some kind
of conclusion and computational difficulties.
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