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Abstract: A topological index is a numeric quantity associated with a chemical structure that attempts
to link the chemical structure to various physicochemical properties, chemical reactivity, or biological
activity. Let R be a commutative ring with identity, and Z*(R) is the set of all non-zero zero divisors
of R. Then, T'(R) is said to be a zero-divisor graph if and only if 2 - b = 0, where a,b € V(I'(R)) =
Z*(R) and (a,b) € E(T(R)). We definea ~ bifa-b = 0 or a = b. Then, ~ is always reflexive and
symmetric, but ~ is usually not transitive. Then, T'(R) is a symmetric structure measured by the ~ in
commutative rings. Here, we will draw the zero-divisor graph from commutative rings and discuss
topological indices for a zero-divisor graph by vertex eccentricity. In this paper, we will compute the
total eccentricity index, eccentric connectivity index, connective eccentric index, eccentricity based
on the first and second Zagreb indices, Ediz eccentric connectivity index, and augmented eccentric
connectivity index for the zero-divisor graph associated with commutative rings. These will help us
understand the characteristics of various symmetric physical structures of finite commutative rings.

Keywords: commutative ring; zero-divisor graph; topological index; degree; distance; eccentricity

MSC: 05C09; 05C25; 13A70

1. Introduction

Chemical graph theory is an area of mathematics that deals with the non-trivial
applications of molecular problems. Chemical graph theory is an interdisciplinary science
that studies molecular structures using graph theory and attempts to identify structural
features involved in structure—property activity relationships using tools from graph theory,
set theory, and statistics [1-3]. The topological characterization of chemical structures with
the desired properties can be used to classify molecules and model unknown structures.
In recent decades, much research has been conducted in this field. The topological index
is a numerical value associated with chemical structures that purport to link chemical
structures to various physicochemical properties, chemical reactivity, or biological activity.
Topological indices are based on transforming a molecular graph into a number that
describes the topology of the molecular graph [4-7]. Molecular modeling investigates the
relationship between a chemical compound’s structure, properties, and activity. Molecular
graphs are frequently used to represent molecules and molecular compounds. A chemical
graph is a model for describing the properties of a chemical compound. A molecular graph
is a simple graph with vertices representing atoms and edges representing bonds. It can
be represented by a drawing, a polynomial, a series of numbers, a matrix, or a derived
number known as a topological index, which was first introduced by Wiener [8] in 1947.

2. Definitions and Notations

A non-empty set R is said to be a ring (R, +, -) if (R, +) is an abelian group, and
(R, -) is a semi group and satisfies two distributive laws. A ring R is a commutative ring if
a-b=">b-a;¥a,b € R. Anelement a # 0 of a commutative ring R is said to be zero-divisor
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if there exists an element b # 0 in R such that a - b = 0. The zero-divisor graph G(R) was
first introduced in 1988 by Beck [9] where he considered the set of vertices as zero divisors
including zero, with an edge set defined by E = {a-b = 0;Va,b € Z(R)}. Later, in 1999,
Anderson and Livingston [10] continued their investigation of zero-divisor graphs, but this
time they only examined non-zero zero divisors and constructed the zero-divisor graph
as a simple graph with all non-zero zero divisors as vertices and an edge set defined by
E={a-b=0;Va,b e Z*(R)}, denoted by I'(R).

Let R be a commutative ring with identity, and Z*(R) is the set of all non-zero zero
divisors of R. Then, I'(R) is said to be a zero-divisor graph if and only if a - b = 0 where
a,be V(I(R)) =Z*(R) and (a,b) € E(T(R)).

In a graph I'(R), distance d(a, b) is the number of edges in the shortest path between
a vertex a and b. Eccentricity e(a) is considered to be the maximum distance from a vertex
to all other vertices, and degree d(a) is the number of edges adjacent to a vertex a and
the minimum vertex degree in a graph I'(R) is denoted by 6(I'(R)), and the maximum
vertex degree is denoted by A(T'(R)). Furthermore, the degree sequence Dy is a monotonic,
non-increasing sequence of the vertex degrees of the graph vertices.

Farooq, and Malik [11] introduced the total eccentricity index, which is defined as

TEI(R)) =}, el

aeV(I(R))

The eccentric connectivity index was introduced by Sharma et al. [4] which is defined
as

EC(r(R)) =) d(a)e(a).

aeV(I(R))

The connective eccentric index was introduced by Gupta, Singh, and Madan [6] which

is defined as 4(a)
CE(T(R)) = 2.
¢(I(R)) aEV(ZF%R)) o)

The eccentricity-based Zagreb indices were introduced by Ghorbani, and Hossein-
zadeh [12] which are defined as

CMI(T(R)) =} [e(a) +e(b)],

CMp(T(R)) =}, [e(a) xe(b)]

and

EM(T(R)) = ) e(a)
2eV(I(R))

The Ediz eccentric connectivity index was introduced by Ediz [5] which is defined as
ECCT(R) = ) %

where 5(a) = Ypen(q) d(b).
The augmented eccentric connectivity index was introduced by Gupta, Singh, and
Madan [6] which is defined as

Azcr(ry =y M@

acV(T(R)) e(a)

where M(a) = [Tpen(a) 4(b)-
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3. Results

Let R be a ring and Z be the ideal of R, then the set of all cosets R/Z = {Z +a;a €
R/Z} forms a ring known as a factor ring. Let Zy[x] = {a,x" + - - -+ ayx + apla; € Zy}
be a polynomial of a commutative ring and Z,[x]/(x?) be the factor ring. Here, we
consider the finite commutative rings Zp[x]/ (x?) and Zp,[x]/ (x*) to investigate some
topological indices such as total eccentricity index, eccentric connectivity index, connective
eccentric index, eccentricity based on first and second Zagreb indices, Ediz eccentric
connectivity index and augmented eccentric connectivity index of zero-divisor graph for
the commutative rings.

For R = Zp|x]/ (x?) with any prime g > 3, then I(Zp[x]/ (x?)) be a zero-divisor
graph with (g3 — 1) zero divisors of (Zgpx]/ (x?)) — {0} considered to be vertices and
3(29° — 2¢* — ¢° — ¢ + 2) edges.

Then,

V(F(Zqz[x}/<x2>)) =1{9,29,...,(—1)q,%,2%,3%,...,(¢> = 1)x,x +q,x+2q,...,x+ (g — 1)g,
20 4q,2x+2q,...,2x+(g—1)q,..., (> = D)x+q,(* —1)x+2q,...,(¢* —1)x + (g —1)q}
= VIT(Zg[x)/2%)] = (3> - 1)

Now, the vertex set has been divided by

A={lgx|l=1,2,...(g—1) & gq1tl}

— [Al=(q-1)

B={lgkx,lgx+1g|l =1,2,...(9—1),k=1,2,...(° 1) & qtk}
— |Bl =2q(q-1)
C={kx+1g|l=12,...(9—1),k=1,2,...(¢* 1) & q{Lk}

— 1ol = T Vg -1
Additionally, B(T'(Z[x]/ (x?))) and C(I(Zp[x]/ (x?))) are subdivided by

Blz{kx|k:1,2,...(q2—1)}

= [B1| =q(q-1)

By ={lglqx+1q|l =1,2,...(g—1)}

= |B2| =q(g—-1)
Cr={kx+qkx+q(g—1)]k=12,...(¢>—1)}
= |Gl =29(9 - 1)

Cr = {kx+29,kx+q(g—2)k=1,2,...(¢* = 1)}
= |G =2q(9 -1)

Clg-1y2 = {kx + (g = 1)/2)q, kx +q(g+1)/2lk = 1,2,... (4" = 1)}
= [Cg-1)/2l =29(q 1)

It is clear to see that if ligx,[igx € A = (Ligx)(ljgx) = liljg*x* = 0 mod x?, then
every vertex is adjacent to each other in A, if ligx, € A, l;q,kjx,l;gx + 1, € B —> lil]'qzx =
0 mod ¢, lik]-qx2 = 0 mod x?, l,-l]-qzx2 + liquzx = 0 mod ¢, then every vertex in A
is adjacent to every vertex in B and if ligx, € A kix+1ig € C = (ligx)(kjx +1;q) =
lz-k]-qx2 + liqu2x = 0 mod x> or mod g7 then every vertex in A is adjacent to every
vertex in C.
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In addition, if k;x, kjx € By = (kix)(kjx) = kl-ij2 = 0 mod x?, then every vertex
is adjacent to each other in B;. Similarly, it holds for B,. However, kix € By, ljg € B, —>
(kix)(1;q) = kil;gx # 0 mod x?, then no vertex in By is adjacent to vertex in B;.

Additionally, if kix + g, kjx +q(qg —1) € C; = (kix +q)(kjx + (g — 1)) = kik;x* +
(k1 + k]-)qzx +4¢%(g—1) =0mod x> or mod ¢? then k;x + g is adjacent to kix +q(q1) in
Cy but no two k;x + g or kjx + q(q1) has zero product by modulo x? or g2 in C;. Similarly,
it holds for C,, Cs, . . ., C(q—l)/Z'

For example, ¢ = 3 then we have a graph I'(Zo[x]/ (x?)) in Figure 1.
The vertex set I'(Zo[x]/ (x?)) has been divided by

A = {3x,6x}

By = {x,2x,4x,5x,7x,8x}

B, = {3,6,3x +3,3x + 6,6x +3,6x + 6}
Ci={2x+3,5x+3,8x+3,x+6,4x+6,7x + 6}
Co={x+3,4x+3,7x+3,2x + 6,5x + 6,8x + 6}

3x+6

py
X
\ '/."‘ 3x+3

6x+3 74 /
A

y—— 6Xx+6

Figure 1. T(Zg[x]/ (x?)) .

Lemma 1. Let I'(Z(x]/ (x2)) be a zero-divisor graph with any prime q > 3. Then,

Dy={(-2, (?-2), (@-1) }

(q—1)times 2q(q—1)times (fi;l) [29(q—1)]times

q(q
\1,./ / \2,./ / \2,./ }
(q—1)times 2q(q—1)times (1/];1) [29(q—1))times

gv={

where Dy and {y are degree sequences and their eccentricity sequences of T'(Zp[x]/ (x?)).

Theorem 1. Let I'(Z[x]/ (x2)) be a zero-divisor graph with any prime q > 3. Then,

TE(T(Zp[x]/{(x?)) = 24> —q -1
SC(T(Zp[x]/ (%)) = 29° + q* —5q° — 4q° + 49 +2
CE(T(Zp[x)/ (x?))) = 3(4° +2q* —44° — 24> — g+ 4)
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Proof. Let T'(Zy[x]/ (x%)) be a zero-divisor graph with (g> — 1) vertices and 5 (24> — 29* —
7° — ¢* +2) edges. Then,

A={lgx|l=1,2,...(9—1) & gq1l}

— |A[=(-1)

B={lgkx,lgx+1gql =1,2,...(—1),k=1,2,...(¢° = 1) & qtk}
— [Bl=29(q-1)
C={kx+1lgll=1,2,...(g—1),k=1,2,...(g> =1) & qf{Lk}

— 1ol = T Vg -1

By Lemma 1, we have

It is clear that « € A is adjacent to all divisors of Z|[x]/ (x?), then A = {a €
V(I(Zyp [x]/(x?))) > d(a) = (¢ —2) & e(a)=1}and |A|=(q-1).

However, a € Bisadjacent only to divisorsin A & B, then B = {a € V(T'(Z,. [x]/(x2))) >
d(a) = (9> —2) & e(a) =2}and|B| =2[q(q—1)].

Additionally, 2 € C is adjacent to divisors in A and & C but no two k;x 4+ g or
kix + q(q1) has zero product by modulo x* or 4> in C. C = {a € V(L(Zg [x]/(x?))) >

d(a) = (1) & e(a)=2}and |C| =15 [2q(q—1)].

TSI (Zplx]/ (x%))) = )» e(a)

aEV(F(Zqz [x]/(x2)))

(9-1)
2

=@-DA]+29(9 -D[2] + 29(q - 1)][2]

=29 —q-1

CC(T(Zp[x]/ (x?))) = D d(a)e(a)

aeV(F(Zqz [x]/(x2)))

=@ -1 -2) x1]+29(q - D[(7* - 2) x 2+ =5—=[29(9 = D][(g* — 1) x 2]
=20°+q*—5¢° —4¢° +4q+2

2V (T(Z
= -0 T2 290 -0 [ 2]+ O g - [
)

1
=5 +29" — 40’ — 20" —q +4

O

Theorem 2. Let I'(Z[x]/ (x?)) be a zero-divisor graph with any prime q > 3. Then,

EM1(T(Zp[x]/(x?))) = 29° +q* = 50° — 497 + 49 + 2
EM; (D(Zg2[x]/(x%))) = 44> — 39 — 1

and

EM2(T(Zp2[x]/(x?))) = 5(49° = 84° =747 + 99 +2)
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Proof. By Lemma 1, we have
A={ace V(F(Zqz[x]/<x2))) >da)=(>-2) & e(a)=1}
and |A| = (7 1)
A={acV({(Zp[x]/(x?)) 2d(a) = (4°—2) & e(a) =2}
and [B| = 2[q(q — 1)
A={aeV((Zp[x]/(x*)) 2d@a) = (" ~1) & e(a)=2}
and |C| = 52 29(g - 1)]
Ey = {ab € E(T(Zp[x]/(x*)))|[d(a), d(0)] = [(° = 2), (4> = 2)] & [e(a),e(b)] = [1,1]}

and |Eq| = 3[9* — 39 + 2]

Ey = {ab € E(T(Zp[x]/(x?)))|[d(a),d(b)]
and |Ez| = 2g(q — 1)2

Es = {ab € E(T(Zp[x]/(x*)))|[d(a),d(b)]
and |E3| = q(q —1)°

Ey = {ab € E(T(Zp[x]/(x?)))|[d(a),d(b)]
and |E4| = (g% —24° +¢q)

Es = {ab € E(T(Zza[x]/(x*)))|[d(

and |Es| = 1 [(q(q — 1))?)

7
7

),d(b)]

a
EMi(T(Zgplx]/(x%))) = Y [e(a) + e(D)]

abeE(T(Z,2 [x]/x%))

= 1% =39 +2)[1+1)+ 2q(q ~ D[ +2] + (g~ 1°[1 +2]
(-1
2

+(g* =24 +q)2+2) + [(a(g —1)*)[2+2]

=20°+q* —5¢° —4¢4° +4q +2

EM; (T(Zp[x)/22)) = Y e’
aEV(F(Zqz [x]/(x2))))

= (0~ D12 + 2909 - D22 + T Di2g(q - 1)
=4g4° -39 -1
IMZp/ (D) = L @)
aheE(F(Zqz [x]/x2))

= 1% — 39 +2)[1 x 1]+ 2q(q ~ 1[1 x 2] + (g~ 1°[1 x 2]
(4-1)
2

+(g" =20 + )2 x 2] + [(q(g —1))°][2 x 2]
= %(4115 — 84>~ 74> +99+2)
O
Theorem 3. Let I'(Z[x]/ (x2)) be zero-divisor graph with any prime q > 3. Then,

ECC(Zplx]/(x?)) = 5(297 — 3¢° — 13q* +134° + 9¢* — 8)
3 2)a-2)[(g2 — 2)204-D) (42 — 1)(q(q—1>)2

+ 12 (g2 = 2107 (g~ 1) (¢~ 1T

[(°=2), (" =2)] & [e(a)e(b)] = [1,2]}
[(@°=2),(a*=1)] & [e(a)e(b)] = [1,2]}
(7 =2), (4> =2)] & [e(a),e(b)] = [2,2]}

(=1, (> = 1)] & [e(a),e(b)] = [2,2]}
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Proof. By Lemma 1, we have
A={ace V(F(Zqz[x]/<x2))) >da)=(>-2) & e(a)=1}
and |[A| = (g —1)

B={acV(I(Zp[x]/(x}))2d(a) = (42 —2) & e(a)=2}
and\B|—2[< )]

C={aeV([(Zz[x]/(x?)) 5d(a) = (*—1) & e(a)=2}
and |C| = “wq 1)]

FCzalk/ )= Y W

where S(Ll) = ZbeN(u) d(b)

EEC(T(Z,2[x]/ (%)) = 5(a)

EC(T(Zpa[x]/ (x%))) QGV(F(ZqZZW») e(a)

9 {(q5+q4—4q31—2q2+q+4>]+2q(q_1)[(2q4—2432—3q2+4)
_ 4 _».3_ 2

(g-1) [zq(ql)][(%] 29° —q q+2)}

|
—~
B
~—

2 2

(24" —3¢° — 13* + 134> +99*> — 8)

Q=

AZC(Zplx]/ (%))

where M(a) = [Tpen(q) 4(b)

AGC(T(Zp[x]/ (x%))) =

a€V(T(Z,[x]/(x2))) e(a)
= (g—1) [(‘12 —2)29(4-1) (42 — 1)900-27 (g3 — 2)(,,2)]

1

2 _ (g=1)—=1(,3 _n\(g—-1)
+2q(q1)[(q 2™ z(q 2" ]

+ 4 p Diag(q - 1) [(qz =Dl ]
)t

(9=1)(¢> = 2)12[(¢* - )ZW V(> -1
+ A2 2(g? 21571 1+q<q (e - > Y

O

For R = Zpy[x]/(x*) with any prime 2 < p < g, then I'(Z,
divisor graph with (pg* + p*q — pq — 1) zero divisors of (Zyg[x]/(x

q[x]/(x?)) be a zero-
) —
as a vertices and 3 [7p%q? — 6pg® — 6p*q + 3pq + 2] edges.

> {0} considered
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Then

V(T (Zpglx]/ (x?))) =

{p2p,....a—1)p,q,2q,...,(p —1)gq,x,2x,...,(pqg — 1)x,
xX+p,x+2p,...,x+@q—-1)p,x+qx+2q,...,.x+(p—1)g,
2x+p,2x+2p,...,2x+ (g—1)p,2x +q,2x+2q,...,2x+ (p—1)q,...,
(q=Dpx+p,(q=1px+2p,...,( =px+(q=1)p,
(p=V)gx+q,(p—1gx+29,...,(p = 1)gx +(p — 1)q}

= VT (Zpglx]/(x*))| = pa* + p*g — pg —1

By using these vertices, there exists an edge defined between a and b by E = {ab =
0;Va,b € R} and E|T(Zyy[x]/ (x*))| = 3[7p*q* — 6pg* — 6p*q + 3pq + 2.

Vi={jpx|j=12,...(p—1)}

= [Vil=(p—-1)

Vo ={kx+mplk=1,2,...(pgq—1),m=1,2,...(g—1) & ptk}
= [V =(p—1)g(q-1)

V3 = {lpx+mp|l =0,1,...(g—1)}

= V3| =q(g—1)
Vy={kx+nglk=12,...(pgq—1),n=12,...(p—1) & qtk}
= [ul=p(p-1@-1)

Vs ={lpx+nq|l =0,1,...(g—1)}

= |Vs|=p(p—-1)

Vo = {mpxim=1,2,...(9—1)}

= |Ve| =(p—1)gq(q-1)

Vo ={kxlk=1,2,...(pg—1) & p,q1k}

= |V7[=p(p-1(@-1)

It is clear to see thatif a,b € V| == ab = 0 mod x?, then every vertex is adjacent
to each other in Vj. Similarly, it holds Vg and V5. In addition, ifa € V},b € V, = ab =
0 mod x? or ab = 0 mod pq then every vertex in V; is adjacent to every vertex in V5.
Similarly, every vertex in Vj is adjacent to every vertex in V3 U V5 U V7 and every vertex in
Ve is adjacent to every vertex in V3 U V5 U V7. Additionally, every vertex in V; is adjacent
to every vertex in Vs.

For example, if p = 3 and q = 5, then we have a graph I'(Z15[x]/ (x?)) in Figure 2.

The vertex set I'(Z15[x]/(x?)) has been divided by

V1 = {5x,10x}

Vo={x+3x+6,x+9,x+12,...,14x + 3,14x + 6,14x + 9, 14x + 12}

Vs ={x+5x+10,...,14x +5,14x + 10}

Vi =1{3,6,9,12,3x 4+ 3,3x +6,3x +9,3x +12,...,12x + 3,12x + 6,12x + 9, 12x + 12}
Vs = {5,10,5x + 5,5x 4+ 10,10x + 5,10x + 10}

Ve = {3x,6x,9x,12x}

Vo = {x,2x,4x,7x,8x,11x,13x, 14x }
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3Ix+5
9x+10

500 Nors \
0] N\ \

Bx25

\
14x+5u“]“ \\\ //

12345 =

1 x+5 —

AN
=,

X+
6x+10 Hxel2 ||| 14x49| |13
6

i

l4x+12

Tx+9 4x+12

Figure 2. T'(Z5[x]/ (x?)).
Lemma 2. Let I'(Zyy[x]/(x?)) be a zero-divisor graph with any prime 2 < p < q. Then,

Dy ={(pg*=2); (p—-1) 5 (P*—1; (@-1) ; @-1);pq-2; (pq—-2) }

——— ~—— ~—— — ——

1)(
2 ;3 3 ;0.3 2
~— ~—~— ~—~— ~—~— ~—~— ~—
p—1)times (p—1)q(q—1)times q(q—1)times p(p—1)(q—1)times p(p—1)times (q—1)times (p—1)(q—1)times

dv=A{

7

(p—1)times (p—1)q(qg—1)times q(q—1)times p(p—1)(q—1)times p(p—1)times (q—1)times (p—1)(q—1)times
( _
where Dy and y are degree and eccentricity sequences of T (Zpg[x]/ (x2)).

Theorem 4. Let I'(Zyq[x]/ (x?)) be a zero-divisor graph with any prime 2 < p < q. Then

TE(T(Zpg|x]/ (x*))) = 3pq* + 3p*q — 4pq — 2
EC(T(Zpg[x]/ (x%))) = 18p*q* — 16pq* — 16p*q + 10pq + 4
CE(T(Zpg[x]/(x%))) = 3(29° —q* —2¢° — ¢* — 29 + 4)

Proof. Let I'(Zyq[x]/(x?)) be zero-divisor graph with (pg* + p?>q — pq — 1) zero divisors
of (Zpg[x]/(x?)) — {0} vertices and }[7p?q> — 6pq> — 6p>q + 3pq + 2] edges.
By Lemma 2, we have

T(;‘(F(qu[x]/<x2>)) = Z e(a)
a€V(T(Zpg[x]/(x2)))
=(p-D@)+(p-1g(q-1)3)+q(q-1)3) +p(p—-1)(g—1)(3) +p(p—1)(3)
+@-1D2)+(p-1(@-1)(2)
= 3pg” +3p°q — 4pg —2
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CC(T(Zpglx]/ (x%))) = )3 d(a)e(a)

a€ V(T (Zpgl)/ (42))
=(p-Dl(pg* —2) x 2]+ (p—Dglqg—1)[(p*q —2) x 3] +q(g = D[(p—1)(g — 1) x 3]

+p(p—1(g-1)[(p* - 1) x3]+p(p—1)[(g> = 1) x 3]+ (g —1)[(p — 1) x 2]
+(p-1D@@-1)[(g-1) x2]

= 18p%q% — 16pg® — 16p*q + 10pq + 4

CET(Zyglx)/ () = 4@

acV(T(Zpq[x]/ (x2

ol
[E52] -n[E52][ £
+pp-16-1[ TS )] p(p nﬂf—”}+w_n[<—”}

2
+ (=11 97|

1
=50 9" =207 - >~ 29+ 4)

O

Theorem 5. Let I'(Zypq[x]/(x?)) be a zero-divisor graph with any prime 2 < p < q. Then,

EMy(T(Zpg[x]/ (x%))) = 18p?q* — 16pg* — 16p>q + 10pq + 4
EM3 (T (Zpglx]/ (x?))) = 9pq® + 9p*q — 14pq — 4

and

EMo (T (Zpg[x]/ (x?))) = 23p*q* — 21pg* — 21p*q + 15pq + 4
Proof. By Lemma 2, we have
EML (T (Zpg[x]/ (x?))) = ). [e(a) + e(D)]
abEE (T (Zyglx]/ (32)))
= %(P2 —3p+2)(2+2)+(p—1*(g—1)(2+3) + (p—1)q(g - 1)(2+3)
+(p-1@-1)2+2)+(p~1)*(q-1)2+2) +p(p—1g(q —1)(3+3)
+plp =1 -1D2+3)+(p-1)(g-1)*2+2) + %(Lﬁ ~37+2)(2+2)
+ %(Pzﬁlz +(p+a)? =2pa(p+9) = (p+9) +p)2+2) + (1 -1)p(p —1)(3+2)
= 18p%¢% — 16pg® — 16p*q + 10pq + 4

EM(T(Zpg[x]/ (x%))) = )y e(a)?
a€V(GT(Zpq [x]/(x2))))
(P=1)+(p-1a(g - 1)) +q(q-1)B*) +p(p—1)(g-1)(3*) + p(p —1)(3%)
(g—1)(2%) +(p—1)(g—1)(2%)
9pq +9pq 14pg — 4

||+|\
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CMa(T(Zpglx]/ (x%))) = )3 [e(a)(b)]

abEE (T (Zyglx]/ (x2)))
= %(P2 —3p+2)(2x2)+(p= 19— 1)(2x3) + (p—1)q(g —1)(2x3)
+(p-1g-1)2x2)+(p—~1)*(q-1)(2x2) +p(p—1)g(q —1)(3x 3)
+p(p =1 -1)2x3)+(p—1)(7-1)*(2x2) +%(q2 —39+2)(2x2)
+%(P2q2+ (p+a)?=2pq(p+q) = (p+49) +pg)(2x2) + (g 1)*p(p —1)(3x 2)
= 23p%% — 21pg® — 21p%q + 15pq + 4

0

Theorem 6. Let I'(Zyq[x]/(x?)) be a zero-divisor graph with any prime 2 < p < q. Then,
EZC(T(Zyg[x]/(x?)))
1
= 2p0" —2pq* +2p"q> +5p° — dpg® — 57p’¢?
+42pg* — 2p*q — 4p>q + 42p*q — 12pg — 12)
and
AZC(T(Zyg[x]/(x?)))
1 _ -
= 30900 -D(pa* =P Vl(p - 1) + (¢ - )PP
+p(p =P —2) V(g 1) + (" — 1)1 V]
(pg? —2)P=2) (p2g — 2)0-2) (pg — 2)(P1-(P+a)
{I(p = )P0+ (p2 —1)707D (p2g —2) (pg — 2)]
+ (g — 1P DI (g = 1) (pg —2)] + [(p — 1)(9 — 1)(p*g — 2)]}

Proof. By Lemma 2, we have

N\H

EEC(Zyld/ )=y W

sV (T (Zyl)/(2)) €@
where 5(a) = Lyen(s) d(b)

BCTEuld/ )= L

A€V (N (Zpg[x]/(2)))
:(pl)[(5pzq2—5pq 4Pq+pq+4}+ )[(quz—pq;—ZPH)}
+q(q_1)[(2pzq 2P6/3—P —P+2>]+p(p (g — 1){(;72112—;72;1—2%2)}
+p(p_1){(2P2q2—2pzfg—q2—q+2)]+(q_1)[(5P2q2—4p6/2—25pzq+w+4)}

2.2 2 _ 92,
+(p_1)(q_1)[(3m 2pq 22?”7 2pq+4)]
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1
= 2(2P°q" = 2pg* +2p"3° + 5p°° — 4pg’ - 57p¢?
+42pg® — 2p*q — 4p°q + 42p°q — 12pg — 12)

M(a)

aeV(T(Zp) /(2 €

A@C(qu [x] /<x2>) =

where M(a) = [Tpen(q) (D)
ACT Lt/ 02 = Y M@

0V (r(@le) /) €%
_(p_l){(rﬂ 1)(P-Dala-1) (2 — 1)1 (2 — 2)(P-D@-D) (pg2 —

z n
e[
'(p

2 _2)(p-1)
+W1MW1{”W5)”

2. 9)\(q-1)
+mP—nw—1ﬁ“”’2*7 Fp(p—

3

)[(M 2)a~) P —1)f

(pg? —2)(P=1 (g — 1)P(P=D@=1) (g2 — 1)P(P=1) (pg — 2)(p D-1) (y2q — 2)(4-2)
+(q—1)[ S
7 [ (e =2)P D (p2g — 2) D) (pg — 2)Pa-(p+a)
+(p-1 1){ 5

= %{q(q ~D(pg? —=2)P D](p—1) + (47 — )PP~ V)]
+p(p =1 (PP -2 T V(g - 1)+ (p* - )7 V]}
(pg® — 2)p _2)(;?207 — 2)(‘7_2)(pq — 2)(Pq—(p+q))
{[(p— 1)~ Hala= U+ (2 — )71 (p2g — 2)(pq — 2)]
+[(q— )PP D@D (2 —1)PP=D (pg —2)] + [(p — 1) (9 — 1) (p*q — 2)]}

I\)\'—‘

O

4. Discussions and Applications

Algebraic structures were investigated separately because of their strong links to repre-
sentation theory and number theory, as well as their widespread use in combinatorics [2,3].
As a result of extensive mathematical research in this area, finite rings and fields have
received a significant amount of focus for their applications to cryptography and coding
theory [13-16].

Here, we investigated the eccentricity-based indices associated with factor ring
Zn[x]/{x*) and obtained the zero-divisor graph of the factor rings Zp[x]/ (x?) and
Zpq[x]/ ().

LetT(Zgp[x]/(x 2)) be a zero-divisor graph with prime g > 3, then CC(T(Zp(x]/ (x%))) =
¢My(T'(Z, [X]/<x2>)) and

TE(D(Zp[x]/(x?))) < EM(D(Zgp([x]/ (x%))) < EC(N(Zplx]/ (x?)))
< EM(T (Zqz [x]/(x?))) < ECC(T(Zp[x]/ (x?))) < ACC(F(Z,f [x]/{x?)))
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Let T'(Zpg[x [ ]/(x?)) be a zero-divisor graph with prime 2 < p < g, then
CC(T(Zpq[x]/ (x*))) = EM1(T(Zypg[x]/ (x?))) and

TE(T(Zpg[x]/{x?))) < EM{(T (qu[ x]/(x?))) < GC(T(Zpg[x]/(x?)))
< EMo(T(Zygx]/ (x?))) < EEC(T(Zpg[x]/{x?))) < AZC(T(Zpg[x]/ (x?)))

These values help understand the characteristics of various symmetric physical struc-
tures of finite commutative rings and have received significant focus for their applications
to cryptography and coding theory. They may also help design strong symmetric phys-
ical structures for robotics and identify computer network issues associated with speed,
distance, and time. This research will aid in the understanding the properties of various
physical structures such as carbohydrates, silicone structures, polymers, hexagonal chains,
and cylindrical fullerenes [17-19]. They can also create a productive physical design in
mechanics and solve various computer network problems.

5. Conclusions

In this paper, we explored various topological indices and discussed the total eccen-
tricity index, eccentric connectivity index, connective eccentric index, eccentricity based
on the first and second Zagreb indices, Ediz eccentric connectivity index, and augmented
eccentric connectivity index for the zero-divisor graph associated with commutative rings.
Additionally, we showed that the boundaries are related to topological indices for the
zero-divisor graph.
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