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Abstract: This paper aims to model the covariance of financial assets using neutrosophic fuzzy
numbers. Two main concepts are discussed and used, namely the neutrosophic covariance of the
financial assets and the independent neutrosophic portfolios. In terms of methodology, a three-step
approach is proposed with the purpose of identifying the independent neutrosophic portfolio return,
the independent neutrosophic portfolio risk and the structure of the independent neutrosophic
portfolio. For this purpose, neutrosophic fuzzy theory is chosen for this type of approach as it allows
a proper modeling of the financial performance indicators by taking into account the probabilities
of their achievement. This action is possible even in the situation in which linguistic variables are
used for better characterizing the values of the recorded data. Numerical examples are provided in
each stage of the methodology description for a better understanding of the proposed approach. The
results of the study can be used to substantiate the decisions made by the capital market investors.

Keywords: financial assets’ return; neutrosophic covariance; financial assets’ portfolios; neutrosophic
numbers’ symmetry; portfolios return; portfolios risk; portfolios structure

1. Introduction

The study of the dependence between the financial assets’ KPIs is an important
research topic for experts in the financial field because, depending on the evolution of
these dependencies, investors can base their decisions on the capital market with the
stated aim of securing maximum returns. The dependence between financial assets was
studied over time with the help of statistical covariance through the calculation relationship
cov(Ra1 ; Ra2) = 1

N−1 ∑n
i=1
(

Ra1 − Ra1

)(
Ra2 − Ra2

)
. The research carried out led to the

conclusion that if cov(Ra1 ; Ra2) = 0, then the financial performance indicators, namely the
financial asset returns (Ra1) and (Ra2), are independent of each other. If the covariance
is positive, then the financial performance indicators evolve in the same direction, either
increasing or decreasing. If the covariance is negative, then the financial performance
indicator of one asset evolves in an upward direction, and for the other asset it evolves in a
downward direction.

The modern theory of the financial asset portfolio has evolved quite rapidly, this
evolution being determined by the lack of information on the capital market. Markowitz’s
frontier [1], with the famous formulas for financial asset risk and return, but also with
the link between financial asset portfolio return and risk, was the first decisive step in
improving the existing information framework in substantiating capital market decisions.

Portfolio selection has become one of the main topics in the research literature, and
the approaches used for addressing portfolio selection problem have been various, both
in terms of indicators and methods. Chow [2] argued that besides the acknowledged
importance of the benchmarks in the decision process, the investors can also use a utility
function which comprises the variance of the absolute returns. As a result, the author
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proposes a function based on return, variance and tracking error which can help in finding
the appropriate solutions for the investors [2].

Another work featuring the use of risk and return in portfolio selection was conducted
by Shenoy and Shenoy [3]. The authors presented how the subjective judgements of the
experts can be included in a Bayesian network which will provide insights related to
expected return, return variance and value-at-risk [3]. Mansour et al. [4] considered the
introduction of the subjectivity of human thought into the proposed model, along with the
creation of some satisfaction function. The methods used rely on fuzzy set theory, while
the numerical applications are conducted on the Tunisian stock market. Additionally, the
authors mentioned that the model is suitable for large data situations [4].

Xue et al. [5] decided to bring a new approach to the portfolio selection problem by
considering the existence of different conflicting risk attitudes rather than a singular risk
attitude. Mental accounting is used to address this issue by building a mental accounting
for each goal an investor has. The proposed model includes personal preference and real
market restrictions [5].

A mixed-integer linear programming formulation was used by Fernandez-Navarro et al. [6]
for obtaining more competitive portfolio weights when the objectives of the investors are
expressed in different units. By comparing the approach with others from the field, the
authors state that the performance obtained is very competitive in most cases [6].

Neural networks were employed by Yu and Chang [7] to develop a model in which
the macroeconomic factors were incorporated into the investments strategies. Testing the
model on three datasets, the authors concluded that the proposed approach outperforms
three alternative benchmarks considered in their work [7].

An entropy-based approach was used by Mercurio et al. [8] in their work, and the
results were compared with a mean-variance portfolio optimization approach. Based on
the results, the authors state the superiority of the proposed approach over the considered
benchmark in most of the cases [8].

Even newly developed theories such as grey systems theory have been used in ad-
dressing the portfolio selection problem. Considering a grey incidence analysis, Skrinjaric
and Sego [9] evaluated the performance of 55 stocks in the Croatian capital market, sug-
gesting that the proposed approach can be useful as guidance for the investment decision
makers, while Nowak et al. [10] proposed a grey portfolio analysis method based on the
predictive models.

Nevertheless, with the rise of fuzzy neutrosophic theory, some works have featured
the inclusion of this theory in the approaches proposed to solve the portfolio selection
problem, featuring the optimization of the portfolios [11], modeling the performance of the
indicators of the financial assets [12] or risk minimization [13]. Recently, Chaudhury and
Islam [14] used a multi-objective asset portfolio selection model in which the transaction
cost was incorporated, proving the superiority of the proposed approach when compared
to the method of aggregation used for objective functions.

Veeramani et al. [15] used neutrosophic theory combined with a DEMATEL (Decision
Making Trial and Evaluation Laboratory) approach for evaluating the financial ratio per-
formance in the case of the NASDAQ Exchange. The authors compared their proposed
approach with both classical DEMATEL and fuzzy DEMATEL, showing that the neutro-
sophic DEMATEL approach provided more degrees of freedom to represent the uncertainty
and indeterminacy regarding the used information.

Various papers have focused on portfolio optimization for particular industries, such
as the automotive [16,17], high-tech [18], shipping [19], oil and gas [20,21], and pharmaceu-
tical [22] industries, as well as emerging markets [23] and even cryptocurrencies [24]. Some
other papers have taken into account some particularities of the investors (such as the low
financial sustainability of the investors [25]) or new economic and social situations (such as
the occurrence of the COVID-19 pandemic [26,27]).

The research carried out so far allows for determining the covariance between two
financial assets, without being able to be modeled with the help of the symmetry of the
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neutrosophic fuzzy numbers. In that case, the investors do not have complete specific
information about the probability of the achievement/non-achievement/uncertainty of the
determined statistical indicator. Regarding the portfolios of financial assets, the existing
performance indicators that are established for neutrosophic portfolios do not allow the
identification of a reference portfolio, called in this research paper an independent portfolio.
The independent portfolio used in the specialized literature for the evaluation of financial
assets, namely for measuring the expected return of financial assets, or for the measurement
of other performance indicators, is useful in substantiating the decisions of investors on the
capital market [12,13,28].

The neutrosophic covariance was determined starting from the neutrosophic financial
return specific to each financial asset, as well as from their specific level sets. Regarding the
covariance between two portfolios, the neutrosophic independent portfolio was identified
starting from the definition of classical independent portfolios. The classical independent
portfolios represent the category of portfolios for which the covariance with respect to the
base portfolio is equal to zero. In addition, for the identification of the independent portfolio,
three stages described in this research paper were completed, namely: the identification of
the portfolios that delimit the area of profitability on the frontier of the optimal portfolio,
the writing of random portfolios on the frontier of the optimal portfolio according to these
portfolios and the determination of the independent portfolio KPIs.

The current research work has an innovative character as it lays the scientific founda-
tions of two concepts, namely: the concept of neutrosophic covariance of financial assets, as
well as that of independent neutrosophic portfolios. Neutrosophic fuzzy theory has been
chosen for this type of approach as it allows a proper modeling of the financial performance
indicators by taking into account the probabilities of their achievement. This action is
possible even in the situation in which linguistic variables are used for better characterizing
the values of the recorded data. In addition, for this new scientific concept of independent
neutrosophic portfolios, the financial performance indicators modeled with the help of
neutrosophic fuzzy triangular numbers were determined, respectively: the neutrosophic
return of the independent portfolio, the neutrosophic risk of the independent portfolio and
the structure of the independent portfolio. These three determined financial performance
indicators also provide this research paper with a strongly innovative content. Additionally,
to the best of our knowledge, the approach of the portfolio through the use of neutrosophic
fuzzy theory and considering the property of zero covariance is novel in the field, as none
of the works found in the scientific literature discuss this approach.

The remainder of this paper is organized as follows: Section 2 provides the prerequi-
sites for the proposed approach. Section 3 presents the identification of the neutrosophic
covariance between financial performance indicators. Section 4 is dedicated to the specific
neutrosophic covariance between portfolios of financial assets, focusing on: the identifica-
tion of the neutrosophic portfolios with minimum risk and of the portfolio located at the
intersection of the tangent driven by the origin of the axes; the determination of the optimal
neutrosophic portfolio’s structure, according to the neutrosophic portfolio’s structure; and
the determination of the covariance between two neutrosophic portfolios. Section 4 ends
by determining the independent neutrosophic portfolio’s return and risk. The paper ends
with concluding remarks and references.

2. Pre-Requisites

Markowitz’s frontier [1] remains famous for its famous formulas that describe financial
asset risk and return and the proportionality link between financial assets’ portfolio return
and risk. Regarding these categories, in the present paper, those related to financial asset
optimal portfolios that contain one or more financial assets with a predetermined level for
portfolio return 〈R̃P; wR̃p, uR̃p, yR̃p〉 = 〈ρ̃Rp; wρ̃Rp, uρ̃Rp, yρ̃Rp〉 and those for which the
portfolio risk tends to minimum 〈σ̃2

P; wσ̃p, uσ̃p, yσ̃p〉 → min have been added. Appendix A
contains the notations used in the paper.
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Without referring to the shortcomings underlying the assumptions that define the
financial assets’ optimal portfolios, the capital market is currently laying the foundations
for a new category of portfolios, namely financial assets’ neutrosophic portfolios.

Financial asset neutrosophic portfolios were defined in a previous study [11] as those
categories of financial asset portfolios that meet two basic conditions, namely:

• containing in their structure financial assets denoted by (Ai); i = 2, n which have

as performance indicators: the neutrosophic return 〈E f

(
R̃Ai

)
; wR̃A, uR̃A, yR̃A〉, the

neutrosophic risk 〈σ f 2
Ai

; wσ̃A, uσ̃A, yσ̃A〉 and the neutrosophic covariance that charac-
terizes the intensity of the links between the neutrosophic returns of two financial
assets 〈cov

(
R̃A1, R̃A2

)
; wR̃A1, uR̃A1, yR̃A1; wR̃A2, uR̃A2, yR̃A2〉;

• allowing the calculation of the neutrosophic portfolio return 〈R̃P; wR̃p, uR̃p, yR̃p〉
and the neutrosophic portfolio risk 〈σ̃2

P; wσ̃p, uσ̃p, yσ̃p〉 as fundamental variables that
define any neutrosophic portfolio 〈P̃; wP̃, uP̃, yP̃〉.
This category of optimal neutrosophic portfolios offers additional information in

substantiating the capital market decisions, as they contain a category of additional infor-
mation regarding the return/degree of achievement for the performance indicators of the
financial asset portfolios. As a result, the new information that accompanies the financial
performance indicators refers to:

• wĨP, which represents the degree/probability of achieving a financial performance
indicator that characterizes financial assets or financial asset portfolios. In general,
the degree/probability of achieving a financial performance indicator is presented in
the form of a coefficient attributed to the existing reasoning and information on the
capital market.

• uĨP, which represents the degree/probability of non-achievement of a financial perfor-
mance indicator characteristic of financial assets and portfolios. It is also presented in
the form of a coefficient attributed to reasoning and existing information on the capital
market. The reasons behind the failure to achieve a financial performance indicator
are diverse and can be found in the value of the coefficient assigned for 〈uĨP〉.

• yĨP, which represents the degree/probability of uncertainty of a financial performance
indicator that also characterizes financial assets and financial asset portfolios. The
degree/probability of uncertainty is a type of gray area of financial performance
indicators. It is allocated in the form of a coefficient based on professional judgment
and existing information on the capital market.

Moreover, the modeling of financial performance indicators, whether they are per-
formance indicators that characterize financial assets or performance indicators that char-
acterize financial asset portfolios, takes place with the help of neutrosophic triangular
fuzzy numbers, allowing both the clustering of data series as well as obtaining information
divided according to the interests of investors. In addition to this category of valuable
information regarding financial asset neutrosophic portfolios, the foundations have also
been laid for financial asset optimal neutrosophic portfolios for which two performance
indicators have been determined, namely the portfolio structure: 〈X̃P; wP̃, uP̃, yP̃〉 and the
portfolio risk 〈σ̃2

P; wσ̃p, uσ̃p, yσ̃p〉, determined using the following formulas:

〈X̃P; wP̃, uP̃, yP̃〉 = 〈
1

〈α〉〈γ〉 − 〈β〉2
[(
〈ρ̃Rp〉〈α〉 − 〈β〉

)
〈Ω̃−1 × R̃〉+

(
〈γ〉 − 〈ρ̃Rp〉〈β〉

)
〈Ω̃−1 × ẽ〉

]
; wx̃Ak , ux̃Ak , yx̃Ak 〉 (1)

〈σ̃2
P; wσ̃p, uσ̃p, yσ̃p〉 = 〈 1

〈α〉〈γ〉 − 〈β〉2
[
〈α〉〈ρ̃Rp〉2 − 2〈β〉〈ρ̃Rp〉+ 〈γ〉

]
; wσ̃p, uσ̃p, yσ̃p〉 (2)

This research paper aims to study, in continuation of the findings previously presented,
the intensity of the links between the financial assets’ KPIs, starting from the financial
neutrosophic return of financial assets

[
RAi

]
, as well as from the level sets of the financial
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neutrosophic return
[

R̃a1

]α
to determine the neutrosophic covariance cov〈R̃a1, R̃a2〉 as

a statistical indicator characterizing the dependence between the neutrosophic financial
returns specific to financial assets [Ai]. Additionally, this research paper aims to study the
intensity of the links between two neutrosophic portfolios, namely the basic neutrosophic
portfolio 〈P̃; wP̃,uP̃,yP̃〉 as well as the reference neutrosophic portfolio 〈Q̃; wq̃,uq̃,yq̃〉, with

the help of the statistical covariance cov〈P̃; Q̃〉, by following three research steps:

• Step 1: On the function graph 〈σ̃2
P; wσ̃p, uσ̃p, yσ̃p〉 = f

(
〈ρ̃Rp; wρ̃Rp, uρ̃Rp, yρ̃Rp〉

)
,

which as will be demonstrated in this paper is a hyperbola, the portfolios of minimum
risk and minimum return 〈Ṽ;wṽ, uṽ, yṽ〉 will be identified, as well as the portfolio
located at the tangent point of the line that passes through the origin of the coordinate
system (XOY) and intersects the upper branch of the hyperbola 〈W̃; ww̃, uw̃, yw̃〉;

• Step 2: Development of a base neutrosophic portfolio 〈P̃; wP̃,uP̃,yP̃〉, depending on

the portfolios 〈Ṽ;wṽ, uṽ, yṽ〉 and 〈W̃; ww̃, uw̃, yw̃〉, which delimit the area of efficient
portfolios on the parabola graph;

• Step 3: Determining the performance indicators for the independent neutrosophic
portfolio 〈Q̃; wq̃,uq̃,yq̃〉: the return 〈R̃Q; wQ̃; uQ̃; yQ̃〉, the risk 〈σ̃2

Q; wσ̃Q, uσ̃Q, yσ̃Q〉 and

the portfolio structure 〈X̃P; wP̃, uP̃, yP̃〉.

3. The Neutrosophic Covariance between Financial Performance Indicators

The neutrosophic covariance between financial performance indicators measures the
intensity of the links between the financial performance indicators specific to the respective
financial assets and the links between the financial returns modeled with the help of the
symmetry of the neutrosophic fuzzy numbers. Three situations can be encountered, namely:

• cov〈R̃a1 ; R̃a2〉 = 0, which indicates that the neutrosophic return of the financial asset
〈R̃a1〉 is independent of the neutrosophic return of the financial asset 〈R̃a2〉;

• If cov〈R̃a1 ; R̃a2〉 > 0, then the financial neutrosophic returns of the two assets are
dependent—either both are increasing or both are decreasing;

• If cov〈R̃a1 ; R̃a2〉 < 0, the financial returns of the two financial assets evolve in the
opposite direction—if one increases, the other decreases, and vice versa.

Definition 1. Let there be two neutrosophic triangular fuzzy numbers specific to the financial
return of two financial assets of the form:

R̃a1 = 〈
(

R̃aa1, R̃ab1, R̃ac1

)
; wR̃a1, uR̃a1, yR̃a1〉 (3)

and
R̃a2 = 〈

(
R̃aa2, R̃ab2, R̃ac2

)
; wR̃a1, uR̃a1, yR̃a1〉 (4)

Their specific level sets are of the form
[

R̃a

]α
=
[

R̃a1(α); R̃a2(α)
]

for any α ∈ [0, 1], where:

• For the level set of the neutrosophic number
[

R̃a1

]α
:

R̃a11(α) = 〈
(

R̃ab11 − R̃aa11

)
α + R̃aa11; wR̃a1, uR̃a1, yR̃a1〉 (5)

R̃a12(α) = 〈R̃ac11 −
(

R̃ac11 − R̃ab11

)
α; wR̃a1, uR̃a1, yR̃a1〉 (6)

• For the level set of the neutrosophic number
[

R̃a2

]α
:

R̃a21(α) = 〈
(

R̃ab21 − R̃aa21

)
α + R̃aa21; wR̃a2, uR̃a2, yR̃a2〉 (7)

R̃a22(α) = 〈R̃ac21 −
(

R̃ac21 − R̃ab21

)
α; wR̃a2, uR̃a2, yR̃a2〉 (8)
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The neutrosophic covariance that characterizes the intensity of the links between
specific neutrosophic financial returns R̃a1 and R̃a2 is given by the relationship:

cov〈R̃a1, R̃a2〉 = 1
2

∫ 1
0

[
〈
(

R̃a11(α)−E f

(
R̃a1

))(
R̃a21(α)−E f

(
R̃a2

))
; wR̃a1 ∧ wR̃a2, uR̃a1 ∨ uR̃a2, yR̃a1 ∨ yR̃a2〉+

〈
(

R̃a12(α)− E f

(
R̃a1

))(
R̃a22(α)− E f

(
R̃a2

))
; wR̃a1 ∧ wR̃a2, uR̃a1 ∨ uR̃a2, yR̃a1 ∨ yR̃a2〉

]
f (α)dα

(9)

For a weighting function of the form f(α) = 2α, then the neutrosophic covariance
between the two neutrosophic fuzzy numbers is written as follows:

cov(R̃a1, R̃a2) =
∫ 1

0

[
〈
(

R̃a11(α)− E f

(
R̃a1

))(
R̃a21(α)− E f

(
R̃a2

))
; wR̃a1 ∧ wR̃a2, uR̃a1 ∨ uR̃a2, yR̃a1 ∧ yR̃a2〉+

〈
(

R̃a12(α)− E f

(
R̃a1

))(
R̃a22(α)− E f

(
R̃a2

))
; wR̃a1 ∧ wR̃a2, uR̃a1 ∨ uR̃a2, yR̃a1 ∨ yR̃a2〉

]
α

(10)

Proposition 1. The neutrosophic covariance of two neutrosophic triangular fuzzy numbers specific
to financial assets can be determined with the relation:

cov〈R̃a1, R̃a2〉 = 〈
(

1
4

[(
R̃ab11 − R̃aa11

)(
R̃ab21 − R̃aa21

)
+
(

R̃ac11 − R̃ab11

)(
R̃ac21 − R̃ab21

)]
+

1
3

{[
R̃aa21

(
R̃ab11 − R̃aa11

)
+ R̃aa11

(
R̃ab21 − R̃aa21

)]
−
[

R̃ac11

(
R̃ac21 − R̃ab21

)
+ R̃ac21

(
R̃ac11 − R̃ab11

)]}
+

1
2

(
R̃aa11R̃aa21 + R̃ac11R̃ac21

)
+ 1

2 E f

(
R̃a1

)
E f

(
R̃a2

))
; wR̃a1 ∧ wR̃a2, uR̃a1 ∨ uR̃a2, yR̃a1 ∨ yR̃a2〉

(11)

Demonstration: We demonstrated in previous research [12,13] that the covariance
expression is established with the relation:

cov〈R̃a1, R̃a2〉 = 1
2

∫ 1
0 〈
(

R̃a11(α)R̃a21(α) + R̃a12(α)R̃a22(α)
)

; wR̃a1 ∧ wR̃a2, uR̃a1 ∨ uR̃a2, yR̃a1 ∨ yR̃a2〉 f (α)dα

+
∫ 1

0 〈
(

E f

(
R̃a1

)
E f

(
R̃a2

))
wR̃a1 ∧ wR̃a2, uR̃a1 ∨ uR̃a2, yR̃a1 ∨ yR̃a2; 〉 f (α)dα

(12)

The level sets were established of the form:
[

R̃a

]α
=
[

R̃a1(α); R̃a2(α)
]
, and from the

previous research papers [12,13] the average values of the neutrosophic triangular fuzzy
numbers can be found, with the help of which the financial asset return is modeled:

E f

(
R̃a1

)
= 〈
(

1
6

(
R̃aa11 + R̃ac11

)
+

2
3

R̃ab11

)
; wR̃a1, uR̃a1, yR̃a1〉 (13)

E f

(
R̃a2

)
= 〈
(

1
6

(
R̃aa21 + R̃ac21

)
+

2
3

R̃ab21

)
; wR̃a2, uR̃a2, yR̃a2〉 (14)

By substituting this into the covariance expression, Equation (11) is obtained (the
detailed transformations are presented in Appendix B).

Example 1. Let there be two financial assets (A1, A2) to which are specific two triangular neutro-
sophic numbers for the financial asset return, of the form:

R̃a1 = 〈(0.3 0.4 0.6); 0.5, 0.2, 0.3〉 for values of R̃a ∈ [0.3; 0.6];
R̃a2 = 〈(0.2 0.3 0.4); 0.6, 0.3, 0.2〉 for values of R̃a ∈ [0.2; 0.4];
To determine the cov〈R̃a1, R̃a2〉, it is required to establish the covariance between the

two financial assets:
Solution: The average return will be determined using the calculation formulas:

E f

(
R̃a1

)
= 〈
(

1
6

(
R̃aa11 + R̃ac11

)
+

2
3

R̃ab11

)
; wR̃a1, uR̃a1, yR̃a1〉



Symmetry 2023, 15, 320 7 of 31

E f

(
R̃a2

)
= 〈
(

1
6

(
R̃aa21 + R̃ac21

)
+

2
3

R̃ab21

)
; wR̃a2, uR̃a2, yR̃a2〉

So, it will be obtained that:

E f

(
R̃a1

)
= 〈
(

1
6
(0.3 + 0.6) +

2
3
× 0.4

)
; 0.5, 0.2, 0.3〉

E f

(
R̃a1

)
= 〈
(

1
6
× 0.9 +

2
3
× 0.4

)
; 0.5, 0.2, 0.3〉

E f

(
R̃a1

)
= 〈0.416; 0.5, 0.2, 0.3〉

E f

(
R̃a2

)
= 〈
(

1
6
(0.2 + 0.4) +

2
3
× 0.3

)
; 0.6, 0.3, 0.2〉

E f

(
R̃a2

)
= 〈
(

1
6
× 0.6 +

2
3
× 0.3

)
; 0.6, 0.3, 0.2〉

E f

(
R̃a1

)
= 〈0.300; 0.6, 0.3, 0.2〉

The calculation formula will be used to determine the covariance value:

cov〈R̃a1, R̃a2〉 = 〈
(

1
4

[(
R̃ab11 − R̃aa11

)(
R̃ab21 − R̃aa21

)
+
(

R̃ac11 − R̃ab11

)(
R̃ac21 − R̃ab21

)]
+

1
3

{[
R̃aa21

(
R̃ab11 − R̃aa11

)
+ R̃aa11

(
R̃ab21 − R̃aa21

)]
−
[

R̃ac11

(
R̃ac21 − R̃ab21

)
+ R̃ac21

(
R̃ac11 − R̃ab11

)]}
+

1
2

(
R̃aa11R̃aa21 + R̃ac11R̃ac21

)
+ 1

2 E f

(
R̃a1

)
E f

(
R̃a2

))
; wR̃a1 ∧ wR̃a2, uR̃a1 ∨ uR̃a2, yR̃a1 ∨ yR̃a2〉

By replacing in the formula, it will be obtained that:

cov〈R̃a1, R̃a2〉 =
〈

1
4 [(0.4− 0.3)(0.3− 0.2) + (0.6− 0.4)(0.4− 0.3)]

+ 1
3 [0.2(0.4− 0.3) + 0.3(0.3− 0.2)]

−[0.6(0.4− 0.3) + 0.4(0.6− 0.4)] + 1
2 (0.3 ∗ 0.2 + 0.6 ∗ 0.4)

+ 1
2 0.416 ∗ 0.300; 0.5∧ 0.6, 0.2∨ 0.3, 0.3∨ 0.2〉

cov〈R̃a1, R̃a2〉 = 〈 1
4 [0.01 + 0.02] + 1

3 [0.02 + 0.03]− [0.06 + 0.08]

+ 1
2 (0.06 + 0.24) + 1

2 0.124; 0.6, 0.2, 0.2〉

cov〈R̃a1, R̃a2〉 = 〈0.0075− 0.029 + 0.015 + 0.062; 0.6, 0.2, 0.2〉

cov〈R̃a1, R̃a2〉 = 〈0.0555; 0.6, 0.2, 0.2〉

Conclusion: The covariance between the two financial performance indicators is
positive and quite low, registering a value of 5.55% with a probability of achievement of
60%, a probability of non-achievement of 20% and a probability of uncertainty of 20%. This
signifies the fact that both asset returns will either slightly increase or slightly decrease.

4. The Specific Neutrosophic Covariance between Portfolios of Financial Assets

The intensity of the links between two neutrosophic portfolios, namely the basic
neutrosophic portfolio 〈P̃; wP̃,uP̃,yP̃〉 and the reference neutrosophic portfolio 〈Q̃; wq̃,uq̃,yq̃〉,
when the covariance between two portfolios of financial assets, cov〈P̃; Q̃〉, is zero, can be
determined using the steps presented in Figure 1 and described below:

• Step 1: Identification of the neutrosophic portfolios with minimum risk and of the
portfolio located at the intersection of the tangent driven by the origin of the axes—
during this step, the identification of the graph of the function that describes the
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neutrosophic optimal portfolio risk 〈σ̃2
P; wσ̃p, uσ̃p, yσ̃p〉 for two portfolios, namely

the minimum risk portfolio 〈Ṽ;wṽ, uṽ, yṽ〉, as well as the portfolio located at the
intersection of the line through the origin of the coordinate system 〈XOY〉 and the
upper branch of the hyperbola 〈W̃; ww̃, uw̃, yw̃〉, takes place.

• Step 2: Determination of the optimal neutrosophic portfolio’s structure, according
to the neutrosophic portfolio’s structure—in this step, the development of the basic
neutrosophic portfolio 〈P̃; wP̃,uP̃,yP̃〉 in relationship with the portfolios 〈Ṽ;wṽ, uṽ, yṽ〉
and 〈W̃; ww̃, uw̃, yw̃〉 is studied.

• Step 3: Determining the covariance between two neutrosophic portfolios. The inde-
pendent neutrosophic portfolio’s return and risk—during this step, the evaluation of
the performance indicators of the independent neutrosophic portfolio 〈Q̃; wq̃,uq̃,yq̃〉,
namely of the return 〈R̃Q〉; wQ̃; uQ̃; yQ̃, the risk 〈σ̃2

Q; wσ̃Q, uσ̃Q, yσ̃Q〉 and the portfolio

structure 〈X̃P; wP̃, uP̃, yP̃〉, is performed.

Figure 1. The steps needed in the proposed approach.
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4.1. Identification of the Neutrosophic Portfolios with Minimum Risk and of the Portfolio Located at
the Intersection of the Tangent Driven by the Origin of the Axes

Theorem 1. Let(P̃; w p̃, u p̃, y p̃) be an optimum neutrosophic portfolio of N financial assets for
which are known the following:

• The portfolio structure 〈X̃; wx̃Ak , ux̃Ak , yx̃Ak 〉, determined by the formula:

X̃ = 〈 1
〈α〉〈γ〉 − 〈β〉2

[(
〈ρ̃Rp〉〈α〉 − 〈β〉

)
〈Ω̃−1 × R̃〉+

(
〈γ〉 − 〈ρ̃Rp〉〈β〉

)
〈Ω̃−1 × ẽ〉

]
; wx̃Ak , ux̃Ak , yx̃Ak 〉 (15)

• The portfolio risk 〈σ̃2
P; wσ̃p, uσ̃p, yσ̃p〉, determined by the formula:

〈σ̃2
P; wσ̃p, uσ̃p, yσ̃p〉 = 〈 1

〈α〉〈γ〉 − 〈β〉2
[
〈α〉〈ρ̃Rp〉2 − 2〈β〉〈ρ̃Rp〉+ 〈γ〉

]
; wσ̃p, uσ̃p, yσ̃p〉 (16)

Such an optimal neutrosophic portfolio has the risk graph determined by the function
〈σ̃2

P; wσ̃p, uσ̃p, yσ̃p〉 = f
(
〈ρ̃Rp; wρ̃Rp, uρ̃Rp, yρ̃Rp〉

)
in the form of a hyperbola and admits

the neutrosophic portfolio 〈Ṽ;wṽ, uṽ, yṽ〉 of minimum risk and minimum return, as well as
the neutrosophic portfolio 〈W̃; ww̃, uw̃, yw̃〉 located at the tangent point of the line passing
through the origin of the coordinate system (XOY) and intersecting the upper branch of
the hyperbola. The portfolios 〈Ṽ;wṽ, uṽ, yṽ〉 and 〈W̃; ww̃, uw̃, yw̃〉 are characterized by the
following performance indicators:

〈Ṽ;wṽ, uṽ, yṽ〉 :


〈σ̃2

V〉; wσ̃v, uσ̃v, yσ̃v = 〈 1
〈α〉 ; wσ̃v, uσ̃v, yσ̃v〉

〈ρ̃Rv〉; wσ̃v, uσ̃v, yσ̃v = 〈β〉
〈α〉 ; wσ̃v, uσ̃v, yσ̃v〉

〈X̃V〉; wσ̃v, uσ̃v, yσ̃v = 1
〈α〉 〈Ω̃

−1 × ẽ〉; wx̃Ak , ux̃Ak , yx̃Ak 〉
(17)

and

〈W̃; ww̃, uw̃, yw̃〉 :


〈σ̃2

w〉; wσ̃w, uσ̃w, yσ̃w = 〈 〈γ〉〈β〉2 ; wσ̃w, uσ̃w, yσ̃w〉
〈ρ̃Rw〉; wσ̃w, uσ̃w, yσ̃w = 〈 〈γ〉〈β〉 ; wσ̃w, uσ̃w, yσ̃w〉

〈X̃w〉; wσ̃w, uσ̃w, yσ̃w = 〈 1
〈β〉 × 〈Ω̃

−1 × R̃〉; wx̃Ak , ux̃Ak , yx̃Ak 〉
(18)

Proof. The algorithm for identifying the neutrosophic portfolios 〈Ṽ;wṽ, uṽ, yṽ〉 and
〈W̃; ww̃, uw̃, yw̃〉 follows the procedural steps established in the classical financial asset
portfolio literature. Thus, for the identification of the neutrosophic portfolios 〈Ṽ;wṽ, uṽ, yṽ〉
and 〈W̃; ww̃, uw̃, yw̃〉, one can start from the portfolio risk equation obtained for the opti-
mal neutrosophic portfolios [11], namely for those portfolio categories that have a fixed
return at a certain level 〈R̃P; wR̃p, uR̃p, yR̃p〉 = 〈ρ̃Rp; wρ̃Rp, uρ̃Rp, yρ̃Rp〉 and for which the
portfolio risk tends to minimum 〈σ̃2

P; wσ̃p, uσ̃p, yσ̃p〉 → min . The financial assets that
form the portfolio have performance indicators modeled using neutrosophic triangular
fuzzy numbers, so that for this asset category, the average neutrosophic financial return
is determined 〈E f (R̃Ai); wR̃A, uR̃A, yR̃A〉, along with the financial risk related to the asset
〈σ f 2

Ai
; wσ̃A, uσ̃A, yσ̃A〉 as well as the covariance measured as the intensity of the links between

two financial assets 〈cov〈R̃A1, R̃A2〉; wR̃A1, uR̃A1, yR̃A1; wR̃A2, uR̃A2, yR̃A2〉. Under these
conditions, the risk equation of the optimal neutrosophic portfolio has the following form:

〈σ̃2
P; wσ̃p, uσ̃p, yσ̃p〉 = 〈 1

〈α〉〈γ〉 − 〈β〉2
[
〈α〉〈ρ̃Rp〉2 − 2〈β〉〈ρ̃Rp〉+ 〈γ〉

]
; wσ̃p, uσ̃p, yσ̃p〉 (19)

with:
〈α〉 = 〈ẽT × Ω̃−1 × ẽ〉 (20)
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〈β〉 = 〈R̃T × Ω̃−1 × ẽ〉 = 〈ẽT × Ω̃−1 × R̃〉 (21)

〈γ〉 = 〈R̃T × Ω̃−1 × R̃〉 (22)

In the risk equation of the above portfolio, a series of transformations can be per-
formed, as presented in Appendix C, and the optimal neutrosophic portfolio structure
〈W̃; ww̃, uw̃, yw̃〉 becomes:

X̃ = 〈 1
〈β〉 × 〈Ω̃

−1 × R̃〉; wx̃Ak , ux̃Ak , yx̃Ak 〉 (23)

In conclusion, it can be stated that the neutrosophic portfolio 〈W̃; ww̃, uw̃, yw̃〉 located
at the point of tangency to the upper branch of the hyperbola of the line passing through
the origin is characterized by the following KPIs:

〈W̃; ww̃, uw̃, yw̃〉 :


〈σ̃2

w〉; wσ̃w, uσ̃w, yσ̃w = 〈 〈γ〉〈β〉2 ; wσ̃w, uσ̃w, yσ̃w〉
〈ρ̃Rw〉; wσ̃w, uσ̃w, yσ̃w = 〈 〈γ〉〈β〉 ; wσ̃w, uσ̃w, yσ̃w〉

〈X̃w〉; wσ̃w, uσ̃w, yσ̃w = 〈 1
〈β〉 × 〈Ω̃

−1 × R̃〉; wx̃Ak , ux̃Ak , yx̃Ak 〉
(24)

Example 2. Let (A1, A2, A3) be three financial assets to which three triangular neutrosophic
numbers for the financial assets return are specified, having the form of:

R̃A1 = 〈(0.2 0.3 0.5); 0.5, 0.2, 0.3〉 for R̃A ∈ [0.2; 0.5];
R̃A2 = 〈(0.1 0.2 0.3); 0.6, 0.3, 0.2〉 for R̃A ∈ [0.1; 0.3];
R̃A3 = 〈(0.3 0.4 0.6); 0.4, 0.3, 0.3〉 for R̃A ∈ [0.3; 0.6];
The average neutrosophic return for the three financial assets is known:

E f

(
R̃a1

)
= 〈0.316; 0.5, 0.2, 0.3〉;

E f

(
R̃a2

)
= 〈0.199; 0.5, 0.2, 0.3〉;

E f

(
R̃a3

)
= 〈0.416; 0.4, 0.3, 0.3〉;

The risk of each financial asset that enters the portfolio structure is also known, having
the form of:

σ̃f
2
A1

= 〈0.0225; 0.5, 0.2, 0.3〉

σ̃f
2
A2

= 〈0.0180; 0.6, 0.3, 0.2〉

σ̃f
2
A3

= 〈0.0925; 0.4, 0.3, 0.3〉;

The parameters 〈α〉 = 〈1.17; 0.6, 0.2, 0.2〉, 〈β〉 = 〈3.14; 0.6, 0.2, 0.2〉 and
〈γ〉 = 〈1.01; 0.6, 0.2, 0.2〉 are determined according to the calculation methodology
presented in [11].

To solve this problem, one needs to establish:

(a) The portfolio return, the portfolio risk and portfolio structure 〈Ṽ;wṽ, uṽ, yṽ〉;
(b) The neutrosophic portfolio return, the neutrosophic portfolio risk and the neutro-

sophic portfolio structure 〈W̃; ww̃, uw̃, yw̃〉.
Solution:

(a) The portfolio return 〈Ṽ;wṽ, uṽ, yṽ〉 is determined using the formula:

〈ρ̃Rv〉; wσ̃v, uσ̃v, yσ̃v =
〈β〉
〈α〉 ; wσ̃v, uσ̃v, yσ̃v
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resulting in:

〈ρ̃Rv〉; wσ̃v, uσ̃v, yσ̃v =
〈3.14; 0.6, 0.2, 0.2〉
〈1.17; 0.6, 0.2, 0.2〉 = 〈2.68%; 0.6, 0.2, 0.2〉

For the portfolio risk 〈Ṽ;wṽ, uṽ, yṽ〉, the following calculation formula is used:

〈σ̃2
V〉; wσ̃v, uσ̃v, yσ̃v = 〈 1

〈α〉 ; wσ̃v, uσ̃v, yσ̃v〉

By performing the calculations, the following result is obtained:

〈σ̃2
V〉; wσ̃v, uσ̃v, yσ̃v =

1
〈1.17; 0.6, 0.2, 0.2〉 = 〈0.92%; 0.6, 0.2, 0.2〉

For the portfolio structure 〈Ṽ;wṽ, uṽ, yṽ〉, the formula is:

〈X̃V〉; wσ̃v, uσ̃v, yσ̃v = 〈 1
〈α〉 〈Ω̃

−1 × ẽ〉; wx̃Ak , ux̃Ak , yx̃Ak 〉

This results in:

〈X̃V〉; wσ̃v, uσ̃v, yσ̃v

= 1
〈1.17;0.6, 0.2, 0.2〉

〈−5.16; 0.6, 0.3, 0.2〉 〈9.46; 0.6, 0.2, 0.2〉 〈2.25; 0.6, 0.2, 0.2〉
〈9.46; 0.6, 0.2, 0.2〉 〈−37.20; 0.5, 0.2, 0.3〉 〈12.47; 0.6, 0.2, 0.2〉
〈2.25; 0.6, 0.2, 0.2〉 〈12.47; 0.6, 0.2, 0.2〉 〈−4.83; 0.6, 0.2, 0.2〉

1
1
1


= 〈0.85; 0.6, 0.2, 0.2〉

 〈6.55; 0.6, 0.2, 0.2〉
〈−15.27; 0.6, 0.2, 0.2〉
〈9.89; 0.6, 0.2, 0.2〉



〈X̃V〉; wσ̃v, uσ̃v, yσ̃v =

 〈5.56; 0.6, 0.2, 0.2〉
〈−12.97; 0.6, 0.2, 0.2〉
〈8.40; 0.6, 0.2, 0.2〉


(b) The neutrosophic portfolio return

(
W̃; ww̃, uw̃, yw̃

)
is determined by using the formula:

〈ρ̃Rw〉; wσ̃w, uσ̃w, yσ̃w = 〈 〈γ〉〈β〉 ; wσ̃w, uσ̃w, yσ̃w〉

〈ρ̃Rw〉; wσ̃w, uσ̃w, yσ̃w =
〈1.01; 0.6, 0.2, 0.2〉
〈3.14; 0.6, 0.2, 0.2〉 = 〈32%; 0.6, 0.2, 0.2〉

The neutrosophic portfolio risk
(

W̃; ww̃, uw̃, yw̃

)
is determined as:

〈σ̃2
w〉; wσ̃w, uσ̃w, yσ̃w =

〈1.01; 0.6, 0.2, 0.2〉
〈3.14; 0.6, 0.2, 0.2〉2 = 〈10%; 0.6, 0.2, 0.2〉

For the neutrosophic portfolio structure
(

W̃; ww̃, uw̃, yw̃

)
the following formula is used:

〈X̃w〉; wσ̃w, uσ̃w, yσ̃w = 〈 1
〈β〉 × 〈Ω̃

−1 × R̃〉; wx̃Ak , ux̃Ak , yx̃Ak 〉



Symmetry 2023, 15, 320 12 of 31

〈X̃w〉; wσ̃w, uσ̃w, yσ̃w = 1
〈3.14;0.6, 0.2, 0.2〉

〈−5.16; 0.6, 0.3, 0.2〉 〈9.46; 0.6, 0.2, 0.2〉 〈2.25; 0.6, 0.2, 0.2〉
〈9.46; 0.6, 0.2, 0.2〉 〈−37.20; 0.5, 0.2, 0.3〉 〈12.47; 0.6, 0.2, 0.2〉
〈2.25; 0.6, 0.2, 0.2〉 〈12.47; 0.6, 0.2, 0.2〉 〈−4.83; 0.6, 0.2, 0.2〉

×
×

〈0.316; 0.5, 0.2, 0.3〉
〈0.199; 0.5, 0.2, 0.3〉
〈0.416; 0.4, 0.3, 0.3〉



〈X̃w〉; wσ̃w, uσ̃w, yσ̃w = 〈0.31; 0.6, 0.2, 0.2〉

〈1.18; 0.6, 0.2, 0.2〉
〈0.76; 0.6, 0.2, 0.2〉
〈1.19; 0.6, 0.2, 0.2〉



〈X̃w〉; wσ̃w, uσ̃w, yσ̃w =

〈0.36; 0.6, 0.2, 0.2〉
〈0.23; 0.6, 0.2, 0.2〉
〈0.36; 0.6, 0.2, 0.2〉


4.2. Determination of the Optimal Neutrosophic Portfolio’s Structure, According to the Neutrosophic
Portfolio’s Structure

Theorem 2. Let 〈P̃; wP̃,uP̃,yP̃〉 be an optimum neutrosophic portfolio which satisfies the optimization

conditions: 〈R̃P; wR̃p, uR̃p, yR̃p〉 = 〈ρ̃Rp; wρ̃Rp, uρ̃Rp, yρ̃Rp〉 and 〈σ̃2
P; wσ̃p, uσ̃p, yσ̃p〉 → min .

It is considered that the optimum neutrosophic portfolio 〈P̃; wP̃,uP̃,yP̃〉 can have a structure depend-

ing on the existing portfolios on the capital market, noted with 〈Ṽ;wṽ, uṽ, yṽ〉 and 〈W̃; ww̃, uw̃, yw̃〉,
and its structure is established by the calculation formula:

〈X̃; wR̃Ak , uR̃Ak , yR̃Ak 〉 =
[

〈α〉
〈α〉〈γ〉 − 〈β〉2

(
〈β〉〈ρ̃Rp〉 − 〈γ〉

)
X̃w +

(
〈γ〉 − 〈β〉〈ρ̃Rp〉

)
X̃V

]
; wR̃Ak , uR̃Ak , yR̃Ak (25)

Proof . Please consider Appendix D. �

Example 3. Let us consider the portfolio presented in Example 1, consisting of the three financial
assets mentioned as follows:

R̃A1 = 〈(0.2 0.3 0.5); 0.5, 0.2, 0.3〉 for R̃A ∈ [0.2; 0.5];
R̃A2 = 〈(0.1 0.2 0.3); 0.6, 0.3, 0.2〉 for R̃A ∈ [0.1; 0.3];
R̃A3 = 〈(0.3 0.4 0.6); 0.4, 0.3, 0.3〉 for R̃A ∈ [0.3; 0.6];
Knowing that the portfolio structures 〈Ṽ;wṽ, uṽ, yṽ〉 and 〈W̃; ww̃, uw̃, yw̃〉 are of the

following form:

〈X̃V〉; wσ̃v, uσ̃v, yσ̃v =

 〈5.56; 0.6, 0.2, 0.2〉
〈−12.97; 0.6, 0.2, 0.2〉
〈8.40; 0.6, 0.2, 0.2〉



〈X̃w〉; wσ̃w, uσ̃w, yσ̃w =

〈0.36; 0.6, 0.2, 0.2〉
〈0.23; 0.6, 0.2, 0.2〉
〈0.36; 0.6, 0.2, 0.2〉


We also know the values for: 〈α〉 = 〈1.17; 0.6, 0.2, 0.2〉, 〈β〉 = 〈3.14; 0.6, 0.2, 0.2〉 and

〈γ〉 = 〈1.01; 0.6, 0.2, 0.2〉. The following are required:

(a) The optimal neutrosophic portfolio structure 〈P̃; wP̃,uP̃,yP̃〉, depending on 〈Ṽ;wṽ, uṽ, yṽ〉
and 〈W̃; ww̃, uw̃, yw̃〉, knowing that 〈R̃P; wR̃p, uR̃p, yR̃p〉 = 〈0.3109; 0.5, 0.2, 0.3〉;

(b) The portfolio risk.

Solution:
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(a) The optimal neutrosophic portfolio structure is established based on the relation
provided in Theorem 2:

〈X̃; wR̃Ak , uR̃Ak , yR̃Ak 〉 =
[

〈α〉
〈α〉〈γ〉 − 〈β〉2

(
〈β〉〈ρ̃Rp〉 − 〈γ〉

)
X̃w +

(
〈γ〉 − 〈β〉〈ρ̃Rp〉

)
X̃V

]
; wR̃Ak , uR̃Ak , yR̃Ak

By replacing the values in the formula, it is obtained that:

〈X̃; wR̃Ak , uR̃Ak , yR̃Ak 〉

= 〈1.17〉
〈1.17〉〈1.01〉−〈3.14〉2

(〈3.14〉〈0.31〉 − 〈1.01〉)

〈0.36; 0.6, 0.2, 0.2〉
〈0.23; 0.6, 0.2, 0.2〉
〈0.36; 0.6, 0.2, 0.2〉


+(〈1.01〉 − 〈3.14〉〈0.31〉)

 〈5.56; 0.6, 0.2, 0.2〉
〈−12.97; 0.6, 0.2, 0.2〉
〈8.40; 0.6, 0.2, 0.2〉



〈X̃; wR̃Ak , uR̃Ak , yR̃Ak 〉 = −
1.17
8.67

〈−0.04〉

〈0.36; 0.6, 0.2, 0.2〉
〈0.23; 0.6, 0.2, 0.2〉
〈0.36; 0.6, 0.2, 0.2〉

+ 〈0.04〉

 〈5.56; 0.6, 0.2, 0.2〉
〈−12.97; 0.6, 0.2, 0.2〉
〈8.40; 0.6, 0.2, 0.2〉



〈X̃; wR̃Ak , uR̃Ak , yR̃Ak 〉 = (−0.13)

−
 〈0.014; 0.6, 0.2, 0.2〉
〈0.009; 0.6, 0.2, 0.2〉
〈0.014; 0.6, 0.2, 0.2〉

+

 〈0.022; 0.6, 0.2, 0.2〉
〈−0.518; 0.6, 0.2, 0.2〉
〈0.336; 0.6, 0.2, 0.2〉



〈X̃; wR̃Ak , uR̃Ak , yR̃Ak 〉 = −0.13

 〈0.008; 0.6, 0.2, 0.2〉
〈−0.527; 0.6, 0.2, 0.2〉
〈0.322; 0.6, 0.2, 0.2〉



〈X̃; wR̃Ak , uR̃Ak , yR̃Ak 〉 =

〈−0.001; 0.6, 0.2, 0.2〉
〈0.068; 0.6, 0.2, 0.2〉
〈−0.041; 0.6, 0.2, 0.2〉


Interpretation: To ensure the neutrosophic portfolio structure 〈P̃; wP̃,uP̃,yP̃〉 depending

on the portfolios 〈Ṽ;wṽ, uṽ, yṽ〉 and 〈W̃; ww̃, uw̃, yw̃〉, the investors must: reduce the value of
investments in the neutrosophic asset 〈A1; wÃ1; uÃ1; yÃ1〉 = 〈−0.1%; 0.6, 0.2, 0.2〉; increase
the value of investments in the neutrosophic asset 〈A2; wÃ2; uÃ2; yÃ2〉 = 〈6.8%; 0.6, 0.2, 0.2〉;
and reduce the value of investments in the neutrosophic asset 〈A3; wÃ3; uÃ3; yÃ3〉 =
〈6.8%; 0.6, 0.2, 0.2〉.
(b) In order to establish the portfolio risk, the average portfolio return is determined,

according to the new structure obtained above. The result is as follows:

〈R̃p; wσ̃p, uσ̃p, yσ̃p〉
= 〈−0.001; 0.6, 0.2, 0.2〉〈0.316; 0.5, 0.2, 0.3〉+ 〈0.068; 0.6, 0.2, 0.2〉〈0.199; 0.5, 0.2, 0.3〉
−〈0.041; 0.6, 0.2, 0.2〉〈0.416; 0.4, 0.3, 0.3〉

〈R̃p; wσ̃p, uσ̃p, yσ̃p〉 = 〈−0.0003; 0.6, 0.2, 0.2〉+ 〈0.013; 0.6, 0.2, 0.2〉 − 〈0.017; 0.6, 0.2, 0.2〉

〈R̃p; wσ̃p, uσ̃p, yσ̃p〉 = 〈−0.004; 0.6, 0.2, 0.2〉

Under these conditions, the portfolio risk 〈P̃; wP̃,uP̃,yP̃〉 depending on 〈Ṽ;wṽ, uṽ, yṽ〉
and 〈W̃; ww̃, uw̃, yw̃〉, is:

〈σ̃2
P; wσ̃p, uσ̃p, yσ̃p〉 = 〈 1

〈α〉〈γ〉 − 〈β〉2
[
〈α〉〈ρ̃Rp〉2 − 2〈β〉〈ρ̃Rp〉+ 〈γ〉

]
; wσ̃p, uσ̃p, yσ̃p〉
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Thus, it is obtained that:

〈σ̃2
P; wσ̃p, uσ̃p, yσ̃p〉 = 〈 1

〈1.17〉〈1.01〉 − 〈3.14〉2
[
〈1.17〉〈0.004〉2 − 2〈3.14〉〈0.004〉+ 〈1.01〉

]
; 0.6, 0.2, 0.2〉

〈σ̃2
P; wσ̃p, uσ̃p, yσ̃p〉 = 〈0.113; 0.6, 0.2, 0.2〉

〈σ̃P; wσ̃p, uσ̃p, yσ̃p〉 = 〈0.33%; 0.6, 0.2, 0.2〉

Interpretation: The neutrosophic portfolio risk 〈P̃; wP̃,uP̃,yP̃〉 with the structure de-

pending on 〈Ṽ;wṽ, uṽ, yṽ〉 and 〈W̃; ww̃, uw̃, yw̃〉 is only 0.33%, a result that validates the
model obtained for the neutrosophic portfolio, as a low neutrosophic return corresponds
to a low risk. In conclusion, the portfolio 〈P̃; wP̃,uP̃,yP̃〉 with the structure depending on

〈Ṽ;wṽ, uṽ, yṽ〉 and 〈W̃; ww̃, uw̃, yw̃〉 has the following performance indicators:

〈P̃; wP̃,uP̃,yP̃〉 :


〈R̃p; wσ̃p, uσ̃p, yσ̃p〉 = 〈−0.004; 0.6, 0.2, 0.2〉
〈σ̃P; wσ̃p, uσ̃p, yσ̃p〉 = 〈0.33%; 0.6, 0.2, 0.2〉

〈X̃; wR̃Ak , uR̃Ak , yR̃Ak 〉 =

〈−0.001; 0.6, 0.2, 0.2〉
〈0.068; 0.6, 0.2, 0.2〉
〈−0.041; 0.6, 0.2, 0.2〉


4.3. Determining the Covariance between Two Neutrosophic Portfolios. The Independent Neutrosophic
Portfolio’s Return and Risk

Theorem 3. Let 〈P̃; wP̃,uP̃,yP̃〉 be an optimum neutrosophic portfolio that satisfies the optimization

conditions: 〈R̃P; wR̃p, uR̃p, yR̃p〉 = 〈ρ̃Rp; wρ̃Rp, uρ̃Rp, yρ̃Rp〉 and 〈σ̃2
P; wσ̃p, uσ̃p, yσ̃p〉 → min,

which is considered to have an independent portfolio 〈Q̃; wq̃,uq̃,yq̃〉 for which cov〈P̃; Q̃〉 = 0.

The covariance between the two independent neutrosophic portfolios will be deter-
mined with the calculation formula:

cov〈P̃; Q̃〉 = 〈
[

1
〈α〉 +

〈α〉
〈α〉〈γ〉 − 〈β〉2

[
〈R̃P〉 − 〈R̃V〉

][
〈R̃Q〉 − 〈R̃V〉

]]
; wP̃ ∧ wQ̃; uP̃ ∨ uQ̃; yP̃ ∨ yQ̃〉 (26)

The independent portfolio 〈Q̃; wq̃,uq̃,yq̃〉 has the following KPIs:
〈R̃Q〉; wQ̃; uQ̃; yQ̃ =

[
〈β〉〈R̃P〉−〈γ〉
〈α〉〈R̃P〉−〈β〉

]
; wQ̃; uQ̃; yQ̃

〈σ̃2
Q; wσ̃Q, uσ̃Q, yσ̃Q〉 = 1

[〈α〉〈R̃P〉−〈β〉]
2

[
〈α〉〈R̃P〉2 − 2〈β〉〈R̃P〉+ 〈γ〉

]
; wσ̃Q, uσ̃Q, yσ̃Q

X̃Q = 1
〈α〉〈γ〉−〈β〉2 ×

1
〈α〉〈R̃P〉−〈β〉

[
〈R̃P〉〈Ω̃−1 × ẽ〉 − 〈Ω̃−1 × R̃〉

]
; wx̃Ak , ux̃Ak , yx̃Ak

(27)

Proof. Please consider the transformations in Appendix E. �

Example 4. Let 〈P̃; wP̃,uP̃,yP̃〉 be the optimal neutrosophic portfolio presented in Example 2,
consisting of the three financial assets:

R̃A1 = 〈(0.2 0.3 0.5); 0.5, 0.2, 0.3〉 for R̃A ∈ [0.2; 0.5];
R̃A2 = 〈(0.1 0.2 0.3); 0.6, 0.3, 0.2〉 for R̃A ∈ [0.1; 0.3];
R̃A3 = 〈(0.3 0.4 0.6); 0.4, 0.3, 0.3〉 for R̃A ∈ [0.3; 0.6];
For the above portfolio, the average neutrosophic return is known 〈R̃P; wR̃p, uR̃p, yR̃p〉

= 〈0.3109; 0.5, 0.2, 0.3〉, as well as the parameters 〈α〉 = 〈1.17; 0.6, 0.2, 0.2〉,
〈β〉 = 〈3.14; 0.6, 0.2, 0.2〉 and 〈γ〉 = 〈1.01; 0.6, 0.2, 0.2〉, which have been determined
in Example 2 [11]. The requirement is to establish the performance indicators of the
independent portfolio 〈Q̃; wq̃,uq̃,yq̃〉, as follows:

(a) the independent neutrosophic portfolio return 〈R̃Q; wQ̃; uQ̃; yQ̃〉;
(b) the independent neutrosophic portfolio risk 〈σ̃2

Q; wσ̃Q, uσ̃Q, yσ̃Q〉;
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(c) the structure of the independent portfolio 〈X̃Q; wx̃Q, ux̃Q, yx̃Q〉.
Solution:

(a) To determine the independent neutrosophic portfolio return, the formula from Theo-
rem 3 is used, according to which:

〈R̃Q〉; wQ̃; uQ̃; yQ̃ =

[
〈β〉〈R̃P〉 − 〈γ〉
〈α〉〈R̃P〉 − 〈β〉

]
; wQ̃; uQ̃; yQ̃

This results in:

〈R̃Q; wQ̃; uQ̃; yQ̃〉 =
〈3.14; 0.6, 0.2, 0.2〉〈0.3109; 0.5, 0.2, 0.3〉 − 〈1.01; 0.6, 0.2, 0.2〉
〈1.17; 0.6, 0.2, 0.2〉〈0.3109; 0.5, 0.2, 0.3〉 − 〈3.14; 0.6, 0.2, 0.2〉

〈R̃Q; wQ̃; uQ̃; yQ̃〉 =
〈−0.04; 0.6, 0.2, 0.2〉
〈−2.78; 0.6, 0.2, 0.2〉 = 〈0.014; 0.6, 0.2, 0.2〉

Thus, the independent neutrosophic portfolio return is 〈R̃Q; wQ̃; uQ̃; yQ̃〉 =

〈0.014; 0.6, 0.2, 0.2〉.
(b) The independent neutrosophic portfolio risk 〈σ̃2

Q; wσ̃Q, uσ̃Q, yσ̃Q〉 can be determined
according to the formula:

〈σ̃2
Q; wσ̃Q, uσ̃Q, yσ̃Q〉 = 〈 1

〈α〉〈γ〉 − 〈β〉2
[
〈α〉〈R̃Q〉2 − 2〈β〉〈R̃Q〉+ 〈γ〉

]
; wσ̃p, uσ̃p, yσ̃p〉

〈σ̃2
Q; wσ̃Q, uσ̃Q, yσ̃Q〉 = 1

〈1.17; 0.6, 0.2, 0.2〉〈1.01; 0.6, 0.2, 0.2〉 − 〈3.14; 0.6, 0.2, 0.2〉2

[
〈1.17; 0.6, 0.2, 0.2〉〈0.014; 0.6, 0.2, 0.2〉2 − 2〈3.14; 0.6, 0.2, 0.2〉〈0.014; 0.6, 0.2, 0.2〉+ 〈1.01; 0.6, 0.2, 0.2〉

]
〈σ̃2

Q; wσ̃Q, uσ̃Q, yσ̃Q〉 = 1
〈−8.84; 0.6, 0.2, 0.2〉 [0.0002; 0.6, 0.2, 0.2− 0.087; 0.6, 0.2, 0.2 + 1.01; 0.6, 0.2, 0.2]

〈σ̃2
Q; wσ̃Q, uσ̃Q, yσ̃Q〉 = 〈−0.104; 0.6, 0.2, 0.2〉

〈σ̃Q; wσ̃Q, uσ̃Q, yσ̃Q〉 = 〈0.322%; 0.6, 0.2, 0.2〉

(c) The structure of the independent neutrosophic portfolio is determined with the
calculation formula provided in Theorem 3, as follows:

〈X̃Q; ; wx̃Q, ux̃Q, yx̃Q〉 =
1

〈α〉〈γ〉 − 〈β〉2 ×
1

〈α〉〈R̃P〉 − 〈β〉

[
〈R̃P〉〈Õmega

−1
× ẽ〉 − 〈Ω̃−1 × R̃〉

]
; wx̃Ak , ux̃Ak , yx̃Ak

From Example 2 [14], it is known that:

〈Ω̃−1 × R̃〉 =

〈1.18; 0.6, 0.2, 0.2〉
〈0.76; 0.6, 0.2, 0.2〉
〈1.19; 0.6, 0.2, 0.2〉



〈Ω̃−1 × ẽ〉 =

 〈6.55; 0.6, 0.2, 0.2〉
〈−15.27; 0.6, 0.2, 0.2〉
〈9.89; 0.6, 0.2, 0.2〉


Thus, it is obtained that:
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〈X̃Q; ; wx̃Q, ux̃Q, yx̃Q〉

= 1
〈1.17〉〈1.01〉−〈0.314〉2

1
〈1.17〉〈1.01〉−〈0.314〉

〈0.3109〉

 〈6.55; 0.6, 0.2, 0.2〉
〈−15.27; 0.6, 0.2, 0.2〉
〈9.89; 0.6, 0.2, 0.2〉


−

〈1.18; 0.6, 0.2, 0.2〉
〈0.76; 0.6, 0.2, 0.2〉
〈1.19; 0.6, 0.2, 0.2〉



〈X̃Q; ; wx̃Q, ux̃Q, yx̃Q〉 = 〈1.26; 0.6, 0.2, 0.2〉

 〈2.03; 0.6, 0.2, 0.2〉
〈−4.74; 0.6, 0.2, 0.2〉
〈3.07; 0.6, 0.2, 0.2〉

−
〈1.18; 0.6, 0.2, 0.2〉
〈0.76; 0.6, 0.2, 0.2〉
〈1.19; 0.6, 0.2, 0.2〉



〈X̃Q; ; wx̃Q, ux̃Q, yx̃Q〉 = 〈1.26; 0.6, 0.2, 0.2〉

 〈0.85; 0.6, 0.2, 0.2〉
〈−5.48; 0.6, 0.2, 0.2〉
〈1.88; 0.6, 0.2, 0.2〉



〈X̃Q; ; wx̃Q, ux̃Q, yx̃Q〉 =

 〈1.07; 0.6, 0.2, 0.2〉
〈−6.90; 0.6, 0.2, 0.2〉
〈2.36; 0.6, 0.2, 0.2〉


Interpretation: Investors, in order to achieve the independent portfolio 〈Q̃; wq̃,uq̃,yq̃〉

will have to invest in the asset A1 = 〈1.07%; 0.6, 0.2, 0.2〉, respectively, to divest in the asset
A2 = 〈−6.90%; 0.6, 0.2, 0.2〉 and to invest in the asset A3 = 〈2.36%; 0.6, 0.2, 0.2〉.

5. Conclusions

Independent portfolios represent a continuation in the research field of optimal neu-
trosophic portfolios, with the role of identifying a portfolio for which there is a reference
portfolio on the capital market so that the covariance between these two portfolios is zero.

The theoretical contribution of this research lays the foundations of a new theoret-
ical concept, that of neutrosophic independent portfolios, defined as that category of
portfolios consisting of N financial assets that admit the existence of another portfolio
on the market for which the covariance between these two portfolios is equal to zero.
Both portfolios, the base portfolio and the independent portfolio, are modeled using neu-
trosophic triangular fuzzy numbers, and the information for substantiating investment
decisions on the capital market is supplemented with information on the probability of
achieving/non-achieving/uncertainty of the investment strategies. In order to substantiate
the independent neutrosophic portfolios, three steps need to be completed: the first step
consists of identifying the two neutrosophic portfolios—named in the literature as two
fundamental portfolios—that delimit the efficiency frontier of investment on the capital
market; the second step consists of creating a random portfolio on the capital market
according to these two fundamental portfolios located in the efficiency zone; and the third
step consists of substantiating the performance indicators of the neutrosophic independent
portfolios regarding the structure, return and risk modeled using neutrosophic triangular
fuzzy numbers.

As for the practical contribution and limitations of the present research paper, we can
mention that the steps for substantiating the independent neutrosophic portfolios have
been tested and validated by four practical examples based on synthetic data. The first
example focuses on the covariance between two financial assets. The second one is dedi-
cated to the structure, return and risk of the two fundamental portfolios that delimit the
portfolio efficiency frontier, while the third practical example aims to write an independent
neutrosophic portfolio on the capital market according to these two fundamental portfolios.
The paper also contains a practical example of neutrosophic performance indicators: the
structure, return and risk of neutrosophic independent portfolios modeled using neutro-
sophic triangular fuzzy numbers. The limitations of this research include the complexity of
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the calculations necessary for the practical application of the model. Further work could
focus on a multi-objective approach to financial portfolio selection when considering the
existence of independent neutrosophic portfolios.
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Appendix A Description of the Symbols Used in the Paper

Symbol Name/Description

cov(Ra1 ; Ra2 ) Covariance between two financial assets’ returns
Rai The financial asset return for an asset Ai

uĨP

Represents the degree/probability of non-achievement of a financial
performance indicator characteristic of financial assets and portfolios. It
is presented in the form of a coefficient attributed to reasoning and
existing information on the capital market.

wĨP

The degree/probability of achieving a financial performance indicator
that characterizes financial assets or financial asset portfolios. In
general, it is presented in the form of a coefficient attributed to the
existing reasoning and information on the capital market.

yĨP

Represents the degree/probability of uncertainty of a financial
performance indicator that also characterizes financial assets and
financial asset portfolios. The degree/probability of uncertainty is a
type of gray area of financial performance indicators. It is allocated in
the form of a coefficient based on professional judgment and existing
information on the capital market.

λ1, λ2 Lagrange parameters

〈cov
(

R̃A1, R̃A2

)
; wR̃A1, uR̃A1, yR̃A1; wR̃A2, uR̃A2, yR̃A2〉

The neutrosophic covariance that characterizes the intensity of the links
between the neutrosophic returns of two financial assets

〈E f

(
R̃Ai

)
; wR̃A, uR̃A, yR̃A〉 The neutrosophic return

〈P̃; wP̃, uP̃, yP̃〉 The neutrosophic portfolio
〈Q̃; wq̃,uq̃,yq̃〉 The reference neutrosophic portfolio
〈R̃P; wR̃p, uR̃p, yR̃p〉 The neutrosophic portfolio return
〈Ṽ;wṽ, uṽ, yṽ〉 The minimum risk portfolio

〈W̃; ww̃, uw̃, yw̃〉
The portfolio located at the intersection of the line through the origin of
the coordinate system 〈XOY〉 and the upper branch of the hyperbola

〈X̃P; wP̃, uP̃, yP̃〉 The portfolio structure
〈ρ̃Rp; wρ̃Rp, uρ̃Rp, yρ̃Rp〉 The predetermined level for portfolio return
〈σ f 2

Ai
; wσ̃A, uσ̃A, yσ̃A〉 The neutrosophic risk

〈σ̃2
P; wσ̃p, uσ̃p, yσ̃p〉 The neutrosophic portfolio risk

Appendix B Basic Transformations for Determining the Covariance by Substituting
Equations (13) and (14) in (12)

cov
(

R̃a1, R̃a2

)
= 1

2

∫ 1
0 〈
(

R̃a11(α)R̃a21(α)+

R̃a12(α)R̃a22(α)
)

; wR̃a1 ∧ wR̃a2, uR̃a1 ∨ uR̃a2, yR̃a1 ∨ yR̃a2〉 f (α)dα+∫ 1
0 〈
(

E f

(
R̃a1

)
E f

(
R̃a2

))
wR̃a1 ∧ wR̃a2, uR̃a1 ∨ uR̃a2, yR̃a1 ∨ yR̃a2; 〉 f (α)dα

(A1)
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cov
(

R̃a1, R̃a2

)
= 1

2

∫ 1
0 〈
(

R̃ab11 − R̃aa11

)
α + R̃aa11; wR̃a1, uR̃a1, yR̃a1〉〈

(
R̃ab21 − R̃aa21

)
α+

R̃aa21; wR̃a2, uR̃a2, yR̃a2〉+ 〈R̃ac11 −
(

R̃ac11 − R̃ab11

)
α; wR̃a1, uR̃a1, yR̃a1〉〈R̃ac21−(

R̃ac21 − R̃ab21

)
α; wR̃a2, uR̃a2, yR̃a2〉 f (α)dα+∫ 1

0 〈
(

E f

(
R̃a1

)
E f

(
R̃a2

))
wR̃a1 ∧ wR̃a2, uR̃a1 ∨ uR̃a2, yR̃a1 ∨ yR̃a2; 〉 f (α)dαcov

(
R̃a1, R̃a2

)
=

1
2

∫ 1
0 〈
((

R̃ab11 − R̃aa11

)(
R̃ab21 − R̃aa21

)
α2 + R̃aa21

(
R̃ab11 − R̃aa11

)
α + R̃aa11

(
R̃ab21 − R̃aa21

)
α+

R̃aa11R̃aa21

)
+
(

R̃ac11R̃ac21 − R̃ac11

(
R̃ac21 − R̃ab21

)
α +

(
R̃ac11 − R̃ab11

)(
R̃ac21 − R̃ab21

)
α2−

R̃ac21

(
R̃ac11 − R̃ab11

)
α
)

; wR̃a1 ∧ wR̃a2, uR̃a1 ∨ uR̃a2, yR̃a1 ∨ yR̃a2〉 f (α)dα+∫ 1
0 〈
(

E f

(
R̃a1

)
E f

(
R̃a2

))
wR̃a1 ∧ wR̃a2, uR̃a1 ∨ uR̃a2, yR̃a1 ∨ yR̃a2; 〉 f (α)dα

(A2)

cov
(

R̃a1, R̃a2

)
= 1

2

∫ 1
0 〈
((

R̃ab11 − R̃aa11

)(
R̃ab21 − R̃aa21

)
α2

+
[

R̃aa21

(
R̃ab11 − R̃aa11

)
+ R̃aa11

(
R̃ab21 − R̃aa21

)]
α + R̃aa11R̃aa21

)
+α2

(
R̃ac11 − R̃ab11

)(
R̃ac21 − R̃ab21

)
−α
[

R̃ac11

(
R̃ac21 − R̃ab21

)
+ R̃ac21

(
R̃ac11 − R̃ab11

)]
+R̃ac11R̃ac21; wR̃a1 ∧ wR̃a2, uR̃a1 ∨ uR̃a2, yR̃a1 ∨ yR̃a2〉 f (α)dα

+
∫ 1

0 〈
(

E f

(
R̃a1

)
E f

(
R̃a2

))
; wR̃a1 ∧ wR̃a2, uR̃a1 ∨ uR̃a2, yR̃a1 ∨ yR̃a2; 〉 f (α)dα

(A3)

cov
(

R̃a1, R̃a2

)
= 〈
(

R̃ab11 − R̃aa11

)(
R̃ab21 − R̃aa21

)
α4

4 |10 +
[

R̃aa21

(
R̃ab11 − R̃aa11

)
+

+R̃aa11

(
R̃ab21 − R̃aa21

)]
α3

3 |10 + R̃aa11R̃aa21
α3

2 |10 +
(

R̃ac11 − R̃ab11

)(
R̃ac21 − R̃ab21

)
α4

4 |10−[
R̃ac11

(
R̃ac21 − R̃ab21

)
+ R̃ac21

(
R̃ac11 − R̃ab11

)]
α3

3 |10+
R̃ac11R̃ac21

α3

2 |10; wR̃a1 ∧ wR̃a2, uR̃a1 ∨ uR̃a2, yR̃a1 ∨ yR̃a2〉+
+E f

(
R̃a1

)
E f

(
R̃a2

)
α3

2 |10; wR̃a1 ∧ wR̃a2, uR̃a1 ∨ uR̃a2, yR̃a1 ∧ yR̃a2

(A4)

This equation can be rewritten as:

cov
(

R̃a1, R̃a2

)
= 〈
(

1
4

[(
R̃ab11 − R̃aa11

)(
R̃ab21 − R̃aa21

)
+
(

R̃ac11 − R̃ab11

)(
R̃ac21 − R̃ab21

)]
+

1
3

{[
R̃aa21

(
R̃ab11 − R̃aa11

)
+ R̃aa11

(
R̃ab21 − R̃aa21

)]
−
[

R̃ac11

(
R̃ac21 − R̃ab21

)
+ R̃ac21

(
R̃ac11 − R̃ab11

)]}
+

1
2

(
R̃aa11R̃aa21 + R̃ac11R̃ac21

)
+ 1

2 E f

(
R̃a1

)
E f

(
R̃a2

))
; wR̃a1 ∧ wR̃a2, uR̃a1 ∨ uR̃a2, yR̃a1 ∨ yR̃a2〉

(A5)

Appendix C The Determination of the Optimal Portfolio Structure

We will start from the risk equation of the optimal neutrosophic portfolio that has the
following form:

〈σ̃2
P; wσ̃p, uσ̃p, yσ̃p〉 = 〈 1

〈α〉〈γ〉 − 〈β〉2
[
〈α〉〈ρ̃Rp〉2 − 2〈β〉〈ρ̃Rp〉+ 〈γ〉

]
; wσ̃p, uσ̃p, yσ̃p〉 (A6)

with:
〈α〉 = 〈ẽT × Ω̃−1 × ẽ〉

〈β〉 = 〈R̃T × Ω̃−1 × ẽ〉 = 〈ẽT × Ω̃−1 × R̃〉
〈γ〉 = 〈R̃T × Ω̃−1 × R̃〉

In the risk equation of the above portfolio, the common factor 〈α〉 can be subtracted
and the following result is obtained:

〈σ̃2
P; wσ̃p, uσ̃p, yσ̃p〉 = 〈 〈α〉

〈α〉〈γ〉 − 〈β〉2

[
〈ρ̃Rp〉2 − 2

〈β〉
〈α〉 〈ρ̃Rp〉+

〈γ〉
〈α〉

]
; wσ̃p, uσ̃p, yσ̃p〉 (A7)
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It is also known that:[
〈ρ̃Rp〉 −

〈β〉
〈α〉

]2

= 〈ρ̃Rp〉2 − 2〈ρ̃Rp〉
〈β〉
〈α〉 +

(
〈β〉
〈α〉

)2

(A8)

Under these conditions, the above relationship can be rewritten as follows:

〈σ̃2
P; wσ̃p, uσ̃p, yσ̃p〉 = 〈 〈α〉

〈α〉〈γ〉 − 〈β〉2

[(
〈ρ̃Rp〉 −

〈β〉
〈α〉

)2

− 〈β〉
2

〈α〉2 +
〈γ〉
〈α〉

]
; wσ̃p, uσ̃p, yσ̃p〉 (A9)

Moreover, Equation (26) can be rewritten as follows:

〈σ̃2
P; wσ̃p, uσ̃p, yσ̃p〉 = 〈 〈α〉

〈α〉〈γ〉 − 〈β〉2

[(
〈ρ̃Rp〉 −

〈β〉
〈α〉

)2

+
〈α〉〈γ〉 − 〈β〉2
〈α〉2

]
; wσ̃p, uσ̃p, yσ̃p〉 (A10)

By performing the mathematical operations in the above expression, it is obtained that:

〈σ̃2
P; wσ̃p, uσ̃p, yσ̃p〉 = 〈 〈α〉

〈α〉〈γ〉 − 〈β〉2

(
〈ρ̃Rp〉 −

〈β〉
〈α〉

)2

+
1
〈α〉 ; wσ̃p, uσ̃p, yσ̃p〉 (A11)

In (29), by dividing both terms by 1
〈α〉 , the following expression is obtained:

〈σ̃2
P〉

1
〈α〉

; wσ̃p, uσ̃p, yσ̃p−

(
〈ρ̃Rp〉 −

〈β〉
〈α〉

)2

〈α〉〈γ〉−〈β〉2
〈α〉2

; wσ̃p, uσ̃p, yσ̃p = 1 (A12)

The above Equation (30), is the equation of a hyperbola for which one aims to identify
the point of intersection with the axis (OX). Thus, in the above equation, when y = 0, we
can obtain:

〈σ̃2
P〉

1
〈α〉

; wσ̃p, uσ̃p, yσ̃p− 0
〈α〉〈γ〉−〈β〉2
〈α〉2

; wσ̃p, uσ̃p, yσ̃p = 1 (A13)

By solving this, it is obtained that:

〈σ̃2
P〉

1
〈α〉

; wσ̃p, uσ̃p, yσ̃p = 1 (A14)

and:
〈σ̃2

P〉; wσ̃p, uσ̃p, yσ̃p =
1
〈α〉 (A15)

To determine the portfolio return for which the risk is 〈σ̃2
P〉; wσ̃p, uσ̃p, yσ̃p = 1

〈α〉 ,

the value obtained for 〈σ̃2
P〉; wσ̃p, uσ̃p, yσ̃p is replaced in the equation of portfolio risk,

obtaining that:

〈 1
〈α〉 ; wσ̃p, uσ̃p, yσ̃p〉 = 〈 1

〈α〉〈γ〉 − 〈β〉2
[
〈α〉〈ρ̃Rp〉2 − 2〈β〉〈ρ̃Rp〉+ 〈γ〉

]
; wσ̃p, uσ̃p, yσ̃p〉 (A16)

By performing the calculations, it can be observed that:

〈〈α〉〈γ〉 − 〈β〉2; wσ̃p, uσ̃p, yσ̃p〉 = 〈
[
〈α〉2〈ρ̃Rp〉2 − 2〈α〉〈β〉〈ρ̃Rp〉+ 〈α〉〈γ〉

]
; wσ̃p, uσ̃p, yσ̃p〉 (A17)

The quadratic equation with the unknown 〈ρ̃Rp〉 to be solved is of the following form:[
〈α〉2〈ρ̃Rp〉2 − 2〈α〉〈β〉〈ρ̃Rp〉+ 〈β〉2

]
; wσ̃p, uσ̃p, yσ̃p = 0 (A18)

By determining the solutions of the quadratic equation formed, it is obtained that:

〈ρ̃Rp〉1,2 = 〈2〈α〉〈β〉 ±
√

4〈α〉2〈β〉2 − 4〈α〉2〈β〉2
2〈α〉2 ; wσ̃p, uσ̃p, yσ̃p〉 (A19)
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The solutions of the above equation can be rewritten as follows:

〈ρ̃Rp〉1,2 = 〈2〈α〉〈β〉
2〈α〉2 ; wσ̃p, uσ̃p, yσ̃p〉 (A20)

The final solution of the portfolio return 〈Ṽ;wṽ, uṽ, yṽ〉 located at the top of the
hyperbola that thus corresponds to a minimum risk is:

〈ρ̃Rp〉 =
〈β〉
〈α〉 ; wσ̃p, uσ̃p, yσ̃p (A21)

For the optimal neutrosophic portfolio formed at the top of the hyperbola, the problem
of determining its structure arises. Under these conditions, the formula of the portfolio
structure is used, producing the following result:

X̃ = 〈 1
〈α〉〈γ〉 − 〈β〉2

[(
〈ρ̃Rp〉〈α〉 − 〈β〉

)
〈Ω̃−1 × R̃〉+

(
〈γ〉 − 〈ρ̃Rp〉〈β〉

)
〈Ω̃−1 × ẽ〉

]
; wx̃Ak , ux̃Ak , yx̃Ak 〉 (A22)

In this formula, the value obtained for 〈ρ̃Rp〉 is replaced, which leads to:

X̃ =
1

〈α〉〈γ〉 − 〈β〉2

[(
〈β〉
〈α〉 〈α〉 − 〈β〉

)
〈Ω̃−1 × R̃〉+

(
〈γ〉 − 〈β〉〈α〉 〈β〉

)
〈Ω̃−1 × ẽ〉

]
; wx̃Ak , ux̃Ak , yx̃Ak 〉 (A23)

After performing the calculations in the above expression, it is obtained that:

X̃ = 〈 1
〈α〉〈γ〉 − 〈β〉2

(
〈α〉〈γ〉 − 〈β〉2

〈α〉

)
〈Ω̃−1 × ẽ〉; wx̃Ak , ux̃Ak , yx̃Ak 〉 (A24)

The final solution for the portfolio structure is in the form of:

X̃ = 〈 1
〈α〉 〈Ω̃

−1 × ẽ〉; wx̃Ak , ux̃Ak , yx̃Ak 〉 (A25)

In conclusion, the neutrosophic portfolio 〈Ṽ;wṽ, uṽ, yṽ〉 has the minimum neutro-
sophic risk, neutrosophic return and portfolio structure, having the form of:

〈σ̃2
V〉; wσ̃v, uσ̃v, yσ̃v = 〈 1

〈α〉 ; wσ̃v, uσ̃v, yσ̃v〉
〈ρ̃Rv〉; wσ̃v, uσ̃v, yσ̃v = 〈β〉

〈α〉 ; wσ̃v, uσ̃v, yσ̃v
〈X̃V〉; wσ̃v, uσ̃v, yσ̃v = 〈 1

〈α〉 〈Ω̃
−1 × ẽ〉; wx̃Ak , ux̃Ak , yx̃Ak 〉

(A26)

Next, the neutrosophic portfolio 〈W̃; ww̃, uw̃, yw̃〉 is identified, which from a geometric
point of view is at the intersection between the tangent drawn by the origin of the coordinate
axes (XOY) and the upper branch of the hyperbola. For this, one can start from the equation
of the hyperbola represented by the risk of the optimal portfolios as follows:

〈σ̃2
P〉

1
〈α〉

; wσ̃p, uσ̃p, yσ̃p−

(
〈ρ̃Rp〉 −

〈β〉
〈α〉

)2

〈α〉〈γ〉−〈β〉2
〈α〉2

; wσ̃p, uσ̃p, yσ̃p = 1 (A27)

From the above equation, 〈ρ̃Rp〉 is determined, and it is obtained that:

(
〈ρ̃Rp〉 −

〈β〉
〈α〉

)2

〈α〉〈γ〉−〈β〉2
〈α〉2

; wσ̃p, uσ̃p, yσ̃p =
〈σ̃2

P〉
1
〈α〉
− 1; wσ̃p, uσ̃p, yσ̃p (A28)

Multiplying by 〈α〉〈γ〉−〈β〉
2

〈α〉2 ; wσ̃p, uσ̃p, yσ̃p, it is obtained that:
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(
〈ρ̃Rp〉 −

〈β〉
〈α〉

)2

; wσ̃p, uσ̃p, yσ̃p = 〈
〈σ̃2

P〉
1
〈α〉
× 〈α〉〈γ〉 − 〈β〉

2

〈α〉2 − 〈α〉〈γ〉 − 〈β〉
2

〈α〉2 ; wσ̃p, uσ̃p, yσ̃p〉 (A29)

After performing the calculations in the above Formula (A29), the results are as follows:(
〈ρ̃Rp〉 −

〈β〉
〈α〉

)2

; wσ̃p, uσ̃p, yσ̃p = 〈 〈α〉〈γ〉 − 〈β〉
2

〈α〉2

[
〈σ̃2

P〉
1
〈α〉
− 1

]
; wσ̃p, uσ̃p, yσ̃p〉 (A30)

By rearranging the terms in the above equation, it is found that:(
〈ρ̃Rp〉 −

〈β〉
〈α〉

)2

; wσ̃p, uσ̃p, yσ̃p =
〈α〉〈γ〉 − 〈β〉2

〈α〉2 〈α〉
(
〈σ̃2

P〉 −
1
α

)
; wσ̃p, uσ̃p, yσ̃p (A31)

From Equation (A31), it is obtained that:

〈ρ̃Rp ; wσ̃p, uσ̃p, yσ̃p〉 = 〈 〈β〉〈α〉 +

√(
〈α〉〈γ〉 − 〈β〉2

α

)(
〈σ̃2

P〉 −
1
α

)
; wσ̃p, uσ̃p, yσ̃p〉 (A32)

By rearranging the terms, it is found that:

〈ρ̃Rp ; wσ̃p, uσ̃p, yσ̃p〉 = 〈 〈β〉〈α〉 +
√
〈α〉〈γ〉 − 〈β〉2

α

√
〈σ̃2

P〉 −
1
α

wσ̃p, uσ̃p, yσ̃p〉 (A33)

From here, one can determine the first and second derivatives of 〈ρ̃Rp ; wσ̃p, uσ̃p, yσ̃p〉
in relation to 〈σ̃2

P〉; wσ̃p, uσ̃p, yσ̃p, and it is obtained that:

∂〈ρ̃Rp〉
∂〈σ̃2

P〉
; wσ̃p, uσ̃p, yσ̃p =

√
〈α〉〈γ〉 − 〈β〉2

α

σ̃P√
〈σ̃2

P〉 −
1
α

; wσ̃p, uσ̃p, yσ̃p (A34)

The second derivative becomes:

∂2〈ρ̃Rp〉
∂2〈σ̃2

P〉
; wσ̃p, uσ̃p, yσ̃p = 〈

√
〈α〉〈γ〉 − 〈β〉2

α

√
〈σ̃2

P〉 −
1
α −

σ̃2
P√

〈σ̃2
P〉−

1
α

〈σ̃2
P〉 −

1
α

; wσ̃p, uσ̃p, yσ̃p〉 (A35)

∂2〈ρ̃Rp〉
∂2〈σ̃2

P〉
; wσ̃p, uσ̃p, yσ̃p =

√
〈α〉〈γ〉 − 〈β〉2

α

− 1
α(

〈σ̃2
P〉 −

1
α

)√
〈σ̃2

P〉 −
1
α

; wσ̃p, uσ̃p, yσ̃p (A36)

The calculations for the first order derivative and the calculations for the second order
derivative show that: 

∂2〈ρ̃Rp 〉
∂2〈σ̃2

P〉
; wσ̃p, uσ̃p, yσ̃p ≥ 0

∂2〈ρ̃Rp 〉
∂2〈σ̃2

P〉
; wσ̃p, uσ̃p, yσ̃p ≤ 0

(A37)

These calculations show that although there is a proportionality relationship between
the portfolio return 〈ρ̃Rp ; wσ̃p, uσ̃p, yσ̃p〉 and the portfolio risk 〈σ̃2

P; wσ̃p, uσ̃p, yσ̃p〉, the
return is decreasing. To identify the portfolio 〈W̃; ww̃, uw̃, yw̃〉 located as mentioned above
on the upper branch of the optimal portfolio hyperbola, the equation of the line passing
through the tangent point 〈R̃p; σ̃p〉 is used, according to the formula:

〈〈R̃〉 − 〈R̃p〉; wR̃P
, uR̃P

, yR̃P
〉 = 〈

√
〈α〉〈γ〉 − 〈β〉2

〈α〉
〈σ̃P〉√
〈σ̃2

P〉 − 〈
1
α 〉

(σ̃− σ̃P); wσ̃p, uσ̃p, yσ̃p〉 (A38)
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The condition that the equation of the above line passes through the origin of the
coordinate system (XOY) is imposed, which means that σ̃ = 0 and R̃ = 0, leading to:

〈〈R̃〉 − 〈R̃p〉; wR̃P
, uR̃P

, yR̃P
〉 = 〈−

√
〈α〉〈γ〉−〈β〉2

α
〈σ̃2

P〉√
〈σ̃2

P〉−
1
α

; wσ̃p, uσ̃p, yσ̃p〉

〈0 = 〈R̃p〉 −
√
〈α〉〈γ〉−〈β〉2

〈α〉
〈σ̃2

P〉√
〈σ̃2

P〉−〈
1
α 〉

; wσ̃p, uσ̃p, yσ̃p〉
(A39)

Knowing that 〈ρ̃Rp ; wσ̃p, uσ̃p, yσ̃p〉 = 〈 〈β〉〈α〉 +
√
〈α〉〈γ〉−〈β〉2

α

√
〈σ̃2

P〉 −
1
α ; wσ̃p, uσ̃p, yσ̃p〉,

by replacing it in the second equation of the above system, it is obtained that:

0 =
〈β〉
〈α〉 +

√
〈α〉〈γ〉 − 〈β〉2

α

√
〈σ̃2

P〉 −
1
α
−

√
〈α〉〈γ〉 − 〈β〉2

〈α〉
〈σ̃2

P〉√
〈σ̃2

P〉 − 〈
1
α 〉

; wσ̃p, uσ̃p, yσ̃p (A40)

By performing the calculations, it is found that:

0 = 〈 〈β〉〈α〉 − 〈
1
α
〉

√
〈α〉〈γ〉 − 〈β〉2

〈α〉
1√

〈σ̃2
P〉 − 〈

1
α 〉

; wσ̃p, uσ̃p, yσ̃p〉 (A41)

The above radical equation is solved by squaring, obtaining that:

〈 〈β〉
2

〈α〉2 ; wσ̃p, uσ̃p, yσ̃p〉 = 〈 1
〈α〉2
〈α〉〈γ〉 − 〈β〉2

〈α〉
〈α〉

〈α〉〈σ̃2
P〉 − 1

; wσ̃p, uσ̃p, yσ̃p〉 (A42)

〈β〉2〈α〉2
(
〈α〉〈σ̃2

P〉 − 1
)

; wσ̃p, uσ̃p, yσ̃p = 〈α〉2
(
〈α〉〈γ〉 − 〈β〉2

)
; wσ̃p, uσ̃p, yσ̃p (A43)

By rearranging the terms of the above equation, it is found that:

〈α〉3〈β〉2〈σ̃2
P〉; wσ̃p, uσ̃p, yσ̃p = 〈α〉3〈γ〉; wσ̃p, uσ̃p, yσ̃p (A44)

The risk value of the analyzed portfolio 〈W̃; ww̃, uw̃, yw̃〉 has the following form:

〈σ̃2
P〉; wσ̃p, uσ̃p, yσ̃p = 〈 〈γ〉〈β〉2 ; wσ̃p, uσ̃p, yσ̃p〉 (A45)

For the optimal neutrosophic portfolio 〈W̃; ww̃, uw̃, yw̃〉, the portfolio return is determined
by replacing the value obtained for 〈σ̃2

P〉; wσ̃p, uσ̃p, yσ̃p in the equation of 〈ρ̃Rp ; wσ̃p, uσ̃p, yσ̃p〉:

〈ρ̃Rp ; wσ̃p, uσ̃p, yσ̃p〉 = 〈 〈β〉〈α〉 +
√
〈α〉〈γ〉 − 〈β〉2

α

√
〈σ̃2

P〉 −
1
〈α〉 ; wσ̃p, uσ̃p, yσ̃p〉 (A46)

By inserting the replacements into the above formula, it is obtained that:

〈ρ̃Rp ; wσ̃p, uσ̃p, yσ̃p〉 = 〈 〈β〉〈α〉 +
√
〈α〉〈γ〉 − 〈β〉2

α

√
〈γ〉
〈β〉2 −

1
〈α〉 ; wσ̃p, uσ̃p, yσ̃p〉 (A47)

〈ρ̃Rp ; wσ̃p, uσ̃p, yσ̃p〉 = 〈 〈β〉〈α〉 +
〈α〉〈γ〉 − 〈β〉2
〈α〉〈β〉 ; wσ̃p, uσ̃p, yσ̃p〉 (A48)

After performing the calculations in the above formula, it is found that:

〈ρ̃Rp ; wσ̃p, uσ̃p, yσ̃p〉 = 〈 〈γ〉〈β〉 ; wσ̃p, uσ̃p, yσ̃p〉 (A49)
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To determine the structure of the optimal neutrosophic portfolio, in the formula of the
optimal portfolio structure, the value obtained for 〈ρ̃Rp ; wσ̃p, uσ̃p, yσ̃p〉 is included:

X̃ = 〈 1
〈α〉〈γ〉 − 〈β〉2

[(
〈ρ̃Rp〉〈α〉 − 〈β〉

)
〈Ω̃−1 × R̃〉+

(
〈γ〉 − 〈ρ̃Rp〉〈β〉

)
〈Ω̃−1 × ẽ〉

]
; wx̃Ak , ux̃Ak , yx̃Ak 〉 (A50)

By substituting the formula for 〈ρ̃Rp ; wσ̃p, uσ̃p, yσ̃p〉 in the above formula, it is ob-
tained that:

X̃ = 〈 1
〈α〉〈γ〉 − 〈β〉2

[(
〈γ〉
〈β〉 〈α〉 − 〈β〉

)
〈Ω̃−1 × R̃〉+

(
〈γ〉 − 〈γ〉〈β〉 〈β〉

)
〈Ω̃−1 × ẽ〉

]
; wx̃Ak , ux̃Ak , yx̃Ak 〉 (A51)

X̃ = 〈 1
〈α〉〈γ〉 − 〈β〉2 ×

〈α〉〈γ〉 − 〈β〉2
〈β〉 × 〈Ω̃−1 × R̃〉; wx̃Ak , ux̃Ak , yx̃Ak 〉 (A52)

Under these conditions, the optimal neutrosophic portfolio structure 〈W̃; ww̃, uw̃, yw̃〉 becomes:

X̃ = 〈 1
〈β〉 × 〈Ω̃

−1 × R̃〉; wx̃Ak , ux̃Ak , yx̃Ak 〉 (A53)

Appendix D Proof for Theorem 2

To determine the structure of a neutrosophic portfolio 〈P̃; wP̃,uP̃,yP̃〉, depending on the

portfolio structures 〈Ṽ;wṽ, uṽ, yṽ〉 and 〈W̃; ww̃, uw̃, yw̃〉, one can start from the matrix form
of the equations system that describes an optimal neutrosophic portfolio given by [11]:

〈


σ̃A11 σ̃A12 . . . σ̃A1n
σ̃A21 σ̃A22 . . . σ̃A2n
. . . . . . . . . . . .

σ̃An1 σ̃An2 . . . σ̃Ann




x̃1
x̃2
. . .
x̃n

; wσ̃kj, uσ̃kj, yσ̃kj〉 − 〈λ1


R̃A1

R̃A2

. . .
R̃An

; wR̃Ak , uR̃Ak , yR̃Ak 〉−

−〈λ2


1
1

. . .
1

; wR̃Ak , uR̃Ak , yR̃Ak 〉 = 0

〈
(

x̃A1 x̃A2 . . . x̃An

)
R̃A1

R̃A2

. . .
R̃An

; wR̃Ak , uR̃Ak , yR̃Ak 〉 = 〈ρ̃Rp ; wR̃RP , uR̃RP , yR̃RP〉

〈
(

x̃A1 x̃A2 . . . x̃An

)
1
1

. . .
1

; wR̃Ak , uR̃Ak , yR̃Ak 〉 = 1

(A54)

The following notations are used in the above equations system: the variance-covariance

matrix: Ω̃ =


σ̃A11 σ̃A12 . . . σ̃A1n
σ̃A21 σ̃A22 . . . σ̃A2n
. . . . . . . . . . . .

σ̃An1 σ̃An2 . . . σ̃Ann

; the portfolio structure column vector: X̃ =


x̃1
x̃2
. . .
x̃n

;

the portfolio return column vector R̃ =


R̃A1

R̃A2

. . .
R̃An

; and the portfolio unit column vec-

tor: ẽ =


1
1

. . .
1

.

With the above notations, the equations matrix system for the financial assets optimal
neutrosophic portfolio becomes:
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
〈Ω̃× X̃; wσ̃kj, uσ̃kj, yσ̃kj〉 − 〈λ1R̃; wR̃Ak , uR̃Ak , yR̃Ak 〉 − 〈λ2e; wR̃Ak , uR̃Ak , yR̃Ak 〉 = 0

〈X̃T × R̃; wR̃Ak , uR̃Ak , yR̃Ak 〉 = 〈ρ̃Rp ; wR̃RP , uR̃RP , yR̃RP〉
〈X̃T × ẽ; wR̃Ak , uR̃Ak , yR̃Ak 〉 = 1

(A55)

In the above equation system, to simplify the calculations, the following notations
are used:

〈Ω̃× X̃〉 = 〈Ω̃× X̃; wσ̃kj, uσ̃kj, yσ̃kj〉
〈R̃〉 = 〈R̃; wR̃Ak , uR̃Ak , yR̃Ak 〉
〈ẽ〉 = 〈e; wR̃Ak , uR̃Ak , yR̃Ak 〉

〈ρ̃Rp〉 = 〈ρ̃Rp ; wR̃RP , uR̃RP , yR̃RP〉
〈X̃T × R̃〉 = 〈X̃T × R; wR̃Ak , uR̃Ak , yR̃Ak 〉
〈X̃T × ẽ〉 = 〈X̃T × e; wR̃Ak , uR̃Ak , yR̃Ak 〉

Thus, it is obtained that:
〈Ω̃× X̃〉 − λ1〈R̃〉 − λ2〈e〉 = 0

〈X̃T × R̃〉 = 〈ρ̃Rp〉
〈X̃T × ẽ〉 = 1

(A56)

From the first equation of the matrix system produced after using the notations, one
finds that:

〈X̃; wR̃Ak , uR̃Ak , yR̃Ak 〉 = 〈λ1Ω̃−1 × R + λ2Ω̃−1 × e; wR̃Ak , uR̃Ak , yR̃Ak 〉 (A57)

The first term in the above equation is multiplied by 〈β× 1
β 〉, while the second term

is multiplied by 〈α × 1
α 〉, obtaining the form of the portfolio structure according to the

neutrosophic portfolios 〈Ṽ;wṽ, uṽ, yṽ〉 and 〈W̃; ww̃, uw̃, yw̃〉 as follows:

〈X̃; wR̃Ak , uR̃Ak , yR̃Ak 〉 = 〈λ1β× 1
β

Ω̃−1× R+ λ2α× 1
α

Ω̃−1× e; wR̃Ak , uR̃Ak , yR̃Ak 〉 (A58)

From previous considerations, it is known that the expressions for determining the neutro-
sophic portfolios structures 〈Ṽ;wṽ, uṽ, yṽ〉 and 〈W̃; ww̃, uw̃, yw̃〉 are: 〈X̃V〉; wσ̃v, uσ̃v, yσ̃v =
〈 1
〈α〉 〈Ω̃

−1 × ẽ〉; wx̃Ak , ux̃Ak , yx̃Ak 〉 and 〈X̃w〉; wσ̃w, uσ̃w, yσ̃w = 〈 1
〈β〉 × 〈Ω̃

−1 × R̃〉; wx̃Ak ,

ux̃Ak , yx̃Ak 〉, and under these conditions the expression of the portfolio structure 〈P̃; wP̃,uP̃,yP̃〉
will be of the form:

〈X̃; wR̃Ak , uR̃Ak , yR̃Ak 〉 = 〈λ1β× X̃w + λ2α× X̃V ; wR̃Ak , uR̃Ak , yR̃Ak 〉 (A59)

Under these conditions, the neutrosophic portfolio structure equation contains the
Lagrange parameters λ1 and λ2, which have to be determined as a function of λ in order to
obtain the final form of the portfolio structure 〈P̃; wP̃,uP̃,yP̃〉. From [11], it is known that the
equation system with Lagrange parameters for optimizing the neutrosophic portfolio has
the form: {

〈R̃T × Ω̃−1 × R̃〉λ1 + 〈ẽT × Ω̃−1 × R̃〉λ2 = 〈ρ̃Rp〉
〈R̃T × Ω̃−1 × ẽ〉λ1 + 〈ẽT × Ω̃−1 × ẽ〉λ2 = 1

(A60)

In the second equation of the neutrosophic portfolio, the following notations are used:

〈ẽT × Ω̃−1 × ẽ〉λ2 = λ (A61)

resulting in:

〈R̃T × Ω̃−1 × ẽ〉λ1 + λ = 1 (A62)
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Under these circumstances, it follows that:{
〈R̃T × Ω̃−1 × ẽ〉λ1 = 1− λ

〈ẽT × Ω̃−1 × ẽ〉λ2 = λ
(A63)

From the above equations system, the calculation formulas for the Lagrange parame-
ters λ1 and λ2, respectively, are as follows:λ1 = 1−λ

〈R̃T×Ω̃−1×ẽ〉
λ2 = λ

〈ẽT×Ω̃−1×ẽ〉
(A64)

By substituting the Lagrange parameters mentioned above into the first equation of
the equation system, it is found that:

〈R̃T × Ω̃−1 × R̃〉λ1 + 〈ẽT × Ω̃−1 × R̃〉λ2 = 〈ρ̃Rp〉 (A65)

〈R̃T × Ω̃−1 × R̃〉 1− λ

〈R̃T × Ω̃−1 × ẽ〉
+ 〈ẽT × Ω̃−1 × R̃〉 λ

〈ẽT × Ω̃−1 × ẽ〉
= 〈ρ̃Rp〉 (A66)

By performing the calculations, it is obtained that:

〈R̃T × Ω̃−1 × R̃〉〈ẽT × Ω̃−1 × ẽ〉(1− λ) + 〈ẽT × Ω̃−1 × R̃〉〈R̃T × Ω̃−1 × ẽ〉λ = 〈ρ̃Rp〉〈R̃T × Ω̃−1 × ẽ〉
〈R̃T × Ω̃−1 × ẽ〉

(A67)

〈R̃T × Ω̃−1 × R̃〉〈ẽT × Ω̃−1 × ẽ〉 − 〈R̃T × Ω̃−1 × R̃〉〈ẽT × Ω̃−1 × ẽ〉λ + 〈R̃T × Ω̃−1 × ẽ〉2λ = 〈ρ̃Rp〉
〈R̃T × Ω̃−1 × ẽ〉〈ẽT × Ω̃−1 × ẽ〉

(A68)

Knowing that 〈γ〉 = 〈R̃T × Ω̃−1 × R̃〉; 〈α〉 = 〈ẽT × Ω̃−1 × ẽ〉; 〈β〉 = 〈R̃T × Ω̃−1 × ẽ〉,
the final expression for λ is computed:

〈γ〉〈α〉 − 〈γ〉〈α〉λ + 〈β〉2λ = 〈ρ̃Rp〉〈β〉〈α〉 (A69)

After performing the above calculations, it is obtained that:

− 〈γ〉〈α〉λ + 〈β〉2λ = 〈ρ̃Rp〉〈β〉〈α〉 − 〈γ〉〈α〉 (A70)

Thus, for the Lagrange multiplier λ, the calculation expression is obtained:

λ =
〈α〉
(
〈γ〉 − 〈β〉〈ρ̃Rp , 〉

)
〈α〉〈γ〉 − 〈β〉2 (A71)

By rearranging the terms, it is obtained that:

λ =
〈α〉

〈α〉〈γ〉 − 〈β〉2
(
〈γ〉 − 〈β〉〈ρ̃Rp〉

)
(A72)

In order to determine the final formula of the neutrosophic portfolio 〈P̃; wP̃,uP̃,yP̃〉
depending on the two portfolios 〈Ṽ;wṽ, uṽ, yṽ〉 and 〈W̃; ww̃, uw̃, yw̃〉, the values obtained for
(λ1), (λ2) and (λ) will be successively replaced in the expression 〈X̃; wR̃Ak , uR̃Ak , yR̃Ak 〉 =
〈λ1β× X̃w + λ2α× X̃V ; wR̃Ak , uR̃Ak , yR̃Ak 〉, resulting in:

〈X̃; wR̃Ak , uR̃Ak , yR̃Ak 〉 = 〈(1− λ)X̃w + λX̃V ; wR̃Ak , uR̃Ak , yR̃Ak 〉 (A73)
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〈X̃; wR̃Ak , uR̃Ak , yR̃Ak 〉
=
[
1− 〈α〉

〈α〉〈γ〉−〈β〉2
(
〈γ〉 − 〈β〉〈ρ̃Rp〉

)]
X̃w +

[
〈α〉

〈α〉〈γ〉−〈β〉2
(
〈γ〉 − 〈β〉〈ρ̃Rp〉

)]
X̃V ; wR̃Ak , uR̃Ak , yR̃Ak

(A74)

〈X̃; wR̃Ak , uR̃Ak , yR̃Ak 〉

=

[
〈α〉〈γ〉−〈β〉2−〈α〉〈γ〉+〈α〉〈β〉〈ρ̃Rp 〉

〈α〉〈γ〉−〈β〉2

]
X̃w +

[
〈α〉

〈α〉〈γ〉−〈β〉2
(
〈γ〉 − 〈β〉〈ρ̃Rp〉

)]
X̃V ; wR̃Ak , uR̃Ak , yR̃Ak

(A75)

〈X̃; wR̃Ak , uR̃Ak , yR̃Ak 〉

=

[
〈α〉
(
〈β〉〈ρ̃Rp 〉−〈γ〉

)
〈α〉〈γ〉−〈β〉2

]
X̃w +

[
〈α〉

〈α〉〈γ〉−〈β〉2
(
〈γ〉 − 〈β〉〈ρ̃Rp〉

)]
X̃V ; wR̃Ak , uR̃Ak , yR̃Ak

(A76)

By rearranging the terms of the above expression, the final form of the portfolio
〈P̃; wP̃,uP̃,yP̃〉 depending on the two portfolios 〈Ṽ;wṽ, uṽ, yṽ〉 and 〈W̃; ww̃, uw̃, yw̃〉, is ob-
tained:

〈X̃; wR̃Ak , uR̃Ak , yR̃Ak 〉 =
[

〈α〉
〈α〉〈γ〉 − 〈β〉2

(
〈β〉〈ρ̃Rp〉 − 〈γ〉

)
X̃w +

(
〈γ〉 − 〈β〉〈ρ̃Rp〉

)
X̃V

]
; wR̃Ak , uR̃Ak , yR̃Ak (A77)

Appendix E Proof for Theorem 3

Let 〈P̃; wP̃,uP̃,yP̃〉 and 〈Q̃; wq̃,uq̃,yq̃〉 be two optimal neutrosophic portfolios. Accord-

ing to Theorem 3, these two portfolios are independent if cov〈P̃; Q̃〉 = 0. These two
portfolios 〈P̃; wP̃,uP̃,yP̃〉 and 〈Q̃; wq̃,uq̃,yq̃〉 are written depending on 〈Ṽ;wṽ, uṽ, yṽ〉 and

〈W̃; ww̃, uw̃, yw̃〉, using the equation provided by Theorem 2.

〈X̃; wR̃Ak , uR̃Ak , yR̃Ak 〉 = 〈(1− λ)X̃w + λX̃V ; wR̃Ak , uR̃Ak , yR̃Ak 〉 (A78)

Therefore:

〈X̃P; wP̃, uP̃, yP̃〉 = 〈
(
1− λp

)
X̃w + λpX̃V ; wP̃, uP̃, yP̃〉 (A79)

〈X̃Q; wQ̃, uQ̃, yQ̃〉 = 〈
(
1− λQ

)
X̃w + λQX̃V ; wQ̃, uQ̃, yQ̃〉 (A80)

The covariance between these two portfolios can be written in matrix form as follows:

cov
(

P̃; Q̃
)
= 〈(x̃P1 x̃P2 . . . x̃Pn)


σ̃PQ11 σ̃PQ12 . . . σ̃PQ1n
σ̃PQ21 σ̃PQ22 . . . σ̃PQ2n

. . . . . . . . . . . .
σ̃PQn1 σ̃PQn2 . . . σ̃PQnn




x̃Q1
x̃Q2
. . .
x̃Qn

; wP̃ ∧ wQ̃; uP̃ ∨ uQ̃; yP̃ ∨ yQ̃〉 (A81)

while the covariance between these two portfolios can be written as follows:

cov
(

P̃; Q̃
)
= 〈X̃T

P Ω̃X̃Q; wP̃ ∧ wQ̃; uP̃ ∨ uQ̃; yP̃ ∨ yQ̃〉 (A82)

By replacing the structure of these two portfolios 〈P̃; wP̃,uP̃,yP̃〉 and 〈Q̃; wq̃,uq̃,yq̃〉, it is
obtained that:

cov
(

P̃; Q̃
)
= 〈
[(

1− λp
)
X̃w + λpX̃V

]T
; wP̃, uP̃, yP̃〉Ω̃〈

(
1− λQ

)
X̃w + λQX̃V ; wQ̃, uQ̃, yQ̃〉 (A83)

cov
(

P̃; Q̃
)
= 〈
[(

1− λp
)
X̃T

W + λpX̃T
V

]
Ω̃
[(

1− λQ
)
X̃w + λQX̃V

]
; wP̃ ∧ wQ̃; uP̃ ∨ uQ̃; yP̃ ∨ yQ̃〉 (A84)

resulting in:
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cov
(

P̃; Q̃
)
= 〈
[(

1− λp
)(

1− λQ
)
X̃T

WΩ̃X̃W + λQ
(
1− λp

)
X̃T

W Ω̃X̃V + λp
(
1− λQ

)
X̃T

VΩ̃X̃W+

λpλQX̃T
VΩ̃X̃V

]
; wP̃ ∧ wQ̃; uP̃ ∨ uQ̃; yP̃ ∨ yQ̃〉

(A85)

From [11], it is known that:

X̃T
WΩ̃X̃W =

〈γ〉
〈β〉2 = σ̃2

W (A86)

X̃T
W Ω̃X̃V = X̃T

VΩ̃X̃W =
1
〈α〉 = σ̃2

V (A87)

X̃T
VΩ̃X̃V =

1
〈α〉 = σ̃2

V (A88)

The relation of the covariance cov〈P̃; Q̃〉 becomes:

cov
(

P̃; Q̃
)
=〈
[[(

1−λp
)(

1−λQ
)] 〈γ〉
〈β〉2 +

[
λQ
(
1−λp

)] 1
〈α〉+

[
λp
(
1−λQ

)] 1
〈α〉+λpλQ

1
α

]
; wP̃ ∧ wQ̃; uP̃ ∨ uQ̃; yP̃ ∨ yQ̃〉 (A89)

cov〈P̃; Q̃〉 = 〈
[[(

1− λp
)(

1− λQ
)] 〈γ〉
〈β〉2 +

1
〈α〉
[
λQ
(
1− λp

)
+λp

(
1− λQ

)
+λpλQ

]]
; wP̃ ∧ wQ̃; uP̃ ∨ uQ̃; yP̃ ∨ yQ̃〉 (A90)

cov〈P̃; Q̃〉 = 〈
[[(

1− λp
)(

1− λQ
)] 〈γ〉
〈β〉2 +

1
〈α〉
[
λQ − λpλQ + λp − λpλQ + λpλQ

]]
; wP̃ ∧ wQ̃; uP̃ ∨ uQ̃; yP̃ ∨ yQ̃〉(

1− λp
)(

1− λQ
)
= 1− λQ − λp + λpλQ(

1− λp
)(

1− λQ
)
= λpλQ + 1− λQ − λp

(A91)

Substituting in the covariance formula, it is obtained that:

cov〈P̃; Q̃〉 = 〈
[(

λpλQ + 1− λQ − λp
) 〈γ〉
〈β〉2 +

1
〈α〉
(
λp + λQ − λpλQ

)]
; wP̃ ∧ wQ̃; uP̃ ∨ uQ̃; yP̃ ∨ yQ̃〉 (A92)

Considering the above formulas for
(
1− λp

)(
1− λQ

)
, by rearranging the terms in the

covariance formula, it is found that:

cov〈P̃; Q̃〉 = 〈
[

1
〈α〉 +

[(
1− λp

)(
1− λQ

)] 〈γ〉
〈β〉2 −

1
〈α〉
(
1− λp

)(
1− λQ

)]
; wP̃ ∧ wQ̃; uP̃ ∨ uQ̃; yP̃ ∨ yQ̃〉 (A93)

cov〈P̃; Q̃〉 = 〈 1
〈α〉 +

(
1− λp

)(
1− λQ

)[ 〈γ〉
〈β〉2 −

1
〈α〉

]
; wP̃ ∧ wQ̃; uP̃ ∨ uQ̃; yP̃ ∨ yQ̃〉 (A94)

From the proof of Theorem 2, it is known that λ = 〈α〉
〈α〉〈γ〉−〈β〉2

(
〈γ〉 − 〈β〉〈ρ̃Rp〉

)
, so

one will have:

λp =
〈α〉

〈α〉〈γ〉 − 〈β〉2
(
〈γ〉 − 〈β〉〈R̃P〉

)
(A95)

In these conditions, it is found that:

1− λp = 1− 〈α〉
〈α〉〈γ〉 − 〈β〉2

(
〈γ〉 − 〈β〉〈R̃P〉

)
(A96)

1− λp =
〈α〉〈γ〉 − 〈β〉2 − 〈α〉〈γ〉+ 〈α〉〈β〉〈R̃P〉

〈α〉〈γ〉 − 〈β〉2 (A97)

1− λp =
〈β〉
[
〈α〉〈R̃P〉 − 〈β〉

]
〈α〉〈γ〉 − 〈β〉2 (A98)
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By rearranging the terms in the above formula, it is obtained that:

1− λp =
〈α〉〈β〉

〈α〉〈γ〉 − 〈β〉2

[
〈R̃P〉 −

〈β〉
〈α〉

]
(A99)

From Theorem 1, it is known that 〈ρ̃Rv〉; wσ̃v, uσ̃v, yσ̃v = 〈β〉
〈α〉 ; wσ̃v, uσ̃v, yσ̃v, and by

replacing it in the above formula, it is obtained that:

1− λp =
〈α〉〈β〉

〈α〉〈γ〉 − 〈β〉2
[
〈R̃P〉 − 〈R̃V〉

]
(A100)

Similarly, for 1− λQ:

1− λQ =
〈α〉〈β〉

〈α〉〈γ〉 − 〈β〉2
[
〈R̃Q〉 − 〈R̃V〉

]
(A101)

The expressions obtained for
(
1− λp

)
and for

(
1− λQ

)
are replaced in the formula of

cov〈P̃; Q̃〉, obtaining that:

cov〈P̃; Q̃〉 = 〈 1
〈α〉 +

(
1− λp

)(
1− λQ

)[ 〈γ〉
〈β〉2 −

1
〈α〉

]
; wP̃ ∧ wQ̃; uP̃ ∨ uQ̃; yP̃ ∨ yQ̃〉 (A102)

cov〈P̃; Q̃〉=〈
[

1
〈α〉+

〈α〉〈β〉
〈α〉〈γ〉−〈β〉2

[
〈R̃P〉 − 〈R̃V〉

]
〈α〉〈β〉

〈α〉〈γ〉−〈β〉2
[
〈R̃Q〉−〈R̃V〉

](
〈α〉〈γ〉−〈β〉2
〈α〉〈β〉2

)]
; wP̃ ∧ wQ̃; uP̃ ∨ uQ̃; yP̃ ∨ yQ̃〉 (A103)

By rearranging the terms, the final form for the covariance formula cov
(

P̃; Q̃
)

is
obtained, as follows:

cov〈P̃; Q̃〉 = 〈
[

1
〈α〉 +

〈α〉
〈α〉〈γ〉 − 〈β〉2

[
〈R̃P〉 − 〈R̃V〉

][
〈R̃Q〉 − 〈R̃V〉

]]
; wP̃ ∧ wQ̃; uP̃ ∨ uQ̃; yP̃ ∨ yQ̃〉 (A104)

The condition for the independent portfolios, that cov
(

P̃; Q̃
)

= 0, is considered,
resulting in:

0 = 〈
[

1
〈α〉 +

〈α〉
〈α〉〈γ〉 − 〈β〉2

[
〈R̃P〉 − 〈R̃V〉

][
〈R̃Q〉 − 〈R̃V〉

]]
; wP̃ ∧ wQ̃; uP̃ ∨ uQ̃; yP̃ ∨ yQ̃〉 (A105)

In the above equation, the main unknown variable is 〈R̃Q〉, which can be determined
as follows:

〈− 1
〈α〉 ; wP̃ ∧ wQ̃; uP̃ ∨ uQ̃; uP̃ ∨ uQ̃〉 = 〈

〈α〉
〈α〉〈γ〉−〈β〉2

[
〈R̃P〉 − 〈R̃V〉

][
〈R̃Q〉 − 〈R̃V〉

]
; wP̃ ∧ wQ̃; uP̃ ∨ uQ̃; yP̃ ∨ yQ̃〉 (A106)

〈〈R̃Q〉 − 〈R̃V〉; wP̃ ∧ wQ̃; uP̃ ∨ uQ̃; uP̃ ∨ uQ̃〉 = 〈

 − 1
〈α〉

〈α〉
〈α〉〈γ〉−〈β〉2

[
〈R̃P〉 − 〈R̃V〉

]
; wP̃ ∧ wQ̃; uP̃ ∨ uQ̃; yP̃ ∨ yQ̃〉 (A107)

〈R̃Q〉; wP̃ ∧ wQ̃; uP̃ ∨ uQ̃; uP̃ ∨ uQ̃ = 〈

〈R̃V〉 −
〈α〉〈γ〉 − 〈β〉2
〈α〉2 × 1[

〈R̃P〉 − 〈R̃V〉
]
; wP̃ ∧ wQ̃; uP̃ ∨ uQ̃; yP̃ ∨ yQ̃〉 (A108)

Knowing that 〈ρ̃Rv〉; wσ̃v, uσ̃v, yσ̃v = 〈β〉
〈α〉 ; wσ̃v, uσ̃v, yσ̃v, one gets:

〈R̃Q〉; wP̃ ∧ wQ̃; uP̃ ∨ uQ̃; uP̃ ∨ uQ̃ = 〈

 〈β〉
〈α〉 −

〈α〉〈γ〉 − 〈β〉2
〈α〉2 × 1[

〈R̃P〉 − 〈β〉〈α〉
]
; wP̃ ∧ wQ̃; uP̃ ∨ uQ̃; yP̃ ∨ yQ̃〉 (A109)

By performing the mathematical operations in the above formula, it is obtained that:
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〈R̃Q〉; wP̃ ∧ wQ̃; uP̃ ∨ uQ̃; uP̃ ∨ uQ̃ =

 〈β〉
〈α〉 −

〈α〉〈γ〉 − 〈β〉2
〈α〉 × 1[

〈α〉〈R̃P〉 − 〈β〉
]
; wP̃ ∧ wQ̃; uP̃ ∨ uQ̃; yP̃ ∨ yQ̃ (A110)

〈R̃Q〉; wP̃ ∧ wQ̃; uP̃ ∨ uQ̃; uP̃ ∨ uQ̃ =

 〈α〉〈β〉〈R̃P〉 − 〈β〉2 − 〈α〉〈γ〉+ 〈β〉2

〈α〉
[
〈α〉〈R̃P〉 − 〈β〉

]
; wP̃ ∧ wQ̃; uP̃ ∨ uQ̃; yP̃ ∨ yQ̃ (A111)

〈R̃Q; wQ̃; uQ̃; yQ̃〉 =
[
〈β〉〈R̃P〉 − 〈γ〉
〈α〉〈R̃P〉 − 〈β〉

]
; wQ̃; uQ̃; yQ̃ (A112)

The above formula represents the calculation relation of the independent neutrosophic
portfolio return 〈R̃Q; wQ̃; uQ̃; yQ̃〉, in which the neutrosophic portfolio 〈P̃; wP̃,uP̃,yP̃〉 is of

reference, while its independent portfolio 〈Q̃; wq̃,uq̃,yq̃〉 is characterized by the fact that there
are no connections between the two portfolios, i.e., cov〈P̃; Q̃〉 = 0. For the independent
optimal neutrosophic portfolio 〈Q̃; wq̃,uq̃,yq̃〉, its risk 〈σ̃2

Q; wσ̃Q, uσ̃Q, yσ̃Q〉 and its structure

〈X̃Q; wR̃Q
; uR̃Q

; yR̃Q
〉 are of interest. In order to determine the independent neutrosophic

portfolio risk 〈Q̃; wq̃,uq̃,yq̃〉, the following calculation formula is used:

〈σ̃2
Q; wσ̃Q, uσ̃Q, yσ̃Q〉 = 〈 1

〈α〉〈γ〉−〈β〉2

[
〈α〉
[
〈β〉〈R̃P〉−〈γ〉
〈α〉〈R̃P〉−〈β〉

]2
− 2〈β〉

[
〈β〉〈R̃P〉−〈γ〉
〈α〉〈R̃P〉−〈β〉

]
+ 〈γ〉

]
; wσ̃Q, uσ̃Q, yσ̃Q〉 (A113)

〈σ̃2
Q; wσ̃Q, uσ̃Q, yσ̃Q〉

= 〈 1
〈α〉〈γ〉−〈β〉2

[
〈α〉 [〈β〉〈R̃P〉−〈γ〉]

2

[〈α〉〈R̃P〉−〈β〉]
2 − 2〈β〉 [〈α〉〈R̃P〉−〈β〉]〈β〉〈R̃P〉−〈γ〉

[〈α〉〈R̃P〉−〈β〉]
2

+〈γ〉 [〈α〉〈R̃P〉−〈β〉]
2

[〈α〉〈R̃P〉−〈β〉]
2

]
; wσ̃Q, uσ̃Q, y

(A114)

〈σ̃2
Q ;wσ̃Q,uσ̃Q,yσ̃Q〉= 1

〈α〉〈γ〉−〈β〉2

[
〈α〉[〈β〉2〈R̃P〉2−2〈β〉〈γ〉〈R̃P〉+〈γ〉2]

[〈α〉〈R̃P〉−〈β〉]
2

]
−
[

2〈β〉[〈α〉〈β〉〈R̃P〉2−〈α〉〈γ〉〈R̃P〉−〈β〉2〈R̃P〉+〈β〉〈γ〉]
[〈α〉〈R̃P〉−〈β〉]

2

]
+

[
〈γ〉[〈α〉2〈R̃P〉2−2〈α〉〈β〉〈R̃P〉+〈β〉2]

[〈α〉〈R̃P〉−〈β〉]
2

]
;wσ̃Q,uσ̃Q,y

(A115)

〈σ̃2
Q ;wσ̃Q,uσ̃Q,yσ̃Q〉= 1

〈α〉〈γ〉−〈β〉2

[
〈R̃P〉2(〈α〉〈β〉2−2〈α〉〈β〉2+〈α〉2〈γ〉)

[〈α〉〈R̃P〉−〈β〉]
2

]
+

[
〈R̃P〉[−2〈α〉〈β〉〈γ〉+2〈β〉〈α〉〈γ〉+2〈β〉3−2〈α〉〈β〉〈γ〉]

[〈α〉〈R̃P〉−〈β〉]
2

]
+

[
〈α〉〈γ〉2−2〈γ〉〈β〉2+〈γ〉〈β〉2

[〈α〉〈R̃P〉−〈β〉]
2

]
;wσ̃Q,uσ̃Q,yσ̃Q

(A116)

〈σ̃2
Q; wσ̃Q, uσ̃Q, yσ̃Q〉 = 1

〈α〉〈γ〉−〈β〉2

[
〈R̃P〉2〈α〉[〈α〉〈γ〉−〈β〉2]−〈R̃P〉2〈β〉[〈α〉〈γ〉−〈β〉2]+〈γ〉[〈α〉〈γ〉−〈β〉2]

[〈α〉〈R̃P〉−〈β〉]
2

]
(A117)

Finally, the independent neutrosophic portfolio risk 〈Q̃; wq̃,uq̃,yq̃〉 is obtained, having
the following form:

〈σ̃2
Q; wσ̃Q, uσ̃Q, yσ̃Q〉 = 1[

〈α〉〈R̃P〉 − 〈β〉
]2

[
〈α〉〈R̃P〉2 − 2〈β〉〈R̃P〉+ 〈γ〉

]
; wσ̃Q, uσ̃Q, yσ̃Q (A118)

For the independent neutrosophic portfolio structure, the following calculation for-
mula is used:

X̃ = 〈 1
〈α〉〈γ〉 − 〈β〉2

[(
〈R̃Q〉〈α〉 − 〈β〉

)
〈Ω̃−1 × R̃〉+

(
〈γ〉 − 〈R̃Q〉〈β〉

)
〈Ω̃−1 × ẽ〉

]
; wx̃Ak , ux̃Ak , yx̃Ak 〉 (A119)
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As a result, the structure of the independent neutrosophic portfolio is given by:

X̃ = 〈 1
〈α〉〈γ〉−〈β〉2

[([
〈β〉〈R̃P〉−〈γ〉
〈α〉〈R̃P〉−〈β〉

]
〈α〉 − 〈β〉

)
〈Ω̃−1 × R̃〉

+
(
〈γ〉 −

[
〈β〉〈R̃P〉−〈γ〉
〈α〉〈R̃P〉−〈β〉

]
〈β〉
)
〈Ω̃−1 × ẽ〉

]
; wx̃Ak , ux̃Ak , yx̃Ak 〉

(A120)

X̃ = 〈 1
〈α〉〈γ〉−〈β〉2

[([
〈β〉〈α〉〈R̃P〉−〈γ〉〈α〉−〈α〉〈β〉〈R̃P〉+〈β〉2

〈α〉〈R̃P〉−〈β〉

])
〈Ω̃−1 × R̃〉+

([
〈α〉〈γ〉〈R̃P〉−〈γ〉〈β〉−〈β〉2〈R̃P〉+〈γ〉〈β〉

〈α〉〈R̃P〉−〈β〉

])
〈Ω̃−1 × ẽ〉

]
; wx̃Ak , ux̃Ak , yx̃Ak 〉

(A121)

X̃Q =
1

〈α〉〈γ〉 − 〈β〉2 ×
1

〈α〉〈R̃P〉 − 〈β〉

[
〈R̃P〉〈Ω̃−1 × ẽ〉 − 〈Ω̃−1 × R̃〉

]
; wx̃Ak , ux̃Ak , yx̃Ak (A122)
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