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Abstract

:

The Schrödinger–Newton model is a nonlinear system obtained by coupling the linear Schrödinger equation of canonical quantum mechanics with the Poisson equation of Newtonian mechanics. In this paper, we investigate the effects of dark energy on the time-dependent Schrödinger–Newton equations by including a new source term with energy density proportional to the cosmological constant  Λ , in addition to the particle-mass source term. The resulting Schrödinger–Newton– Λ  (S-N- Λ ) system cannot be solved exactly, in closed form, and one must resort to either numerical or semianalytical (i.e., series) solution methods. We apply the Adomian Decomposition Method, a very powerful method for solving a large class of nonlinear ordinary and partial differential equations, to obtain accurate series solutions of the S-N- Λ  system, for the first time. The dark energy dominated regime is also investigated in detail. We then compare our results to existing numerical solutions and analytical estimates and show that they are consistent with previous findings. Finally, we outline the advantages of using the Adomian Decomposition Method, which allows accurate solutions of the S-N- Λ  system to be obtained quickly, even with minimal computational resources. The extensive use of the Adomian Decomposition Method in the field of quantum mechanics and quantum field theory may open new mathematical, and physical, perspectives on obtaining semi-analytical solutions for some complex problems of quantum theory.
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1. Introduction


Since the first attempts to create a quantum theory of the gravitational field in the 1930s [1,2], the search for a complete theory of quantum gravity has been one of the major fields of research in theoretical physics. In the pioneering work [1], Bronstein investigated the quantum mechanical measurement of the   Γ  01  0   component of the Christoffel symbols. This led to a fundamental limit on the temporal uncertainty intrinsic to any quantum measurement,   Δ t ≥   ℏ /  c 2  G  ρ 2  V   1 / 3    , where V and  ρ  are the volume and the density of a self-gravitating massive body, respectively. The time uncertainty can then be related to the spatial uncertainty via   Δ x ≤ c Δ t  . By introducing the standard mass–density–volume relation,   M = ρ V  , one also obtains the mass–time–density uncertainty relation,   M ≥ ℏ /  c 2  G ρ   Δ t  3   .



This was one of the first generalized uncertainty relations (GURs) and, since then, many others have been proposed in the literature. (See [3,4] for reviews.) Of these, the most widely studied are the generalized uncertainty principle (GUP) and the extended uncertainty principle (EUP). The former aims to incorporate the effects of canonical gravitational attraction between quantum mechanical particles [5,6], while the latter accounts for the repulsive effects of dark energy in the form of a cosmological constant,  Λ  [7,8,9]. The extended generalized uncertainty principle (EGUP) accounts for both [10,11,12].



Over the years, many theoretical models and diverse approaches to the problem of quantum gravity have been developed. These include postulating the existence of the graviton, the hypothetical spin-2 boson that mediates quantum gravitational interactions, string theory, loop quantum gravity and noncommutative geometry, to mention just a few of the directions investigated. (For detailed presentations of the different approaches, see [13,14,15,16]. For recent reviews of the present status of quantum gravity research, see [17,18,19,20].) However, recently, important progress in experimental techniques has enabled researchers to cool, control and measure physical systems in the weak gravity and quantum mechanical regimes, with far greater accuracy than ever before. For the first time, it may be possible to directly observe quantum gravity effects at scales accessible in terrestrial and near-Earth-orbit laboratories, in near-future experiments [21,22].



Nonetheless, the conceptual and technical challenges to the construction of complete theory are manifold. From a quantum field theory perspective, even the Newtonian theory of gravity is problematic. Comparing Newton’s law of gravity,   Φ ( r ) = − G m / r  , where G is the gravitational constant and m the mass of the particle, with Coulomb’s law of electrostatics,   V  ( r )  =  k e  q / r  , where   k e   is Coulomb’s constant and q the charge of the particle, it follows that the gravitational constant has mass dimension   − 2  . Hence, the theory of Newtonian quantum gravity is nonrenormalizable. This result follows from the calculation of the graviton–graviton scattering at energy E, in which the divergent series   ∼  1 + G  E 2  +   G  E 2   2  + ⋯    appears [23]. The nonrenormalizability of such naive quantum gravity theories therefore suggests that new physics should emerge at the Planck scale,    M Pl  =   ℏ c / G   ≃  10 19   m proton   , where ℏ is Planck’s constant, c is the speed of light and   m proton   denotes the mass of the proton.



Because of these challenges, much research interest has been devoted to the study of semi-classical models. In these models, matter fields are quantized while gravity remains classical or is perturbatively quantized at next-to-leading order in the expansion of the metric. Such an approach to quantum gravity was proposed in [24], which is based on the decomposition of the quantum metric into a classical and a fluctuating part,     g ^   μ ν   =  g  μ ν   + δ   g ^   μ ν    . Further assuming that    〈 δ   g ^   μ ν   〉  =  K  μ ν   ≠ 0  , where   K  μ ν    is a classical tensor, one arrives at an effective gravitational Lagrangian of the form   L =  L g     g ^   μ ν    +   − g    L m     g ^   μ ν    ≃  L g  +   δ  L g    δ  g  μ ν     δ   g ^   μ ν   +   − g    L m  +   δ (   − g    L m  )   δ  g  μ ν     δ   g ^   μ ν    , where    κ 2  = 8 π G /  c 4   . The gravitational field equations obtained from this Lagrangian lead to theories that require geometry–matter coupling at the classical level. The coupling is of the kind that also appears in the   f ( R , T )   type modified gravity theories [25,26] and the cosmological implications of effective field theories with fluctuating metric components were investigated in [27].



However, because gravity is in many ways different from the other fundamental forces and due to the intrinsic difficulties in its quantization, some researchers have suggested that the gravitational field may be essentially classical and that it should not and cannot be quantized [28,29]. However, even gravity is not quantum; ordinary matter is. Hence, in order to describe the gravitational dynamics of quantum fields, one must still combine classical gravity with quantized matter. In this scenario quantized matter is coupled to the classical gravitational field by replacing the classical energy momentum tensor,    T ^   μ ν   , with the expectation value of the energy–momentum operator,     T ^   μ ν    , in Einstein’s field equations. The expectation value is constructed by averaging with respect to an appropriately chosen quantum state,  Ψ , yielding the semi-classical field equations [30],


   R  μ ν   −  1 2   g  μ ν   R =   8 π G   c 4    Ψ    T ^   μ ν    Ψ  .  



(1)







Equation (1) can be also obtained from the variational principle   δ S = δ   S g  +  S ψ   = 0   [31], where    S g  =  1 / 16 π G  ∫  R   − g    d 4  x    is the standard Hilbert–Einstein action of general relativity, while the quantum part of the action,   S ψ  , is introduced in the form


   S Ψ  = ∫   Im   Ψ ˙   | Ψ   −   Ψ |   H ^   | Ψ   + α   Ψ | Ψ  − 1   d t  .  



(2)




By varying the quantum action (2) with respect to  Ψ , we obtain the normalization condition    Ψ | Ψ  = 1   and the following Schrödinger equation for  Ψ ,


  i ℏ   Ψ ˙   ( t )   =  H ^   ( t )   Ψ ( t )  − α  ( t )   Ψ ( t )  ,  



(3)




in addition to the semi-classical Einstein equations. Note that the Bianchi identities still impose the conservation of the effective energy–momentum tensor,    ∇ μ   Ψ    T ^   μ ν    Ψ  = 0  .



The difficulty of building a successful quantum theory of general relativity, as well as the intrinsic problems of treating quantum field theories in curved spacetimes, have also led to the hypothesis that a satisfactory description of quantum gravity could be achieved by unifying quantum mechanics with Newtonian gravity [32]. This corresponds to the weak field limit of Equation (1), which reduce to the semi-classical Poisson equation


   ∇ 2  Φ   r →   = 4 π G   ρ ^    r →    .  



(4)




Equation (4) is the basis of the Schrödinger–Newton approach [21]. The Schrödinger–Newton model is a nonlinear system obtained by coupling the linear Schrödinger equation of canonical quantum mechanics with the Poisson equation of Newtonian mechanics. In this model, the equation of motion of a self-gravitating massive particle can be formulated as


  i ℏ  ∂  ∂ t    ψ  =  −   ℏ 2   2 m    ∇ 2  + V + Φ   ψ  ,  



(5)




where V is the canonical quantum potential and  Φ  is the gravitational self-interaction potential, obtained by solving (4).



For a system of N non-relativistic free particles,   V = 0   and the mass–density operator may be written as    ρ ^  =  ∑  i = 1  N   m i   |   r →  −   r →  i   〉 〈   r →  −   r →  i   |   , where    〈  r →    ′  −   r →  i  |  r →  −   r →  i  〉  = δ  (  r →    ′  −  r →  )   . Equations (4) and (5) then combine to form


     i ℏ   ∂ ψ   r →  , t    ∂ t      =    −   ℏ 2   2 m    ∇ 2  ψ   r →  , t        −    G  m 2  ∫    ψ   r →    ′  , t   2    r →  −  r →    ′    d   r →    ′   ψ   r →  , t  .     



(6)




This is the standard Schrödinger–Newton equation, whose static and time-dependent solutions have been intensively investigated in [33,34,35,36,37,38,39,40,41,42,43,44,45,46,47,48,49,50,51,52,53]. The average value of the self-interaction potential can be obtained as    Φ  ≃    ℏ 2  G / m  R 3      and it turns out that the particle behavior is essentially quantum if the condition    m 3  R ≪  ℏ 2  G ≃  10  − 47    cm   g 3   , where R is average radius of the wave function, is satisfied [32].



Due to its extreme nonlinearity, the time-dependent Schrödinger–Newton system has mostly been investigated numerically. An exception is the variational approach, which was considered in [42], where the system of Equations (4) and (5) was investigated in the hydrodynamical representation of quantum mechanics. In this formalism, the wave function is represented as   ψ   r →  , t  =  ρ    e  i S     and the canonical Schrödinger equation reduces to the equations of classical fluid mechanics, in the presence of the quantum potential. The quantum fluid flows with a velocity    u →  = ∇ S   and the equations of motion can be obtained from the Lagrangian


  L  ρ , S , V  =  ρ 2    ∇ S  2  + ρ   ∂ S   ∂ t   +    ∇ ρ  2   8 ρ   +    ∇ V  2   8 π   + ρ V .  



(7)







By adopting a spherical Gaussian profile for the density,   ρ  ( r , t )  =  π  − 3 / 2    R  − 3    ( t )   e  −  r 2  /  R 2   ( t )     , one can then obtain the gravitational potential and the Lagrangian of the system reduces to   L  ( R ,  R ˙  )  =   R ˙  2  / 2 − 1 / 2  R 2  + C / R  , where C is an arbitrary constant. The corresponding equation of motion for R is    R ¨  = 1 /  R 3  − C /  R 2   . Using this formalism, one can obtain the energy eigenvalues, linear frequencies and nonlinear late-time behavior of the S-N wave packet [42].



More recently, the Schrödinger–Newton system was generalized by considering the effects of dark energy in the form of a cosmological constant  Λ  [54]. This is consistent with the standard  Λ CDM model of cosmology, in which it is assumed that the late-time acceleration of the Universe is driven by a constant vacuum energy density,    ρ Λ  = Λ  c 2  /  ( 8 π G )  ≃  10  − 30     g   cm  − 3      [55]. (For alternative models of dark energy as modified gravity, see [56] and references therein.) The physically interesting regime in which dark energy dominates both gravitational self-attraction and canonical quantum diffusion was investigated numerically and using analytical estimates. It turns out that this takes place for objects with arbitrary mass that are sufficiently delocalized. An estimate of the minimum delocalization width required, of the order of 67 m, was determined and this prediction was verified by the numerical results.



However, the exact delocalization radius required for dark energy domination can be much higher for very massive particles. In general, the wave function of a free particle in the S-N- Λ  system was found to split into a core region that collapses due to gravitational self-attraction and an outer region that undergoes accelerated diffusion due to the presence of dark energy [54]. While the former behaviour is present in the standard S-N model [57], the latter is unique to the S-N- Λ  system. The order of magnitude of the critical radius separating collapse from expansion was found to match analytical estimates of the classical turnaround radius for a massive compact object in the presence of a cosmological constant [58].



The goal of this paper is to further investigate the mathematical and physical properties of the time-dependent S-N- Λ  system introduced in [54]. In order to obtain a better understanding of the dynamics of the model, we adopt a semi-analytical approach and construct series solutions using the Adomian Decomposition Method (ADM) [59,60,61,62]. This is a powerful method that can be used to obtain accurate series solutions of a large class of nonlinear differential equations and systems of equations, with applications in diverse fields of science and engineering [63,64,65,66,67,68,69,70,71,72,73,74,75]. Here, we apply it to the S-N- Λ  model for the first time.



An essential advantage of this method is that it can be used to obtain analytical approximations to the full numerical solutions, without any need for perturbation theory, closure approximations, linearization or discretization methods. For many highly nonlinear models, including the S-N and S-N- Λ  systems of equations, the use of these methods leads to complicated and time-consuming numerical computations. On the other hand, to obtain even approximate closed-form analytical solutions of a nonlinear problem requires introducing restrictive and simplifying assumptions. The key advantage of the ADM is that it can be used to find the solution of a given equation or system of equations in the form of a rapidly converging power series. Successive terms in the series are obtained via a recursive relation, with the help of a special class of functions known as Adomian polynomials [59,60,61,62]. In most cases the series converges fast, so that the application of this method saves a lot of computational time.



Although the ADM has been used extensively in many areas of engineering and physics, it has been used very little in the study of gravitation and quantum mechanics. (For some applications of the method in these fields, see [65,69,71].) In order to apply the method, we must first reformulate the time-dependent S-N- Λ  system as a system of two integral equations. We then obtain the series solutions of the system by expanding the nonlinear terms using the Adomian polynomials [59,60,61,62]. To eliminate the unwanted oscillatory behavior of the solution, we represent the Adomian series in terms of their Padé approximants.



After obtaining the recursive relation for the full S-N- Λ  system, we test the efficiency of the ADM for a free Gaussian wave packet, in the limit   G → 0  ,   Λ → 0  . In this case, the canonical Schrödinger equation can be solved exactly and we show that the ADM recovers the exact solution in just a few simple steps. Next, series solutions are obtained for both the wave function and the gravitational potential, in the presence of gravitational self-interaction and dark energy. The associated probability density is computed with the help of the Padé approximants and we pay special attention to the dark energy dominated regime.



This paper is organized as follows. In Section 2, we present the basic structure and mathematical formalism of the Adomian Decomposition Method. The S-N- Λ  system is reformulated as a system of integral equations in Section 3 and the recurrence relations for the series solution of the system are obtained. The method is tested for the case of the canonical Schrödinger equation describing the free propagation of a Gaussian wave packet and it is shown that the exact solution of this system can be re-obtained in a few simple steps. We obtain the semi-analytical solution of the time-dependent S-N- Λ  system, for Gaussian initial conditions, in Section 4. The dark energy dominated regime is also considered in detail and a numerical analysis of the evolution of the probability density is presented. Our results are compared with previous analytical and numerical studies in Section 5 and our discussion and final conclusions are presented in Section 6.




2. The Adomian Decomposition Method


Let us consider a partial differential equation written in the general form


    L ^  t   u  x , t   +  R ^   u  x , t   +  N ^   u  x , t   = g  ( x , t )  ,  



(8)




where     L ^  t   .  = ∂ / ∂ t  .   ,    R ^   .    is the linear remainder operator that may contain partial derivatives with respect to x,    N ^   .    is a nonlinear operator, which we assume is analytic and g is a non-homogeneous term that is independent of u. Equation (8) must be solved with the initial condition   u ( x , 0 ) = f ( x )  . We assume that    L ^  t   is invertible, so that we can apply    L ^   t   − 1    to both sides, obtaining


     u ( x , t )    =    f  ( x )  +   L ^   t   − 1    g ( x , t )        −      L ^   t   − 1    R ^   u  x , t   −   L ^   t   − 1    N ^   u  x , t   .     



(9)







The ADM posits the existence of a series solution in which   u ( x , t )   is given by


  u  ( x , t )  =  ∑  n = 0  ∞   u n   x , t  ,  



(10)




while the nonlinear term    N ^   u  x , t     is decomposed as


   N ^   u  x , t   =  ∑  n = 0  ∞   A n    u 0  ,  u 1  , ⋯ ,  u n   ,  



(11)




where     A n    n = 0  ∞   are the Adomian polynomials. These are generated according to the rule


   A n    u 0  ,  u 1  , ⋯ ,  u n   =  1  n !     d n   d  ϵ n     N ^   t ,  ∑  k = 0  n   ϵ k   u k    |  ϵ = 0   .  



(12)







Substituting the series expansions (10) and (11) into Equation (8), we find


      ∑  n = 0  ∞   u n   x , t     =    f  ( x )  +   L ^   t   − 1    g ( x , t )        −      L ^   t   − 1    R ^    ∑  n = 0  ∞   u n   x , t         −      L ^   t   − 1     ∑  n = 0  ∞   A n    u 0  ,  u 1  , ⋯ ,  u n    .     



(13)




Hence, we can obtain the following recurrence relation, giving the series solution of Equation (8) as


   u 0   x , t  = f  ( x )  +   L ^   t   − 1    g ( x , t )  ,  



(14)






      u  k + 1    ( x , t )     =      L ^   t   − 1    R ^    u k   x , t   −   L ^   t   − 1     A k    u 0  ,  u 1  , ⋯ ,  u n    ,         k = 0 , 1 , 2 , ⋯     



(15)




Therefore, we obtain the approximate solution of Equation (8) as


  u  ( x , t )  ≃  ∑  k = 0  n   u k   x , t  ,  



(16)




where


   lim  n → ∞    ∑  k = 0  n   u k   x , t  = u  ( x , t )  .  



(17)







For a given nonlinearity    N ^   u   , the Adomian polynomials are obtained as


   A 0  =  N ^    u 0   ,   A 1  =  u 1   d  d  u 0     N ^    u 0   ,  



(18)






   A 2  =  u 2   d  d  u 0     N ^    u 0   +   u  1  2   2 !     d 2   d  u  0  2     N ^    u 0   ,  



(19)






   A 3  =  u 3   d  d  u 0     N ^    u 0   +  u 1   u 2    d 2   d  u  0  2     N ^    u 0   +   u  1  3   3 !     d 3   d  u  0  3     N ^    u 0   ,  



(20)




and so on. The greater the number of terms, the higher the accuracy of the truncated series solution.




3. The Adomian Decomposition Method for the Time-Dependent Schrödinger–Newton- Λ  System


In the present section, we apply the Adomian Decomposition Method to obtain a semi-analytical solution for the time-dependent Schrödinger–Newton- Λ  system.



3.1. The S-N- Λ  System


For a single particle of mass m, the time-dependent S-N- Λ  system is given by the following two equations,


  i ℏ   ∂ ψ   r →  , t    ∂ t   = −   ℏ 2   2 m    ∇ 2  ψ   r →  , t  + m Φ   r →  , t  ψ   r →  , t  ,  



(21)






   ∇ 2  Φ   r →  , t  = 4 π G m   ψ   r →  , t   2  −  1 2  Λ  c 2  ,  



(22)




where the last term in the above Poisson equation was chosen so that the dark energy density is given by its standard form    ρ Λ  = Λ  c 2  /  ( 8 π G )   . For spherically symmetric systems, Equations (21) and (22) take the form


  i ℏ   ∂ ψ  r , t    ∂ t   = −   ℏ 2   2 m    1 r    ∂ 2   ∂  r 2     r ψ  r , t   + m Φ  r , t  ψ  r , t  ,  



(23)






    ∂ 2   ∂  r 2     r Φ  r , t   = 4 π G m r   ψ  r , t   2  −  1 2  Λ  c 2  r ,  



(24)




which must be solved with the boundary conditions   ψ  r , 0  = Ψ  ( r )    and   Φ  r , 0  = ϕ  r   , respectively.



For simplicity, we assume that the initial state of the wave function is a spherically symmetric Gaussian,


  ψ  ( r , 0 )  = Ψ  r  =    α π    3 / 4    e  − α  r 2  / 2   ,  α = constant ,  



(25)




satisfying the normalization condition   4 π  ∫ 0 ∞   ψ  ψ *   r 2  d r  = 1   and with initial width    σ 0  = 1 /   2 α    . The Gaussian initial state represents one of the few quantum states for which the time evolution for the free particle can be calculated, with the use of the Schrödinger equation, in a closed analytic form. It is thus very useful for comparing the exact and the semi-analytical solutions of the quantum evolution equations. A more general form of the Gaussian wave function is also possible, with   ψ  ( r , 0 )  =   α / π   3 / 4    e    p 0  / ℏ  r − α  r 2  / 2    , where   p 0   is a constant. Adding such a new term linear in r is equivalent to a shift of the maximum of the Gaussian function and hence in the following we assume    p 0  = 0  . The time evolution of the initial Gaussian wave function is obtained by solving the Schrödinger equation, which gives the expression of the wave function at arbitrary times. We do not consider stationary states and thus we do not impose any condition on the time or energy dependence of the wave function. Hence, in the present approach, no explicit dependence on the energy of the particle appears.



The gravitational potential   ϕ ( r )  , corresponding to the time-independent Gaussian wave packet, then satisfies the Poisson equation


   1 r    d 2   d  r 2     r ϕ ( r )  = 4 π G m    α π    3 / 2    e  − α  r 2    −  1 2  Λ  c 2  ,  



(26)




whose general solution is


  ϕ  ( r )  = −  1 12   c 2  Λ  r 2  −   c 1  r  +  c 2  −   G m  erf   α  r   r  ,  



(27)




where   erf  ( z )  =  2 /  π    ∫  0  z    e  −  t 2    d t    is the error function and   c 1   and   c 2   are arbitrary integration constants. In order to avoid a singularity at the origin, we take    c 1  = 0  . The initial distribution of the gravitational potential is then finite everywhere and satisfies the condition    lim  r → 0   ϕ  ( r )  =  c 2  − 2 G m   α / π    . By imposing the condition   ϕ ( 0 ) = 0  , we obtain    c 2  = 2 G m   α / π    . Hence, the initial distribution of the gravitational potential takes the form


  ϕ  ( r )  = 2 G m   α π   −  1 12   c 2  Λ  r 2  −   G m  erf   α  r   r  .  



(28)








3.2. The Adomian Decomposition Method for the S-N- Λ  System


Introducing the operators     L ^  t  = ∂ / ∂ t   and     L ^   r r   =  ∂ 2  / ∂  r 2   , Equations (23) and (24) can be rewritten as


    L ^  t  ψ  r , t  =  1 i   −  ℏ  2 m    1 r    ∂ 2   ∂  r 2     r ψ  r , t   +  m ℏ  Φ  r , t  ψ  r , t   ,  



(29)






    L ^   r r    r Φ  r , t   = 4 π G m r   ψ  r , t   2  −  1 2  Λ  c 2  r .  



(30)




These equations can be solved formally to give


         ψ  r , t  = Ψ  ( r )  +            1 i    L ^   t   − 1    −  ℏ  2 m    1 r    ∂ 2   ∂  r 2     r ψ  r , t   +  m ℏ  Φ  r , t  ψ  r , t   ,     



(31)






  r Φ  r , t  =   L ^   r r   − 1    4 π G m r   ψ  r , t   2  −  1 2  Λ  c 2  r  .  



(32)







By taking into account the fact that     L ^   t   − 1    .  =  ∫  0  t   .  d t   and     L ^   r r   − 1   =  ∫  0  r   ∫  0  r   .  d r d r  , we then obtain


         ψ  r , t  = Ψ  ( r )  +            1 i   ∫  0  t   −  ℏ  2 m    1 r    ∂ 2   ∂  r 2     r ψ  r , t   +  m ℏ  Φ  r , t  ψ  r , t   d t ,     



(33)






     r Φ  r , t     =     ϕ 1   ( t )  r +  ϕ 2   ( t )        +    4 π G m  ∫  0  r   ∫  0  ξ   ξ ′    ψ   ξ ′  , t   2  d  ξ ′  d ξ −   Λ  c 2   12   r 3  ,     



(34)




where    ϕ 1   ( t )    and    ϕ 2   ( t )    are arbitrary integration functions. Using the Cauchy formula for repeated integration,    ∫ a x   ∫ a  x 1   ⋯  ∫ a  x  n − 1    f   x n   d  x n  ⋯ d  x 2  d  x 1  =  1 / ( n − 1 ) !   ∫ a x     ( x − t )   n − 1   f  ( t )  d t   , Equation (34) can be rewritten as


     Φ  r , t     =     ϕ 1   ( t )  +    ϕ 2   ( t )   r        +    4 π G m  ∫  0  r  ξ  1 −  ξ r     ψ  ξ , t   2  d ξ −   Λ  c 2   12   r 2  .     



(35)







In order to make the gravitational potential finite at the origin   r = 0  , we chose    ϕ 2   ( t )  = 0  , giving


  Φ  r , t  =  ϕ 1   ( t )  + 4 π G m  ∫  0  r  ξ  1 −  ξ r     ψ  ξ , t   2  d ξ −   Λ  c 2   12   r 2  .  



(36)







We now determine the series solution of the reformulated system of Equations (33) and (36), by assuming expansions of the form


  ψ  ( r , t )  =  ∑  n = 0  ∞  ψ    n   ( r , t )   ,  



(37)




and


  Φ  r , t  =  ∑  n = 0  ∞  Φ    n   ( r , t )  .   



(38)




In addition, we decompose the terms   Φ  r , t  ψ  r , t    and    ψ  ξ , t   2   in terms of the Adomian polynomials as


      Φ  r , t  ψ  r , t     =     ∑  n = 0  ∞    A n   ( r , t )   ,          ψ  ξ , t   2     =    ψ  ξ , t   ψ *   ξ , t  =  ∑  n = 0  ∞    B n   ( ξ , t )   .     



(39)




Substituting the above decompositions into Equations (33) and (36), we obtain


   ∑  n = 0  ∞  ψ    n   ( r , t )   = Ψ  ( r )  +  1 i   ∑  n = 0  ∞   ∫  0  t   −  ℏ  2 m    1 r    ∂ 2   ∂  r 2     r ψ    n   ( r , t )    +  m ℏ    A n   ( r , t )    d t ,  



(40)






   ∑  n = 0  ∞  Φ    n   ( r , t )   =  ϕ 1   ( t )  + 4 π G m  ∑  n = 0  ∞   ∫  0  r  ξ  1 −  ξ r     B n   ( ξ , t )   d ξ −   Λ  c 2   12   r 2  .  



(41)







In order to satisfy the boundary condition   Φ ( 0 , t ) = 0   we take    ϕ 1   ( t )  = 0  . Hence, we obtain the following recursive series solution for the time-dependent S-N- Λ  system,


   ψ 0   ( r , 0 )  = Ψ  ( r )  ,  



(42)






      ψ  k + 1    ( r , t )     =    i  ∫  0  t    ℏ  2 m    1 r    ∂ 2   ∂  r 2     r ψ    k   ( r , t )    −  m ℏ    A k   ( r , t )    d t ,         k = 0 , 1 , 2 , ⋯ , n ,     



(43)






  Φ    0   ( r , 0 )   = −  1 12   c 2  Λ  r 2  ,  



(44)






      Φ  k + 1    ( r , t )     =    4 π G m  ∫  0  r  ξ  1 −  ξ r     B k   ( ξ , t )   d ξ ,         k = 0 , 1 , 2 , ⋯ , n .     



(45)







Hence, the general solution of the S-N- Λ  system is obtained as


  ψ  ( r , t )  =  lim  k → ∞    ∑  n = 0  k   ψ n   ( r , t )  , Φ  ( r , t )  =  lim  k → ∞    ∑  n = 0  k   Φ n   ( r , t )  .  



(46)







For the particle wave function, we obtain


     ψ ( r , t )    =     lim  k → ∞    ∑  n = 0  k  i  ∫  0  t   ℏ  2 m    1 r    ∂ 2   ∂  r 2     r ψ    n   ( r , t )    d t       −    i  m ℏ   lim  k → ∞    ∑  n = 0  k   ∫  0  t    A n   ( r , t )  d t .      



(47)







The first three Adomian polynomials in each series are obtained as


   A 0   ( r , 0 )  =  ψ 0   ( r , 0 )  Φ    0   ( r , 0 )   ,  



(48)






   A 1   ( r , t )  =  ψ 0   ( r , 0 )  Φ    1   ( r , t )   + ψ    1   ( r , t )   Φ   0   ( r , 0 )  ,  



(49)






      A 2   ( r , t )     =     ψ 0   ( r , 0 )  Φ    2   ( r , t )   +  ψ 1   ( r , t )   Φ 1   ( r , t )  +          ψ 2   ( r , t )   Φ 0   ( r , 0 )  ,     



(50)




and


   B 0   r , 0  =  ψ 0   r , 0   ψ  0  *   r , 0  ,  



(51)






   B 1   ( r , t )  =  ψ 0   ( r , 0 )   ψ  1  *   ( r , t )  +  ψ 1   ( r , t )  ψ     0  *   ( r , 0 )   ,  



(52)






      B 2   ( r , t )     =     ψ 0   ( r , 0 )   ψ  2  *   ( r , t )  +  ψ 1   ( r , t )   ψ  1  *   ( r , t )  +          ψ 2   ( r , t )   ψ  0  *   ( r , 0 )  ,     



(53)




respectively.




3.3. Testing the Adomian Decomposition Method


To test the efficiency of the ADM, we consider the evolution of a Gaussian wave packet in the absence of the gravitational interaction and dark energy, by setting   Φ ( r , t ) = 0  . In this case, the evolution of the wave function is given by the canonical Schrödinger equation


    ∂ ψ  r , t    ∂ t   = i  ℏ  2 m    1 r    ∂ 2   ∂  r 2     r ψ  r , t   ,  



(54)




and must be solved subject to the initial condition   ψ  ( r , 0 )  =   α / π   3 / 4    e  − α  r 2      (25). The general solution of Equation (54), satisfying the required initial condition, is given by


  ψ  ( r , t )  =    α π    3 / 4      1  1 + 2 i  α ℏ / m  t     3 / 2    e  −   α  r 2    1 + 2 i  α ℏ / m  t     .  



(55)




The associated probability distribution   P  r , t  =   ψ ( r , t )  2    is obtained as


     P  r , t  =    α π    3 / 2      1  1 + 4   α ℏ / m  2   t 2      3 / 2    e  −   α  r 2    1 + 4   α ℏ / m  2   t 2      .     



(56)







In order to simplify the mathematical formalism, we introduce a new set of dimensionless variables   τ , θ  , defined as


  t =  m  α ℏ   τ = 1.58 ×  10  − 9   ×   m  m p       α   10 12    cm  − 2       − 1   × τ  s ,  



(57)




where   m p   denotes the proton mass and


  r =  1  α   θ =  10  − 6   ×    α   10 12    cm  − 2       − 1 / 2   × θ  cm ,  



(58)




respectively. Moreover, we rescale the wave function so that


  ψ  ( r , t )  =    α π    3 / 4    ψ ˜   θ , τ  .  



(59)







The rescaled wave function satisfies the dimensionless Schrödinger equation


    ∂  ψ ˜   θ , τ    ∂ τ   =  i 2   1 θ    ∂ 2   ∂  θ 2     θ  ψ ˜   θ , τ   ,  



(60)




whose general solution, satisfying the initial condition (25), is given by


   ψ ˜   θ , τ  =    1  1 + 2 i τ     3 / 2    e  −   θ 2   1 + 2 i τ     .  



(61)




This may be expanded as a power series, with respect to the dimensionless time  τ , as


      ψ ˜   θ , τ     ≃     e  −  θ 2    +  2  θ 2  − 3   e  −  θ 2      i τ   1 !           +     4  θ 2    θ 2  − 5  + 15   e  −  θ 2       i τ  2   2 !         +     8  θ 6  − 84  θ 4  + 210  θ 2  − 105   e  −  θ 2       i τ  3   3 !         +   ⋯    



(62)







To solve Equation (60) using the ADM, we apply the operator    L ^   τ   − 1    to both sides, giving


   ψ ˜   θ , τ  =  ψ ˜   θ , 0  +  i 2    L ^   τ   − 1     1 θ    ∂ 2   ∂  θ 2     θ  ψ ˜   θ , τ    .  



(63)




We then decompose    ψ ˜   θ , τ    into an infinite sum of components, so that    ψ ˜   θ , τ  =  ∑  n = 0  ∞    ψ ˜  n   θ , τ   , where the components     ψ ˜  n   θ , τ    will be determined recurrently. By substituting the series expansion into Equation (63), we obtain


   ∑  n = 0  ∞    ψ ˜  n   θ , τ  =  ψ ˜   θ , 0  +  i 2    L ^   τ   − 1    ∑  n = 0  ∞    1 θ    ∂ 2   ∂  θ 2     θ   ψ ˜  n   θ , τ    .  



(64)




Thus, we obtain the recursive relations


    ψ ˜  0   θ , 0  =  ψ ˜   θ , 0  ,  



(65)






    ψ ˜   n + 1    ( θ , τ )  =  i 2    L ^   τ   − 1     1 θ    ∂ 2   ∂  θ 2     θ   ψ ˜  n   θ , τ    ,  n = 0 , 1 , 2 , ⋯  



(66)




The first few iterations are given by


       ψ ˜  1   ( θ , τ )     =     i 2    L ^   τ   − 1     1 θ    ∂ 2   ∂  θ 2     θ  ψ ˜     0   ( θ , 0 )           =     2  θ 2  − 3   e  −  θ 2      i τ   1 !   ,     



(67)






       ψ ˜  2   ( θ , τ )     =     i 2    L ^   τ   − 1     1 θ    ∂ 2   ∂  θ 2     θ  ψ ˜     1   ( θ , τ )           =     4  θ 2    θ 2  − 5  + 15   e  −  θ 2       i τ  2   2 !   ,     



(68)




and


       ψ ˜  3   ( θ , τ )     =     i 2    L ^   τ   − 1     1 θ    ∂ 2   ∂  θ 2     θ  ψ ˜     2   ( θ , τ )           =     8  θ 6  − 84  θ 4  + 210  θ 2  − 105   e  −  θ 2       i τ  3   3 !   ,     



(69)




and so on. Clearly, the Adomian series solution    ψ ˜   θ , τ  ≃   ψ ˜  0   θ , 0  +   ψ ˜  1   θ , τ  +   ψ ˜  2   θ , τ  +   ψ ˜  3   θ , τ  + ⋯   exactly reproduces the series expansion of the exact solution (62) and, in the limit of an infinite number of iterations, fully recovers it. Hence, we have shown that the ADM gives the exact series representation of the solution of the spherically symmetric, three-dimensional Schrödinger equation describing the time-evolution of a free Gaussian wave packet.



The probability distribution   P ( θ , τ )   is obtained as   P  ( θ , τ )  =  lim  n → ∞         ∑  k = 0  n    ψ k   ( θ , τ )      ∑  k = 0  n    ψ k *   ( θ , τ )     =   ( α / π )   3 / 2    lim  n → ∞      ∑  k = 0  n     ψ ˜  k   ( θ , τ )      ∑  k = 0  n     ψ ˜  k *   ( θ , τ )     =   ( α / π )   3 / 2    P ˜   ( θ , τ )   . Here, we approximate the series representation of    P ˜   ( θ , τ )    by its Padé approximant    P ˜   [ 3 / 4 ]   ( θ , τ )   , which is given by


   P ˜   3 / 4   ( θ , τ )  =    e  − 2  θ 2    +   2  e  − 2  θ 2     64  θ 6  + 48  θ 4  − 12  θ 2  + 3   τ 2    3  16  θ 4  − 8  θ 2  + 3      −   4  64  θ 6  − 144  θ 4  + 60  θ 2  − 15   τ 2    3  16  θ 4  − 8  θ 2  + 3    +   2  256  θ 8  − 768  θ 6  + 864  θ 4  − 240  θ 2  + 45   τ 4    3  16  θ 4  − 8  θ 2  + 3    + 1   .  



(70)




Generally, for a power series of the form   f  ( z )  =  ∑  z = 0  ∞   f k   z k    the Padé approximant of the order   ( m , n )   in the vicinity of the point   z = 0   is the rational function    Π  m . n   ∈  R  m , n     having the property that it takes the closest values to the given series near   z = 0  . Here, by   R  m , n   , we have denoted the set of rational functions of the form   P / Q  , where P and Q are polynomials in z of degree   p ≤ m   and   q ≤ n  , respectively [76].



The comparison between the exact probability density of the Gaussian quantum wave packet,


   P ˜   ( θ , τ )  =   e  − 2  θ 2  /  1 + 4  τ 2       1 + 4  τ 2    3 / 2    ,  



(71)




and its approximation, given by Equation (70), is represented in Figure 1. As one can see from this figure, Equation (70) gives an excellent description of the time-evolution of the wave packet for   − 1 ≤ τ ≤ 1   and a good approximation for  τ  outside this range.





4. Series Solution of the Time-Dependent Schrödinger–Newton- Λ  System


Using the mathematical formalism developed in the previous Section, we now construct explicit series solutions of the S-N- Λ  system. In addition, we perform a detailed numerical study. Our main goal is to highlight the effects of self-gravity and dark energy on the time-evolution of a quantum wave packet.



4.1. Semi-Analytical Solutions


In terms of the dimensionless variables   ( θ , τ )   and rescaled wave function    ψ ˜   ( θ , τ )   , defined in Equations (57) and (59), the time-dependent S-N- Λ  equations take the form


    ∂  ψ ˜   ( θ , τ )    ∂ τ   = i   1  2 θ     ∂ 2   ∂  θ 2     θ  ψ ˜   ( θ , τ )   −  Φ ˜   ( θ , τ )   ψ ˜   ( θ , τ )   ,  



(72)






    ∂ 2   ∂  θ 2     θ  Φ ˜   ( θ , τ )   = σ θ    ψ ˜   ( θ , τ )   2  − λ θ ,  



(73)




where we have defined the dimensionless parameters


  σ =   4 G  m 3      α π    ℏ 2    = 6.31 ×  10  − 31   ×    m  m p    3     α   10 12    cm  − 2       − 1 / 2   ,  



(74)






     λ =    m 2   c 2    2  α 2   ℏ 2    Λ    =    1.125 ×  10  − 53   ×    m  m p    2        ×       α   10 12    cm  − 2       − 2     Λ   10  − 56     cm  − 2      ,     



(75)




and introduced the rescaled gravitational potential as


      Φ ˜   ( θ , τ )     =      m 2    α 2   ℏ 2    Φ  ( θ , τ )  = 2.51 ×  10  − 18         ×       m  m p    2     α   10 12    cm  − 2       − 2   Φ  ( θ , τ )  .     



(76)







The solution of Equations (72) and (73) can be represented as


      ψ ˜   ( θ , τ )     =     Ψ ˜   θ        +    i  ∫  0  τ    1  2 θ     ∂ 2   ∂  θ 2     θ  ψ ˜   ( θ , τ )   −  Φ ˜   ( θ , τ )   ψ ˜   ( θ , τ )   d τ ,     



(77)






   Φ ˜   ( θ , τ )  =   ϕ ˜  1   ( τ )  + σ  ∫  0  θ  ξ  1 −  ξ θ      ψ ˜   ξ , τ   2  d ξ −  λ 6   θ 2  ,  



(78)




so that the recurrence relation for the Adomian series is


    ψ ˜  0   ( θ , 0 )  =  Ψ ˜   θ  ,  



(79)






       ψ ˜   k + 1    θ , τ     =    i  ∫  0  τ    1  2 θ     ∂ 2   ∂  θ 2     θ   ψ ˜  k   ( θ , τ )   −   A ˜  k   ( θ , τ )   d τ ,         k = 0 , 1 , ⋯ ,     



(80)






    Φ ˜  0   ( θ , 0 )  =   ϕ ˜  1   ( 0 )  −  λ 6   θ 2  ,  



(81)






    Φ ˜   k + 1    ( θ , τ )  = σ  ∫  0  θ  ξ  1 −  ξ θ     B ˜  k   θ , τ  d ξ ,  



(82)




where     A ˜  k   ( θ , τ )    and     B ˜  k   θ , τ    are the Adomian polynomials corresponding to    Φ ˜   ( θ , τ )   ψ ˜   ( θ , τ )    and      ψ ˜   θ , τ   2  =  ψ ˜   θ , τ    ψ ˜  *   θ , τ   , respectively.



By adopting the initial distribution of the wave function, the expression (25), which in the present dimensionless variables, becomes    Ψ ˜   θ  =  e  −  θ 2     , and by assuming for the gravitational potential a distribution at   τ = 0   given by


    Φ ˜  0   ( θ , 0 )  =  a ˜  −  λ 6   θ 2  ,  



(83)




where we have denoted     ϕ ˜  1   ( 0 )  =  a ˜   , we obtain the zeroth order terms as


    A ˜  0   θ , 0  =  e  −  θ 2      a ˜  −  λ 6   θ 2   ,  



(84)




and


    B ˜  0   ξ , 0  =  e  −  ξ 2    .  



(85)







Hence, we obtain the first order Adomian approximations of the wave function and of the gravitational potential for the S-N- Λ  system as


    ψ ˜  1   ( θ , τ )  = i  ∫  0  τ    1  2 θ     ∂ 2   ∂  θ 2     θ   ψ ˜  0   ( θ , τ )   −   A ˜  0   ( θ , τ )   d τ ,  










    ψ ˜  1   ( θ , τ )  =   2  θ 2  − 3  −   a ˜  −  λ 6   θ 2     e  −  θ 2      i τ   1 !   ,  



(86)






    Φ ˜  1   ( θ , 0 )  = σ  ∫  0  θ  ξ  1 −  ξ θ      B ˜  0   ( ξ , 0 )   d ξ ,  










    Φ ˜  1   ( θ , 0 )  =  1 16  σ  4 −     2 π   erf   2  θ   θ   .  



(87)




As one can see, immediately,     Φ ˜  1   ( θ , 0 )    satisfies the condition    lim  θ → 0     Φ ˜  1   ( θ , 0 )  = 0  . The Adomian polynomial    A ˜  1   can be obtained immediately from Equation (49) and is given by


       A ˜  1   ( θ , τ )     =      ψ ˜  0   ( θ , 0 )   Φ ˜     1   ( θ , τ )   +  ψ ˜     1   ( θ , θ )    Φ ˜    0   ( θ , 0 )        =     1  144 θ   { − 4 θ i τ   θ 2  λ − 6  a ˜         ×    [ − 6  a ˜  +  θ 2   ( λ + 12 )  − 18 ]       −    9   2 π   σ erf   2  θ  + 36 σ θ }  e  −  θ 2    .     



(88)




Thus, we obtain


    ψ ˜  2   ( θ , τ )  = i  ∫  0  τ    1  2 θ     ∂ 2   ∂  θ 2     θ   ψ ˜  1   ( θ , τ )   −   A ˜  1   ( θ , τ )   d τ ,  



(89)






         ψ ˜  2   ( θ , τ )  =  4   θ 2  − 5   θ 2  + 15   e  −  θ 2       i τ  2   2 !         +     1 36   6  a ˜  −  θ 2  λ   6  a ˜  −  ( λ + 12 )   θ 2  + 18   e  −  θ 2       i τ  2   2 !         +     1 6   6  a ˜   3 − 2  θ 2   +  2  θ 4  − 7  θ 2  + 3  λ   e  −  θ 2       i τ  2   2 !         +      σ    2 π   erf   2  θ  − 4 θ    16 θ    e  −  θ 2      i τ   1 !   .     



(90)







The Adomian polynomial     B ˜  1   ( θ , τ )  =   ψ ˜  0   ( θ , 0 )    ψ ˜   1  *   ( θ , τ )  +   ψ ˜  1   ( θ , τ )   ψ ˜      0  *   ( θ , 0 )     identically vanishes, since     ψ ˜  0   ( θ , 0 )    is a real function, while     ψ ˜  1   ( θ , τ )    is a purely imaginary function, so that     ψ ˜   1  *   ( θ , τ )  = −   ψ ˜  1   ( θ , τ )   . Therefore, there is no contribution to the gravitational potential at this order of the approximation,     Φ ˜  2   ( θ , τ )  = 0  . The second Adomian polynomial, defined according to     A ˜  2   ( θ , τ )  =   ψ ˜  0   ( θ , 0 )   Φ ˜     2   ( θ , τ )   +   ψ ˜  1   ( θ , τ )    Φ ˜  1   ( θ , τ )  +   ψ ˜  2   ( θ , τ )    Φ ˜  0   θ , 0   , is obtained as


           A ˜  2   ( θ , τ )          =      σ  4 θ −   2 π   erf   2  θ    − 6  a ˜  +  θ 2   ( λ + 6 )  − 9   e  −  θ 2      48 θ   i τ         −     1 432    θ 2  λ − 6  a ˜   { 36   a ˜  2  − 12  a ˜    θ 2   ( λ + 12 )  − 18          +     θ 2   ( λ + 12 )    θ 2   ( λ + 12 )  − 60  + 18  ( λ + 30 )  }  e  −  θ 2      ( i τ )  2  ,     



(91)




giving


    ψ ˜  3   ( θ , τ )  = i  ∫  0  τ    1  2 θ     ∂ 2   ∂  θ 2     θ   ψ ˜  2   ( θ , τ )   −   A ˜  2   ( θ , τ )   d τ ,  



(92)




and


       ψ ˜  3   ( θ , τ )     =    −  1 216  { 216   a ˜  3  − 108   a ˜  2    θ 2   ( λ + 8 )  − 12  + 18  a ˜    θ 4    λ 2  + 16 λ + 48  − 16  θ 2   ( 2 λ + 15 )  + 6  ( λ + 30 )         −     θ 2  λ   θ 4    ( λ + 12 )  2  − 60  θ 2   ( λ + 12 )  + 18  ( λ + 30 )   }  e  −  θ 2       ( i τ )  3   3 !         +      σ  4 θ −   2 π   erf   2  θ    6  a ˜  −  ( λ + 6 )   θ 2  + 9   e  −  θ 2      48 θ      ( i τ )  2   2 !         +     1  432 θ   { 4  e  2  θ 2    θ [ i τ ( 36 a  2   a ˜  + 10   θ 2  − 3   a ˜  + 5  − 4  θ 4   − 6 λ  4   a ˜  + 7   θ 4  −  ( 14  a ˜  + 41 )   θ 2  + 6  a ˜  − 4  θ 6  + 9        +     θ 2   2  θ 4  − 11  θ 2  + 10   λ 2  ) +  81 − 54  θ 2   σ ] + 27   2 π    e  2  θ 2     2  θ 2  − 1  σ erf   2  θ  − 432 θ σ }  e  − 3  θ 2       ( i τ )  2   2 !         +     1 6    4  θ 6  − 36  θ 4  + 75  θ 2  − 30  λ − 6  a ˜   4   θ 2  − 5   θ 2  + 15    e  −  θ 2       ( i τ )  3   3 !         +     1 6   8  θ 6  − 84  θ 4  + 210  θ 2  − 105   e  −  θ 2       ( i τ )  3   3 !   .     



(93)




For the Adomian polynomial     B ˜  2   ( θ , τ )   , we obtain the simple expression


    B ˜  2   ( ζ , τ )  = −  1 3   4  ξ 2  − 3   ( λ + 12 )   e  − 2  ξ 2       ( i τ )  2   2 !   ,  



(94)




and, thus,


       Φ ˜  3   ( θ , τ )     =    σ  ∫  0  θ  ξ  1 −  ξ θ      B ˜  2   ( ξ , τ )   d ξ       =     σ 12   1 −  e  − 2  θ 2      ( λ + 12 )     ( i τ )  2   2 !   .     



(95)







The next terms in the series solution of the S-N- Λ  equations can be computed easily using the same procedure. The series expansion simplifies significantly in the absence of the dark energy,   λ = 0  . In this case, the effects of self-gravitational interaction on the quantum dynamics are described by the following approximations to the wave function:


    ψ ˜  1   ( θ , τ )  = −   a ˜  − 2  θ 2  + 3   e  −  θ 2      i τ   1 !   ,  



(96)






       ψ ˜  2   ( θ , τ )     =    {  4   θ 2  − 5   θ 2  + 15        +     a ˜   3 − 2  θ 2   +  a ˜    a ˜  − 2  θ 2  + 3  }  e  −  θ 2       ( i τ )  2   2 !         +      σ    2 π   erf   2  θ  − 4 θ   e  −  θ 2      16 θ     i τ   1 !   ,     



(97)






         ψ ˜  3   ( θ , τ )  =  8  θ 6  − 84  θ 4  + 210  θ 2  − 105   e  −  θ 2       ( i τ )  3   3 !         +     a ˜   e  −  θ 2     4   θ 2  − 5   θ 2  + 15     ( i τ )  3   3 !         −     a ˜   e  −  θ 2       a ˜  2  +  a ˜   6 − 4  θ 2   + 4  θ 4  − 20  θ 2  + 15     ( i τ )  3   3 !         +      σ  2  a ˜  − 2  θ 2  + 3   4 θ −   2 π   erf   2  θ    e  −  θ 2      16 θ      ( i τ )  2   2 !         +     1  48 θ   {  e  2  θ 2    [ 4 θ ( 4  a ˜  i τ  2  (  a ˜  + 10 )   θ 2  − 3  (  a ˜  + 5 )  − 4  θ 4         +     9 − 6  θ 2   σ ) + 3   2 π    2  θ 2  − 1  σ erf   2  θ  ]       −    48 θ σ }  e  − 3  θ 2       ( i τ )  2   2 !   .     



(98)







The Padé Approximants


We again represent the probability density   P  θ , τ , σ , λ  =     ψ ˜  3   ( θ , τ )    ψ ˜   3  *   ( θ , τ )   2    by its Padé approximant   P  [ m / n ]   θ , τ , σ , λ   . In the first order of approximation, we obtain


   P  ( 1 )    [ 1 / 2 ]   θ , τ , σ , λ  ≃   e  − 2  θ 2     1 −   6  a ˜  −  ( λ + 12 )   θ 2  + 18  2   τ 2  / 36   .  



(99)




and at the second order of approximation,


          P  ( 2 )    [ 1 / 2 ]   θ , τ , σ , λ  ≃  e  − 2  θ 2            ×    { 1 −     π 2   σ  τ 2  erf   2  θ   − 12 a − 3 σ − 36 + 2  λ + 12   θ 2     48 θ           +     1 48  [ 288 + 24 λ − 3  σ 2  − 72 σ − 24 a σ + ( 4 λ σ − 32 λ         +    48 σ − 384 )  θ 2  ]  τ 2  −   π  σ 2   erf 2    2  θ    128  θ 2     τ 2   }  − 1   .     



(100)




To the third order, the probability density can be approximated as


        P  ( 3 )    [ 1 / 2 ]   θ , τ , σ , λ  ≃  e  − 2  θ 2    { 1 + [ −   π  σ 2  erf    2  θ  2    128  θ 2          +        π 2    σ 2  erf   2  θ    16 θ   +     π 2   σ erf   2  θ    4 θ   −   2  θ 2  λ  3  −  e  − 2  θ 2    σ       −    8  θ 2  +  λ 2  −   σ 2  16  + 6 ]  τ 2   }  − 1   .     



(101)




Higher order approximations of the probability density of a Gaussian wave packet, evolving under self-gravity in the presence of dark energy, can also be calculated easily with the aid of computer algebra systems. The gravitational self-potential can be approximated as


      Φ ˜   ( θ , τ )     =     a ˜  +  1 16  σ  4 −     2 π   erf   2  θ   θ         −     1 24   1 −  e  − 2  θ 2      ( λ + 12 )  σ  τ 2  −    θ 2  λ  6  ,     



(102)




or, in terms of the Padé approximants of the power series,


      Φ ˜   [ 1 / 2 ]   ( θ , τ )  = −    48 a θ − 3   2 π   σ erf   2  θ  − 8  θ 3  λ + 12 θ σ  2   48 θ  − 48 a θ + 3   2 π   σ erf   2  θ  + 8  θ 3  λ + 2 θ σ    e  − 2  θ 2    − 1   ( λ + 12 )   τ 2  − 6     .     



(103)









4.2. The Dark Energy Dominated Regime


We now consider the limiting case in which the dark energy density dominates the matter density,   λ ≫ σ   ψ ˜   ( θ , τ )    . The Poisson equation then takes the simple form


    ∂ 2   ∂  θ 2     θ  Φ ˜   ( θ , τ )   = − λ θ ,  



(104)




and can be immediately integrated to give


   Φ ˜   ( θ )  =  a ˜  −   λ  θ 2   6  ,  



(105)




where we have assumed that the background gravitational potential is independent of time. Hence, for the dark energy dominated phase, the Schrödinger equation takes the form


    ∂  ψ ˜   ( θ , τ )    ∂ τ   = i   1  2 θ     ∂ 2   ∂  θ 2     θ  ψ ˜   ( θ , τ )   −   a ˜  −   λ  θ 2   6    ψ ˜   ( θ , τ )   ,  



(106)




and can be formally solved to give


          ψ ˜   ( θ , τ )  =  Ψ ˜   θ  +           i   L ^   τ   − 1     1  2 θ     ∂ 2   ∂  θ 2     θ  ψ ˜   ( θ , τ )   −   a ˜  −   λ  θ 2   6    ψ ˜   ( θ , τ )   .     



(107)







By decomposing the wave function as    ψ ˜   ( θ , τ )  =  ∑  n = 0  ∞       ψ ˜  n   ( θ , τ )   , we obtain the following recurrence relations for the determination of the components     ψ ˜  n   ( θ , τ )   :


    ψ ˜  0   ( θ , τ )  =  Ψ ˜   θ  ,  



(108)






           ψ ˜   k + 1    ( θ , τ )  =           i  ∫  0  τ    1  2 θ     ∂ 2   ∂  θ 2     θ   ψ ˜  k   ( θ , ξ )   −   a ˜  −   λ  θ 2   6     ψ ˜  k   ( θ , ξ )   d ζ ,           k = 0 , 1 , 2 , ⋯ , n ,     



(109)




and the first few approximations of the quantum wave packet in the dark energy dominated regime are obtained as


    ψ ˜  0  =  e  −  θ 2    ,  



(110)






    ψ ˜  1   ( θ , τ )  =  1 6   e  −  θ 2     6  a ˜  −  ( λ − 12 )   θ 2  − 18    i τ   1 !   ,  



(111)






           ψ ˜  2   ( θ , τ )  =  1 36   e  −  θ 2     { ( 36   a 2  − 12 a   θ 2   ( λ − 12 )  + 18      










       +     θ 4    ( λ − 12 )  2  + 60  θ 2   ( λ − 12 )  − 18  ( λ − 30 )  }    i τ  2   2 !   ,             ψ ˜  3   ( θ , τ )  =  1 216  {  e  −  θ 2    [ 216  a 3  − 108  a 2    θ 2   ( λ − 12 )  + 18          +    18 a   θ 4    ( λ − 12 )  2  + 60  θ 2   ( λ − 12 )  − 18  ( λ − 30 )           −     θ 6    ( λ − 12 )  3  − 126  θ 4    ( λ − 12 )  2      



(112)






       +    6  θ 2   13  λ 2  − 786 λ + 7560  + 108  ( 13 λ − 210 )  ] }    ( i τ )  3   3 !   .     



(113)




The probability density of the Gaussian wave packet can be obtained, with the help of the Padé approximants, to different orders of approximation, as


   P ˜   [ 1 / 2 ]   ( θ , τ )  ≃   6  e  − 2  θ 2       4  θ 2  − 3   ( λ − 12 )   τ 2  + 6   ,  



(114)




and


   P ˜   [ 2 / 3 ]  ≃    e  − 2  θ 2      τ 2   − 8  θ 2   6  θ 2   ( λ − 12 )  − 5 λ + 36  − 21 λ + 108  + 36  4  θ 2  − 3      τ 2   8  θ 2   6  θ 2   ( λ − 12 )  − 13 λ + 180  + 33 λ − 540  + 36  4  θ 2  − 3    ,  



(115)




and so on. The analytical expressions for the probability density can also be obtained easily to any desired order of approximation.




4.3. Numerical Analysis


In the final part of this section, we consider the numerical results obtained from the Adomian series solutions of the S-N- Λ  system. Our main goal is to highlight the effects of the self-gravitational potential and the dark energy density on the evolution of the probability density associated with the Gaussian quantum wave packet. In Figure 2, we present the three-dimensional evolution of the rescaled gravitational potential in the absence of dark energy, i.e., with   λ = 0   and with   σ = 1  . For convenience, we take    a ˜  = 1   as its initial value.



In this case, the gravitational potential can be approximated by


   Φ ˜   ( θ , τ )  ≃   4 θ  ( 4  a ˜  + σ )  −   2 π   σ erf   2  θ    16 θ    8  e  − 2  θ 2      e  2  θ 2    − 1  θ σ  τ 2    4 θ  ( 4  a ˜  + σ )  −   2 π   σ erf   2  θ    + 1    ,  



(116)




and the full solution satisfies the condition    lim  τ → ∞    Φ ˜   ( θ , τ )  = 0  . Mathematically, a singularity develops in    Φ ˜   ( θ , τ )    for values of  θ  satisfying   4 θ  ( 4 a + σ )  −   2 π   σ erf   2  θ  = 0  . However, to at least the third order in the approximation, this equation does not have any real roots, except at   θ = 0  .



The variation of the self-gravity potential in the presence of dark energy is represented in Figure 3, for two different values of  λ ;   λ = 0.20   and   λ = 0.35  . In the large  θ  limit its behavior can be approximated as


   Φ ˜   ( θ , τ )  ≃   12  a ˜  − 2 λ  θ 2  + 3 σ   12     ( λ + 12 )  σ  τ 2    2  12  a ˜  a − 2  θ 2  λ + 3 σ    + 1    .  



(117)







Thus, we see that the presence of a positive cosmological constant does have a significant effect on the distribution of the gravitational potential. To at least the considered order of approximation, the condition    lim  τ → ∞    Φ ˜   ( θ , τ )  = 0   still holds. On the other hand, as expected,    lim  λ → ∞    Φ ˜   ( θ , τ )  = − ∞  . In both cases, the    Φ ˜   ( θ , τ )    has a sharp maximum at the origin of the coordinate system,   θ = 0  .



The time variation of the probability density of the Gaussian wave packet is represented, for fixed values of the radial coordinate  θ , in Figure 4. There are two significant effects induced by the presence of the dark energy. As one can see from the left-hand panel, for (relatively) small values of the dimensionless radial coordinate  θ , the probability density in the presence of   Λ > 0   almost coincides with the function describing the evolution with   Λ = 0  , for   − 1 ≤ τ ≤ 1   and has the same maximum value. In the absence of  Λ , the probability density tends to zero at a finite value of  τ . However, dark energy significantly modifies the tail of the Gaussian distribution, which extends in time and induces much higher values of the probability density, as compared to the   Λ = 0   case. From the right-hand panel we see that, for larger values of  θ , the dark energy has two different effects on the probability density. The first is a significant increase in the amplitude of the probability density, with the maximum increased by a factor of at least two. This indicates the increased probability of finding the wave packet at larger distances from the center, the effect being a direct consequence of the presence of repulsive dark energy. Secondly, at large distances, the probability density tends to zero. However, the decrease is much slower for   Λ > 0   and is directly correlated with the increase in the amplitude of the wave. Another interesting effect is related to the change in the shape of the wave function, which evolves from a single-peaked into a double-peaked symmetric function.



The three-dimensional evolution of the wave packet in the presence of the self-gravitational field and the dark energy density is depicted in Figure 5. The same effects, as previously mentioned, are also apparent when considering the three-dimensional evolution of the wave packet. For large values of  τ  and  θ ,   P ( θ , τ ) → 0  , but the dynamics of the transition to the asymptotic limit are strongly influenced by the presence of dark energy, whose effect becomes significant at late times and for large values of the radial coordinate.



The behavior of the probability density in the dark energy dominated regime is presented in Figure 6, for two distinct physical situations, corresponding to a fixed value of  θ  (left panel) and to a fixed value of  τ  (right panel). Even though, in this regime, there is a qualitative similarity with the   Λ = 0   case, significant differences also appear. The double-peaked shape of the Gaussian distribution is extended in time for fixed  θ  and the shape of the Gaussian tail is strongly modified, indicating an increase in the probability of finding the particle at higher values of  τ . Moreover, the maximum value of the probability as a function of  θ , at a given time, increases dramatically with increasing  λ . However, at least at the considered order of approximation and for the adopted values of  λ  in the large  θ  limit, the probability distribution of the initially Gaussian wave packet still tends to zero. Nonetheless, much larger values of  λ , in the range   λ ∈   10 2  ,  10 3    , would greatly modify the dynamics of the wave packet at infinity.





5. Physical Implications


A particle obeying the S-N- Λ  equation of motion experiences three tendencies in its dynamics. Both canonical quantum diffusion and dark energy induced acceleration cause its wave function to spread, whereas Newtonian self-gravity, represented by the non-linear term, acts to localize the wave packet.



5.1. The Peak Radial Probability


In [54], it was argued that the relative strengths of these three tendencies can be estimated, at least approximately, by considering the motion of the peak radial probability density,    r p   ( t )   . This is the position of the spherical shell at which the radial probability density   d P / d r = 4 π  r 2    | ψ |  2    reaches its maximum, that is, the radius at which the particle is most likely to be found at a given time t. It is determined by solving the equation


       ψ ( r , t )  2  + r  ψ ( r , t )    d  ψ ( r , t )    d r   = 0  ,     



(118)




or, alternatively,


     ψ ˜   θ , τ   2  + θ   ψ ˜   θ , τ     d   ψ ˜   θ , τ     d θ   = 0 ,  



(119)




which is equivalent to setting    d 2  P  ( r , t )  / d  r 2  = 0   or    d 2   P ˜   ( θ , τ )  / d  θ 2  = 0  , respectively.



Qualitative Estimations


The contributions to the total acceleration experienced by    r p   ( t )    due to canonical quantum diffusion, self-gravity and dark energy are then estimated as


      a SE  ≃   ℏ 2    m 2   r p 3     ,     



(120)






      a SN  ≃ −   G m   r  p  2    ,     



(121)




and


      a Λ  ≃   Λ  c 2   3   r p   .     



(122)




The subscript SE refers to the canonical Schrödinger equation, SN refers to the standard Schrödinger–Newton contribution and  Λ  denotes the additional term induced by the dark energy density.



In order to determine the regimes in which the different tendencies dominate the dynamics, we consider equality between the absolute magnitudes of the accelerations (120)–(122) in a pair-wise manner, i.e.,


      a SE  =  |  a SN  |   ,   r  p   ( 1 )      ≃       λ  C  3   ( m )    l  Pl  2   ≃   l  Pl  4    r  S  3   ( m )    ,     



(123)




or, equivalently,


   r p  ( 1 )   ≃ 3.563 ×  10 24  ×    m  m p     − 3    cm ,  



(124)




plus


      a SE  =  a Λ   ,   r  p   ( 2 )      ≃       λ C   ( m )   l dS     ,     



(125)




giving


   r  p   ( 2 )   ≃ 1.907 ×  10 7  ×    m  m p     − 1 / 2      Λ   10  − 56     cm  − 2       − 1 / 4    cm ,  



(126)




and


      |   a SN   | =   a Λ   ,   r  p   ( 3 )      ≃      (  r S   ( m )   l  dS  2  )   1 / 3    ,     



(127)




yielding


   r  p   ( 3 )   ≃ 42.0491 ×    m  m p     1 / 3      Λ   10  − 56     cm  − 2       − 1 / 3    cm ,  



(128)




where    λ C   ( m )  = ℏ /  ( m c )    is the reduced Compton wavelength of the particle,    r S   ( m )  = 2 G m /  c 2    is its Schwarzschild radius,    l Pl  =   G ℏ /  c 3    ≃  10  − 33     cm is the Planck length and    l dS  =   3 / Λ   ≃  10 28    cm is the de Sitter radius. Note that the latter is comparable to the present day radius of the Universe [77] and that we have neglected numerical factors of order unity in all three equations.



The critical value of    r p   ( t )    in Equation (127) is the classical turn-around radius for a spherical compact object in the Schwarzschild–de Sitter spacetime [58],


      r ↔  =     3 G m   Λ  c 2      1 / 3    ,     



(129)




but the critical values given in Equations (123) and (125) include genuine quantum effects. The absolute magnitudes of all three contributions are equal when


      λ C   ( m )  ≃   (  l  Pl  4   l dS  )   1 / 5   ≃  10  − 21    cm  ,     



(130)




or, equivalently,


     m ≃   (  m  Pl  4   m dS  )   1 / 5   ≃  10  − 17    g  ,     



(131)




where    m Pl  =   ℏ c / G   ≃  10  − 5     g and    m dS  =  ( ℏ / c )    Λ / 3   ≃  10  − 66     g are the Planck mass and the de Sitter mass, respectively. The approximate value of the peak radial probability is


      r p  ≃   (  l  Pl  2   l  dS  3  )   1 / 5   ≃  10 4   cm  ,     



(132)




and a more careful estimate, accounting accurately for numerical factors, gives    r p  ≃ 67   m, as shown in [54].



For a Gaussian distribution, the initial peak radial probability is comparable to the initial width of the wave function,    r p   ( 0 )  ≃  σ 0    and the two are equivalent up to a multiplicative constant of order one for a large class of physically reasonable wave functions [54]. Therefore, Equation (132) also gives the order of magnitude value of the minimum initial width required, in order for the acceleration due to dark energy to dominate both canonical quantum diffusion and self-gravitation.



This is a very clear and somewhat surprising prediction: in the S-N- Λ  system, the spreading of any spherically symmetric wave packet with an initial width    σ 0  ≳ 67   m will be dominated by the accelerated expansion of the Universe, due to dark energy, regardless of its initial mass. For particles with masses   m ≳  10  − 17     g, Equation (125) implies that the dark energy term always dominates over canonical quantum diffusion, whenever the initial width of the wave packet exceeds this critical value. For heavier particles, we expect the outer shells of the wave packet to undergo accelerated expansion due to dark energy while the inner core region contracts under self-gravity. By Equation (127), the critical radius marking the division between collapsing and expanding shells should be of the order of the classical turn-around radius (129).





5.2. Peak Probability in the ADM Approach


We now consider the behavior of the physical quantities introduced above by using the series solution of the S-N- Λ  system, obtained using the ADM. We first estimate    θ p  ( 0 )    ( τ )    for the free Gaussian wave packet, as given by Equation (71), which can be obtained as


   θ p  ( 0 )    ( τ )  =  1 2    1 + 4  τ 2    .  



(133)







By approximating the probability distribution of the wave function in the presence of the dark energy as given by Equation (114), we obtain for    θ p   ( τ )    the expression


   θ  p   ( 1 )    τ  =  1 2     1 +  2 −  λ 6    τ 2       2 −  λ 6    τ   ,  



(134)




or, equivalently,


   r  p   ( 1 )    t  =  m  2  2   α  3 / 2   ℏ      1 + 2  1 −    m 2   c 2    24  α 2   ℏ 2    Λ     α 2   ℏ 2    m 2    t 2       1 −    m 2   c 2    24  α 2   ℏ 2    Λ    t   .  



(135)







Figure 7 shows the evolution of    θ p   ( τ )   , obtained from the Adomian series solution, for a Gaussian wave packet with    a ˜  = 1   (describing the effect of the background gravitational field) and for different values of the dimensionless dark energy parameter,  λ . The presence of the gravitational field and of the dark energy significantly modifies the behavior of   θ p  . However, in the absence of self-gravity, the peak probability density of the Gaussian wave packet satisfies    lim  τ → ∞    θ p  ( 0 )   = ∞   in the presence of an extremely high dark energy density, corresponding to very large values of  λ , the presence of the self-gravitational interaction significantly alters the behaviour of   θ p  , at least at the first order of approximation, which may now tend to zero for finite values of  τ . This represents the regime in which the total collapse of the wave function occurs under the action of self-gravitational attraction, which successfully counteracts both dark energy repulsion and canonical quantum diffusion. In the range   − 1 ≤ τ ≤ 1  , the time evolution of   θ p  ( 1 )    closely follows, on a qualitative level, the dynamics of   θ p  ( 0 )   , even though some small quantitative differences appear.



In Figure 8, the dimensionless radial probability density   d P / d θ = 4 π  θ 2    |  ψ ˜  |  2    is plotted for fixed  θ  and for various values of  τ . This clearly shows the formation of a collapsing inner core and an outer shell undergoing accelerated expansion. The critical value of  θ  that demarcates between the two regions corresponds, to within an order of magnitude, to the classical turn-around radius of the particle mass.



Finally, before concluding this section, we note that, since the Compton wavelength of the proton is of order   10  − 15    m, lab-based experiments for which the dark energy dominated regime (131) and (132) is accessible require macromolecules with approximately 108 amu. This is two orders of magnitude below the estimated mass required for tests of the standard Schrödinger–Newton equation using opto-mechanical traps [78], which corresponds to the generic estimate for the onset of the semi-classical gravity regime with   Λ = 0   [30]. In other words, in terms of the mass parameter, current experiments are sufficiently precise to allow the effects of  Λ  on the quantum dynamics of a macromolecule to be observed and measured. The associated length scale is    σ 0  ≃   1–10 m, though, unfortunately, the associated time-scales may astronomical [54]. However, for macromolecules with ∼  10 10   amu, the canonical quantum contribution to the peak acceleration is of the same order as the dark energy contribution for    σ 0  ≃ 1   m. This raises the intriguing possibility that dark energy effects may be observable in near-future experiments on local quantum systems, though, to date, the preceding order-of-magnitude estimates seem to have been overlooked in the quantum gravity literature. Crucially, the present work shows that we may go beyond such crude estimates, to obtain detailed analytical predictions of the S-N- Λ  model under realistic experimental conditions. As a proof-of-concept, our work also shows that we may fruitfully apply the ADM to any number of competing semi-classical gravity models [79,80,81]. This may be useful for a range of experimental tests, including tests of gravitationally induced wave function collapse [82,83,84].





6. Discussion and Final Remarks


In the present paper, we investigated the semi-analytical series solutions of the time-dependent Schrödinger–Newton– Λ  (S-N- Λ ) system, which describes quantum matter in the presence of a nonlinear self-gravitational interaction and a background dark energy density. For the latter, we adopted the simple form of a positive cosmological constant, which enters into the mathematical formalism through the modified Poisson equation. In order to solve the coupled system of S-N- Λ  equations, we used a powerful mathematical method called the Adomian Decomposition Method (ADM), which provides a fast and efficient way of obtaining series solutions of strongly nonlinear differential equations. The starting point of this method is the transformation of the given system of differential equations into an equivalent system of integral equations. Then, by positing the existence of series solutions of the integral system, one can obtain sets of recurrence relations for each unknown term in the power series expansion.



Usually, the ADM series converges fast, allowing detailed studies of the solutions of highly nonlinear differential equations using purely analytical methods. The main advantage of the method outlined in this paper is that it is based on a rigorous mathematical procedure, namely, the series expansions of the wave function and of the nonlinear self-gravity term, while at the same time providing results that are mathematically simple and physically intuitive. This allows an in-depth investigation of the role dark energy may play in the microscopic dynamics of a quantum particle.



In the cosmological context, the dark energy density can be inferred from the critical density of the Universe, given by    ρ cr  = 3  H 0 2  / 8 π G = 1.88  h 2  ×  10  − 29     g/cm   3  , where   H 0   is the present day value of the Hubble constant and   h =  H 0  / 100   km s    − 1    Mpc    − 1   . Since the cosmological data indicate a dark energy density of the order of    ρ vac  ≃ 0.75  ρ cr   , it follows that    ρ vac  ≃  10  − 29     g/cm   3  . On the other hand, the cosmological dark energy can be obtained from physical considerations, once it is interpreted as a vacuum energy, as    ρ vac  =  ∫   k dS      k Pl   k dS         k 2  +   ( m c / ℏ )  2    d k   , where    k Pl  = 2 π /  l Pl    and    k dS  = 2 π /  l dS   , where    l Pl  =   ℏ G /  c 3      is the Planck length and    l dS  =   3 / Λ     is the de Sitter length [85,86,87]. This is consistent with the existence of the GUP and EUP [88] and with the recent tentative observational evidence for the granular nature of dark energy on scales of order     (  k Pl   k dS  )   − 1 / 2   ≃ 0.1   mm [89,90,91,92,93].



In quantum physics, a quantum fluctuation (also called vacuum fluctuation), is the random variation of the energy at a point in space, due to the creation of virtual particle–antiparticle pairs. These pairs are continuously created in the space, according to the energy–time uncertainty principle,   Δ E Δ t ≥ ℏ / 2  . In our present approach, we describe the effects of these processes on the quantum dynamics of the particle via a constant term. Even though, on a cosmological scale, the vacuum energy may have a very low (but extremely important) numerical value, quantum fluctuations may still have a significant impact on the local particle dynamics, at a microscopic level, over sufficiently long time-scales [54]. However, as a future extension of our current work, it would be interesting to reanalyze the problem using an alternative dark energy ansatz, which captures the oscillating or `granular’ nature of the dark energy density proposed in recent models [85,86,87,88,89,90,91,92,93].



With or without a dark energy term, the importance of the self-gravitational interaction essentially depends on the mass of the particle. For a particle with a mass of the order of   m =  10 10   m p  ≃  10  − 14     g, where   m p   is the proton mass, the dimensionless coefficient  σ  given by Equation (74) is of order unity,   σ ≃ 1  . In this regime, the self-gravitational interaction has a significant effect on the evolution of the quantum wave packet. In the absence of dark energy,   λ = 0  , it follows from Equation (75) that this phase corresponds to the standard gravity-dominated regime of the Schrödinger–Newton system.



Up to now, only very crude and approximate analytical methods could be used to investigate the dynamics of the Schrödinger–Newton– Λ  system. Although useful for developing our physical intuition and providing order-of-magnitude estimates, these are no substitute for accurate quantitative solutions. Conversely, obtaining accurate numerical solutions is resource intensive, requiring long periods of time to develop and run the relevant codes, which are also computationally demanding [54]. Moreover, the Adomian Decomposition Method presents some limitations in its application. Theoretically, the main problem of the method is related to the convergence of the Adomian series and to the fulfillment of the conditions required for the convergence. Practically, the limitations may be due to the slow convergence of the power series, requiring the computation of a very large number of terms, which may also become time consuming.



By contrast, the same results can be obtained using Adomian decomposition in a fraction of the time, with the help of a relatively simple Mathematica or Maple worksheet. Indeed, in [54], it was stated that “we must deal with a complicated integro-differential equation, with little hope for analytical exploration”. We have now shown that this is not the case and that the S-N- Λ  system may be investigated analytically, to any degree of desired accuracy, using the right series solution techniques. Thus, our results may open a new avenue of research in the field of quantum mechanics in the presence of gravitational fields. Moreover, the obtained results may shed some light on the important problem of the dark energy and its presence and influence, at atomic scales. The existence of some nontrivial physical effects due to the interaction between dark energy and elementary particles at the elementary particle level can also provide some possibilities for experimental investigation of the properties of the cosmological constant in a laboratory environment, thus linking large scale cosmological and astrophysical observations with microphysics.



By applying the Adomian Decomposition Method to PDEs, it should even be possible to obtain non-spherically symmetric solutions of the S-N- Λ  equations. To the best of the author’s knowledge, this has not yet been attempted in the existing literature, even numerically. Moreover, the investigation of other quantum mechanical systems, even in the presence of strong interactions, may become possible by using some adaptations or extensions of the Adomian Decomposition Method. The inclusion of the modified or semi-classical gravity effects may also be studied by using the same analytical approach.



The preliminary results presented here indicate that the Adomian Decomposition Method can be used to obtain accurate solutions to a wide variety of semi-classical gravity models, subject to a wide range of initial conditions. Ultimately, this should help us to test the predictions of these models in greater detail, under realistic experimental conditions [78].
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Figure 1. Comparison of the Padé approximants of the ADM series solutions and exact solutions of the Schrödinger equation describing the probability density of the free evolution of a Gaussian wave packet,    P ˜   ( θ , τ )   , for   θ = 1.2   (lower curve),   θ = 1  ,   θ = 0.9  ,   θ = 0.8   and   θ = 0.7   (upper curve), respectively. The exact solutions are represented by solid curves, while the Padé approximants of the Adomian series are plotted as dashed curves. 
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Figure 2. Variation of the rescaled self-gravitational potential    Φ ˜   ( θ , τ )    in the absence of dark energy (  λ = 0  ), for   σ = 1  . The initial value of the potential is chosen as    a ˜  = 1  . 
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Figure 3. Variation of the gravitational potential    Φ ˜   ( θ , τ )    for   λ = 0.20   (left panel) and for   λ = 0.35   (right panel), for   σ = 1  . For the initial value of the potential, we adopted the value    a ˜  = 1  . 
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Figure 4. Variation of the probability density    P ˜   ( θ , τ )    at fixed values of  θ . In the left-hand panel   θ = 0.75  , while    a ˜  = 0  ,   σ = 0  ,   λ = 0   (solid curve),    a ˜  = 1  ,   σ = 1  ,   λ = 0   (dotted curve),    a ˜  = 1  ,   σ = 1  ,   λ = 5   (dotted curve) and    a ˜  = 1  ,   σ = 1   and   λ = 7   (long dashed curve). In the right-hand panel   θ = 3  , while    a ˜  = 0  ,   σ = 0  ,   λ = 0   (solid curve),    a ˜  = 1  ,   σ = 1  ,   λ = 0   (dotted curve),    a ˜  = 1  ,   σ = 1  ,   λ = 1   (dotted curve) and    a ˜  = 1  ,   σ = 1   and   λ = 1.5   (long dashed curve). For the sake of presentation, the probability density was multiplied by a factor of   10 7  . 
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Figure 5. Three-dimensional variation of the probability density    P ˜   ( θ , τ )    for    a ˜  = 1  ,   σ = 1   and   λ = 0   (left panel) and for    a ˜  = 1  ,   σ = 1   and   λ = 1   (right panel), respectively. 
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Figure 6. Variation of the probability density    P ˜   ( θ , τ )    in the dark energy dominated regime, for a fixed value of the radial coordinate,   θ = 2   (left-hand panel), and for a fixed time,   τ = 0.35   (right-hand panel). In each case, we plot the probability density for a range of parameter values, namely,    a ˜  = 0  ,   λ = 0  , which corresponds to the free evolution of the Gaussian wave packet (solid curve),    a ˜  = 1  ,   λ = 5   (dotted curve),    a ˜  = 1  ,   λ = 7   (short dashed curve),    a ˜  = 1  ,   λ = 8   (dashed curve) and    a ˜  = 1  ,   λ = 9   (long dashed curve). 
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Figure 7. Variation of    θ p   ( τ )    as a function of the dimensionless time  τ , for    a ˜  = 1   and for different values of  λ :   λ = 50   (dotted curve),   λ = 150   (short dashed curve),   λ = 250   (dashed curve) and   λ = 350   (respectively). The time evolution of    θ p   ( τ )    for the free Gaussian wave packet is represented by the solid curve. 
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Figure 8. Variation, with respect to  θ , of the radial probability density    θ 2   P ˜   ( θ , τ )   , for a fixed   τ = 0.25   (left-hand panel) and for   τ = 1   (right-hand panel), for    a ˜  = 0  ,   σ = 0   and   λ = 0  , corresponding to the free Gaussian wave packet (solid curve) and for    a ˜  = 1  ,   σ = 1   and for different values of  λ :   λ = 5   (dotted curve),    a ˜  = 1  ,   λ = 7   (short dashed curve),    a ˜  = 1  ,   λ = 8   (dashed curve) and    a ˜  = 1  ,   λ = 9   (long dashed curve), respectively. 
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