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Abstract: The matrix representations of hypergraphs have been defined via hypermatrices initially.
In recent studies, the Laplacian matrix of hypergraphs, a generalization of the Laplacian matrix, has
been introduced. In this article, based on this definition, we derive bounds depending pair-degree,
maximum degree, and the first Zagreb index for the greatest Laplacian eigenvalue and Laplacian
energy of r-uniform hypergraphs and r-uniform regular hypergraphs. As a result of these bounds,
Nordhaus-Gaddum type bounds are obtained for the Laplacian energy.
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1. Introduction and Preliminaries

Graph theory is based on the connections and arrangements of objects. Many complex
structures, resembling a network in real life, are represented by hypergraphs, which are a
generalization of graphs. Hypergraph theory has applications in chemistry and physics
(see [1,2]).

Symmetry is a kind of invariant or a feature that a mathematical object remains the
same under some operations or transformations. However, symmetry is a significant
feature in hypergraph theory, especially in uniform hypergraph theory. For a recent study
on the symmetric function-Lagrangian of linear 3-uniform hypergraphs, see [3].

Let H = (V,E) be a hypergraph composed of a vertex set V and a hyperedge set E of
cardinality n and m, respectively. Letting P (V) be the power setof V, then E C P (V) \ {D}.
Therefore, a hyperedge can connect multiple vertices. The vertices u and v are adjacent
if there is a hyperedge that includes both u and v, represented by u ~ v. The number of
hyperedges containing i is called its degree, d; , and A, § stands for the maximum and
minimum vertex degrees. If d; = d for all i € V, then H is called d-regular. H is said to be
simple if all edges are distinct. If |V| is finite, then H is called finite. Through this article,
all hypergraphs are simple, finite, and connected.

If each hyperedge includes precisely r vertices, then H is called r-uniform hypergraph
or r-graph. H will be the (ordinary) graph when r = 2. For any u,v € V (u # v) if a
hyperedge sequence of e, ey, . .., ey exists such that u € ey, v € ey and e Neg 1 # O for
all k (1 < k < m —1); then, H is called connected. The complement H of the r-graph is
defined to be an r-graph with V(H) = V(H) and an r—subset of V(H) is an edge of H iff
it is not an edge of H.

Topological indices of graphs, which have a wide application area in chemical graph
theory, are classified in two ways: degree-based and distance-based. The first Zagreb index
of a graph G is defined as Zg = Zg(G) = ¥ d? in [4], for properties of the degree and
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distance-based indices which have been recently defined; see also [5,6].

Spectral graph theory is a remarkable theory that investigates the relationship be-
tween the eigenvalue features of the graph matrices and graph structure. Therefore,
determining the characteristic polynomials of graph matrices is crucial. In [7], the authors
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establish criteria for a graph to be symmetric via the characteristic polynomials of block
circulant matrices.

The matrices of hypergraphs are first studied via hypermatrices which are multidi-
mensional arrays (see [8,9]). Recently, the matrix representations of hypergraphs have been

defined. The adjacency matrix A(H)= [(A)i]} of H, which is introduced in [10] as

(A); = { &,

0 otherwise,

where E;j = {e € E : i,j € e}. The number of hyperedges which include both of the vertices
i,] is called the pair-degree, d;;, of i, j. Thus, d;; = ]El-j |

The Laplacian matrix £ = L(H) isknownas £ = D — A, where D = diag(dy,dy,...,dy)
and has eigenvalues p; > po > --- > p,_1 > p, = 0. Notice that £ is symmetric and
positive semidefinite. The smallest eigenvalue of £ is 0 with the corresponding eigenvector
(1,1,...,1)"

The ij-th entry of £L = L(H) is

d; ifi=j

— ¥ = ifin~j

EEEZ']‘ ‘E‘ 1 ]
0 otherwise.

Note that £ = £(H) is a generalization of the Laplacian matrix of a graph. Clearly, the
above definition coincides with the signless Laplacian matrix @ = Q(H) whenever only

its ij-th entry is positive, i.e.,, ), ‘e‘%l ifi~vjletby >260,> - >011 21> >y
ecE;;
if

be the eigenvalues of Q and A, respectively.

The adjacency, Laplacian, signless Laplacian matrices of hypergraphs and their ener-
gies have been introduced recently ([10-12]). Some of their spectral features and bounds
for their eigenvalues are analyzed in the relevant references. It is naturally a matter of
research for researchers to ask which results in spectral graph theory can be generalized to
hypergraphs. It is shown that many of these results hold for hypergraph matrices.

The energy E(H) of H is defined as

n

E(H) =) |vil,

i=1

see [11]. The incidence and signless Laplacian energy of uniform hypergraphs are studied
in [13]. The Laplacian energy EL(H) of a r-graph with n vertices and m hyperedges can be

defined as

rm

Pi—?

, )

note that tr(L(H)) = rm.

In the present paper, we essentially deal with the bounds for the greatest Lapla-
cian eigenvalue and Laplacian energy of r-uniform hypergraphs. Moreover, we derive
Nordhaus-Gaddum type inequalities for the Laplacian energy by means of these bounds.
Now, we can begin with the essential lemmas that will be used.

Lemma 1 ([14]). Let H be a r-graph. Then,

i) Lpi=Ydi=rm

i=1 eV
L, &
(i) Yo;=72g+ ¥ —,
i=1 ijev (r=1)
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(i) p1 > A+ L,
(iv) p1 < 6.
Lemma 2 ([15]). Let B = (bj;) € C"*" and E(B) = { (i,j) 1 bij #0,1<i#j<n}.IfBis
irreducible, then its each eigenvalue is included in the region
A(B) (l]) {Z eC: b”||Z ]]| < S{S]'/},
where s{( Z |b1]|

Lemma 3 ([16]). Let B = (B;;) € C"" with by > 0 (1 < i < n). Then, each oval region
Yij = {ze€C:|z— by |z — bjj] <'si5f,i # j} of B is symmetrical about x axes. Moreover, the
point of the intersection of the boundary of Y;; and x axes at the most right side is p;; = (£(i,),0),

bi+bij+1/ (bi—bj; ) +4
where t(l,]) _ it ]]+ ( 5 ) + SS]

Lemma 4 ([17]). Let H be a graph and p be any polynomial, s;(p(Q)) is the row sum of p(Q)
corresponding to the vertex i € V, then

mins;(p(Q)) < p(61) < maxs;(p(Q)), @)

where Q is the signless Laplacian matrix.

2. Main Results

In this section, we first establish new bounds on p;. Consequently, we present bounds
on the Laplacian energy of r-graphs.

The following theorem presents an upper bound on p;, consisting of degree and
pair-degree. Let s;(R) denote the i-th row sum of any matrix R.

Theorem 1. Let H be an r-graph. Then,

p1 < ﬁf}g}{d:‘z Z dijd; } 3)
] i
Proof. Assi(A) = ;=4 L d;jjand s; (A%) = 31 ¥ didj and 5;(Q) = 2d;, 5;{(AD) =
b jij~i
S (Az) 7—1 L djd;foranyi € V, we obtain

]Nl

si (Qz) —si(D(D+ A)) +si(DA+ A?)
=d;s;(Q) + 25‘(1?«4)
=247 + Z dijd,.

i ji
Using Lemmas 1 and 4 leads to
p1 <01 < \[rnavx{ Z dijd; }
]Nl
which completes the proof. [

Now, we can express an upper bound including a new parameter m;, the average of
the degrees of the vertices adjacent to i.
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Theorem 2. Let H be a connected r-graph. Then,

4

p1 <

2 2
pma m; Zdl] ﬂ’l]kad]k . (4)
Rad)

1 2
—maxq d;+d;i+ | (di—d;)" +
i \l( i—dj) (r— 1) =

Proof. Consider the matrix B = (bij) with B = D~1/2QDY2, where D'/? = diag
(V@i ..., /@5). Then,

d; ifi=j

o ﬂdij e

bij = v ifinj
0 elsewhere.

Let s{(B) = s;(B) — d;. Applying the Cauchy-Schwarz inequality yields

. 7
jimg i fiy (r=1)

2
did;; d. &2
[s(B)]? :(..Z,(r\_/?) Ld) <y dy G
Jiinvg 1

42
ij
=m; ) 2
j~i~j( -1
T'— 1 2 IZN:] Z]/

where m; = d Y. djis the average of the degrees of the vertices adjacent to i. As B is an
Jiirj

irreducible, nonnegative matrix, from Lemma 2, there exists at least ij edge such that the

largest eigenvalue v = v(B) is included in the following oval region Yj;, that is,

v —dif v — dj| <si( B8

< mi Y dy my Y A3,
(1’ ) Ji~j k k~j
is verified. From Lemma 1
1
01>p1 >0+ — T

Then, v = 6; > max{d; :i € V} + ;&; > max{d;,d;}. Thus, solving (5) by using

Lemma 3 yields
2 4 2 2
di +d; d; —d; d ; ds
i 1+\/(1 )t \/m’]jzwl f\/m]k:kZNj jk

2

IN

01

As p; < 0 = v(B), the proof is completed. I

Eventually, one can obtain the following bound on p; for d-regular r-graphs.

Corollary 1. Let H be a connected d-reqular r-graph. Then,

1 < %max 2d + ®)

i~j
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Proof. If H is d-regular, then m; = 1 and d; = d for all i € V. Considering these facts in (4)
leads (5). O

The lower bound can be presented by using the Rayleigh quotient for £ .

Theorem 3. Let H be a connected r-graph. Then,

1/4

dz, di +d;)d;; ’
P1 [ 2<d2+ Y — - :rjl) - 7 2 dikdkj>] - (6

i Z]GV r—= 1) (7 - 1) i,jkev

Proof. By using the Rayleigh quotient for a real symmetric matrix, C with x = (1,1,...,1)"
leads to

Let us apply (7) to C = £?. We have (£?),, =d?+ ¥

Lo )z,andforz £
i

( ) le] ji = iilij + gl + ) lichkj

keVv
—(d; +d;)1; +Z< )(_d"f>
1
j S \r=1)\r—1
d di dk]
-~ (o) (2 )+2(’ )(5)
-1 v r—1 r—1
d:+d)d;:
- ]1) .+ 7 ) dixdlij.
r= (7'_1) keVv
2
Therefore, s;(£?) = d? + ¥ iy +d> I+ - ¥ dydy. Applying (7) to
i,jev (r— 1) (r=1) keV

C = £? yields

 (di+dj)d;

2
o [nz—zl<d +1]§V 1) r—1 - (7—1)2k§/d1kdk]> ] .

Thus, we obtain (6). O

Clearly, from (6), we achieve the bound (8) for regular r-graphs.

Corollary 2. Let H be a connected d-reqular r-graph. Then,

1/4

2 24d,; 1 2
nz<d2+ Yyt r_’{ + Y dl-kdk]) . ®)

2
i=1 ijev (r— 1) (r— 1) ijkev

012>

We can now begin to be concerned with the bounds for the Laplacian energy of
r-graphs. Let us give the following lemma.

Lemma 5. Let o (1 < & < n — 1) be the greatest integer such that p, > "*. Then,

EL(H) = 2T,(H) - 22", ©)
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=50 "2) 5 (1)

n

=ipz- -2 (n _:)rm - (Zpi - éﬂ)

i=1

O

Using (1), we obtain a lower bound for EL(H) below.

Theorem 4. Let H be a connected r-graph. Then,

Proof. EL(H) =  Jnax 1{2Ti — 2’,2” }, which can be concluded from [18] (see Theorem 3.1).
Isn—

Then, using Lemma 1 yields

2rmi 2
EL(H) = max 42T, — 22\ 5 op 2T
1<i<n-1
rm
EiGRE
>2 (A TR ””)
r—1 n

which is the expected result. [

The Laplacian spread of a hypergraph is also defined to be p; — p,,—1. The following
lemma expresses an upper bound for the Laplacian spread of r-graphs.

Lemma 6. Let H be a connected r-graph of order n(> 3). Then,

2
R I Y | i : J (n—1) (Zg + ';v ? _’]1)2> — r2m2. (10)
i,j

Proof. An analogous proof can be followed from [19] (see Theorem 2.1), by considering
Lemmal. [

Theorem 5. Let H be a connected r-graph of order n(> 3). Then,

n—1 ijev (r— 1)?

2
EL(H) > /2 \l(n—l)(Zg—i—Z i )—r2m2. (11)
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Proof. Let x; (1 < i < n) are real numbers provided that there are m, M € R such that
—oo <m < x; <M < 00, foreach 1 < i < n. Then, for any nonnegative q;, (1 <i < n)

n
satisfying ) ¢q; = 1 implies
i=1

2
1 n n
0< Z%x - (Zqﬁ@) < E M_ m)z%‘ Xi — Z%’xi ’ (12)
i=1 i=1
see [20]. Setting g; := Ll =pijfori=1,2,...,n—1and m := p,_1, M := p1, (12) then
becomes
Pn—1
n_lsz <ZP1> 327’11)21 sz
1=
By Lemma 1,
Z 2 2 9 (7’1 — 1) nil rm
(n—1) (Zg+ ) rom® <a——=(01 = pn-1) p-—‘
Z]EV 1) 2 ! i=1 bon-1
= 5 (o1 = pu_t)EL(H),
-1
as nZ |pl - —‘ < Z |p1 | Then, regarding (10) leads to (11). O
i=1

In [21], the energy of a graph is redefined as the sum of the singular values 0;(A)
(1 <i < n) of its adjacency matrix A. Based on this definition, we can define the energy of
a hypergraph H as

- ;Ui(-A)- (13)

Let 7,, be the the identity matrix. As £ — T 7, is a real symmetric matrix, from (1), the
Laplacian energy of a r-graph can also be expressed in terms of singular values of the
matrix £ — ' 7, as

Z rm
H) = i;m (c - 7@).
Lemma 7 ([22]). Let A, B € C"™*" be symmetric matrices. Then,
0i(A+ B) < 0i(A) +0i(B).
The following upper bound including the energy of a r-graph for EL(H) can be given.

Theorem 6. Let H be a r-graph. Then,

EL(H) < E(H 4 - (14)
eV n
Proof. Clearly, L — ™7, =D - A— T, = (—A)+ (D — "1,). Applying Lemmas 7

and (13) leads to
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EL(H) —éai (-4 +(P- %In)]
<Y a(-A)+ Yo(D - 'z,
i=1 i=1
220'1'(./4) -+ i()’i (D — %In>
i=1 i=1
=E(H)+ )

ieV

rm
di—

4

which completes the proof. [

Consequently, from (14), we can establish an upper bound as follows:

Theorem 7. Let H be a r-graph. Then,

EL(H) < nrA+\/nZg — r’m?2. (15)

Proof. Using the Cauchy-Schwarz inequality and Lemma 1 gives

AR ()

)3

ieV ieV
2112
§\/n 2<d§—2dirm+ = >
iev n n
2rm r2m?2
= ”(Zg‘nidf+i 2 >
ieV ieV
2 212
_ n(Zg— 2(rm) L rm )
n n
=\/nZg —r*m2.
By (14),
EL(H) < E(H) + \/nZg — r?m2. (16)
We may have
n n
E(H) = ) lvi| <} |v1| = nfva].
i=1 i=1
Thus,
E(H) < nrA, (17)

as |v1| < rA (see Corollary 14, [23]). Putting (17) in (16) implies

EL(H) < nrA++\/nZg — r’m?,
which is the desired result. O

Let us set ¢; := p; — I in (1). Then, EL(H) can also be expressed as follows:

n

EL(H) =) _lej. (18)

i=1
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Lemma 8. Let H be a r-graph. Then, ¢; verifies the following assertions:

n
@) g =0,
i=1

2

n ds.
(i) Ye?=2g+ L by — I,
-1 ijev (r=1)

1

Proof. Clearly, by Lemma 1 we have

Y e = Zpi—Z—m =rm—rm =0,
i=1 i=1 i=1
n n rm 2
Yt =X (e 7)
i=1 i=1
n 2rm & r2m?
2
SR
= ni3 n
42 2.2
— ij rm
=28+ Z 2 g
i,jeV (1’ - 1)

O

Several bounds may be derived by applying mathematical inequalities and considering
Lemma 8. We obtain three lower bounds on EL(H):

Theorem 8. Let H be a r-graph. Then,

dz 2,2
EL(H)Z\JZg+Z y

ijev (r— 1)? n

Proof. Applying the Radon inequality in (18) leads

12
n n |Si|2 'Z|£l“

EL(H) =) lel =) rr =5

i=1 i=1

lei

n 4
L el
i=1
using Lemma 8 yields the result. [

The following lower bound includes p;, Zg, and pair-degree of vertices.

Theorem 9. Let H be a r-graph. Then,

42
2<Zg+ L, o YZ’T2>

=
EL(H) > v
£1
n n
Proof. Let (7;),(q;) (1 <i < n) be real numbers with ) |r;] = 1and }_r; = 0. Then,
i=1 i=1
u 1
gl < = -— ming; |, 19
;7’1‘71 <3 (fgag; i g@ﬂ:) (19)
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n
holds ([24], p. 346). Setting r; = ¥ |‘;“—" and g; = ¢; in (19) implies
i=1 %

n

L

=L 1 <> maxe; — ming;

i B 1<i<n 1<i<n
1

i=1

=2 o —rm — (0~ rm)),

from Lemma 8 and (18), we obtain

d2
2(zg+ ¥ —
i,jev (r= )

EL(H) >
(H) 2 £1

O

The below result can be given by using the previous theorem and (3).

Corollary 3. Let H be a r-graph. Then,

f(Zg—i— ) ) —72,TZ>

z]eV

I}éﬁ,x{dz — 1 L dij ]}

Jri~i

EL(H) >

Now, we establish Nordhaus—-Gaddum type inequalities (see [25]) on the Laplacian
energy of r-graphs, namely EL(H) + EL(H) :

Theorem 10. Let H be a connected r-graph. Then,

EL(H) +EL(H) > 2((’;:11) +A-0+ r% — r?).

Proof. From Theorem 4, we have

EL(H) + EL(H) 22(A—|—A+ 751 _ r(m:m)).

Asii = (") —mand A = (""]) — & (see [14]), the proof is obvious. [
For d-regular r-graphs, we have A = § = d. Therefore, we can present the result below.

Corollary 4. Let H be a connected d-reqular r-graph. Then,

EL(H) + EL(F) > 2((r 42— r(n))

Finally, the following bound is obtained by utilizing Theorem 7.
Theorem 11. Let H be a r-graph. Then,
EL(H) + EL(H) <nr (A +("h - 5) +\/nZg(H) — r2m?

—i-\/nZg —r2[(N) - m]z,
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2 _
where Zg(H) = n(""])" —2rm("~]) + Zg(H).

Proof. We have d; = ('Zj) — d; (see [14]). By using (15), we obtain

EL(H) + EL(H) <nr(A +B) + \/nZg(H) — r2m? + \/nZg(H) — r2m?

=nr (A +(" - (5) nZg(H) — r2m?

(20)
2
‘ wzg(H) OEE
In addition, by Lemma 1,
_ —\2 2
25H) = X (T) = T 4]
eV eV
Y ) =20 ) Y di+ Y 2 (21)
1% eV [15%

_1\2 _
=n(;71)" —2rm(;7)) + Zg(H).
The proof is clear by writing (21) in (20). O

3. Conclusions

The definition of the (ordinary) graph energy [26] has led the authors to define other
types of energy in time, and various studies have carried out in spectral graph theory.
Initially, the hypergraph matrices have been defined via hypermatrices. The energies of
hypergraphs started to work within the definition of matrix representations of hypergraphs
in recent years. These new definitions have allowed many techniques and features in
spectral graph theory to be investigated in terms of hypergraphs.

In this paper, we propose upper and lower bounds for the greatest Laplacian eigen-
value and Laplacian energy of the uniform hypergraphs and regular uniform hypergraphs,
depending on many hypergraph invariants such as the degree, pair-degree, maximum
degree, and the first Zagreb index.
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