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Abstract: In this study, we present a new approach with semi-analytical and numerical findings for 
solving equations of motion of small orbiter m, which is moving under the combined gravitational 
attraction of three primaries, 1M , 2M , and 3M , in case of the bi-elliptic restricted problem of

four bodies (BiER4BP), where three such primaries, 1M , 2M , and 3M , are moving on elliptic

orbits with hierarchical configuration 3M  << 2M  << 1M  within one plane as follows: third

primary body 3M  is moving on elliptical orbit around second 2M , and second primary 2M
is moving on elliptical orbit around first 1M . Our aim for constructing the aforementioned qua-

si-planar motion of planetoid m is obtaining its coordinates supporting its orbit in a regime of close 
motion to the plane of orbiting the main bodies 1M , 2M , and 3M . Meanwhile, the system of

equations of motion was successfully numerically explored with respect to the existence and stable 
positioning of approximate solution for a Dyson sphere. As a result, the concept of the Dyson sphere 
for possible orbiting variety of solar energy absorbers was transformed to the elongated Dyson 
space net with respect to their trajectories for the successful process of absorbing the energy from 
the Sun; this can be recognized as symmetry reduction. We obtain the following: (1) the solution for 
coordinates {x, y} is described by the simplified system of two nonlinear ordinary differential 
equations of second order, depending on true anomaly f; (2) the expression for coordinate z is given 
by an equation of Riccati-type where small orbiter that quasi-oscillates close to the fixed plane 

}0,,{ yx .

Keywords: restricted problem of four bodies (BiER4BP); quasi-planar elliptical motion; Dyson 
sphere; equation of Riccati-type; Dyson swarm; quasi-oscillating 

1. Introduction
It is a well-established fact in celestial mechanics that equations of the restricted 

three-body problem [1–5], hereafter referred to as R3BP, are nonintegrable (where we 
consider orbiting of infinitesimal planetoid gravitationally influenced by a duet of two 
primaries 1M  (Sun) and 2M  (planet), both orbiting in Kepler-type dynamics, and 2M
is assumed to be less than 1M ); we should note that the hypothesis that one of the pri-
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maries has a bigger mass than the other is basically extraneous to the problem: it enters 
the game later, when the researcher’s attention is focused on practical applications. This 
is a classical well-known problem: two primaries revolve on Keplerian orbits around the 
barycenter, and a third body, named planetoid, moves under the gravitational attraction 
of the primaries, without affecting their motion. If the motion of the primaries is circular, 
then one obtains the classical R3BP. It is worth noting a valuable contribution of famous 
participants of the celestial mechanics community regarding analytical methods and the 
obtained results in R4BP [6–9], stability of solutions in R3BP [10–12], input of such find-
ings to investigation of influence of tidal phenomena on dynamics of fluidic envelope of 
fluid-type planets and their rotational dynamics along with their satellites [13], variety of 
partial formulations [14–18] and applications in celestial mechanics (including of those of 
nongravitational nature [19]), investigations of stability of the solutions (including of 
those in the vicinity of libration points), and partially applying the aforedescribed find-
ings in investigations of various nonlinear perturbing effects and phenomena, e.g., in 
investigations of the escape and collision dynamics as well. Especially, let us mention a 
case of an elliptic restricted three-body problem [12–16] (ER3BP, where primaries are or-
biting not far from their center of masses on elliptic orbits) and, also, of BiER4BP 
(bi-elliptic restricted four-body problem) [7]. 

The problem investigated here may be enunciated as follows: let us suppose that 
three primaries move on elliptic orbits located preferably within one plane (which is the 
plane of orbital motion of two main primaries) orbiting there in a hierarchical configura-
tion: the third primary body is moving on an elliptical orbit around the second primary 
(whereas mass of first, second, and third primary are supposed to be arranged hierar-
chically; the first primary has the mass which is much more massive than the combined 
mass of the second and third primaries, while the third primary has a mass much less 
than the second primary); let us study the dynamics of a fourth body, the planetoid, 
subjected to the attraction of the primaries without affecting their orbits. The existence of 
the motions in such a problem was considered in [20], but they neglected the terms in 
basic equations of motion depending on the elliptical motion of the third primary body 
around the second primary. The idea exploited in this paper is as follows: using the same 
model formulated in [20] as a basis, let us explore solutions taking into account the terms 
depending on elliptical motion of the third primary body around the second primary, 
including those depending on the true anomaly of such secondary motion (i.e., depend-
ing on the second true anomaly, where the first true anomaly corresponds to the angular 
motion of the second primary in its elliptical motion around the first primary body). 

As an obvious practical application, we refer to the idea of the Dyson sphere [21], for 
which Freeman J. Dyson himself stated, regarding the idea of the Dyson sphere, that (1) 
“he had not envisioned a monolithic shell or ring which he wrote would be mechanically 
impossible”, (2) “but rather a loose collection or swarm of objects traveling on inde-
pendent orbits around the star”. Thus, we will consider the Dyson sphere in a form (2) 
above, i.e., as a “swarm of objects traveling on independent orbits around the star”. 

Therefore, it is a quite intriguing question to illuminate whether such stable orbits 
do exist within formulation of the aforementioned BiER4BP (bi-elliptic restricted 
four-body problem), because, if even one shell of such swarm has no stable orbit, the idea 
of the Dyson sphere is merely a fantastic dream. 

Let us note that we schematically imagine in Figure 1 the motions of multiple 
swarms of planetoids (on their stable orbits around the Sun, between the system 
“Moon–Earth” and Sun) absorbing the light power from the Sun, which will be then af-
terwards converting such power to other types of energy (EM energy), further transfer-
ring to the Earth as, e.g., a laser beam or via microwave-length radiation. 
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Figure 1. Dyson sphere (as a swarm of objects traveling on orbits around the star). 

2. Description of the Model, Equations of Motion 
Let us present in the current investigation a novel method for resolving equations of 

a quasi-planar orbiting of infinitesimal planetoid m close to the plane of mutual orbitings of 
the main primaries around each other (in the case of a special type of BiER4BP), illumi-
nating the results by numerical findings. 

We consider three primaries, 1M , 2M , and 3M , which are orbiting on elliptical 

orbits within one plane (which is a plane of orbital motion of two main primaries, 1M  

and 2M ) orbiting there with hierarchical configuration as follows: the third primary 

body, 3M , is moving on an elliptical orbit around the second primary, 2M  (whereas 
masses of the first, second, and third primaries are supposed to be arranged hierarchi-
cally: the first primary 1M  is much more massive than the combined mass of the second 

and third primary bodies { 2M , 3M }, while the third primary, 3M , has a mass much 

less than the second primary 2M ). Our aim for constructing the aforementioned qua-
si-planar motion is to obtain coordinates of an infinitesimal planetoid m which maintains 
its orbit located close to the plane of orbiting primaries 1M , 2M , and 3M . 

According to the approach in [20], equations of BiER4BP for a small orbiter can be 
presented in the synodic constantly rotating cartesian coordinates r = {x, y, z} in non-
dimensional scaling type (for given initial conditions): 
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where ′ denotes (d/d f) in (1), and Ω  is scalar function. 

 

(2) 

and μi = ( iM /M ) (i = 1, 2, 3), ir  is the nondimensional distance between orbiter m and 
i-th primary [20], which are to be determined as follows: 

 

(3) 

where, r is the relative distance from primary 2M  to 3M ; in the meantime, θ denotes 

angle between radius-vector from center of mass of { 2M , 3M } to 3M  and Ox axis (M 
is the combined sum of masses of primaries, the unit of time is chosen so [20] that con-
stant G equals 1, where G is the Gaussian constant of gravitation law). The expression for 
r can be written as 
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2M , 3M }, 3M  << 2M ; e2 is the eccentricity of elliptic orbit of the rotating primary 
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(5) 

where θ0 is initial value of θ. Meanwhile, from (4)–(5), we obtain 

 

(6) 

Let us note that with regard to the orbiter’s motion, we will consider the Cauchy 
problem in the whole space, here and below. 

Then, further, with help of (2)–(6), system (1) can be transformed as follows: 
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3. Semi-analytical Approximate Solution to the System of Equation (7) 
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(9) 

Let us recall our valid (realistic) assumptions which were made previously in [20]: μ3 
<< μ2  (μ3 · μ2)/(μ3 + μ2) ≅ μ3. 

In addition, we assumed that z belongs to the subclass of trapped motions where 
condition z << 1 should be valid in (9). This means that orbiter m is supposed to be in 
quasi-oscillating regime close to the fixed plane 0},,{ →zyx . 

Thus, let us neglect all terms such as 2z  and less in Equation (9). We will obtain 
from the third equation of (9) (taking into account (6)): 
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Thus, we obtain from the first and second equations in Equation (9) (taking into ac-
count also that 02 →z , μ3 << μ2, e2 << 1, and by three primaries, we mean 
“Sun–Earth–Moon” in BiER4BP): 
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Equation (11) above is the system of two nonlinear differential equations of second 
order, which depends on true anomaly f (independent variable); general solution of 
equations of this such type is unknown. 

4. Families of Quasi-Stable Plane Orbits 0},,{ →zyx  of System (7) and Equation 
(11), Their Graphical and Numerical Solutions 

Let us present furthermore the schematic plots for numerical solutions of Equation 
(7) 0},,{ →zyx  and (11) (see Figures 2–7), where we use approximation (11) if as-

sumption 1/,1/ 1323 <<<< rrrr  is valid for initial conditions (initial data) when 
constructing the numerical solutions.   

Regarding the initial data, we have chosen the following: 

0x  = 0.03, 0)(x′  = 0; 2) 0y  = 0.03, 0)(y′ = 0 

In a series of graphical solutions obtained numerically in Figures 2–18 we used the 
Runge–Kutta fourth-order method (step 0.001 with launching algorithm from initial da-
ta). 
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Figure 2. Schematic plot for x(f) with the help of Equation (11) (true anomaly f is depicted as ab-
scissa). 

 
Figure 3. Schematic plot for y(f) with the help of Equation (11) (true anomaly f is depicted as ab-
scissa). 

 
Figure 4. Schematic plot for distance r1 (f) with the help of Equation (11) (true anomaly f is depicted 

as abscissa), 222
231 )( zyxr ++μ+μ+= . 
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Figure 5. Schematic plot for distance r2 (f) from Earth with the help of Equation (11) (true anomaly f 
is depicted as abscissa), 
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Figure 6. Schematic plot for distance r3 (f) from Moon with the help of Equation (11) (true anomaly f 

is depicted as abscissa), 23
222

13 ,)sin()cos( μ<<μ+θ++θ+μ−≅ zryrxr . 
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Figure 7. Numerically obtained solution of Equation (11) for dependence y(x) (which means the 
actual trajectory of the small orbiter starting from initial conditions in a plane {x, y, 0}). 

 
Figure 8. Schematic plot for x(f) with the help of Equation (11) (true anomaly f is depicted as ab-
scissa). 

 
Figure 9. Schematic plot for y(f) with the help of Equation (11) (true anomaly f is depicted as ab-
scissa). 
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Figure 10. Schematic plot for distance r1 (f) with the help of Equation (11) (true anomaly f is depicted 

as abscissa), 222
231 )( zyxr ++μ+μ+= . 

 
Figure 11. Schematic plot for distance r2 (f) from Earth with the help of Equation (11) (true anomaly 
f is depicted as abscissa), 
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Figure 12. Schematic plot for distance r3 (f) from Moon with the help of Equation (11) (true anomaly 

f is depicted as abscissa), 23
222

13 ,)sin()cos( μ<<μ+θ++θ+μ−≅ zryrxr . 
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Figure 13. Schematic plot for x(f) with the help of Equation (11) (true anomaly f is depicted as ab-
scissa). 

 
Figure 14. Schematic plot for y(f) with the help of Equation (11) (true anomaly f is depicted as ab-
scissa). 

 
Figure 15. Schematic plot for distance r1 (f) with the help of Equation (11) (true anomaly f is depicted 

as abscissa), 222
231 )( zyxr ++μ+μ+= . 



Symmetry 2023, 15, 326 14 of 20 
 

 

 

Figure 16. Schematic plot for distance r2 (f) from Earth with the help of Equation (11) (true 
anomaly f is depicted as abscissa), 
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Figure 17. Schematic plot for distance r3 (f) from Moon with the help of Equation (11) (true anomaly 

f is depicted as abscissa), 23
222

13 ,)sin()cos( μ<<μ+θ++θ+μ−≅ zryrxr . 

 
Figure 18. Numerical solution for coordinate z(f) using Equation (10) (depending on true anomaly f, 
depicted on abscissa axis). 
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We can conclude from Figure 4 that the orbiter will be leaving outside the sphere of 
strong influence of the Sun. The abovementioned regime of the orbiter’s space drift in an 
outward direction from the Sun stems, as we guess, from accelerating by centrifugal force 
from Sun (since we consider this motion in the synodic constantly rotating Cartesian 
system) at its motion in ER4PB (case “Moon–Earth–Sun” for system “small orbit-
er–Sun–Earth–Moon”). Regarding similarity of graphical plots in Figures 5 and 6, it is 
quite obvious for the chosen case of the three primaries “Moon–Earth–Sun”, where the 
distance from the Moon to Earth is permanently negligible with respect to the distance 
from Earth to the Sun. Therefore, the distance from the Moon to the Sun is circa the same 
as the distance from Earth to the Sun for all the range of true anomaly f (which deter-
mines the angular motion of Earth on orbit around the Sun). 

5. Discussion 
We consider in the current study the plane approximation for BiER4BP (bi-elliptic 

restricted four-body problem) formulated in (1)–(11). In the meantime, coordinate z 
should quasi-periodically oscillate nearby the plane }0,,{ yx . 

However, even without approximation (11), we tested a lot of initial data for the 
numerical solutions of system (7); the most successful case is presented in Figures 2–7. 
Others exhibit very fast movement in an outward direction from the Sun, which stems, as 
we guess, from accelerating by centrifugal force from the Sun (in the synodic constantly 
rotating cartesian coordinates). 

We wish also to clearly outline the simplifying assumptions made above with re-
spect to the solution with the aim of further numerical solving: 

1. We consider in (11) two primaries of masses { 2M , 3M }, μ3 << μ2, rotating on elliptic 
orbits, whereas their barycenter is Kepler-rotating around the main primary M1, μ2 
<< μ1. 

2. The motions of the primaries are preferably coplanar (while it is a well-known fact 
that the orbit of the Moon is inclined on circa 5 degrees with respect to the invariable 
plane of rotation of Earth around the Sun). 

3. Eccentricity e2 of orbit 3M  around 2M  is negligible, e2 << 1. 

4. Orbiter m is moving outside the Hill sphere [15] of second primary 2M  with radius 
(minimal distance) ~ 0.101 AU for the system “Sun–Earth”. 

5. Small orbiter m is assumed to oscillate nearby plane 0},,{ →zyx . 
6. Masses of all primaries are constant. 

Meanwhile, the aforepresented list of simplifications demonstrates that the formu-
lated problem discussed hereby is far from realistic conditions. Indeed, while we can ex-
clude the influence of Mercury (due to its thin Hill sphere [15] ~ 0.015 AU), the attraction 
of Venus can be ignored insofar as only if it is remaining sufficiently distant from the 
small orbiter on its current orbit in the aforeformulated kind of BiER4BP. 

Let us also present other distinguished cases for the aforeinvestigated motion of 
small satellite or orbiter inside the spheres of influences by participants of duet “second 
primary body + third primary body” (here, “Earth + Moon”). 

First, as previously, we choose initial conditions 0x  = 0.03, 0)(x′  = 0; 0y  = 0.03,

0)(y′ = 0 for plots depicted in Figures 8–12 (but we chose the larger range of true anom-
aly, up to f = 65). 

Secondly, let us choose the initial conditions to be 0x  = 0.05, 0)(x′  = 0; 0y  = 0.05, 

0)(y′ = 0 for plots numerically depicted in Figures 13–17 (where we also chose the range of 
true anomaly up to f = 65). 
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As we can see from Figures 8–17, the dynamical character of the resulted numerical 
graphical solutions was typically the same for all range of initial data that we used in our 
numerical experiments. Namely, there are growing oscillations to the solutions for x(f), 
y(f), r2 (f), and r3 (f) shown in Figures 8–17, and graphical solutions for r1 (f) demonstrate to 
us that the orbiter will move outside the most active sphere of influence by the Sun and 
Earth. However, this does not mean there will be a divergence for the solution (as soon as 
true anomaly moves to infinity), or this does not relate with respect to a correction to the 
position, or any numerical error associated with the solution to the equations. This means 
that there are not any stable orbits (which were supposed to be existing in the concept of 
Dyson sphere), or at least quasi-stable orbits, within formulation of the aforementioned 
bi-elliptic restricted four-body problem. 

To finalize the discussion, it is worth noting the demonstration of stable character of 
coordinate z(f) on Figure 18, obtained numerically for solutions illuminated in Figures 

13–17; we chose the initial data as follows: 0z  = 0.001, 0)(z′  = 0 (where we also chose 
the range of true anomaly up to f = 20, which can be surely prolongated further, up to f = 
65 as in Figures 13–17). 

6. Conclusions 
In this study, we presented a novel algorithm with semi-analytical and numerical 

findings for motion of a small orbiter m, governed by the combined Newtonian attraction 
of three primaries, 1M , 2M , and M3, in the case of a bi-elliptic restricted four-body 

problem, where three primaries, 1M , M2, and M3, are Kepler-moving on their orbits (M3 

<< 2M  << 1M ) in one plane as follows: the third primary body, 3M , is moving on an 

elliptical orbit around the second, 2M , the second primary, 2M , is moving on an el-

liptical orbit around the first, 1M . Our aim for constructing the aforementioned qua-
si-planar motion of a planetoid or an orbiter m is to obtain its coordinates supporting its 
orbit in a regime of close motion to the plane of orbiting the main bodies 1M , 2M , and 

3M . We considered stable positioning of approximate solution for elements of the Dyson 
sphere (Dyson swarm) for the aforeformulated problem from the point of view of equations 
of motion in celestial mechanics formulated in the case of BiER4BP. 

Our findings are the following: 1) the pair {x, y} of orbiter’s coordinates is described 
by the simplified system of two nonlinear ODEs of second order (in dependence on true 
anomaly f); 2) vertical coordinate z is described by an equation of Riccati-type where 
small orbiter is supposed to be in quasi-oscillating regime close to the fixed plane 

}0,,{ yx . 
As the main conclusion with respect to exploring the stable positioning of the ele-

ments of a Dyson sphere (considered here as a swarm of small planetoids orbiting around 
the primary star), we should illuminate and definitely clarify that we have not found any 
stable orbits for the aforesupposed Dyson sphere even for one shell of such swarm sur-
rounding the Sun with various initial data of their positioning, nearby and far away. 

Nevertheless, we can see from Figures 11, 12, 16 and 17 that the small orbiter will 
return close to Earth approximately at the meaning of true anomaly f ≅ 21 (which corre-
sponds to more than three revolutions of Earth around the Sun or to more than three 
years); at this moment, the shell may transfer the absorbed energy to Earth or to the In-
ternational Space Station by means of laser beam. Thus, we can conclude that the Dyson 
sphere appears to be transformed to the phenomenon of a dynamical Dyson space net, 
shells of which are allocated at a distance of circa 2 AU from the Sun and forming a space 
net of shells absorbing energy from the Sun. 

Apparently, such a clearly formulated transformation of conception of a sphere in 
three dimensions for possible orbiting variety of solar energy absorbers (here, Dyson 
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sphere) to the elongated quasi-ellipse preferably in two dimensions (presented above as 
Dyson space net), with respect to their trajectories for the successful process of absorbing 
energy from the Sun, can be recognized as symmetry reduction. 

It is worth noting that the best initial conditions we tested were located from ( 0x , 

0y ) = (0.03, 0.03) (corresponds to 1r equals circa 0.042 AU) to ( 0x , 0y ) = (0.08, 0.08) 

(corresponds to 1r equals circa 0.113 AU) with various starting velocities: the dynamical 
character of the resulted numerical solutions (graphical plots) was typically the same as 
for those presented in Figures 2–17. 

For optimizing the governing of maneuvering between elements of the abovemen-
tioned Dyson space net, we can use (with the aim of choosing the optimal set of initial 
data) the analogue of continuity equation for spatial spreading of velocities of such dis-
crete shells to form a large-scale coherent structure [22] from them located close one to 
another in space. Such an analogue of continuity equation should be determined by 
condition (12) for compactness of a Dyson space net as follows: 

 

(12) 

where n is the number of shell, nV


 is the vector of velocity of the n-th small orbiter 

(shell), and 
z

k
y

j
x

i
∂
∂+

∂
∂+

∂
∂=∇

  is the well-known Hamilton operator. It is worth 

noting that ultimate restricting condition (12) should be tested additionally in numerical 
experiments for adjusting of configuration of a Dyson space net for the sets of realistic ini-
tial conditions chosen for its elements (shells). 

Thus, we illuminated and outlined the main features determining the stable drift 
dynamics of approximate solutions for an analogue of a Dyson sphere considered in the 
current research as a swarm of small artificial satellites (on their orbits around the Sun, 
between system “Moon–Earth” and Sun), which are absorbing the light power from the 
Sun, then afterwards converting such power to other types of energy (EM energy) and 
further transferring to the Earth as, e.g., a laser beam or via microwave-length radiation. 

Furthermore, an additional list of related articles should be mentioned which may 
be important for understanding aspects of the problem under consideration [23–61] 
(where review [28] tackles the theme of orbital resonances in the solar system, whereas 
works [29,30] describe external or internal (tidal) effects influencing on orbits of planet-
oids; influencing tidal effects [30], and losses of angular momentum via tidal interactions 
on the dynamics of celestial bodies are tackled in [42]). 

In addition, we should especially remark that we restricted ourselves in exploring 
the case of the orbiter’s motion close to invariable plane z = 0 (while Equation (9) or (11) 
for modelling of approximate motion can be easily updated for any fixed, sufficiently 
small value of coordinate z in the vicinity of which oscillating motion of an orbiter takes 
place). 

Meanwhile, in the section “Energy Capturing Megastructure Dyson Spheres?” of 
article [33], the author presents a brief review of possible existence and discovery of 
megastructures surrounding host stars in a space which reduces their natural radiation 
flux (which are thus supposed to be acting in a manner similar to Dyson spheres around 
their host stars). 

It is worthwhile to clearly state the conclusions, impacts, applications, and the “main 
points”: 
• Elegant ansatz is developed for analysis of motion of a small mass in BiER4BP. 

( ) 0n
n
V∇ ⋅ =

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• Three primaries rotate around a barycenter on bi-elliptic orbits: 3M  << 2M , 2M  

<< 1M . 
• Coordinate z is considered to be stable in oscillating close to fixed plane {x, y, 0}. 
• The planar bi-elliptic restricted four-body problem (BiER4BP) is investigated well. 
• Stable drift dynamics of solutions for analogue of a Dyson sphere are analyzed. 
• No stable solutions for a Dyson swarm were found, but an orbiter will flyby near 

Earth. 
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