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Abstract: We carried out a detailed group classification of the potential in Klein-Gordon equation
in anisotropic Riemannian manifolds. Specifically, we consider the Klein-Gordon equations for the
four-dimensional anisotropic and homogeneous spacetimes of Bianchi I, Bianchi III and Bianchi V. We
derive all the closed-form expressions for the potential function where the equation admits Lie and
Noether symmetries. We apply previous results which connect the Lie symmetries of the differential
equation with the collineations of the Riemannian space which defines the Laplace operator, and we
solve the classification problem in a systematic way.
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1. Introduction

A systematic approach for the study of nonlinear differential equations is the Lie
symmetry analysis [1-4]. The novelty of the Lie symmetry approach is that through a
systematic approach the existence of invariant transformations can be determined. The
latter can be used to simplify the given differential equation with the use of similarity
transformations. Under the application of similarity transformations in a given differential
equation, we derive a new differential equation with less independent variables. Further-
more, conservation laws can construct which are essential for the study of the properties
for the given differential equation [1]. Lie symmetries have been applied for the study of
nonlinear differential equations in all areas of applied mathematics [5-13].

A systematic approach for the construction and the determination of conservation
laws for differential equations was established by E. Noether. In Noether’s famous work
of 1918 [14], Noether showed that some of the Lie symmetries were related to symmetries
of the variational principle. For each symmetry of the variation integral, Noether derived
an exact formula for the derivation of the conservation law. That very simple method for
the construction of conservation laws is very important in physical science and in other
theories of applied mathematics.

In General Relativity the natural space is of four-dimensions described by a Rie-
mannian manifold. In this work we investigate the Lie and Noether symmetries for the
Klein—-Gordon equation in anisotropic homogeneous geometries. Anisotropic homoge-
neous spacetimes are of special interest because they can describe the very early period of
the universe, that is, before the inflationary era where anisotropies played an important role
in the evolution of the physical variables. There is a plethora of studies in literature where
symmetry analysis has been applied for the classification of the geodesic equations [15-18],
the wave equation [19,20] in curved spaces and the gravitational field equations [21-24].

There has been investigated a relation between the symmetries of some differential
equations of special interest and the collineations of the background geometry which
provides the related differential operators. Indeed, the Lie symmetries of the geodesic
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equations in Riemannian manifolds are constructed by the elements of the projective group
of the background spacetime [25,26]. The latter relation is true if we consider the existence
of a force term in the field equations [27]. For the Noether symmetries of the geodesic
Lagrangian, these are derived by the elements of the homothetic group of the background
geometry [26]. That geometric results are extended and for higher-order symmetries, see
for instance the discussion in [28] and references therein. As far as the case of partial
differential equations is concerned, the symmetries of the Poisson equation are constructed
by the elements of the conformal algebra of the Riemann metric which defines the Laplace
operator [29]. Hence, it is clear that in order to solve the classification problem of our study
we should present in detail the classification of the conformal algebra for the homogeneous
and anisotropic spacetimes of our consideration. The structure of the paper is as follows.

In Section 2, we present in detail the theory of infinitesimal transformation and
the definitions of basic motions in Riemannian manifolds. Moreover, we present the
classification of the Killing symmetries, the Homothetic vector and the proper Conformal
Killing vector for the Bianchi I, Bianchi III and Bianchi V spacetimes. In Section 3, we
present the basic elements of the theory of differential equations. For the Poisson and the
Klein-Gordon equation we recover previous results which show how the Lie symmetries
are constructed directly from the Conformal Killing vectors of the background geometry.
Moreover, a similar result is also presented and for the Noether symmetries of the Klein—
Gordon equation. The classification problem of our study is solved in Section 4. We present
all the functional forms of the potential function for the Klein-Gordon equation where
nontrivial symmetry vectors exist for the Klein-Gordon equation. Finally, in Section 5, we
summarise our results.

2. Infinitesimal Transformations and Motions of Riemannian Spaces

Assume the Riemannian manifold V", dim V" = n, with metric tensor g,,. Con-
sider now the one-parameter point transformation defined by the parametric equation
x# = xM(x", e)which defines a group orbit through the point P(x*,0). Thus, the tangent
vector at the point P is given by the following expression

axH
X=—= le—00xn | p- )

X is the generator vector of the infinitesimal transformation near the point P
= xl gt (xY), )

in which ¢# = 22|, .

Let F(x") be a function in the Riemannian manifold defined at the point P. Hence,
under the action of the one-parameter point transformation (1) the function reads F(x").

By definition, function F is invariant under the action of the one parameter point
transformation (1) if and only if it has the same value/expression before and after the
transformation. That is, F(x*) = F(x") or equivalently F(x*) = 0 whenF(x#) = 0.
The latter definition is described by the mathematical expression with the use of the
infinitessimal generator

X(F) =0. (©)]

equivalently ¢# aa;;l =0.
Expression (3) is the Lie symmetry condition for a function F(x*) to be invariant under
the action of an one-parameter point transformation in the base manifold. If condition (3)
is true for a specific vector field X, then X is a Lie symmetry vector for the function F(x#).
Consider now Q¥(x") to be a geometric object with the generic transformation
rule [30] QM = ®H ()Y, x¥, V). When ¥ (x") is a linear homogeneous geometric object
the transformation rule reads [30] ®* ()Y, xV,x") = ]K (x¥, ). Where | K(x”, %V) is the

Jacobian matrix for the one-parameter point transformation with generator (1), that is
oxt
Ji = 5
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Similar, with the definition of functions, the a geometric object O (x")is invariant
under a one parameter point transformation (3) if and only if Q¥ (xV) = Q¥ (x") or

LxQF(x') =0, @)

where L is the Lie derivative with respect to the vector field X. In the case where QF (x") is
a function for the Lie derivative it holds LxQ = X(Q).

A more generalized concept of the Lie symmetries for geometric objects are summa-
rized in the context of collineations. Consider now that for the geometric object (), the
following expression holds

LxOQ=Y ®)

where ¥ is a tensor field and it has the same components and symmetries of the indices
with Q). If condition (5) is true, X is called a collineation for the geometric object (), then,
the type of collineations is being defined by tensor field Y.

The metric tensor gy, of the Riemannian manifold is a linear homogeneous geometric
object with definition for the Lie derivative

Engv = X(y;v) (6)

where ; denotes covariant derivative with respect to the Levi-Civita connection.
For the metric tensor, the concept of collineations is expressed as

Engv = legyv + ZH]M/ ()

where 1 is the conformal function and H#V is a symmetric traceless tensor, i.e., Hﬁ = 0. The
most important collineations for the metric tensor are the motions with H,,, = 0. These are
the Killing vectors, the Homothetic vectors and the Conformal killing vectors.

The generator (1) of the infinitesimal transformation (2) is called a Killing vector field
(KV) for the Riemann space V", if and only if the metric tensor is invariant under the action
of the transformation, that is,

Lxguv = 0. (8)

Moreover, the infinitesimal generator X is a Conformal Killing vector (CKV) for the
Riemann space V" if there exists a function ¢(x#) such that

Lxguv = 2¢guv )

where ¢ = %X’;,

An important class of collineations is when 1 is a constant, then the CKV becomes a
Homothetic Killing Vector (HV). Moreover, when ¢,,, = 0, the vector field X is a special
CKV (sp. CKV) for the Riemann manifold. Indeed, when ¢ = 0, the CKV is also a KV. With
the term proper CKV we shall refer to CKVs which are not HVs or KVs.

The KVs, the HV and the CKVs form Lie algebras which are known as Killing algebra
(Gkv), Homothetic algebra (Gpy)and Conformal Killing algebra (Gey). When for the
dimensional of the Riemannian manifold V" holds n > 2, then Gky is a subalgebra of
Gpy and the latter is a subalgebra of the Conformal Killing algebra, that is Gky € Gyy C
Gcy. For any Riemannian manifold, there exists at most one proper Homothetic vector.
Moreover, the maximum dimensional Killing algebra is of %n(n + 1) and the maximum
Conformal Killing algebra is of 1(n + 1)(n + 2) dimension.

Point transformations with a KV generator have the property to keep invariant the
length and the angles of autoparallels, unlike of the homothetic vector where the angles
remain invariant and the length is scaled with a constant parameter. However, in the case
where the point transformation is generated by a CKV only the angles of autoparallels
remain invariant.
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The existence of collineations for the metric tensor is essential for the nature of the
physical space which is described by Riemannian geometry. Indeed, our universe in large
scales is described by the Friedmann-Lemaitre-Robertson-Walker line element which has a
maximal symmetric three-dimensional hypersurface. An important class of exact solutions
in General Relativity are the self-similar spacetimes. This family of solutions has the
main property to map to itself after an appropriate scale of the dependent or independent
variables, thus a proper HV exists. Self-similar solutions of exact spacetimes describe
the asymptotic behaviour of the most general solution of the gravitational theory [31,32].
Spacetimes with proper CKV are also of special interest; more details can be found in [33].

CKVs of Anisotropic Spacetimes

The Bianchi spacetimes describe anisotropic homogeneous cosmologies and they are of
special interest, because they can describe the very early stage of the evolution of universe.
In this family of spacetimes the line element of the metric tensor is foliated along the time
axis, with three dimensional homogeneous hypersurfaces. The classification problem of all
three dimensional real Lie algebras was solved by Bianchi and it has shown that there are
nine Lie algebras. Thus, there are nine Bianchi models according to the admitted Killing
algebra of the three-dimensional homogeneous hypersurface.

The generic line element for the Bianchi model is

ds? = —N2(1)dE2 + A2(E) (wn)? + BA() (w2)? + C2(1) (ws)?. (10)

where w;, i = 1,2,3, are basic one-forms and N(t), A(t), B(t), C(t) are functions which
depend only on the time parameter, see [34]. In this study we are interested in the Bianchi
I, Bianchi III and Bianchi V spacetimes. These spacetimes in terms of the coordinate
expressions are diagonal.

Indeed, for these spacetimes the 1—forms are

Bianchil : wj =dx,wy =dy, w3 =dz,
BianchiIlll : w; =dx,wy =dy, w3 =e “dz,
BianchiV : wy =dx,wy = e*dy, w3 = e*dz.

The Killing algebras of the Bianchi spacetimes are presented in [34]. However, the
proper CKVs for the Bianchi I, Bianchi III and Bianchi V spacetimes have been derived
before in [35,36].

The Bianchi I spacetime admits proper CKV when the metric tensor provides the
line element

ds® = C2(t) | —df? + e~ etdx® + e‘%%”dy2 + dz? (11)

with proper CKV the vector field
X1 = cot + xdx + a1ydy (12)
and conformal factor ¢(X;) = ¢(In|C]) ;. When C(t) = e¥!, X; reduces to a proper HKV,

while for C(t) = Cp, X isa KV.
Moreover, when the line element is of the form

2 _ 2 2, 222 2 2205 o
ds=C(t)|—dt-+1t 2 dx"+t 2 dy*+dz (13)
the resulting CKV is
Xo = aotdr + x0x + a1y9dy + 220 (14)
with corresponding conformal factor ¢(X;) = ap[l1+#(In|C|)]. Indeed, when

C(t) = tYo~1, X, is a proper HKV, while when C(t) = t~1, X is reduced to a KV.
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The Bianchi III spacetime admits a proper CKV when
ds* = A%(t) {e’mt (—di‘2 + dxz) +emAUtgy2 4 e m2x 52 (15)
where now the corresponding vector field is
X3 = %at +ydy + Azo; (16)

and ¢y (X3) = 2 At + A. Indeed, when A(t) = e/, the vector field is reduced to a HY,

and for A(t) = e~ /z\mx, is reduced to a KV.
Finally, for the family of Bianchi V spacetimes it follows that the line element

ds? = A2(1) [ "M (—di? +dx?) + e (" idy? + d2?) | (17)

admits as proper CKV the vector field X3 with the same conformal factor as before.
Recall that in the following we shall not investigate the case where the spacetimes
reduce to locally rotational spaces or the scale factors are constant functions.

3. Symmetries of Differential Equations
In terms of geometry a differential equation can be considered as a function

H = H(x",u?, u’;‘,,u’?w) in the space B = B(x u4, uﬁ,u‘;‘w) u? = u/(x") denote the
A
dependent variables, x* are the independent variables and u7} w= ‘3”7.
Assume now the infinitesimal transformation in the base manifold of the differential

equation H,

Tt = xt 4 edt (¥, ub), (18)
it =t +ept(x¥,ub), (19)

with vector generator
X = & (x", ub)ow + 2 (x¥, uP)d 4. (20)

Similarly to the case of functions, the geometric vector field X is a Lie symmetry of

H = H(x", u4, u,‘;‘l, ”f:w) if and only if the following is true [2,3]
xB(H) =0, (21)
in which X2 is the second extension of the vector field X in the space B =B ( uft uj?,, u,‘;‘w)
defined as
X =X+ 8uA + ’7;wa A (22)
in which
M = Dyt — Dy*u, (23)
and

My = Dot} — DyDy& uy,
where D), is the total derivative.

A straightforward application of the Lie symmetries for a given differential equation
is the construction of invariant functions by deriving the characteristic functions. The char-
acteristic functions can be used to define similarity transformations which can be used to
reduce the number of the indepedent variables in the case of partial differential equations.
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The invariants are determined by the solution of the following Lagrangian system.

detdutdwldug, 24)
7

In the case where the differential equation H follows from a variational principle
with Lagrangian function L = L(x*,u4, u,’g) such as H = E(L) = 0, where E is the Euler
operator. The Lie point symmetry X of the DE H is a Noether point symmetry of H, if and
only if the following condition is satisfied

XUL + LD;¢ = DAl (xk, uc>, (25)
where X[V is the first prolongation of X, and A" is a vector field which should be determined.

Condition (25) is Noether’s second theorem. The second theorem of Noether states that for
any vector field X where condition (25) is true the following function is a conservation law

ou 4

"=z (u;“ aLA — 5’V‘L> — qAaa—LA + AH, (26)
y u

thatis, D, I" = 0, [2,3].

Poisson Equation

Let A be the Laplace operator in the Riemannian manifold V",

\faxP‘ (f Waxv)

Au = f(x*,u), (27)

then the Poisson equation reads

or equivalently
g upy = Ty = f(x*, ), (28)

where T'* = T, g"" and I, are the Christoffel symbols for the Levi—Civita connection of
the metric tensor g,

The Lie symmetry analysis for the Poisson equation when f = f(u) have been given
in[37],and for f = f (xi, u) are presented in [29]. Indeed, the Lie (point) symmetries for the
Poisson equation are related to the elements of the conformal algebra for the Riemannian
manifold as described in the following.

Theorem 1. The Lie symmetries for the Poisson equation are constructed by the generic CKV of
the background metric tensor g,y of the Riemannian manifold V"
(a) For n > 2, the Lie symmetry vector has the generic form

X =¢M(x")ou + <2;ntp(x”)u+a0u+b(x”)>8u, (29)

where & (xV) is a CKV of the Riemannian manifold with conformal factor ¥(x") and the following
condition holds

2 A+ g — & f— 2 g~ "2 bfu =0, (30)

(b) For n = 2, the generic Lie symmetry vector is

X = g‘u(xu)a‘u + (a()u + b(xv))au/ (31)
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where ¢* is a CKV and the following conditions are satisfied

8" by — 8" fv — aoufu + (a0 —2¢)f —bfu =0, (32)
that is, the function b is solution of the Laplace equation.

A special case of the Poisson equation is the Klein-Gordon equation with f(x", u) =
V(x")u, that is,
Au—V(x")u=0, (33)
where V(x*) is the potential function. For the Lie symmetries of the Klein—-Gordon equation
it follows

Theorem 2. For the Klein—Gordon Equation (33) the Lie symmetries are constructed by the
elements of the conformal algebra of the Riemannian manifold:

(a) for n > 2, the generic symmetry vector is expressed as

X =+ (250 a0 ), 69

where now " is a CKV with conformal factor ¢ (xV), b(x") solves Equation (33) with constraint

condition
2—n

2
(b) for n = 2, the generic symmetry vector is written

EVy+ 29V - = Rap =0, (35)

X = ¢M(x")0y + (apu + b(x"))dy, (36)
where ¢V is a CKV with conformal factor (x"), b(x") solves Equation (33) with constrain
'V, + 29V = 0. (37)

The Klein—Gordon Equation (33) can be reproduced by the variation of the Lagrangian
function . ,
L(x",u,uy) = 5 /1818 upu,y + 5 lg|V (x¥)u?. (38)
Therefore, for the Noether symmetries of the Klein-Gordon Lagrangian (38) the
following Theorem holds.

Theorem 3. The Lie point symmetries of the Klein—-Gordon Equation (33) are generated from the
elements of the conformal algebra of the Riemannian manifold, where the generic Noether symmetry
is of the form

2—n
XN = g”(xv)ay =+ <21‘[J(Xv)u)au,

where the corresponding vector Ay, = 27\ /|g[,. (x¥)u?, in which & (x") is a CKV with confor-
mal factor (xV). The constraint equation is

EVy + 29V — 2_TnA1/) —0. (39)

We remark that for the Klein-Gordon equation all the non-trivial Lie symmetries are
also Noether symmetries. The resulting conservation law is of the form

1 1 1 2 —
" =./|gl <<2g"”ulku,v — 2V(x”)u2) et — qigwu,v + ) nlpfy(xv)u2>. (40)
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(i

4. Klein-Gordon Equation in Anisotropic Geometries

We proceed with the solution of the classification problem for the potential function
V (x#) for the Klein-Gordon Equation (33) in the case of anisotropic cosmologies where the
Klein-Gordon equation admits non-trivial Lie symmetries. The trivial symmetries are the
vector fields X, = ud,, X;, = bd, which exist for any potential function V(x").

4.1. Bianchi I

In a Bianchi I spacetime, the Klein-Gordon equation is written

+ ’W + )+ 1\1,2 (N*u - %u,x - %u,y - Cc'tu,z> - %jzyéz)# = 0. 41)
For arbitrary function forms of the scale factors the background space admits the three

KVs, ¢} = 0,82 = 9y and &3 = 0.
Hence, from Theorem 2 it follows that: (i) ¢}, is a Lie symmetry when VI(t,x,y,z) =
V(t,y,z); (i) &2 is a Lie symmetry when V(t,x,y,z) = Vi(t x,z); (iii) & is a Lie sym-
metry when V(t,x,y,z) = VL(t,x,y); and (iv) ag} + BE? + 7E3 is a Lie symmetry when

iii

Vit xy,z) =V (ty - bz - 2x).

10

In the special case where the line element is that of (11) the CKV X; produces the

Lie symmetry vector X = X; + (—2c(1n|C | ),tu) d,, for the Klein-Gordon equation, if and
only if

cCy — (061 + 1)C

VUI(t, X,Y,z) = o3

+ Czll(xe g,ye_ﬂ%t,z). 42)

Similarly, the vector field X = Xj + ag} + B&2 + &3 + (—ZC(ln|C|),tu> d, is a Lie
symmetry for the Klein-Gordon equation in a Bianchi I spacetime with line element (11) if
and only if

I cCtt—(ocH—l)C —é E _uTlt _I
Voilt,x,y,2) = -3 +C2U (x+a)e, yh e hEmLT) )

On the other hand, for the Bianchi I line element (13) the CKV Xj is the generator of the
Lie symmetry vector X = X, — ap[1 + t(In|C]) ¢|ud, for the Klein-Gordon Equation (41)
for the potential function

Vit x,7) = o (U (x50 2) 1R (a2
where
F(t) = —— o (022CCm +1Ca(aCy + Clar —da +1))) +
a,C
_az%(c'f(l Fay — 2m)(C — 1C))) . (45)

Moreover, the vector field X = X, + ag} + B&7 + 7&3 — az[1 + t(In|C|) +]0, is a Lie
symmetry for the Klein-Gordon equation when

1 _1 _n
VJiii(t/x,yrZ)zt2Cz<U((X+a)t "2,(y+fl)t ”2,(Z+22>t_1>+P(t)>. (46)

4.1.1. Invariant Functions

Let us now determine the invariant functions which correspond to each admitted Lie
point symmetry. The invariant functions can be used to determine similarity transforma-
tions whenever they are applied the number of dependent variables of the Klein-Gordon
equation is reduced.
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For the vector field ¢}, the invariant functions are {t,y,z,u}. Similarly, for the
vector field (:% we determine the Lie invariants {t, x,z,u}. Moreover, for §§’ the Lie in-
variants are {t,x,y, u}, while for the vector field lef} + ,BC% + ’)’C?, the Lie invariants are

{t,y — gx,z — %x,u}.

Furthermore, for the potential function V; where X = X; + (—ZC(ln|C |),t”> dy is a Lie
symmetry, the resulting Lie invariants are calculated {xe_g, ye~ ﬂTlt, z,uC (t)2 } For the po-
tential VL, the Lie invariants are {(x + a)e_g, (y + %)e_%t,z — 21, uC(t)Z}. In a similar
(t,x,y,z) and V!

way, for the potential functions V! i

vii
1 a 1 a

are {xt”Z,yt”;, f,utZC(t)z} and {(x +a)t "2, (y + %)tié, (Z + Jz)tl,utzC(t)z}

provided by the Lie symmetries Xo — as[1 + t(In|C|) sJudy and X + ag} + BE2 + & —

az[1 + t(In|CJ) ¢]9 respectively.

(t,x,y,z) the admitted Lie invariants

4.1.2. Conservation Laws

We apply Noether’s theorem and expression (40) hence the resulting conservation
laws related to the admitted Lie symmetries for the Klein-Gordon Equation (41) are

NABC 1 1 1 1
r(eh) = NP (et s s ) W) @

It (g}) =0, (g}) =0and I? (g}) = 0. (48)

For the vector field 6% there exists the conservation law

NABC 1 1 1 1
v (g%) == (((Nzu% + gt gy + (:2”f2z> — Vit x,y,z)u2>>. (49)

It (g%) =0, (g%) = 0and I? (g%) =0. (50)

While for the vector field & the resulting Noetherian conservation law is

NABC 1 1 1 1
r(e) = (s g g s ) vhterw)). @

It (g?) —0,I (g?) —0and IY (g?) — 0. (52)
For the generic vector field a¢ } + ,B(j% + ')/C? we calculate the conservation law

NABC 1 1 1 1

r (Mf} +BET + ’YC?) e <((—Nz”2t + ﬁ”,zx + ﬁ”,zy + Czuzz) — Vi, x,y,z)u2>), (53)
NABC 1 1 1 1

o (agh + g2 +a2l) = By (s + o gt @d) ~Vhxwan)), 6
NABC 1 1 1 1

B (ach+ g2t +2) =10 g (e + g+ g+ ) —Vaxwanl)) 69

I'(ag} + pct +183) =o0. (56)

For the potential V! (t, x,y, z) there exists the conservation law

; e~ s I 1, 1 )
I'(X) = c——F— (HZ, — ((mfcl) ) zu! = 5= (n[Cl) yu ) (57)
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7t(1+a1) 4
x o e c C I l x
F(Xp) = (va (c(ln|C|),tu) S ) (58)
t(l+zx1)
e C* 1
M(X1) = — (alszI, - (c(ln|C|),tu) Cu'y). (59)
,t(l'*'“l) 4
. e < /o 1 .
F(Xp) = —5— ( (c(ln|C|)’tu)Nu ) (60)
where
1, e, 1
HZIJZ (( Cz”H‘ cz 2x+ C2 u +§ ) _VUI(t/x’yIZ)Lﬂ) (61)

For the potential function V.(t,x,y,z) the resulting conservation law is derived

I'=T1'(Xy), (62)
I = (X)) +al* (g}), 63)
=1 (x0) + 1 (21), (64)
I = F(x0) + o7 (21), (65)

for N(t) = C(t), A(t) = e_%C( )and B(t) = e‘ﬂtC( t) with potential function VL (t, x,v,z)
For the potential functionV,L; where X, is the generator of the Lie symmetry vector
the resulting Noetherian conservation law is

C4 lﬂcl [ 1 P )
I'(Xp) = 5t % (agtHl; - a2<(ln|C|)/tu)—u ——a2[1+t(ln|C|),t],tu . (66)

C 2C
4 51ty I 1
Ix(X2> = 71’ 2 (vaii - (062{1 + t(h’l|C|),t]M)C1/l’x) . (67)
4 5 ltag 1
P(X) = S £ <oc1wa (a1 + t(1n|C|),t]u)Cufy). 68)
. C4 5 1+’4x1 [ 1 .
IF(Xp) = 7t 2 | wpzH,; — (w21 + t(ln|C|),t]u)ﬁu' . (69)

1 1 1 1
Hj; = ((‘CZM:ZNL T“,zﬁ ﬂ”rzﬁ 2tz ) Vi t, x/y/Z)u2>- (70)
“

Finally, for the potential function V...(t, x,y,z) the conservation law is

I' = I'(Xy), (71)

I = (Xp) + al* (g}), (72)

= 1(Xp) + 1 (e1), 73)
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F = (%) +7F(el), (74)

1 4
~2C(t),B(t) = 5 C(t) and potential function VL..(t,x,y,z)

viil

for N(t) = C(t), A(t) = t

4.2. Bianchi III

In the Bianchi III geometry, the Klein-Gordon equation reads

u u u 1 /N A C C 1 V(t,x,vy,z
<*i+ 2=+ yy+2xﬂ)+ ( tut’tu,x’tu,y’tu,z> —Mbﬁzo. (75)

A2 c2) TN\ N T A C C AT T ATRC
The three KVs of the Bianchi III spacetime are ’5}11 = Jy + zaz,g%n = dy and
&3, = 0. Hence, (i) ¢}, is a Lie symmetry for Equation (75) when VI!(t,x,y,z) =
V(t,y,ze™™); (ii) 61” is a Lie symmetry for VHI(t,x,y,z) = V(t,x,z2); (iii) &7;; is a Lie sym-
metry when V. m it x,y,z ) V(t,x,y); (iv) gl + BE3; + 7E3;; is a Lie symmetry when
VIt x,,2) = V(by - Bx, 2+ 2)e
For the line (15) where the Bianchi III spacetime admits the additional CKV X3, it
follows that the vector field X = X3 — (lﬂ + /\) ud, is a Lie symmetry vector for the
Klein-Gordon Equation (75) when

m(/\ — 1)A,t + 2A,tt

V'UIII(t’ X, y’ ) 2A3

m)‘tl,l(x, yef%t,zef%t) + (76)

A2

Hence, the vector field X = X3 + agl;; + B&H; + 183 — (2 A +A> udy is a Lie
symmetry of Equation (75) for the potential function

1 n(is2) A—1)A;+24
v;l.”(t,x,y,z):Aze—m“u(x"‘;”t,(yHS)e ( + >e—?t>+m( JArE 288 o)

Adw 2A3

4.2.1. Invariant Functions

We proceed with the derivation of the invariant functions provided by each case for
the above potential functions. For Vim (t,x,y,z) the Lie invariants are {t,y,ze”*, u}, for
VHL(t,x,y,z) and the Lie symmetry vector ¢7,; we determine the Lie invariants {t,x,z,u}
while from &3, for the potential V! (¢, x, y, z) the Lie invariants are {t, x,, u}. Similarly, for
the generic vector field ag};; + B¢%;; + 7&3;; and potential VI (¢, x,y, z) the corresponding
Lie invariants are (t,y - gx, (Z + %)e_x, u).

In the case where the proper CKV produces a Lie symmetry, then for the Klein-

Gordon Equation (75) with potential function V!!(t,x,y,z) the Lie invariants are

mAty L, while for the potential function V!'(t,x,y,z) the resulting

m(A+a)
—5— t’ emAtu } )

_my _mAy
x,ye"2t,ze" 7t

Lie invariants are {x — St (y+ Be” (Z + ﬁ)e_

4.2.2. Conservation Laws

For the Noetherian conservation laws for the Klein—-Gordon Equation (75) it follows
that for V!!(t,x,y, z) it follows

NABC _ 1 1 1 e 5
I"(@}u) =5 ¢ x(((—Nu2+A2u +B2 y+ C2 ) VIH(txy, z)u >> (78)

NABC _ 1 1 1 2
F(8hn) = =5 x(z<(_N”2+Az” gt > Vit 2 )> 7

I (C}H) =0and IY (6}11) =0. (80)
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For the potential function V!I(t,x,y,z) the Noetherian conservation law has the
following components

NABC _ 1 1 1 2x
Iy(f%n) =75 ¢ x((( Nz”t+Az R B Zy"' o ) Vi, x,y,Z)MZD (81)
I (5%11) =0,I" (5%11) = Oand I* (5%11) =0. (82)
Similarly, for Vlfl” (t,x,y,z) we determine the conservation law
NABC _ 1 1 1 ez"
IZ(@?H) = Te x((( Nz”t+ A2 +§”2 + C2 > Vm(t xr]/rz)“2>) (83)
I' (C?H) =0,I" (‘:?H) =0and IY (ff?n) =0. (84)

For the Klein-Gordon equation with potential V! (#, x,y, z) the conservation law has
the components

P (ahy + Beh + e = o1 (e, (85)

P (aghy + B3h +1el) = B (¢h), (86)

1 (aghy + Bk + i) = o (h) + 7). (87)

" ' (achy + B +2Eh) =0, (38)

with potential function VI (¢, x, v, z).
Moreover, for VUI I (t,x,y,z) the conservation law has the following components

_, (BmA-1)

Ate 7 tex /2 2 A 1 1 2A
ItX - -~ * HIII 7_,1‘ A D A
(X3) > ( M) g o t (89)
_, (BmA-1)
Ale 7 temx 2 A 1
R (G >W>-
4 (Bm)\fl)t -
Iy(XB)_W(yH‘gI—((ZAt ) )A ) (91)
— 4 (BmA-1)
A4 - A
F(X3) = ezze()\zH{,U ((A ) ) ) (92)

where now

1 1 1 2
I _ 2 11
Hy ((AZemAtu't+ ye x+ A2 D u +@u ) Vo (b x,y,2)u )

Finally, for the potential V! (t,x,y,z) the conservation law for the Klein-Gordon

Equation (75) related to the generic symmetry vector X5 + a¢};; + BE7;, + &3y — ( 250 4 )\) U0y
has the following components
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I' = I'(X3), (93)
Fo= () +al* (&), (94)
Fo= 1(Xs)+ B (&), (95)
Fo= F(Xs)+al (ghy) +9F (), 96)

(_ﬁ + U xx +872x(

N2z = A?

VUV(t, X,Y,2)

Wyy

with N = A(t)e? A(t)ezA=DE C(t) = A(t) and A(t) = ™ A(t) and potential
t,

At B =
: 111
function V' (t, x, y, z).

4.3. Bianchi V

For the Bianchi V spacetime the Klein-Gordon equation is

Uzz 1 N.t A,t C,t C/t
+ &) +NZ(Nu’t_ AT T

2 V(t,x,y,z) 5
u,z> + Fu'x - WU = 0 (97)

The KVs of the Bianchi V spacetime are ('j%, =0y — Y0; — 20, (j%, = dy and é‘?’, = 0,.

Therefore, from Theorem 2, we find that (i) ij} 17 is a Lie symmetry for the Klein-Gordon
Equation (97) when VY (t, x,y,z) = V(t,e*y, e*z); (ii) ¢} is a Lie symmetry for V. (t, x,y,z) =
V(t,x,z); (iii) é‘%/ is a Lie symmetry when Vlg(t, x,y,z) = V(t,x,y); ({iv) a@%/ + ,3‘3%/ + ’YC%, is
a Lie symmetry when Vi‘;(t, xX,Y,z) = V(t, (y — g)ex, (z - %)ex).

Finally, for the line element (17) the vector field X = X3 — (l% + )L) ud, is a Lie

m
symmetry for the Klein-Gordon equation when the potential is of the form of function (76),

while X = X3 + agl, + B&3 + &3 — (%% + /\) 10y is a Lie symmetry when

. 1 _mAt am ﬁ Wl(tX*l)t 0% - m(a—)L)t
= A2e Ul x 2t, y+“7162 ’Z+1x—)\e 2

m()\ — 1)A,t + ZA,tt
2A3

(98)

4.3.1. Invariant Functions

As previously, we determine the Lie invariants related to the admitted symmetry
vectors for each potential functional. Indeed, for the potential V. (t,x,y,z) the invariant
functions related to the Lie symmetry ¢};; are {t,e*y,e*z,u}. For the potential function
Vl}/(t, x,Y,z) we determine the invariants {¢, x, z, u} while for VZZ(t, x,y,z) the invariants
are {t,x,y,u}. Moreover, for V.Y (t,x,y,z) the corresponding invariant functions related to
the generic vector field ucC%, + ﬁﬁ%, + ’yé%/ are {t, (y — g)é‘, (z — %)e", u}.

Finally, for the remaining cases where the proper CKV generates Lie symmetries, it fol-
lows that for potential VUI Ir (t,x,y,z) the Lie invariants are {x, ye~ %t, ze~ mTAt, em)‘tu} while

for the potential V) (£, x,v,z) and the Lie symmetry X3 + a}, + B&3 + &3 — (% % + )\) 10y

the corresponding Lie i i _ am B\ ey I WL P
ponding Lie invariants are | x 3 t, y+i=x)e Nz+ =5 )e 2 e u .

We proceed with the derivation of the conservation laws.

4.3.2. Conservation Laws

The conservation law for the Klein—-Gordon Equation (97) and potential function
VY (t,x,y,z) has the following components
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NABC 1 1 e~ -
1X<€%/> = 5 ex((( Nzut—l—ﬁu —I-?u +FM ) _Viv(trx,y,Z)u2>>, (99)
NABC —x
(Cv) ( << Mt-f-fu —i—ﬁu + it )—ViV(t,x,y,z)u2>), (100)
NABC 1 1 e X e~
(Cv) ( (( N2 ”zt + A2 “,2x + ﬁu?y =+ C2u22> - Vl-V(t, x,y,z)u2>), (101)
and
I (élv) =0. (102)
For VY (t,x,y,z) it follows
NABC 1 1 -
(CV) 2 (<< Nz”t+ vk x + ?u + & 2 > VY (t, x,y,z)u2>>, (103)
It(é'%/) :0,19((5%/) :Oandlz<§%,) =0. (104)
For V\'(t,x,,z) we find
NABC 1 1 e_x e—X
Feh) = =3 <(<_Nz”,2t et iyt ) Vi, x,y,z>u2)), (105)
(&) =0, (&) =0and (&) =0. (106)

For the generic vector field agl, + B&2, 4+ ¢, and potential V)Y (£, x, v, z) it follows
P (agh + B2t +12h) = ar*(g})
P (agh + B2y + 7)) = al(2V) + 1 (})
I (agh + et + 98 ) = ar (&) +1 (&)

and

I(agh + 3y +127) =0,

. . . V
with potential function V;; (¢, x, y, z).

1d, we determine the conserva-

N—

From the Lie symmetry vector X = X3 — (% % +A

tion law
Ade 5 tex /0 2 A 1 1 /24
(X)) =" " (ZHY (224 s  u)=ut - — (S22 44 ) u?). 107
(X3) 2 (m v <(m A + )u)Au 2A5M \m A * tu (107)
_, (BmA-1) -
Ade 7 ftex 2 A, 1
F(Xa) =2~ " ([ ((Z25L 42 ) 1
(%) 2 ( ((m A’ )u>Ae%Afu ) (10)
_, (BmA-1)
Ate 2 teX 2 A 1
Yy _4a4c ° ° vV _ £t Y
IY(X3) 5 (yHV ((m < +/\)u> o ) (109)

(BmA—1)
2

A* fex 2 A 1
F(X3) = % (AzHX - ((mA* +A u) i u'z>. (110)
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in which
1 1 e X e X
v = 2 2 2 2 111 2
Hy = <<_A2em)\tu,t + ﬁu,x =+ Wﬂ/y + 2 M,z) -V, (b x,y,z)u >

Finally, the Klein-Gordon equation in the Bianchi V background space with potential
function VY (t, x,y,z) admits the conservation law with components

' = I'(X3), (111)
o= IX(X3)+0¢IX(§%,), (112)
ro= Iy(x3)+a1y(glv)+51y(g2v), (113)
Fo= F(Xs)+al(gh) +9F(e}). (114)

5. Conclusions

We performed a detailed study for infinitesimal transformations which leave invariant
the Klein—-Gordon equation with a non-constant potential function in curved spacetimes.
Specifically, we determined all the admitted Lie and Noether symmetries for the Klein—
Gordon equation. We considered four-dimensional Riemannian manifolds which describe
homogeneous and anisotropic cosmologies. We wrote the Klein-Gordon equation in the
case of Bianchi I, Bianchi III and Bianchi V spacetimes and we determined all the unknown
functional forms of the potential function where the Klein-Gordon equations admit non-
trivial Lie and Noether symmetries.

We made use of some previous results which relate the infinitesimal transformations,
i.e,, the Lie and Noether symmetries, for the Klein-Gordon equation to the elements of the
conformal algebra for the metric tensor of the Riemannian manifold where the Laplace
operator is defined. Thus, we performed a detailed presentation of the CKVs for the
three spacetimes of our consideration. These spacetimes for arbitrary scale factors have a
three-dimensional conformal algebra which consists of these KVs. However, for special
functions of the scale factors the spacetimes admit a proper CKV. There are two forms
for the line-element of Bianchi I spacetime where a proper CKV exists, and there is one
specific form for the line element of Bianchi III and one specific line element for the Bianchi
V spacetime where one proper CKV exist.

Thus, for all the specific line elements we present in a systematic way all the functional
forms for the potential for the Klein-Gordon equation where Lie and Noether symmetries
exist. Such an analysis is important in order to understand the relation of symmetries of
differential equations with the background geometry, as it also shows how symmetries can
be derived in a simple and systematic approach by using tools from differential geometry.
Last but not least, the Noetherian conservation laws can be easily constructed with the
application of Noether’s second theorem.
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