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Abstract: The aim of this paper is to provide new upper bounds of w(T), which denotes the numerical
radius of a bounded operator T on a Hilbert space (H, (-, -)). We show the Aczél inequality in terms
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1. Introduction and Preliminaries

Let H be a complex Hilbert space, endowed with the inner product (-, -) and associated
norm || - ||. We denote by B(# ) the C*-algebra of all bounded linear operators on ‘H with
identity I. For T € B(#), the nullspace and the range of T are, respectively, denoted by
N(T) and R(T). If S is any closed linear subspace of H, then Pg stands for the orthogonal
projection onto S. If we have T = T, then a bounded linear operator T on H is called
selfadjoint . We denote by B, () the semi-space of all selfadjoint operators in B(). We
remark that T € By, () if and only if (Tx,x) € R, for any vector x € H. We define by
B(H)" the cone of positive (semi-definite) operators of B(H ), namely,

B(H)t ={TeB(H); (Tx,x) >0, VxeH} CBy(H).
In [1], for any unit vector x € H and T € B(H)" we have the McCarthy inequality
(Tx,x)" <(T'x,x), r>1. 1)

If T € B(H)", then we can say that there exists a unique positive bounded linear
operator T'/2 such that T = (T'/?)2.

For T € B(?H), the absolute value |T| is defined by |T| = (T*T)'/2. Notice that | T| is a
positive operator.

For T € B(H), we recall the following values: ||T|| := sup {HTxH ; x€H, x| = 1}

(the operator norm of T) and w(T) := sup { |(Tx,x)| ; x e H, ||x|| = 1} (the numerical
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radius of the operator T). It is easy to see that w(T) < ||T|. If T is a normal operator
(T*T = TT*), then we deduce w(T) = || T||. In [2], Kittaneh showed that

1 «
w(T) < Il + 17|
and in [3] the same author proved that:
1 “ 1 *
ANTPHIT P < (1) < S[[ITP+ T ). @
ForT,S € B(H),

1
W (S°T) < ST + ISP, (r>2). )

This represents an inequality given by Dragomir in [4].
Next, we present an improvement of the above inequality for r = 2, given by Kittaneh
and Moradi in [5]:

W (S'T) < Z|ITF+ I8 + 5w (S™ DT + ISP < S{IITI* + [S[*]- (4)

Some results related to the numerical radius are given in [6,7].

The Moore-Penrose inverse of T denoted by T* has the properties studied in several
papers (see [8]).

In [8], it is given that Tt € B(H) if and only if T has closed range in #, that is,
R(T) = R(T), where R(T) means the closure of R(T) in the norm topology of H.

From now on, we assume that A € B(H)™ is a nonzero operator which defines the

following positive semidefinite sesquilinear form
(v aHxH—C, (x,y) — (x,y)a == (Ax,y).

Notice that the seminorm induced by (-, -) 4 is given by ||x| 4 = /{x,x) 4 = || AV %x||
for every x € H. We remark that || - || , is a norm on H if and only if A is an injective
operator, and that the semi-Hilbert space (#, || - || 4) is complete if and only if R(A) is a
closed subspace in H. It is easy to see thatif A = I, then (x,y)4 = (x,y) and ||x||4 = [|x]|.

The numerical radius plays an important role in various fields of operator theory and
matrix analysis (cf. [9,10]). We remark that |(x,y) 4| < ||A|| and ||x]|a < v/||A]|, forx € H
with [[x]| = [y] = 1.

Certain generalizations for the notion of the numerical radius have recently been
introduced (cf. [11-13]). Among these generalizations is the A-numerical radius of an
operator T € B(#), which was firstly defined by Saddi in [13] as

wa(T) = sup {[(Tx,x) 4] ; x € H, x|, =1}

There are many other results, in numerous recent papers, related to the A-numerical
radius (cf. [14-19]) and the references therein.

An operator S € B(#) is called an A-adjoint operator of T, where T € B(H), if
the identity (Tx,y), = (x,Sy)4 holds for every x,y € H, therefore, S is the solution
of the following operator equation AX = T*A. This equation can be investigated by
using a theorem due to Douglas [20]. We denote by B4 (H) and B 41/2(#) the sets of all
operators that admit A-adjoints and A'/2-adjoints, respectively. From Douglas’s theorem
we deduce that

Ba(H) = {T € B(H); R(T*A) C R(A)},
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and
Bai2(H) ={T €B(H); 3c>0; ||[Tx||, <cllx|l4, Vx e H}.

We observed that B 4 (#) and B 41,2 () are two subalgebras of B(#) which are neither
closed nor dense in B(7{). Moreover, the following proper inclusion B4 (#) C B 41/2(H)
holds (see [18]).

An operator T € B(H) is called A-bounded if T € B 41,2(H). On the set B 41,2(H),
the following semi-norm is defined

I Tx[ 4

1Tl 4 = = sup {[|Tx]|4; x € H, [|x] 4 =1} < +oo,

o Tl
x#0

(see [18] and the references therein). It is easy to see that for T € B 412(H), | T||4 = 0 if
and only if AT = 0. We also observe that for T € B 412(H), || Tx||a < ||T||allx|| 4, for all
x € H. This immediately yields || TS||a < ||T||al|S||a, forall T,S € B 41/2(H).

If T € B4(H), then the Douglas solution of the equation AX = T*A (see [20]) will be
denoted by T#4. Note that T#4 = A*T* A. Furthermore, if T € B4 (#), then T#4 € B (H),

(Tia)ia = a7 Priay and ((TﬁA)ﬁA)ﬁA = Tt Let T € B(H). The operator T is called
A-selfadjoint if AT € Bj,(#), thatis, AT = T*A. Further, T is called A-positive if AT > 0
and we write T >4 0. Clearly, A—positive operators are always A-selfadjoint. It is obvious
that if T is A-selfadjoint, then T € B4 (). However, in general, the equality T = T*4 may
not hold. We also note that if T € B (#), then T = T%4 if and only if T is A-selfadjoint
and R(T) C R(A). Furthermore, it was shown in [21] that if T is an A-selfadjoint operator,

then T4 is A-selfadjoint and

(TtA)ﬁA — Tla (5)

Moreover, it was proven in [18] that if T is A—selfadjoint, then
[Ta = wa(T). (6)

For proofs and other related results, the reader is referred to [8,21-23] and the refer-
ences therein.

Before we move on, it must be emphasized that w4 (T) may be equal to +oo for
some T € B(H) (see [21]). Furthermore, it can be checked that for all T € B 41,2(#H),
[(Tx,x) 4| < wa(T)||x|%, for every x € H, holds. It is known that w, (-) defines a semi-
norm on B 41/2(H) such that for all T € B 41,2(H ) the following inequality holds,

1
§||T||A < wa(T) < || T 4 @)

Some improvements of the inequalities (7) have been recently established by many
authors (e.g., see [15,21], and their references). In particular, it has been shown in [24,25]
that

1 1
JITAT + T8 4 < @3 (T) < 3| T4T + TTo4 ®

forall T € B4(H).

When A = I, we deduce the well-known inequalities proved by Kittaneh in [3,
Theorem 1], given in (2). Notice that the second author showed that w4 (+) satisfies the
power property, that is, for every T € B 41,2 () and all positive integers 7,

wa(T") < wy(T). ©
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In [5], a new improvement of the Cauchy-Schwarz inequality (in short (C-S)) is
given by:

[(xy) < \/;(||96|2||y|2 =[Gy P) + [ Iy I < [l ly ], (10)

for any x,y € H. This inequality provides refinements of some numerical radius in-
equalities for Hilbert space operators. Another inequality of the type above is given by
Alomari [26]

2
|Gy |7 < APyl + (= A) [ Iyl < Iyl (11)

forany x,y € Hand A € [0,1].

The main objective of the present paper is to study some new improvements of the
upper bounds of w(T), ||T|| and w(S*T), of the type given in (2)-(4). Next, we give
certain inequalities about the A-numerical radius wy4 (T) and the A-operator seminorm
[IT|| 4 of an operator T defined on the semi-Hilbert space (H, (-, -) 4 ), respectively, where
(x,y) 4 = (Ax,y) for all x,y € H. One of the main purposes of this paper is to prove some
refinements of the inequalities (8). We also present several results related to the A-numerical

radius for 2 x 2 block matrices of semi-Hilbert space operators, where A = (Ig g)

denotes the 2 x 2 diagonal operator matrix whose each diagonal entry is the operator A.

2. Inequalities about w(S*T)

In this section, our first results are given. To begin with, a result which generalizes
inequality (10) is presented:

Lemmal. Let A € [0,1]. Then
[ )P < APy 1% = 106 P) + 1 ) PPy 12720 < DByl (2)
forany x,y € H.

Proof. For A = 0 and A = 1 in the inequality (12) we obtain the inequality (C-S), |(x,y)| <
[Ix]|||ly|l- Therefore the inequality of the statement is true. However, we have

APyl =1 ) ?) > 0,

forall x,y € H and A € (0,1), which means that
AP I = ey )+ 1 ) P2 Il 2720 = 1 ) [P e ) P20
This yields that
e ) P < APyl = o m12) + oy P 1224y 1272, (13)
for every x,y € H and A € (0,1). Using Young's inequality,
b < Aa+ (1-A)b,

for every a,b > 0and A € (0,1), we obtain

[ ) PP Iy IP 20 < Al )2+ (1= D) [Pyl
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which is equivalent to

AP 112 = 1o ) )+ [,y P el 224 [yl 22
< APy = o) P) + ARz 2+ (1= Ml Py,

whence
APy P = [ ) 1) =+ [ y) P 2A P2 < Py )1 (14)

forall x,y € H and A € (0,1). Consequently, we obtain the desired inequality by taking (13)
and (14) into consideration. [

Remark 1. Another form of inequality (12) can be given as:

[(xy) < \//\(HXIIZIIyll2 =[Gy P) + 1o y) PP 2A ly 12724 < lxlillyll - (15)

forany x,y € H and A € [0,1], being an improvement on the inequality (C-S). For A = % in

inequality (15), we obtain inequality (10).

Theorem 1. Let T,S € B(#H), r > 1and A € [0,1]. Then the inequality

AL —

W (8'T) < 1T ISt -

(|| T + S| ]| — (s D[IT> +Is[) a6
holds.
Proof. Taking the first inequality from Lemma 1, we have

()P < o IR IR+ o o) P2

for every x,y € H and A € [0,1]. From the power-mean inequality [27] given by

1
r

A+ (1—-A)b < (Ad"+(1—-A)b")

forall A € [0,1],4,b > 0 and r > 1, we show that

I ] ) P ] 220y 220 (17)

2r

forevery x,y € H,r > 1and A € [0,1]. If we replace x and y by Tx and Sx, respectively,
in (17), and we assume that ||x|| = 1, we then have

A
(8" T, )" < T2 T[S + (8T, x)[PV7|| T =217 S| 224",

1+)\|

Using the same idea as in [5] or [26], for the above inequality, we deduce

(8" Tx, )| < |<S*Tx,x>|2M((\T|2x,x><|5|2x,x>)(1_/\)r

1+A

A 2 r 2 r
—0—m<|T| x,x) (]S]7x, x)

= TS T ) (TR ) (5 T ) ()

A 2 r 2 r
—0—m<|T| x,x) (|S]7x, x)".
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Applying Young's inequality in the above relation, we find the following inequality:

2r

|<5*Tx x)|

<— 1+ (A8 T )] + (1= M (TP, x) ) (A(S T, )] + (1= A){J P, x) )
+f;;ﬂﬂ%ﬂ>0ﬂ%wy

< H%(A](S Tx, )|+ (1= A){| T2, x)") (A[(S* T, x) |+ (1= A) (I8, x)")
+ 1+%wx,w (IsPx, )"

<z A(A](S Tx, )|+ (1= A)(| T2, x) ) (A(S* T, x)[ "+ (1= A) (15 *'x, %))

2r 2r
4 (TP )15, )
= M) o ) (T 1523, 0) + 22 ) 52, )
A )L2 . )
Jr1jLi/\<|T|2’x,x><|5|27x,x>+ 1+/\]<S Tx,x)|”,

which is equivalent to

(1+A—A2)|<S*Tx,x>]2r

< (T=A+ AT 2, x) (IS x, x) + A1 — A)[{(S*Tx, )| ((| T|* + |S[*")x, x)
17)‘+)\2 4r S4r )L o S 2r SZr

< —— (T +18[")x% 2) + AL = M (S™Tx, )" ((ITI" + [S[7)x, x).

Thus, we have

2(14+ A — A2)|(S* T, x)|”
< Q= A+A) (T +[S[*)x, x) +2A(1 = A)[{S*Tx, x)| ((|T|* + |S[*)x, x).

If we take the supremum over x € H with ||x|| = 1 in the above inequality, then we

obtain the inequality
1— A+ A2 4 4 A1—=2) ) )
T — Tl r A GN(SETINTIR | 1
WST) < g T IS+ e DT + 15 as)

Inequality (18), can be rewritten, rearranging the terms, as the inequality of the state-
ment. []

Remark 2. For A = 0or A = 1in (16), we deduce the following inequality:

. 1
W ($°T) < ST + 18", (19)

when v > 1. This represents inequality (3) given by Dragomir in [4].
Because A € [0,1] and the following inequality:

|||T|4r + |S|4r|| Z %H‘T‘Zr_i_ |S|2rH2 2 w(S*T)H|T|2r—|— ‘S|2rH

holds when v > 1, then (16) is an improvement of inequality (19).
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In [28], Buzano proved an interesting inequality:

[y < o (] + 1)), 0)

where x,y,u € H and ||u|| = 1. We apply this result in order to give another inequality
related to the numerical radius.

Theorem 2. Let T € B(H) and A € [0,1]. Then the inequalities

A A 1—A
w*(T) < g|||T|4+|T*|4H+ Zw(T2)+Tw2(T) 11T+ |T*?
+2 Z(Tz)—l—uw(Tz)wz(T)
1 4 *
§|||T| + T4

hold.

Proof. Let x,y,u € H with |[u|| =1 and A € [0,1]. Using inequality (20), we have

[t y) P < [ w) |5 (el + 1) )

<7 216w | (vl + e 9)))-

([l[l v + [ x ) ])?
Thus, we deduce
2 ) ) (1l + o) )

A
*HHHﬂ\+*HMWMxy\ (1)

) (1, ) P < 2 ) P

) >

If we replace u by x where ||x|| = 1, x by Tx and y by T*x in the above inequality (21),
we obtain

[{Tx, x)|* = |{Tx, x) (x, T"x) [

S$WWH”L*WHWW T[T ]| + (T2, T*x)])
+ 1T+ S T Tl 7 T @
< JIT + 1T + [ + L2 | e+
+—%aﬂ(T2)+—1§;§amnﬂ)a#(Ty

We take into account the following sequence of inequalities:

TP = (T, Ty, T75)
ITx, x) (IT*[*x, x)

(TP x) + ("))
(TP 2)% + (|7 P, %)?)

1
(T T2 2) < SIITIS+ T

—~

IN - IA

IN
CYIFS Y U
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Consequently, taking the supremum for ||x|| = 1 in inequality (22), we find the first
inequality of the statement.
Now, we have

A A 1-A
ST+ T+ ) + 2R | T + |

+ %wZ(TZ) + %w(]’z)uﬂm
A 1-A
7H|T|4 + T} + {4602("[) + Taﬁ )] 11T+ 1T |
Aa 1—A 4

A 1 2—A
< AT+ 1T+ 2PN + TR+ 2t

(1) < ST+ 1714,

In the above sequence of inequalities, we used inequality (2) and inequality (9) for
A =Tand n = 2, hence

w(T?) < WA(T) < Z||TP +|T*P

and the results hold. O

Remark 3. For A = % in Theorem 2, we find an inequality given in [5], namely:

1 1
WD) < T+ T +

2y, 1 2 2 12
(1) + D) TR+ T

@ (T?) 4 (T (T).

If we take A = % in Theorem 2, we also obtain:
1
WHT) < |ITH+ T + [ (T2) + (D) ||| T2+ | TP
+ %w (T2) + }LW(TZ)WZ(T).

3. Some Inequalities About to the A-Numerical Radius
Next, we give several results related to the seminorm || - || 4 induced by A.

Theorem 3. Ifa,b € R, x,y € Hand |a| > ||x||4 > 0and |b| > ||y||a > 0, then
1o = ayl% + (e y) al® = Ilx [yl (23)

Proof. Let §z denote the real part of any complex number z. Clearly, the inequality (23)
can be written as

a(lyl% — 2abR(x, y) a + *[1x[1% + |G y) al® =[xl llyl% > 0.
Assume that b > ||y||4 > 0. We consider the function f : R — R defined by
fa) = a|lyll% — 2abR(x, y) 4+ B2|x (% + 1(x y) a? = x4l
This means that

= 40*(R(x,y) 0)? — 402 |l 4 lyII% — 4ly11% (1{x y)al® = [l llyII%)
< 4(b? - H]/Hix) () al? = x5 1y11%).
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where, we used the inequality (R(x,y)4)? = (R(Ax,y))? < |[(Ax,y)|*> = [(x,y) 4|

Therefore, because we have b2 > ||y||% > 0 and using the well-known inequality (C-S),
|(x,y)al* < ||x||4]l¥]|%, we find that the discriminant A, is negative, and hence f(a) > 0,
for all 2 € R. Consequently, the inequality from the statement is valid. O

Corollary 1. Ifa,b € R, x,y € Hand |a| > ||x||a > 0and |b| > ||y||a > O, then the inequality

[bx —ay|la > |xllallylla — [{x, y)al (24)
holds.

Proof. By using inequality (23) and the following algebraic inequality \/a? — B> > a — f3,
where « > B > 0, for &« = ||x||allylla and B = |{x,y) 4|, we find the inequality of the
statement. [J

Theorem 4. If T € B 41/2(H) and a,b € R, |b| > 1, then we have
16T — al|[o + wa(T) = ||T| a- (25)
Proof. In inequality (24), replace x by Tx and y by x. Thus,
[6Tx — ax||a + [(Tx,x)a| > [[Tx[[allx]|a,

for |b| > ||x|| 4. If we take the supremum over ||x||4 = 1, then we get the inequality of the
statement, when |b| > 1. O

Theorem 5. Let x,y € H and a,b € R. Then, the equality

(% = lxIZ) (% = [lyl%) = lab = Cxy)al + Ix Iy 1% — (o y)al® = lbx —ayl% - (26)

holds.

Proof. We remark that (Ax,y) = (y, Ax) = (Ay, x). Next, we have the following calcula-
tions:

= (ab— (Ax,y)) (ab — (Ax,y))
= (ab)*> — ab({Ax,y) + (Ay,x)) + |(Ax,y)

jab— (x,) a|”
2

and

|bx — ay|% = (bAx — aAy, bx — ay)
= b*|lyll% — ab({Ax,y) + (Ay, ) +a?||x|%,

which means that
2 2
|ab— (x,y)a|” — llbx —ay [ = (@ = 1xII%) (02 = llyl%) + [{x v)al” = IxlZ ]y 1%-
Therefore, the equality of the statement is true. [

Corollary 2. Ifa,b € R, x,y € Hand |a| > ||x||a > 0and |b| > |ly||a > O, then the inequality

(a® = [|x]1%) (0% = [lylI%) < lab — (x,y)al? (27)
holds.

Proof. Using inequality (23) and equality (26) we deduce the inequality of the state-
ment. []
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Remark 4. This inequality is the Aczél inequality in vectorial form (see, e.g., [29]).

Theorem 6. Let x,y € H with ||x|| = 1. Then we have

(1AL = 1x12%) (1AL = 12 < [IAl = (xy)al”

Proof. Using inequality (27) for a = b = /||A|| and taking into account the fact that
[Ix]la < V/||A]], for x € H with ||x|| = 1, we deduce the inequality of the statement. [J

To establish our next result which covers and extends a well-known theorem by
Kittaneh et al. in [5], we need the following two lemmas.

Lemma 2. Let T, S € B(#H) be A-positive operators. Then

, VneNF

HT+S
A

"+ §"
2

where N* denotes the set of all positive integers.
To prove Lemma 2, we require the following lemma which was recently proven in [16]:
Lemma 3. Let T € B(H) be such that T > 4 0. Then, we have
<Tx,x>nA < <T”x,x>A, Vn e N*. (28)
for every x € H with ||x||4 = 1.

Proof of Lemma 2. We consider x € H with ||x||4 = 1. From the convexity of h(t) = "
with t > 0, we get

(<T2+SX,X>A)” _ (<Tx,x)A 42- <Sx,x>A)n

< (Tx, x)y + (Sx, x)"y

- 2
< (T, x) 4 _2'— (5"%,%) 4 (by Lemma 3)
T" 4 §"

= 5 X,X) ,

< ‘ " + 5" _
A

Therefore, we obtain
(F) <[5,

Hence, by taking the supremum over all x € H with ||x||4 = 1 in the above inequality
we get

wZ(T—Zi—S) < HT”—Z&—S”

A

Therefore, the proof is complete by using (6) since > >0 O
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Lemma 4. Let x,y,u € H be such that ||u|| 4 = 1. Then
2 2
12[¢x,u)afu, y)al” < Ixlalyl% + [ y)al” + 2llxallyllal{x v) Al
+al(x,u)a(wy)al(Ixllallylla+1(x y) al)-
Proof. Let x,y,u € H be such that ||u]| 4 = 1. It follows from [13] that
2[(x, u)a(u,y)al < [(xy)al+ lIxllallylla- (29)

By using (29), we see that
[ (x4 )l
= [ walwy)al* + 2w ) atuy)al
< s (Ixllalylla+ 1005 ) + 210t ydal (Ixllalylla+ 0o )al):
This immediately proves the desired result. [
Now, we will give an inequality concerning w? (T).

Theorem 7. Let T € B4 (H). Then the following inequality

1

1 1
wh(T) < g [(THTP 4+ (T2, + WA (12) + 5 (T)wa(T?)
1
+ || TAT + T4 |, (wa (T%) + 203 (T) )
1
< glmmt e e

holds.

Proof. Let x € H be such that ||x||4 = 1. By putting u = x and then replacing x and y by
Tx and T#4x, respectively, in Lemma 4 we see that

12(Tx, x) 4[*
2
< TGN + [(Tx, Téx)a]* + 20| Tx| | T*x] | (T, TH4) 4
2
+4(Tx,x) al* (I Txl| A | T %] 4 + [(Tx, T4x)4])

= (T*ATx,x) 4 (TT*x,x) o + 2\/<TﬁA Tx, x) a(TT?x,x) o |(T?x, x) 4|

—|—4|(Tx,x>A|2(\/(TﬁATx,x>A<TTﬁAx,x)A + |<T2x,x>A\> + |<T2x,x>A|2.
Further, by applying the arithmetic—geometric mean inequality, we have
(Tx,x) 4"
Lo b 2 f f
E( (T*ATx, x)4 + (TT*x, x) ) + (T x,x>A](<T ATx,x)4 + (TT Ax,x>A)
+2[(Tx, x) 4| ( (T*ATx, x)4 4 (TT*x, x)2 + 2|(Tx, x}A\> + |<T2x,x>A|2

(T
%( (THAT)? + (TTH)x, >A)+wA(T2)(<[TtAT+TTﬁA]x,x>A)
2w

_|_

3(T) (((TAAT + TT#4), x) 4 + 204 (T2) ) + w3 (T?),
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where the last inequality follows by applying Lemma 3 since the operators T#AT and TT#4
are A-positive. In addition, by using the inequality (C-S), we see that

12|(Tx, x) a|* < %H(T’“T)Z +(TT*)?|| , + wa(T?)||T*AT + TT# ||,
+ 20 (T) (| TAT + TT#4|, 4+ 204(T2) ) + @} (T?)
1
= S[(TAT)2 4+ (TTH )|, + WA (T?) + 4w (T)wa(T?)
+ | AT + T || , (wa(T2) + 203(T) ).

This gives the following:

1
A12

—|}TﬂAT+ TT#]| (wa(T?) +205(T)).

[

1
[(Tx,x)a|* < S (THATP 4 (TTHP |, + @ (T%) + Zwi(Twa(T?)

This proves the first inequality in Theorem 7 by taking the supremum over x € H
with ||x||4 = 1 in the last inequality. On the other hand, by applying (9) together with (8),
we see that

1 2 1 2 2
A+ TR (T2) + 303 (Twa(1?)

—HTﬁAT+ TT| , (wa(T?) +2w%(T))

S| (TAT? 4+ (T2, +

5
il i il A
S 24H(T AT) + (TT A) ||A + 12wA(T>

+ iHTﬁAT + TT# | Wi (T)

IN

(T T2+ (T3 2|

11 2
i i
Y +48{|TAT+TTAHA

A

11 H 2T?AT 4 2TTH 12

1
_ fa T2 f4)2
—24||(TAT) + (TT*)?|| 5 K

A

Thus, by applying Lemma 2 for n = 2, we get

1 2y, 1 2

—HTﬁAT—f— TT]| (wa(T?) +2wA(T))

iH THT)2 4 (T )2, +

< ﬂH(TﬁAT) —|—(TTﬁA) ||A_|_ﬂH(TﬁAT)2+(TTtA)2HA

- gl s,
O

Remark 5. (i)  Note that the inequalities in Theorem 7 are sharp. Indeed, it suffices to con-
sider any A-normal operator T, i.e., TSAT = TT?4, then by using the following properties:
wa(T?) = Wi (T) = ||T|} and

[(T*T)? , = [|(TT#4)? , = || T*T|)% =

A

from [18], it is clear that no superior values exist.
(i) Note that Theorem 3 in [5] follows from Theorem 7 by letting A = 1.
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4. On Inequalities about the A-Numerical Radius of 2 X 2 Block Matrices

A0 > . Itis obvious

We consider A, the 2 x 2 diagonal operator matrix given as A = ( 0 A

that A € B(H & H)* and A induces the semi-inner product

xy)a = (Ax,y) = (x1,y1) 4 + (x2,¥2) A,

for every x = (x1,x2),y = (y1,¥2) € H & H. In recent literature, some bounds concerning
the A-numerical radius of 2 x 2 block matrices are given (see for example [30] and the
reference therein). In the present section, we continue working in this direction and we
prove new inequalities involving wy (T), where T is a 2 x 2-operator matrix.

To prepare the framework in which we will work, we need the following lemmas, the
first of which was proven in [19,31].

Lemma 5 ([19,31]). Let T,S,X,Y € Bo(H). Then

(T X\™ (T yia

@y s) =\xtu o)

. X 0 0 X

o |6 ¥, -6 3)
o v/)|l, " I\y o/,

(iii) WAKE{ y ]:max{wA(X),wA(Y)}.
X
Y

)
[

= max {[|X]|, [Y[l4}-

] =max {wa(X+Y),wa(X —Y)}. In particular, we have

WA[(S g)} = wa(Y). (30)

The second lemma is a straightforward application of (29) and is stated as follows.

Lemma 6 ([32]). Let A = (A O) and x,y,z € H & H with ||z||, = 1. Then

0 A

[ 2)a(z y)al < 5 (Ixlallylla + 1xy)al)-

N —

Now, we state the following results related to the A-numerical radius of 2 x 2 block
matrices of semi-Hilbert space operators.

Theorem 8. Let X,Y € B4 (H) and A € [0,1]. Then the inequality

(G )]

< Zmax { H(XX’jA)2 + (YﬁAY)zHA, ||(YYﬁA)2 + (XﬁAX)ZHA}

= | >

+ 5 max { [ XX 4+ vAay| | YYE 4 XA X, | max {wa (XY),wa(YX) }

—A
+ g max{wa(X), wa(Y) fmax { [ XX + YAy, [[YYPs 4 XPax] |

+ TAmaxz{wA(X),wA(Y)} max {wA(XY),wA(YX)} + %maxz{wA(XY),wA(YX)}

holds.
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Proof. Using the inequality from Lemma 6, we have

2

|(x.2)4 (2, ¥) 4]
< |(x2z)alz, >A|1(HXHA”)’HA +10¢y)al)

A 1-A

< 7 Uxllallylla +10¢ y)al)’ + =2 azy)al(Ixlallylla + 100 y)al)
A A

ZHXHZAHYHZA + 51y allixliallylla

/\’<XIZ>A<ZrY>A‘(|<XIY>A| +lIxliallylla),

+&|xy \—I—
4 A

where x,y,z € H & H with HZHA =Tland A € [0,1].

Let us consider M = 0 X By using Lemma 6, it follows that M#s = 0 Y
“\y o) VT8 ’ “\xta 0 )
XX* 0 Yty 0 Xy o0
fa — M = 2 —
MM ( 0 YYﬂA>' MM < 0 XﬂAX> and M ( 0 YX)'
If we replace z by x with ||x||, = 1, x by Mx and y by MF4x, then the above inequality

becomes
[(Mx, x) 4 |* = [(Mix, x) , (x, M) 5 [2
A A
< ML aEx] |+ 5[ x| | (Mx, x|
A 1—A
+ Z\(Mx, MFax) % + T|(Mx, X) a (x, MF2x) 4 | (HMXHAHMjAXHA + | (MXx, MﬁAx>A|).
This implies that
2 2
|(Mx, x)5[* < %H(MMM> + (MMM) |+ w0k (M) + 2w, (M2)w? (M)
+(Feon (M2) + 1722 (M) ) [MEAM -+ MM |, (31)

We take into account the following sequence of the inequalities, taking into account
that M*aM and MM*4 are A—positive:

| ], = (b, M) 5, M)
= (M*Mx, x) o (MMF4x, x) 4

IN

2
i((MﬁAMX,xm + (MMP#4x, x>A)

IN

1
2 ((MMMX,X& + (MMFex, x)ﬁ)

IN

202 () x)

IN

oenep s s,

Consequently, taking the supremum over ||xH , = lininequality (31), we obtain the
inequality of the statement. [

Remark 6. For A = 0 in inequality (31), we deduce

wi (M) < fHMﬁAM + MM ||, + wA(MZ)



Symmetry 2023, 15, 304

15 of 20

So, by taking Lemma 6 into account, we get the inequality recently established by Xu et al. in [32]:
W[ )| < L max||xxcia + viay| [ yyis 4 xtax )
A\Y 0/)]— 4 A’ A

T % max{wa(XY),wa(YX)},

forall X,Y € By(H).

Corollary 3. Let X,Y € Ba(H) and A € [0,1]. Then inequalities

Al o)

< g max {[|(XX)2 4 (YY), [[(rya)? + (X, }

+ Zmax{HXXuA + YﬁAYHA, |YY#a + XﬁAXHA}max{wA(XY),wA(YX)}

>

>

+ %maxz{wA(XY),aJA(YX)} + %maxz{wA(X),wA(Y)}max {wa(XY),wa(YX)}
+ %maxz{wA(X),wA(Y)}max{HXXjA + YﬁAYHA, |YY#a 4+ XPa X}

< 5 max {[| (XXF4)2 + (YA Y )|, || (YYP4)2 4 (XEa X2, }

N =

hold.

Proof. From inequality (31), we have

g
T
E

IN
| >

w} (M)

A2 + (]|, + | G ) + [ + vangin |,

1-A

1-A
4

+
B> o0

wj (M?) + wp (M?)wi (M)

| >

A 1-A
| (MEDA + (MME )2 |, + L%(M) + 1 wﬁ(M)} MM + MM |,

1-A
At o)

| (M M)? + (MM )2 ||, + %wg(M) M4 M + MM ||, +

IN

4
B> oo

)
RS
£
+

2—-A

IN

wj, (M)

IA
NI = oo >

|| (M2 M)? + (MM?#2)?]|,.

In the above sequence of inequalities, we used the fact that w, (M?) < w? (M) and
the inequality:
wi (M) < %HMMM + MM,

Therefore, by applying Lemma 6, it is clear that the inequalities of the statement
are true. [J
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Remark 7. By taking X =Y in Corollary 3 and then using (30), we obtain:

A A
Wa(X) < S (XFAX)? + (XXP)2| , + [ XFAX + XXPA | ywa (X?)
—l—%wi(Xz)—i— LAz )xiax + x|, + 22 (Xwa ()
1
< Sl (xFx)? 4+ (xxPa 2.

If we take A = 1 in the last inequalities, then since X1 = X*, the inequality in Theorem 2
is true.

Our next theorem provides an extension of a recent result by Bani-Domi et al. in [33].

Theorem 9. Let X,Y,T,S € B4 (H). Then

T X 1
[(Y S)} < 2 max { [ XEAX 4 YvE | | xXE 4 YEY), )

+2max {w? (T), w4 (S)} + max {wa(XY),wa(YX)}.

0 S Y 0
that ||x||, = 1. By using the convexity of the function t — t2, we deduce that

.

Proof. Consider the matrices M — (T 0) and N = (0 X). Let x € H @& H be such
2

= |<MX/X>A + <NX/X>A|2

< 2(| (M%) ,|* + | (N, ), )

= 2((|(Mx,x),, [P+ [ (M, ), (W), ).
Further, by applying Lemma 6 we get

G 5

| 2

2

<2(m [ (Mo Neex), | + [N [N

A
= 2 (Mx,x) , [+ | (NP, x), | + (N8N, x) , /(NN ),

< 2’<MX,X>A‘ + ‘<N2x,x ‘ + 1<(NMN+NNM)X,X>A

< 203 (M) + wy (N?) + HNMN+NNM A

where the last inequality is deduced from (6) since N*N 4 NN is an A-selfadjoint operator.
We take the supremum over all x € H & H with ||x|[4 = 1 in the above inequality,
implies that

T X
g[(y s)} < 203 (M) + wy (N?) + HNﬁANJrNNjA A

(32)

On the other hand, it can be seen that

2 (XY 0 fa g, _ (XXP 4 YRy 0
N —<0 YX and N*AN 4 NN*A = 0 XAX 4 YYia )
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Therefore, the desired result is obtained by taking (32) into consideration and then
applying Lemma 6. [

We remark that the following corollary considerably improves the second inequality
in (8) and was already proven by the second author in [25]. This corollary was also
approached by Bhunia et al. in [34], when the operator A is assumed to be injective.

Corollary 4. Let T € By (H). Then, the inequality

1
wa(T) < 5\/”7"7%‘ + THAT|| , +2wa(T?) (33)
holds.

Proof. By letting T = S = X = Y in Theorem 9 and then using Lemma 5 (iv), we obtain
the desired result. [

As an application of (33), we derive the following result which extends a recent
theorem stated by Kittaneh et al. in [35].

Theorem 10. Let T,S € B 4(H). Then, the following inequality

IT + 5% a

| T#aT + 852 || , b + 2max {wa(TS), wa(ST) }

< \/max{HTﬁAT—f—SSﬁA‘ o

<|ITlla+1Slla
holds.

To prove Theorem 10, we need the following Lemma.

Lemma?7. Let T,S € BA(H). Then

(s o)l =2
A =5
S 0 2 9eR

We are now able to prove Theorem 10.

eiGT + e—iGSﬁA
A

/0T (A0 > (TS 0
Proof of Theorem 10. Let T = (S 0> and A = (0 A>' Clearly, T = (0 ST)’

Further, by using Lemma 5 (i), we see that

fa fa
" farm — TT*RA + SPAS 0
TTHA 4+ TFAT ( 0 SSia 4 TiaT )"

Hence, an application of (33) together with Lemma 7 gives

IT + S|4

<2{(s o]

< /I TT + T T|), + 2w, (T2)

TAT + SSta HA} + 2 max {wA(TS),wA(ST)},

= y/max< ||T?aT + SSta|| ,,
{I A
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where the last equality follows by applying Lemma 5 (ii) and (iii). Furthermore, we can
see that

\/max{HTﬁATJrSSﬁA‘

wITEAT + 882, } +2max {wa(TS), wA(ST) }

< VITIZ + ISIB + 21Tl AllSla = T4 + 1S a-
This completes the proof. [

Corollary 5. If T, S € B(H) are A-selfadjoint operators, then we have

1T+ 804 < /IT2+ S2l4 +204(TS) < ||Tlla + 1Sl (34)

Proof. Notice that since T and S are A-selfadjoint operators, then so are T#4 and S%4. Thus,
by (5) we get
(TﬁA)ﬂA — Tia  and (SﬂA)ﬂA — Gia,

Therefore, by replacing T and S by T#4 and S%4 in Theorem 10, respectively, and then
using the fact that || X% || 4 = || X|| 4 for all X € B4 (#), we obtain (34) as required. []

5. Conclusions

The main objective of the present paper is to present new upper bounds of w(T),
which denotes the numerical radius of a bounded operator T on a Hilbert space (#, (-, -)).
The study’s motivation is given by the multitude of recent papers that refer to the numerical
radius, see [11,17,24,26,31,34]. The large number of papers published in this area demon-
strates the relevance of this field of research. The main objective is focused on the study of
some new improvements of the upper bounds of w(T), || T|| and w(5*T), of the type given
in (2)—(4). We show the Aczél inequality in terms of the operator |T].

Next, we give certain inequalities about the A-numerical radius w4 (T) and the A-
operator seminorm || T|| 4 of an operator T from the semi-Hilbert space (#, (-, -) 4), where
(x,y) 4 := (Ax,y) forall x,y € H.

Furthermore, we present several results related to the A-numerical radius of 2 x 2
block matrices of semi-Hilbert space operators, by using symmetric 2 x 2 block matrices.
The symmetric 2 x 2 block matrices are very important in our study because they are easy
to use.

As a future approach, we will study better estimates of the A-numerical radius for
the symmetric 2 x 2 operator matrix and we will investigate new inequalities involving a
d-tuple of operators T = (Ty,..., Ty) € Ba(H)%.
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