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Abstract: Recently, various techniques and methods have been employed by mathematicians to solve
specific types of fractional differential equations (FDEs) with symmetric properties. The study focuses
on Navier-Stokes equations (NSEs) that involve MHD effects with time-fractional derivatives (FDs).
The (NSEs) with time-FDs of order § € (0,1) are investigated. To facilitate anomalous diffusion
in fractal media, mild solutions and Mittag-Leffler functions are used. In H®", the existence, and
uniqueness of local and global mild solutions are proved, as well as the symmetric structure created.
Moderate local solutions are provided in J,. Moreover, the regularity and existence of classical
solutions to the equations in J,. are established and presented.

Keywords: Navier-Stokes equations; Caputo fractional derivative; Mittag-Leffler functions; mild
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1. Introduction

The fractional calculus branch of mathematical analysis, cited in references [1,2],
is concerned with the analysis of a large number of interpretations of real or complex
number powers as defined by the differentiation operator D and the integration operator
J, as well as the development of a calculus for these operators. In fluid mechanics, the
Navier-Stokes equation is a partial differential equation that is used to simulate the flow of
incompressible fluids [3]. The model is an extended version of the one developed by Swiss
mathematician Leonhard Euler in the 18th century to describe the motion of incompressible
fluids, as shown in [4]. For incompressible fluid, the Navier-Stokes equation (NSE) is

ou 5 1
o + (u.V)u —uV-ou pVP+f.

The Navier-Stokes equations (NSE) are a family of equations that fundamentally
represent how a fluid flows through its environment, since (NSE) explains the movement
of an incompressible fluid. For Newtonian fluid flows, which reflect the conservation of
momentum and mass [5,6], covering both the lubrication and greasing of ball bearings and
large-scale atmospheric movements, the advantage of using (NSE) is that the unsteady
(NSE) are directly solved by them, and they are also able to resolve the smallest eddies and
temporal scales of turbulence in the flow. Furthermore, they can offer all the data for each
instantaneous flow in the flow field. We see that this system has so many occurrences that
the existence, regularity and boundary conditions must be explained using the full power
of mathematical theories [7,8]. It is interesting to note that Leray conducted an early work
that revealed that a boundary value problem for time-dependent (NSE) has an interesting,
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excellent solution on particular time intervals if the data are properly smooth [9]. Liquid
metals and space plasmas are only two examples of the numerous physical substances
that fall under the category of Magneto-hydrodynamics (MHD). MHD, also referred to as
magneto-fluid dynamics or hydromagnetics, is the examination of the magnetic properties
and “behaviour” of electrically conducting fluids. These “magneto-fluids” include, to name
a few, plasmas, liquid metals, salt water, and electrolytes, according to Reference [10]. The
words “magneto-hydrodynamics” are derived from the words magneto, which means
magnetic field, hydro, which means water, and dynamics, which means motion.Hannes
Alfven founded the domain of MHD, for in which he was awarded the 1970 Nobel Prize in
Physics. MHD equations are a combination of NSE, which describe the motion of fluids and
Maxwell’s equations for electromagnetics (electric field and magnetic field); these system
of equations are coupled together to form the hydro-magnetic or magneto-hydrodynamic
system [11]. In this research, applications of MHD in the medical sciences are catego-
rized into four groups. These areas include MHD applications in simple flow, peristaltic
flow, pulsatile flow and drag delivery. These groups’ respective numerical studies are
examined and reported separately. It is really worth stating the significance of Leray’s
pioneering work in establishing whether the solution of (NS) decays to zero in L? as time
reaches infinity. His work inspired numerous scholars to examine this topic, and there
is now a large and strong body of literature on the subject; we may list a few examples.
As a result, we may argue that the decay aspects of this issue are well recognized. As a
result, it has piqued the curiosity of researchers during the last few years. The NSE are
regarded as crucial mathematical tools for better understanding a variety of real-world
problems in disciplines such as thermo-hydraulics, aeronautical sciences, meteorology,
the petroleum industry, plasma physics and others. These equations provide a natural char-
acterization of the interaction of a viscous liquid with rigid bodies [12]. Qayyum et al. [13],
Rehman et al. [14] and Saeed et al. [15] worked on MHD. Niazi et al. [16], Shafqat et al. [17],
Alnahdi [18], Khan [19] and Abuasbeh et al. [20] investigated the existence and uniqueness
of the fractional evolution equations. Symmetry analysis is a powerful tool for understand-
ing partial differential equations, especially when working with equations derived from
accounting-related mathematical ideas. The secret of nature is symmetry, despite the fact
that it is lacking from the majority of natural observations. It is preferable to hide symmetry
when unanticipated symmetry-breaking occurs. Finite and infinitesimal symmetry can be
divided into two distinct categories, Finite and infinitesimal. Finite symmetry can either be
discrete or continuous, while infinitesimal symmetry is always continuous. Discrete finite
symmetry refers to symmetry that exists in a finite number of elements, while continuous
finite symmetry is a symmetry that is present across all elements in a given system. In the
past few decades, fractional calculus has become increasingly important in mathematics.
While space is a continuous transformation, natural symmetries such as parity and tem-
poral inversion are discrete. These two types of symmetry provide different perspectives
on the same phenomenon and can be used to gain insight into a variety of mathematical
problems. Differential equations of fractional order are more appropriate for a variety of
physical problems than equations of integer order. FDEs are extensively used in many fields
of science, as electrical circuits, viscoelasticity materials, neural networks, engineering,
chemistry, control theory, biology, mechanics and physics [21-23]. We draw attention to
the fact that over the last three years, FDEs have significantly evolved and are a useful tool
for describing certain materials and processes [24,25]. In this paper, we used the previously
mentioned explanation. By considering the smooth boundary (2 = K in R" for (n>3), we
investigate the time-fractional NSE:

—oB2
Bgu —vAu+ (u.V)u=-Vp+ (%), ¢ >0,
Vau=0,
M|E)IC = 0,

u(x,¢) = axcosp + bgsinp,
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where the CFD of order B € (0,1) is denoted by 85 . Motion is magneto-hydrodynamics
(MHD), ¢ is electrical conductivity, By is the magnetic field and p is constant due to incom-
pressible fluid. Here, the velocity field at a point x € K and time ¢ > 0 is denoted by u
=(u1(g, x),uz(g, x),us(¢, x), ..., un(g,x)), p = p(g, x) denotes the pressure term, the kinemat-
ics viscosity shown by the symbol v, ¢ represents the time, and a = a(x) defines the initial
velocity. We set the smooth boundary to be K. This model was modified by replacing the
first time derivative with a fractional derivative of order §, where 0 < 8 < 1. There was the
first time a fractional derivative of this order was in the model. The flow of fluid is detected
at an angle of 45°, then we have

u(0,x) = axcos45° = a

ax
\/EI

—oB?
agu —vAu+ (u.V)u = =VP + ( ‘Tpo ), ¢>0,
Vu=0
/ 1)
ulye =0, .
u(0,x) = —.

V2

Hereby, we apply the Helmholts leray projector P; on Equation (1) to convert the NSE into
a time- fractional model.

The operator —vPA with Dirichlet boundary conditions is simply the same operator
A, just like in the divergence-free function space under consideration. Next, we write (1) in
its abstract sense, which is

—oB?
CDPu(c) = —Au+ F(u,u) + PL(—2%), ¢ >0,

V2’

where F(u,v) = —Pr(u.V)v. If the Stokes function A and the Helmholtz-Leray projec-
tion P; seem alike, then the Equation (2) has a similar solution as that of Equation (1).
For convenience, we simply write P instead of Pr. The goal of this paper is to demonstrate
the presence and distinction of moderate global and local problem solutions of (2) in H°".

Additionally, we demonstrate the regularity findings, which indicate that there is just one

—oB0?
classical solution if P(w) is Holder-continuous. In order for Au and “D¢Pu(c) to be

u(0) =

Holder-continuous in J, #(g) has to be such solution.

The essential idea behind MHD is that magnetic fields have the ability to induce
currents in conductive fluids that are in motion, which in turn produces forces on the fluid
and modifies the magnetic field. The Navier-Stokes equations for fluid dynamics and
Maxwell’s equations for electromagnetism combine to provide the set of equations that
describe MHD. It is necessary to simultaneously solve these differential equations, either
analytically or numerically. The flow of conductive fluid is influenced by a magnetic field.
A current that travels through the magnet at a 45° angle as it goes down the screw and
enters the magnetic field.

2. Preliminaries

In this section, we set the representations, definitions and introductory information
that are used throughout the research [26]. Consider Q = K = {(x1, x2,...xn) : x, > 0} to
be an open subset of R", where n > 3. Let 1 < r < oo, then the bounded Hodge projection
to (L"(KC))" on projection P, whose range is the closure of

CF(K) :={ue (C*(K))": V.u =0, uhas compact subspace in K},
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and its null space is given by the closure of

{ue (C*K))":u=Vy, neC?K)}.

For clear and simple notations, let J, := Cg"(lC)l'lr, which is a closed subspace of
(L"(K))". Additionally, (W™"(K))" is a Sobolev space with the norm |.|;;,. A = —vPA
stands for the Stokes operator in [, with the domain is D,(A) = Dy(A) N J;; we have

Dr(8) = {u € (Z*"(K))" : ulyx = 0}.

The closed linear operator -A generates the bounded analytic semigroup {e=¢4} on J,.
To present our results, we present the traditional power spaces which is associated with -A.
For 6§ > 0and u € J,, describe

_ 1/ 54
Aéu:m/() c®lem4udc.

Then, A —% is a one-to-one operator on J;. A is the inverse of A~%, and set H%" for the
range of A~° supplemented by norm for 6§ > 0,

|t gor = |A%uly.

e~ is extended (or restricted) to a bound analytic semigroup on H%” is simple. Let
X be a Banach space and | be an R interval. The family of continuous X-valued functions
is given by C(J, X). C%(J, X) is the family of all Holder-continuous functions considering
exponent ¢ for0 < ¥ < 1. Let g € (0,1] and v : [0,00) — X. The fractional integral of order
B for a function v with a lower limit of zero is defined as

1u6) = [ gl —s)v(s)ds, ¢ > 0.

Let the right-hand side be point-wise defined the interval [O, o), where g, tends for
Riemann Liouville kernel,

¢F!
gp(g) = T(g)’ ¢>0.
Furthermore, the CFD operator of order § is denoted by CD? ; and defined as

DPu(e) = gclil Pv(e) —voN) = ([ sple ~5)(v(e) —v(ods), ¢ >0

Generally, for u : [0, c0] x R" — R". The expression for the CFD of the function u with
respect to time is

(e ) = s [ 1-ple —5)(ule, ) ~ u(0x))ds) ¢ >0
Let us look have s look at Mittag-Leffler functions
Eg(—cPA) = AmMMﬂfﬂmﬁ,
Egp(—cPA) = Awﬂﬂ%@kﬂfA%,
here Mg(A) stands for Mainardi Wright function, which is defined by

_ _°° AM
A%“)_g%mwu—ﬁu+m»‘
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Proposition 1. Here are some properties of the Mittag-Leffler special functions

M Epp(—cPA) = szreEﬁﬂ (—=cPu)(uI + A)Mdy;

(i) A"Egp(—cPA) = -— [rou*Epp(—cPu)(ul + A)~ldp.

Zm
Proof. (i) By having fo ﬁSMﬁ(S)e*sgds = Eﬁrﬁ(—g) with Fubini theorem, we introduce
® BeN —sch
EAB':B(_QBA) = / IBSMIB(S)C‘ 5G Ads
B 2711/ psM / e 5 (ul + A)"Ldp ds

with the appropriate I'y integral route.
(ii) In the same manner,

A“Eﬁlﬁ(—gﬁA) = / /SsMﬁ(s)A“efsgﬁAds

1 —usch -
= Zm/ Bsip(s) [ mte ™ (ul+ A)dp ds

1

- b -1
370 Jro 1 EBB(—HGT) (I + A)dp.

The results are gotten are like. [

Lemma 1. ([27]). The operators E/g(—gﬁA) and Eﬁ,ﬁ(—gﬁA) are continuous for ¢ > 0, in uniform
operator topology. Moreover, they are uniformly continuous on [r, o) for r > 0.

Lemma 2. ([28]).
Take 0 < B < 1, which implies

(i) VueX lim o+ Eg(—cPA)u =u;
(i) YueD(A)andg >0, CDgEﬁ(—gﬁA)u = —AEﬁ(—gﬁA)u;
(iii) VueX, E;%(—gﬁA)u = —¢P1AEg g(—cPA)u;

(iv) Vg>0, Eﬁ(—gﬁA)u = I;_’S (gﬁ_lEﬁ,lg(—gﬁA)u).

We introduce the next lemma for the function h : [0,00) — X, before presenting the notion of
a mild solution of (2). For this, see [6].

Lemma 3.

2
u
00y, ¢ >0,

CDPu(c) = —Au+ F(u,u) + P(—
u(0) = ﬁ

satisfying solution is
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_ 2

we) = ot s [ (a9 (<Au(s) + Flu(s) u(s)) + () ), for ¢ >0 ®
ue) = i (e (- Au(e)as

1 /s _ 1 /s 1., —0Bu

ey Jy (€9 Fls) uo))ds + gy (6 5P P s,
Taking Laplace on both sides
a 1 1 1, —0oB?
u(A) = NTE + ﬁ[—Au(A)] - ﬁF(u,u(/\)) + E(P ; 0u(A)).
Multiplying both sides by AP
Mu(r) = %AH + [—Au(M)] + F(u,u(A)) + (P_UBéu(/\))
AP+ A)u(r) = \%AH R u) + (P20
u(d) = AP+ A)‘1%Aﬁ‘2 + (AP + A) YR (1, u(A))
oA (B0,

Taking Laplace inverse for both sides

we) = [ Ep—(e— P+ [6— 9 Byl — P ANE(u(s)uts) s
—0B}
0

+ /Og(g — S Eg p(—(c — )P A) (P20 (s)) ds.

Definition 1. A function u : [0,00) — H"or(],) is termed the global mild solution of problem
(2)in H", ifu € C([0,00), H") and ¢ € [0, 00),

ue) = 5 [TEp(—(e~ 9P AN+ [ 6 =9 Epp(~(c — )P AF(u(s) u(s))ds

2
—0Bj

+ /0€<g - S)ﬁflEg,ﬁ(—(g —s)PA)(P u(s))ds. )

Definition 2. Let 0 < & < oo. Ifu € C([0,3], H") or C([0, 3], H*") and u and satisfy (4) for
¢ € [0, 3], then the function u : [0, 3] — HP" or (J,) is called a local mild solution of problem (2)
in HP" or (J,).

Consider the three operators for case ¢, 1, ¢,

4(9) % /Og Ep(—(c—s)PA)ds,
_~+R2
16) = [ a9 Epp(— (s =) AP Ru(c)ds,

P 0)6) = [ (6= 9P Egp(—(c — P AF(u(s),v(s))ds:
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Definition 3. A non-negative measurable function f defined on a measurable set £ is integrable if,

Jo f < oo

Definition 4. Let g be integrable over £, and consider < f, > be a sequence of a measurable
function with | f,| < g on € and limy_,e0o fn = f, ie,

sim [ fa= [ .
It is clear that every function f, is integrable on £ and, furthermore, it follows that limy, e fn = f
on & and |f,| < gon & that |f| < g and, hence, f is integrable on .

Lemma 4. Let (X, ||.||x) denote the Banach space, and let a bilinear operator be defined as G :
X x X — X and a positive real number L such that

16, )l [x < Lilullx|vllx, ¥ u,v € X.

1 L . .
—, there is just a unique solution u € X to the

Then, for any ug € X with ||up||x < i

equation u = ug + G(u, u).

3. Global and Local Existence in H%"

For the existence and unique property of a mild solution to the situation (2) in H%",
we provide adequate conditions. For this, we suppose that:
_ B2

_oB? B
UBOu) is continuous and |P( (; 0u(s))|, = 0(¢P1=9) for0 < 6 < 1as

(e) For¢g >0, (P 5

¢ — 0.

Lemma 5. Let 1 < r < coand &1 < ;. The existence of constant is C = C (91, ;) such that
|e_gAU|H5sz < CQ_(§2_51)|V|H51J" ¢>0,

forv e H%" . Furthermore,

1141;16 g(‘52751) ‘67GAV‘H‘52/" = 0

We now examine a fundamental lemma that enables us to demonstrate the final major
theorems of this section.

Lemma 6. Let 1 < r < oo and also 61 < é,. Then, for any S > 0, there is constant C; =
C1 ((51, (52) > 0 such that

|Eg(=6PA) s < Coa™ P2 ] sy and |Epp(—6PA) | ginr < Crg™ PV 0] s,
forallv € H" and ¢ € (0, ). Furthermore, lim¢_,g cP2=d1) |E/5(—g/3A)1/|H(sz,y =0.
Proof. Letv € H". By the previous Lemma 5, we find that

- —sch
Ep(=cP AWl < [ Mp()le™ 0] s

(C ./:o M/g(s)s_(‘SZ_‘sl)ds) ¢Po—a) V] yor.r

Crg PO |y] s 0.

IN

IN
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Additionally, the dominated convergence theorem of Lebesgue demonstrates that

lim 6P |Eg (=P A)] s < [ Mg(s ) limy P00 o= A, s =0

Similarly,
|E/3ﬂ(_g A)V|H0‘zrr < ,35“1/5(5”3 ’ V|H<52/rd5
’ 0

(/ac / Mﬁ(s)sl<6z61>ds)gﬁ<szal>|v|w

Clgfﬁ(‘szf‘sl) |V‘H51/"

IN

IN

where constant C; = C1(B, 61,92) is

F(1—52+51) ﬁr(2_52+51) }
T(1+B(61—62)) T(1+ (1461 —62))

Ci>C max{

O

4. Global Existence in H%"

Now, a portion of the above section of this article deals with existence of a global mild
solution of problem (2) in H or and we let

M(g) = sup {PI1P(—Du(s))|},
s€(0,] P
Bi = Comax{B(B(1-6)),1- (B(1-6)),B(B(1 - )1 B(1-0))},

L > MG max{B(ﬁ(l —9)),1-2B(a—9)),B(B(1—«a),1 —2B(x — 5))},
assuming M is provided afterward.

Theorem 1. Let 1 < r < 00,0 < 6 < 1and (e) hold. For all 46 € Ho, suppose that

V2
alL| 4 BM.< - ©)
Halys 7T AL
BZu
The above-mentioned Mo is defined as Moo := sup {sP1=0)p(—0=2 —T5 } If &
s€(0,00)
3 < 6, then there is a & > max{6, 3} and a function which is unique u : [0,00) — HO" helps
to satisfy:
(@) The function u : [0,00) — H%"is continuous and u(0) = %,‘
(b) The function u : (0,00) — H""is continuous and lim _,Ogﬁ MNu(c)|ger = 0;

(c) wusatisfy (4) forg € [0,00).

Proof. Take o = 1%‘5. Here, X is a space containing all the well-defined curves u : (0, 0)
— H", also Xe = X[00], and the X« term is a complete metric space, and it is nonempty:

(i) The continuous and bounded function is u : [0,00) — H%';
(i) Additionally, the function is continuous and bounded u : (0,00) — H“"; moreover,

lim QW‘_‘S) lu(g)|gar = 0;
¢—0
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having a fundamental norm

[ullx = ’”“"{ sub Iu(g)lm,r,supgﬁ("“”Iu(g)lH“"}'
¢=0 c=0

Since it is clear the mapping F : H*" x H*" — [, is a well-defined, bounded as well as
bilinear mapping because of a Weissler argument, 3 M in such a way that for u,v € H*,

M|u|Ha,g|1/|Htx,r,

<
< M(ulgor + Ve — vl (6)

Step I

Let us suppose that u,v € X. Here, the operator ¢(u(g),v(g)) € C([0,00), H*") and
also the operator ¢(u(g),v(g)) € C((0,00), H*"). Consider ¢ < ¢ for completely arbitrary,
Go > Ois fixed and € > 0 is very small (the following situation is related). There are

< [P g~ (6 P AV (u(s)v () o
£ [ e =97 = (G0 = 5)F ) Epp(— (s = )P A F(u(s)v(s) s s
£ [ o0 =9 (Bpp(—(c = 5)PA) = Epp(—(co = 5)P A)) F(u(s), (s) s s

+ /;0_8((;0 —8)P Y Eg (— (g — 5)PA) — Epp(—(co — 5)PA)F(u(s), v(s)|ysrds

= Gu(g) + Ga(g) + Gzs(g) + Gaa(g)-

Each of these four terms is estimated independently. For Gy1(g), in the light of the
above Lemma 6, we find

Gulg) < & /g (6 — $)PA-O 1| P(u(s), u(s) | ds

c
= Mclfg (6 — )P0 |u(5) s [0(5) s
0

IN

MCy /g(g—s)ﬂ(lf‘s)*lsfzﬁ(“ 9ds sup {52/5”‘ 9| [u(s)|gar|v(s)|per }
s0 s€[0,¢]

1
= MG / (1—s)PU=0)=15=26=0)gs sup {P@=0)|u(s)|pyur|v(s) | pror }-
So/¢ s€[0,]

There exists > 0, and J is very small for 0 < ¢ —¢o < J from definition of the
B function

[ =Pttt ags o
co/¢

Consequently, G11(¢) approaches to 0 as ¢ — go approaches to 0. For G1»(¢),

Gi2(c)

IN

& [[* (e =97 = (e = 9P ) (6 = ) PIF(u(s),v(s) s
MG /go (60 =9)P " = (6 =9)P 1) (¢ —5) P 2" 0ds

sup (D] () e (5 s .
s€[0,60]

IA
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It is interesting to note

¢

/0 "l(go — )P — (6 — )P (g — 5) s 2

= /go(g — )P (g —5) P50 s 4 /go(go — )Pl (g —5) P05~ 2Bla-0)gs
0 0

<2 / (o — 5)P1-0)"15-28(a—0) g
0
= 2B(B(1—6),1—2B(x — 5)).

So, by theorem (LDC), there are
G
[ e =171 = (6= 9)P (g ) P50 5 0as g o
0

We conclude the limiting value of Gi3(¢) is equal to zero as ¢ — ¢o. Now, we move
towards Gi3(¢),

Gua(e) < [ (co= 51 (Bpp(—(s —5)PA) + Epp(—(co — )P AVF(u(s), () s

< /Ogo_g(go — )P (6 —5) " + (co — 8) ™) |F(u(s), v(s) | 1o

Go—e
(o —8)PI=071572(a=0gs sup {s%P@=0)|u(s)| par |v(s)|ppar },
SE[O’QO]

< 2MC /0

by using the (LDC) theorem one more time, and the operator Egg ( —cP A) is uniform
continuous by Lemma 1, which shows

lim Gy3(c)

660

/ogO_S(GO — )P~ lim |Eg p(—(c —5)PA) = Eg p(— (50 = )P A)F((s), v(5)) | yords
)

For Gy4(g), from calculations, we find conclusions that

50
Gua(e) < [ (6o =3P (6 =5) P+ (g0 =) ) F(uls), v(s) s
—

< 2MCG /go (tg — 5)P1=0)1572B(a=0)  gyp {szﬁ(”‘*‘s)|(u(s)|H,;,y|1/(s)|H5,,} —0,ase =0

c0—¢ s€[go—&50]

From the characteristics of B-function, we find that

¢(u(g),v(g)) — ¢(ulco) v(co)) o —0as ¢ — ¢o.

The continuous operator ¢(u, v) is calculated in C((0, c0), H*"). The same conversation
as before follows. So, we skip the explanation.

Step II

This must prove that ¢ : X X Xeo — Xco is a bilinear, as well as continuous, operator.
By Lemma 6, we have
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IN

[t 9 Bl (e - PR v

< 1 [ 6= PO EGu(s) vl

< My (6= 5P 00 sup (P O]u(s) o () s
s€0,¢]

= MCB(B(1—-06),1=2B(x—0))||ul[x. [V

lp(u(g), v(6))|per

Heasr

A

In addition to

e < | [le = Eppl—(c =P AF(u(s) v(s) s

& [ (6= )P F(u(s), v(s)], ds

¢
< ./\/lCl/O (¢ — s)PO=0715=28(4=0) g5 sup {szﬁ(“_‘s)|u(s)\Ha,r|v(s)|Ha,r}
s€[0,]

Har

IN

= MCig PEIBB(1—a),1—2B(ax —8))ul|x.||v]|x..-
Hence,

SE;P ) P |p(u(c), v(6)) [er < MCIB(B(1 — ), 1= 2B (0 — 6)) ||| xo [V xo-
cel0o

To be more accurate,

lim P~ (u(c), v(c))lmr = .

660

Thus, ¢(u, v) belongs to Xe, and |[¢(u(¢), v(6))[|x. < Llluf[x.|[v|]xe-
Step 111
Let 0 < ¢ < gg. Since

1(6) —1(g0)| o

_R2
/gj(g - 5)5_1|E/5/ﬁ(—(g — s)ﬁA)P(U’EBO

[P leo=51P 1 = (e = )P U Epg( (6~ 5)PA)P(

IN

u(s))|pards

2
—0Bj

M(S)) |H6,rdS
—0B3

Y
—0B2

N /090““'<go —5)P1Egp(— (g —5)PA) — Egp(—(g0 — )P A)P(—Lu(s))| yordhs

+ /gjie(go — )P Egp(—(c —5)PA) — Egp(—(go — )P A)P( ()l gords

s —oB?
< q /g (5 =5/~ P us) s
0

b [M (o9 (g9 Y (g - 5) PP

u(s))|rds

2
—0Bj

+ q /OgH(Go — )P Egp(—(c —5)PA) — Egp(—(co — )P A)P( 1(s)) | o ds
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co O'BZ
* zcl/ (60— )P0 P(=0u(s) s
S0~

(g -1 fﬁ(lfé)ds

IN
S

9,
b MO [0 -9P 7 = (6= 9P ) e —9) P50
/0 (60— 5)P M Epp(—(c —5)PA) — Egp(— (g0 — 5)P A)s P10

+ ZM(g)Cl/ (co — s)P1I=0)~15=B(1=0)gg,
Jgo—e

From the result of Lemma 1 as well as the property of  function, the 1st, 2nd, 3rd and
final integral approaches to 0 as ¢ — ¢ as € tends to 0, which suggests

11(¢) —1(go)|ger — 0as ¢ — go.

We evaluated that #(¢) is continuous in H*", which is implied by the similar prior
explanation.

2
—0Bj

u(s))ds

P Hoér

117(6) o

IN

(=9 g~ (e — 5P
C /og(g — S)ﬁ(1*5)*1|p(i3%u

M()C /Og(g _ )B-0)14-Bl1-0) gg
= M()C1B(B(1—9),1—B(1-9)), @)

IN

)|, ds

IN

and also

2
—0Bj

@lier < | [6 =) Epp(=(c — 9P AP Vu(s)as

P Her

BZ
C1/ (g —s)P=2)=1| p( (:)Ou(s))|rds

M(Q)Cl/o L
= ¢ P9I M()B(B(1—a),1—B(1-0)).

IN

IN

Specifically,
V(@) aer < M()CIB(B(1—a),1—p(1—8)) =0, as ¢ 0.

As we know, if ¢ — 0, then M(g) — 0, as a result of an assumption (e). This
guarantees that 7(¢) € Xe and |]77(g) |0 < B1Meco. For % € H%". From the statement of
Lemma 1, it is simple to see this

Eg(—cPA) € C([0,00), H")

Eg(—cPA)

NERE

e C((0,00), H*).
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Therefore, also
5 a
| Es(=(c=s)Pa)T=ds € clo,00), )

/OgEﬁ(—(g—s)ﬁA)\%ds € C((0,00), HY).

I~

Lemma 6 suggests that V¢ € (0, C:‘s],

G a
Eg(—(c—s)PA)—ds ¢ Xeo,

|} Es-s=P4) 75

60) [ Ey(—(c — )P A)ds o), HY
P [TEp(~(o—5)PA) Tods & C((0,00), HY)

| [ Eat- - 9 a) S

7

< [ et ay e

Xeo Xeo
t a
< / 9 7 | o s
= Cl{ |H0'

With the help of Equation (5), the inequality gives

Eg(—(c—5s) ﬁA)—ds+17( ) < H/ Eg(—(¢c—5s) ﬁA)—ds —l—HW(g)
’ ’ / 'B \f Xeo ’B \f Xoo Xoo

1
>~ C1| |H‘”+31M00_E

which is showing the result that F has a unique and special fixed point.

Step IV

For the purpose of demonstrating that u(g) — % in H%" by assigning ¢ — 0. We
must demonstrate this as

a S
= lim— —cP =
i = gty [ -t
. ¢ -1 B _UB%
limy(c) = lim [(c~ )P Egp(—(c ~ 9P AP Lu(s)ds =,
limg(n,1)(e) = lim (6 =) Egp(~(c — )P A)F(us), u(s))ds = 0
=0 ¢=0.Jo

in H°". It is understood that lim._,¢,%(¢) = 0 and lim¢_,¢, M(g) = 0 with Equation (7).
Additionally,

[l 9P Bl (e~ 9P AP ()

< 0 [ =5 Flu(s),us)) |, ds

H&,r

" L 5
S M61 /0 (g—S)ﬁ(l ) 1|u(s)}Hzx,rds
< M [ (6= P u(s) e ds
0
< MG /g(g—s)ﬁ(l"”’ls’zﬁ(”‘ Nds sup {52[”‘ %) |u(s)|%{.xr}
70 s€(04]
= MCB(B(1—6),1—2B(a—8)) sup {sP@|u(s)2u,} — 0 as ¢ — 0.
s€(0.g]
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5. Local Existence in H%"

This section is further divided into the H%" local mild solution to problem (2).

Theorem 2. Let 1 <r < 00,0 < § < 1and (e) exists. Let us suppose that

n 1
n_2 s
7 2 < ®)

The existence of a function o > max{8, 3} knowing that for all % € HY3S, > 0anda

distinctive continuous function u : [0, 3] — H%" such that
at

E}

(i) A continuous mapping in H*" is defined as u : (0, 3.] — H®" with limiting value of function

(i) A continuous mapping in H%" is defined as u : [0, S.] — H®" with u(0) =

lim_,o ¢P*=0) |u(g)[per = 0;
(ili) u holds (4) for ¢ € [0, S].

Proof. Take x = 12i5 Additionally, value 5 ¢ HO7. Let us define Xg as the space of

V2

curves in such a way that u : (0, $] — H%", moreover X5 = X[S]:

(a*) A continuous mapping is defined as u : [0, 3] — H%”;

(b*) A continuous mapping with limiting value of function is defined as u : (0, 3] — H*",
with lim. 0 ¢~ |u(g)|par = 0,

with a norm defined by

||ullx = sup {gﬁ(““”lu(«;)lm}.
¢€[0,5]

From the proof of Theorem 1, we notice that the operator ¢ is continuous and it is a
linear map ¢ : X x X — X, and 7(g) € X. From Lemma 1, we can claim V ¢ € (0, 3],

L HT),

G

Eg(—cPA) c C([o,

|, HY),

G

NENE

a

V2

V2

Hence, from the previous Lemma 6, this yields that

/:Eﬁ(—(g—s)ﬂA) is € c([0,3 H),

/OgEﬁ(—(g—s)ﬁA) ds € C((0,3, HY).
/ogEl;(—(g—s)ﬁA)\%ds e X,

gﬁ(“—‘s)/ogEﬁ(—(G—S)ﬁA)\%ds e ¢([0,3], HY).

/‘€
X 0

. a

/0 G ‘ \ﬁ |H5,rd5,
ag

G ’ \ﬁ |H07r'

IN

7

X

Ep(—(g — s)ﬁA)\%ds

IN
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With the help of Equation (5), the inequality gives us

| [ Eat (=9 a) St (o

[} B~ =) 4) Foas

S ’ + H’?(G)
X[S.]

1
S Cl‘%|H,5,y+BlMoo§ E/

X[S] X[S]
which gives the result that 7 has a unique fixed point due to Lemma 4. O

6. Existence Locally in J,

We are using the Iteration method in this part intended for thinking of the local
existence of a mild solution to problem (2) in J,. Leta = %.

Theorem 3. Suppose 1 < r < 00,0 < & < 1 and (e) holds. Let us take value in H®"

ag sr ., 1

—= H° — — = .

NG IS with > 7o <
So, the mild solution of (2) is a unique answer for % € H° in J,. Additionally, cP=9) A%u(¢)
is bounded as ¢ — 0. Moreover, u and A*u are both continuous function in [0, C:‘s] and (0, @],

respectively.
Proof. Step I

= sup sP9|A%(s)),
s€(0,6]

A
—~
Np
—

also
S
Pe)=puu)e) = [ (6P Eppl~(c )P AF(u(s), u(s))ds

The instant results from Step II in Theorem 1 reveal that A is continuous functions
P(g), and A*P(g) exists in [0, 3] and (0, ], respectively, with value

- ¢
AFO < | [F A= 9P Egp(—(c — )P AF(u(s), u(s))ds
< € [ A0~ PO F(us), u(s)) s
0
< MG /g A% (g — s)PU-0)=1g=2B(a=0) gy 2Ba=0) |y (5)| |u(s) | ds
0 s€(0]
= MC /g(g—5)5(1*“)*1572/3(“*‘5)115{ sup A“szﬁ(”‘*‘s)|(u(s)|2}
0 s€(0]
A%P()lr < M1 POIB(B(1—a),1 - 2B(a — 8)R(5). ©)

We also take into account the integral #(¢). Given that (e) is true,

2
—0Bj

P

u(s))|, < M(g)sP =%
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the above inequality with a continuous function M (¢) holds. Theorem 1’s third stage
reveals that A*%(g) is continuous in (0, ], with results

o« 5 B—1 pa B _U'B(Z]
(A% ()l = | | (6—9)" A"Egp(—(c—) A)P(Tu(s)) ds
Hﬂ',r
B2
< eI () s
< GM(g) /g(g—S)ﬁ“’“)’lf‘“l"”ds
0
= ¢ P M(e)B(B(1 - 0),1— (1 -9))
A9, < ¢ PUICIM(6)B(B(L —8),1— (1 - ). (10)
B2
For |P( UBOu(g))|r = 0(¢P(1-9) as ¢ tends to zero, and M(c) = 0. The above

Equation (10) concludes that | A% (¢)|, = 0(¢~P(#=9)), c approaches to 0. We establish the
continuity of # in J. In actuality, we take 0 < g9 < ¢ < S, resulting in

IN

ds

|V

_ 2
7(s) — 1(go)lr <UBS<>>

Cs /gg(g—S)ﬁ‘llP

" - 21/[ S
+ 63/09 (go — )P |Egp(—(g —s)PA) — Egg(—(co —s)PA)| |P(UB£())
(=Bou(s)
p

< e [l M9
S0

|rds

S0
+ 26 [ (co—9)f P s
Go—¢

+ CM(g) /0“((9- L 9P (g 9)F 1) 5B g

"Go—¢

+ M) [T (o —s)P s s sup [[Epp(—(c—)PA) — Egp(—(co—)PA)]
70 se[0,6—¢]

50

+ 2C3M(g)/ (go—s)ﬁfls*ﬁ(lf‘s)ds — 0, as¢ — co.

Go—¢

Additionally, we think about the function [y Eg(—(g— s)PA) \% ds. It is clear from

the Lemma 6 that

ds

r

‘ /Og A"Eg(— (g — s)ﬁA)\%ds

IN

A"Eg(—(c—s)PA
/’ p(— >ﬁ
Cig™ /5”“5A‘5|/ —d|

r

IN

= (g P |\/>§|H‘”

lim cPe=9) / AYEg(—(c—s)PA £ ds|,

€—>1 Og 0 ﬁ( (g ) )\/E r
- Ba—0)| [“E (—(c—s)Pa)

ghmog A Eg(—(c—s) A)\/Eds y
= 0

Step II
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Using the successive approximation method, we now arrive at the following solution:

S a
= Eg(—(c —s)PA)—ds + 1(c),
w(e) = [ Ea(~(=5)PA) Jods +a(c)
upi1(g) = uo(g) + ¢(un,un)(g), n=0,1,2,.... (11)
Using the results above, we have that %, (¢) := sup sP(*~9)| A%u,(s)|, are continuous
s€(0,]

and increasing in [0, ] with value &, (0) = 0. However, given (9) and (10), and that the
inequality is satisfied by &, (¢),

Rut1(6) < Kolg) + MCIB(B(1 — ), 1 —2p(a — 6))&5 (c)- (12)
For %y (0) = 0, select & > 0,
AMCIB(B(1 —a),1—2B(a —6))&o(S) < 1. (13)

Therefore, it is assured that the sequence %,(J) is constrained by the fundamental
consideration (12), i.e.,
®n(S) <p($), n=0,1,2,....

There are

() = L VI EMCB(B(I ), 1 2B(a ) fas)
pLe) = 2MCBB(1—a),1—2B(x —0))

It is true that #n(g) < p(g) holds for any value of ¢ € (0,S], similarly to how we say

p(g) < 2&o(g).
Let us think about the equality

9
znta(g) = /0 (6= )P Egp(—(5 — )P A)F(unya(s), tnya(s) — Fun(s), un(s))]ds,
forg € (0,3] and zy = uy 41 — up, n =0,1,2,... by writing

Zu(c) := sup sP9)| A%, (s)],.
5€(0,]

In light of (6), there are

IN

M (Jtyga | Her + [tn|por) [tn1 — 1tn

= M(|uns1|gor + [tn]par) A%z, sup s~PE—9)gPl=0)
s€(0,6]

= M(|Aaun+l|r+|Alxun‘r)Zn sup s_ﬁ("‘_‘s)sﬁ(“—‘s)
s€ (0]

|F(t41(5), s () — Fun(s), un(s)],

= M( sup sP9)| A%y, 4],
s€(0,¢]

+ sup sPa=9)| A%y, |,> znsPa=0)

s€(0,g]
< MRy +kn)Znsfﬁ("‘*5) sup gBla—08) g—B(a—0d) g
s€(0,¢]
< M (Rys1 + Ru) sup PO A%z, (5)],s~2PL00)
s€(0,¢]
[Ftns1(s), s (8) = Flutn(s), n(s))], < M (R + Ra) Zu(s)s72(072),
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It is implied by step II in Theorem 1 that
P A2 (6) | < 2MCLB(B(1 — @), 1~ B(1 —8))p(3) Zu(6)-
Such inequality results in

Zp1(S)  <2MGCB(B(1—a),1—2B(a —6))p(I)Za(S)
<AMCIB(B(1 —a),1—2B(x —6))Ro(S)Zn (). (14)

Thus, convergence of the series 2 Z, (<) implies the uniform convergence of series
2 P9 A%z, (¢) for ¢ € (0,S]; the uniform convergence of sequence {¢P(*~%) A%u, (¢)}
holds in (0,S]. So,
lim u,(¢) = u(g) € D(A")

n—oo

and
lim ¢P(*~%) A%, (¢) = P9 A% (¢) uniformly.

n—oo
From the boundedness theorem, “A function f continuous on a bounded and closed

interval is necessarily a bounded function”. _So, both A% and A% are bound and closed,
respectively. The function #(¢) = sup sP(*~%)|A%u(s)|, satisfies

s€(0,6]
&(¢) < p(g) <270(5), ¢ € (0,¢6], (15)
as well as
¢n = sup SPPOTIF(uy(s),un(s) — F(u(s), u(s))|s
5€(0,3]
< M(&n(3) +7(S)) sup P A% (u,(s) — u(s))|, — 0, asn — oo.
5€(0,3]

To finalize this step, it is important to verify that u is a suitable solution to the issue (2)
in the range of [0, .

| (0, 10) () — P, 1) (g)] < /Og(g —5)P g, s gs = PO, — 0, (n — oo).

To put it another way, we get ¢ (1, tn)(¢) — ¢(u,u)(g). Limits are taken on both sides
of (10), and we conclude

u(g) = uo(c) +¢(u,u)(c)- (16)

Suppose u(0) = % ; what we learn is that (16) is true for both ¢ € [0,$] and
u € C([0,3],]). Additionally, the continuity of A%u(c) in (0,3] is derived from the
uniform convergence of ¢P“~%) A%y, (¢) to ¢P(4=9) A%u(c). We conclude that |A%u(c)|, =
0(¢—P(«=9)) is clear from (15) and %o (¢) = 0.
Step 111

We illustrate the difference between “mild solutions.” Assume that the issue has mild
solutions in u and v (2). Suppose z = u — v; consider the inequality.

z(g) = /Og(f; —5)P 1 Egp(— (¢ — )P A)[F(u(s), u(s) — F(v(s), v(s)))ds.
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Expressing the solution

7(g) := max{ sup P9 |A%(u(s))|,, sup sP*=0|A%(v(s))],}.
se(0,¢] s€(0,6]

From (5) and Lemma 6, we have the inequality
G
A2(0)]r < MC(E) [ (6= )P 15 PO0] A%2(s) s,

The Gronwall inequality shows that ¢ € (0, 3], A*z(¢) = 0, which indicates it for
¢ €10,3],z(g) = u(g) —v(g) = 0. As a result, the mild solution is unique. []

7. Regularity

In this Section (2), the regularity of “the solution u that” resolves the issue is studied.
In this essay, we'll assume: (e1) with an exponent @ € (0, 5(1 — «)), P(%) is Holder-
continuous, that is,

o —Fwl < -yl
2 2
p(ZTAME)) TR o g0 <gs <8

Definition 5. An expression u : [0,3] — J,,. Ifu € C([0, 3], J,) with CDfu(g) € C((0,3],]r),
which accepts values in D(A) and solves (2) for every ¢ € (0,S], then ], is referred to as the
classical solution of (2).

Lemma 7. Assume (e1) be satisfied. If

—oBu(e) |y ~oBule)

ds, Y¢ce(0,9],
' ' >) 0,5

()= [ (=5 Epal~(c-9PA) (P

s0, 111(¢) € D(A) and, also, An1(c) € C?([0,3], J,).

Proof. To be fixed ¢ € (0, 3]. Let us think about

—0B2u —0oB3
(6 =908 1Ay (~(c —s)Pa) (P - =TS )
Lemma 6 with (e7), give us
)bl (e — 1By (p(ZTBME) ) _ p =oBoule)
(6 =311 AB(—(c = )P 4) (=221 - p(=20 >)r
< Cals )P - )P (=MD p ~7BOME),
— Cl(g_s)fl P(_UB(z)u(s)) —P( —U'B%u(g))
4 o r
< CiL(g—s)" 1 e LY([0,S], Jy). (17)
Then,
—oB2u(s —oB%u
Al < [l6=5 | aBgp(—ls —o)fa) (P2 - p(=THED ) |
< ClL/Og(g—s)ﬂ_ldsgclggl9<oo
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Since A is closed, we can write 771 (¢) € D(A).
It is necessary to demonstrate that Az (g) is Holder-continuous because

d _ _
%(Gﬁ lEﬁ,ﬂ(—ﬂG’g)) =P zEﬁ,ﬁfl(_Vgﬁ)'
Then,
4 g1 B
dfg(g AEgg(—cPA))

1
- /rgg Egp-1(—puc”)A(ul + A)""du

1 1
- B2 —uch _ B2 —uch -1
P /rf Epp-1(—pcP)dp — - /rgg HEpp—1(—ps") (ul + A)" dp.
Put
P =y
—gﬁdy = dy
dy
a = —Y
I P
1
1 ) 1 1 [, P [~ 1
- = _ B2 —d— — B2 I . -
2m'./r;, ¢" “Epp 1(1P)g,;d4’ 27ri/r'9g Eﬁ,ﬁl(lp)gﬁ(gﬁ 1+A> gﬁdl/’:
in the light of
_ C
I+ A7 < Tl

we derive that

d _ _ .
Hdg(gﬁ lAEﬁ,ﬁ(_GﬁA))H < Cpgt 0<g<S.

From MVT, we derive that V0 < s < ¢ < &, and we obtain

. _ cd 4
Hgﬁ 'AEpp(—cPA) =P 1AEﬁ,ﬁ(—S’5A)H = ‘/S(T’5 'AEpp(—TPA))dT

/
S

¢
C/g/s 7247 = Cl;(s_1 —¢h. (18)

dt

(P 1AEgp(—TPA)) ‘

a
dt

IN

Takeh > 0suchthat0 < ¢ <¢c+h < &, then
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A (g +h) — An(g)
[ (6 n=9P 1 aBp(~(c + -4

(6 — )P AEg p(—(c - s>ﬁA>) (P(

—0oB3u(s) B —oB3u(g) s
p )= P P ))d

9 —0Bj —0Bj h
o [l h— P ARy (b)) (P(ZTRMED)  p TSR g,
c+h —_oB? _ B2
+ (g+h—s)ﬁ_lAE/g,ﬁ(—(g+h—s)ﬁA)(P(Ugu(s))—P(UBOL;((‘H_h)))ds
¢
= Ii(c) + L(¢) + Ix(¢). (19)
The three major terms are discussed here one by one. We have Equation (18) with (e;)
for I1(¢)
¢
h@l < [ ||e+n-9P1ABsp(~(c +h - a) - (¢~ P M agp(- (- 9P )|
—0oB3u(s) —oB3u(g
$)—P($())’rds
P P
¢
< CﬁLh/O (c4+h—s)""(c—s)?ds
¢
< CﬁLh/O (h+s) V(¢ —s)® 1ds
¢ h 9 ® 8 1
< 2
< CﬁL/O e ds—f—CﬁLh/h P ds
< CpgLh’. (20)
For solving I5(¢), Lemma 6 and (e ) are used here, so we have
¢ —oB3u —0B2u(c+h
Rl < [fle+h-9 | ABpl—(c+ - 9pa) (P(CTRUE,) - pTAUEEL,) ) g
.
s —_oB? _oR2
< o [fern—s | (P - pETRMEED) ) 4
0 Y P r
¢
< Cth‘?/ (c+h—s)"ds
0
= CiL[In(h) —In(g + h)]h°. (21)
Moreover, for solving I3(g), Lemma 6 and (e;) are used here, so we have
cth _ —0oB2u(s —oB3u(g+h
Bl < [ n- 9P AR (e h -9 (T pETAMEE D g )
r
G+h —oB? —0B? h
e R e I
Jg P p r
G+h Ko
< ClL/ (g+1—s)0ds = 1L 23)
c

By combining all of the above (20-22), we deduce that Holder’s continuity of A (¢)

exists. [
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Theorem 4. Assume Theorem 3’s assumptions are satisfied. The mild solution of Equation (2) is

the classical one applicable to any —= € D(A) if (e1) is true.

f

Proof. From Lemma 2(ii), it is guaranteed that function u(¢) = [; Eg(—(c— s)PA) %dg (¢ >

0) is a classical solution for the given problem for value at € D(A),

V2
{ CDgu =—Au, ¢>0,

ax

0) = —=.

u0) ==

Step I
By verifying that
G _ —0oB2
1(6) = [ (6= )P Egpl(—(e — )P AP Du(s))ds

is the classical solution to this following problem

CD,?u =—Au+ P(fUBE”(g)), ¢>0,
u(0) = 0.

Thus, it follows from Theorem 3 that 7 € C([0,S], J»). By rewriting 7(¢) = 71(¢)+72(g),
then

—oB2u(s —oBZu

) = [ lem 9P Egp(-(e—s)Pa) ("R _ pZTRED g
—0BZu

) = [ -9 Eppl-(e— AP s

From Lemma 7 , we can write 771 (g) € D(A) to demonstrate the similar results for

#72(¢). By Lemma 2(iii), we find that A, (g) = P(%) - EM—Q%‘\)P(%) . Since

(e1) exists, |Ana(c)], < (1 +cl)|p(M)|r; thus,

12(c) € D(A) for ¢ € (0, 3] and 12 () € C*((0, 3], Jr). (24)

Additionally, we verify for cpf e € C((0,S], J;). In light of the Lemma 2(iv) with the
condition #(0) = 0, there are

—a 2M
Dfy(c) = i<1§ﬁn<g>>=i(Eﬁ<—gﬁA>*P< §° >).

The continuous dlfferentlablhty of E 5((;/5A) s« (=20 ) in J, remains to be proven. If
we assume that 0 < h < & — ¢, we can derive:
—oBZu
0

—oB2u
i(i(—(wmﬁA)*P( )~ Ep(-cPa) = P ’)

—oBu o2

= /0g ;(Eﬁ(—(ﬁh—S)ﬁA)P(UB(’(S)) — Eg(—(¢ —s)ﬁA)P(UBS”(S)))ds
2

h/ (~(c+h—s)PA)P (‘TB;’”(S))ds.
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Consider

¢1

- 2M S
/0 h‘Eﬁ(_@? +h— S)ﬁA)P(M

0 ) = Eg(—(g —s)PA)P(

— ZM S
c% /Og ‘Eﬁ(—(g Th— s)ﬁA>p("B£()

falf ~oBRu(s)
hJo 0

—oB2u(s)

ds

r

IN

)

ds

r

Ep(—(c —35))PA)P( )

A
AR
<
o

< Mo (e m P e ) BB pla- ),

Using Lebesgue’s LDC theorem, we arrive at the following conclusion:

c1 —oB3u(s) —oBZu(s)
i - _ _3)B 0NN L Ea(—(c—s)P _ 707\
tim [* 2 (Bal (=)= — By(—( =P ApP(=T2) Jas
¢ —oB3u(s
—— [[le= 9P ABg( (- 9P A"
= An(g).
In contrast with
1 poth —0BZu(s)
Z _ _ )8 0
W, Eﬂ( (c+h—s)PA)P( 0 )ds
1 —0B}
= _ _sP _270 _
i o Eg(—sPA)P( ; u(c+h—s)ds
= et ) (P (g - ) - PRl — ) )
=15 ), Es(=s ; u(g s u(g—s)) |ds
h BZ _ B2
43 ] B AP (e — 5) — P Pu(e) s
h 2
+%/O Ep(—sPA)P( ‘;Bou(g))ds
Lemmas 1 and 6 with property (e1) give us
_ o B2 _+R2
ll/g Eg(—sPA)P(—T0(g 41— s)) — P(CTR0u(g — 5))as| < ey,
h Jo o Y r
1t —0Bj} —0Bj} h®
- —sP 0 —_5)) — 0 <
’h/OE,;( PAP(= (e =) = P(— 0u(e))ds| < il
Consequently, Lemma 2(i) offers
1 h —0Bj —0Bj
im = —5)B 0 — p(—0
tim & [ Es (=P A)P(=2u(s))ds = P(= 2 u(g)).
Hence,
tim & [ £y (¢4 = 9P 4) (D us))ds = P~
1o h c PG ° 0 5= 0 6))-
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_~+R2
Our conclusion is that Eﬁ;(gﬁA) * P(UTBOu) is differentiable at ¢ and

—oB? —oB?
Qu)), = An(g) + P(—

e (Ep(cPA) P

u(g))-
Similarly, Eg (cPA) * P(%Bgu) is differential at ¢ and

_oB2 _R2
2 (B2 PCI0)_ = ap(e) + P 0u(0).

We show that Ay = Ay + Anjp € C((0,S], J,). Ttis obviously clear that given function

—0B3
0

2
—0Bj

5 u(g))-

1m2(g) = P(

u(c)) — Ep(cP A)P(

In consideration of Lemma 1, it is continuous because of Lemma 2(iii). Additionally,

Lemma 7 tells us that Az (g) is also continuous. Accordingly, CDE 7 €C((0,3],J,).

Step II

Suppose u is a mild solution of (2). To demonstrate F(u, u) € C?((0,3], J;) from (5), we
must verify that A*u is Holder-continuous in J,. Apply h > 0ina way that0 < ¢ < ¢+ h.

Indicate ¢(g) := Eﬁ(—gﬁA)\% through Lemma 2(iv) and (6), then
.
V2

ACOE, (—sPAYAd L
B8( ) 7

ds

r

ds

r

¢t+h
/g —sﬁ_lA“Elg,ﬁ(—sﬂA) ds

¢c+h
Lo
[

o f T p15-Ba0)
9

= ¢ /Hh gB(o—a)+p—1
5
¢+h N
_ Cl/g sﬁ(l+"_“)_1ds|A‘5\%|,
_ ﬁ(glféHira) (( + I)PO+8—2) _ BlL+o—))

_a_
Cil 75 o pB(+o-a)
- Bl+d6—uw)

|A%p(c +h) — A"p(o)|r =

r

ds

r

IN

IN

A5i
7

a
A
f

Thus, A%*¢ € C?((0,S],],). Apply hin a way thate < ¢ < ¢+h < $ for all small
e>0,

|A% (g +h) — A" (g)lr
2
OBOu(s))ds

c+h B1 4a 8 _
/g (61 =)/ AEgp(— (e +h = )P A (=0

IN

r

2
—0Bj

u(s))ds

r

_|_

‘ /Og A*((g+h—s)P'Egg(—(c+h—s)PA) — (¢ — )P Egs(—(c —5)PA))P(
= 1(g) +n2(c).

Lemma 6 and (e) are applied, and the outcome is
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2

ne < @ /;+h(€+h—5)ﬁl P u(s) s

o+
ClM(g) / (Q +h— s)ﬁ(l—tx)—ls—‘g(l_(g)ds
J6

< M) St pp-w) —p1-0)

IN

< M)l pp-w)—p-0),

Finding the inequality, we may calculate 72(g),

d

. 1 .
ac (& A Egp(=PA)) = oo [ 6P 2B () (el + A) "y

S N G A BT
= ik ( gﬂ) ¢ Eﬁfﬁ—1(¢)< gﬁI+A> g

The above equation gives the results that

d g1 N
Hdg(gﬁ ‘A Eﬁ,ﬁ(—GﬁA))H < CpgPl-n)-2

The mean value theorem yields

—1 pa —1 pa ol d —1 pa
Hgﬂ TA"Egg(—cPA) —sP71A Eﬁ,ﬁ(—sﬁA)H < /S dT(rﬁ YAYEg g(—TPA))||dT
< ¢ /g B—0)=24 _ Cy (55(1—a)—1 _ gﬁ(l—zx)—l).
Thus,
¢l an p-1 b p-1 ba)p(=7B0
() < [7[At((e+h— 9P MEgp(— (o +h=9PA) — (6= 5P Epp(~(s —9)PA ) P u(s))| ds
w2
S N R e A | (e OIS
- r
+h
< C/c_z,M(g)(/Og(g—s)ﬁ(l_"‘)_ls_ﬁ(l_‘s)ds—/Og (g+h—s)ﬁ(l_"‘)_ls_ﬁ(l_&)ds)

+h
+ Cﬁ;M(G) /g (¢+h— S)ﬁ(lfa)—lsfg(lﬂs)ds
¢

IN

C/g./\/l(g) (g5(5—06) —(¢+ h).B(5—zx))B(lB(1 —a),1-B(1-9))+ CﬁM(Q)hﬁ(l_“)g_ﬁ(l—é)
CpMHFE [e(e + W]FE=0) 1 CoM (o) HPA—0 b0,

IN

This guarantees that A% € C?([¢, §], J;). Owing to random ¢, A%y € C?((0, 3], ),
5 ‘ p-1 p
P(g) = /0 (c—35)P " Egp(—(¢—s)PA)F(u(s), u(s))ds.

Here, we know that |F(u(s), u(s))|, < M&2(¢)s2f(*=9), in which the supplied func-

(¢
tion’s continuity exists but is also bounded in (0,S], and K( ) := sup sP0)|u(s)|par.
s€ (0]
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We are able to provide the Holder continuity of A% in the same fashion in C*((0,S], J;).
Therefore,

Atu(g) = A*§(¢) + A%(c) + A*P(c) € C°((0, 8], Jr).
Seeing as F(u,u) € Cﬁ((O \s] Jr) is demonstrated from the previous step II, this gives
the results that CD?#) € C%(0,3], 1), AP € C((0,5],],) and CDgi,b = —AY + F(u,u).
Similarly, we obtained that CDﬁu € C((0,3],],), Au € €((0,3],J;) and CDﬁu = —Au+

F(u,u) + P( 01). Consequently, the conclusion is that u is a classic solution. [J

Theorem 5. Suppose (eq) is true. If u is showing a classical solution of (2), then Au € C¥((0,3], J,)
and, also, CDgu € C’((0,5], Jr).

Proof. We may put u(g) = ¢(g) +7(g) + ¢(¢) if u exhibits the classical solution of (2). The
evidence is sufficient to demonstrate Ag € CP(1=9)((0, 5], J,). It is necessary to demonstrate
that Ap € CP1—9)([¢,§], ],) is true for any ¢ > 0. In fact, by choosing  such thate < ¢ <
¢ +h < S, using Lemma 2(iii),

[AP(c +h) — Ad(o)l, =

Gt+h a
— ‘BilAzE — ﬁA —d.
S S S

C /Hh s—P-0) -1y
9

r

7|Hbr
C1|%| yor
BT R A

Cil Flmor  pp1-9)
- B [e(e + h)]P1=0)"

As from Lemma 7, we can write 77(¢) as

() = mlg)+mn(c)

_oB2 _+R2

= [ 6= B e =P A (PSR u(e)) ~ P () s
__+R2

[ 6= 9P Epg(—e = 9P AP u(s))as

in the domain of ¢ € (0, 3] from Lemma 7 and (24) it follows that Az (¢) € ([0, 5], J;)
and An(c) € C?((0,5], J;), accordingly. [

8. Conclusions

The Helmholtz-Leray projection is used in this work to show the existence and unique-
ness of fractional-order Navier-Stokes equations for the Cauchy problem solution. In the
interim, we provide a workable local solution in S,. To model phenomenon diffusion in
fractal media, Navier-Stokes equations (NSEs) with time-fractional derivatives of order
v € (0,1) are utilised. We use S, to show that these equations have regular classical
solutions. Additional study may build on the idea presented in this article by incorporat-
ing validity and generalising other activities. Numerous studies are being done in this
interesting field, which could result in a variety of ideas and uses.
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