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Abstract: The buckling behavior of a functionally graded graphene-platelet-reinforced composite
(FG-GPLRC) was traditionally investigated, mostly with respect to its undamaged structures. In this
context, the current study investigated the buckling behavior of an FG-GPLRC cylindrical panel with
an anti-symmetric central crack by introducing a 2-D extended natural element method (XNEM).
The displacement was basically expressed with the first-order shear deformation theory (FSDT) and
approximated using Laplace interpolation functions (for the non-singular displacement part) and
crack-tip singular functions (for the singular displacement part) without grid refinement around
the crack tips. The complex numerical manipulation on the curved shell surface was resolved by
geometrically transforming the curved shell surface to a 2-D planar rectangular NEM grid. The
painstaking numerical locking was suppressed by adopting the concept of a stabilized MITC3+ shell
element. The validity of the developed numerical method was examined through a benchmark test,
and the fundamental buckling loads of cracked FG-GPLRC cylindrical panels were investigated in
depth by changing the major parameters. The numerical results also included a comparison with
the FG-CNTRC. The numerical results indicated that the developed numerical method effectively
predicts the buckling loads with reasonable accuracy, and that the fundamental buckling load of
cracked FG-GPLRC cylindrical panels are remarkably influenced by the inclination angle and length
of the crack as well as the other associated parameters.

Keywords: functionally graded; GPL-reinforced nanocomposite; cracked cylindrical panel; buckling
behavior; 2-D extended natural element method (XNEM); anti-symmetric crack; CNTs

1. Introduction

Nowadays, conventional glass fiber reinforcement for polymer composites is being
progressively replaced with graphene platelet (GPL) reinforcement. The main reason for
this is because the structural stiffness is dramatically increased, even when only small
amounts of GPLs are introduced to the polymer matrix [1,2]. Graphene platelets are charac-
terized by higher stiffness and lower production costs than carbon nanotubes (CNTs) [3,4].
Thus, graphene-platelet-reinforced composites (GPLRCs) have been highlighted as a next-
generation advanced composite material, and their mechanical behaviors have been inten-
sively investigated [5–7]. Even though the production cost is lower than CNT-reinforced
composites, the cost of GPLRCs is still much higher than conventional fiber-reinforced com-
posites. Therefore, reinforcement with GPLs is limited to low-volume fractions, and this
limitation has naturally invoked the idea of a functionally graded material (FGM), which is
characterized by the non-uniform and continuous functional distribution of constituent
particles to enhance the target performance by resolving the material discontinuity-induced
problems [8–10]. The functional distribution, which is usually made through the thickness,
may not only minimize the total amount of GPLs but also maximize the desired mechan-
ical behavior [11,12]. Shen [13] and Ke et al. [14] introduced intentional thickness-wise
distributions of GPLs according to the notion of FGM.
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Thereafter, several purposefully devised distribution patterns, such as FG-V, FG-O,
FG-X and FG-Λ were introduced, and the GPL-reinforced composites with these func-
tional distributions have been called by functionally graded GPL-reinforced composites
(FG-GPLRCs). The different thickness-wise distribution of GPLs affects the structural stiff-
ness and mass matrices, which in turn influence the mechanical responses of FG-GPLRC
structures such as the static bending, free vibration and buckling. Therefore, the parametric
characteristics of these FG-GPLRC structures have been intensively investigated using
either analytical methods or numerical methods [6,15]. Research has shown that the me-
chanical behaviors of FG-GPLRC structures are remarkably influenced by the distribution
pattern of GPLs.

Regarding to the studies on buckling of FG-GPLRC structures, Shen et al. [16] ana-
lyzed the thermal buckling and post-buckling strengths of FG-GPLRC laminate plates by
applying a multi-scale approach to the higher-order shear deformation theory. Wu et al. [17]
investigated the thermal buckling and post-buckling of FG-GPLRC plates by applying the
differential quadrature-based iteration scheme to FSDT. Song et al. [18] examined the static
bending and buckling of FG-GPLRC plates using analytical and numerical methods within
the framework of FSDT. Huang et al. [19] investigated the nonlinear buckling behavior
of FG-GPLRC shallow arches subjected to elastic rotational constraints based on the vir-
tual work principle. Wang et al. [20] parametrically analyzed the torsional buckling of
FG-GPLRC cylindrical shells by the finite element method. Kiani [21] analyzed the thermal
buckling behavior of FG-GPLRC conical shells by combining FSDT, Donnell kinematic
postulates and von Kármán geometry nonlinearity. Mao and Zhang [22] investigated the
buckling and post-buckling behaviors of FG-GPLRC piezoelectric plates using the differen-
tial quadrature method (DQM) and a direct iterative scheme within the framework of FSDT.
Thai et al. [23] proposed a NURBS formulation for free vibration, buckling and bending
analyses of multilayer FG-GPLRC plates based on the four-variable refined plate theory.
Shahgholian et al. [24] investigated the buckling behavior of FG-RPLRC porous cylindri-
cal shell by applying the Rayleigh–Ritz method to FSDT. Karimi Zeverdejani et al. [25]
analyzed the buckling and post-buckling of FG-GPLRC laminated composite plates by
applying the incremental–iterative Ritz method to FSDT with von Kármán nonlinearity.
Allahkarami [26] analyzed the dynamic thermal buckling behavior of FG-GPLRC annular
plate by applying the generalized DQM to FSDT. Zhang et al. [27] presented a multiscale
numerical method to analyze the static, dynamic, and buckling behaviors of FG beams
with a randomly graded GPL distribution.

As revealed from the above relevant literature survey, prior studies on the buckling
behavior of FG-GPLRC structures have been limited to intact structures that have not
been damaged by cracks. In other words, the buckling behavior of cracked structures has
been rarely studied. However, micro-cracking [28] may be induced within nanocomposite-
reinforced GPLs by various abnormal external loadings such as thermo-mechanical impact.
The occurrence of a crack damages the surrounding region, which weakens the overall
structural stiffness of the nanocomposites, so the consideration of cracks in buckling
analysis and buckling-proof design is essential. For this reason, this study presents an
in-depth investigation of a cracked FG-GPLRC cylindrical panel and its buckling behavior,
along with the major parameters which govern the behavior. For the buckling analysis
of cracked cylindrical panels, an extended mesh-free method is introduced in order to
effectively capture the crack-tip singularity by adding the crack-tip singular functions [29]
without the painstaking grid refinement around crack tips.

The FG-GPLRC cylindrical panel is modeled as an isotropic material and its effective
mechanical properties are calculated by employing the Halphin–Tsai micromechanical
model [30]. The displacement of cracked cylindrical panel is expressed based on FSDT by
introducing the crack-tip singular functions to 2-D NEM [31,32], in which high smooth
Laplace interpolation (L/I) functions are used. A central crack within the FG-GPLRC cylin-
drical panel is modeled by separating the nodes lying on the crack to avoid the painstaking
grid refinement around the crack. The cracked curved shell surface is mapped to a 2-D
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planar cracked rectangular NEM grid to avoid complex numerical manipulation, and the
stabilized MITC3+ shell elements are adopted to suppress the troublesome locking phe-
nomenon [33,34]. The developed numerical method, called the 2-D extended NEM (XNEM)
is verified through a benchmark test, and the buckling behavior of the cracked [35,36]
FG-GPLRC cylindrical panel is examined in depth through parametric experiments by
changing the major parameters which govern the behavior. The major parameters are the
inclination angle and length of central crack, the volume fraction and functional distri-
bution pattern of GPLs, the aspect ratio and shell radius of the cylindrical panel and the
boundary conditions. In addition, a comparison with an FG-CNTRC cylindrical panel
is also presented, for a comparative understanding of the buckling behavior of cracked
FG-GPLRC cylindrical panels.

2. FG-GPLRC Cylindrical Panel

Figure 1a depicts a cylindrical panel reinforced by graphene platelets (GPLs) in which
a crack is located within the central region. A cartesian coordinate (x, y, z) is sat on the
panel neutral surface v with the relation of x = Rθ, and the discrepancy between the mid-
and neutral surfaces is denoted by e [29]. The current study chose the neutral surface as
the reference surface because the bending strain vanishes on this surface, not on the mid-
surface. The geometric dimensions of the cracked cylindrical panel are governed by radius
R, length L, sub-tended angle θ0, and uniform thickness h. Graphene platelets in this study
are distributed through the thickness with a specific functional gradient. Figure 1b depicts
the four primitive GPL gradient patterns used in this study, where GPLs are uniformly
dispersed in FG-U while the patterns are rich near the mid-surface in FG-O, at the top
region in FG-X, and at the bottom region in FG-Λ, respectively.
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Denoting fGPL(z) and fm(z) as the volume fractions of GPLs and the underlying
matrix, two functions are in the following physical relation of

fGPL(z) + fm(z) = 1 (1)

in which the GPL volume fraction fGPL(z) has different thickness functions expressed
by [5]

fGPL(z) =


V∗GPL, FG−U
2(1− 2|z|/h)V∗GPL, FG−O
2(2|z|/h)V∗GPL, FG− X
(1− 2z/h)V∗GPL, FG−Λ

, (2)

depending on the GPL distribution pattern, where the total GPL volume fraction V∗GPL is
calculated as [37]

V∗GPL =
gGPL

gGPL + ρGPL(1− gGPL)/ρm
, (3)

with the GPL mass fraction gGPL and two densities ρGPL and ρm of the GPL and matrix.
In general, GPLs are assumed to be uniformly distributed within the matrix and act

as effective rectangular solid fibers with length lGPL, width wGPL, and thickness tGPL, and
the GPLRCs are modeled as an isotropic body with the homogenized effective material
properties. The effective elastic modulus EC of GPLRCs is estimated by the Halphin–Tsai
micromechanical model [31], which gives

EC =
3
8
· 1 + ξLηL fGPL

1− ηL fGPL
Em +

5
8
· 1 + ξTηT fGPL

1− ηT fGPL
Em, (4)

with
ηL =

EGPL − Em

EGPL + ξLEm
, ηT =

EGPL − Em

EGPL + ξTEm
. (5)

Here, EGPL and Em are the elastic moduli of GPLs and matrix, and ξL and ξT denote the
geometric parameters determined by

ξL =
2lGPL
tGPL

, ξT =
2wGPL
tGPL

, (6)

Meanwhile, the effective values of density ρC and Poisson’s ratio νC of GPLRC are calculated
by

ρC = fGPLρGPL + fmρm, (7)

νC = fGPLνGPL + fmνm. (8)

using the simplest linear rule of mixtures [8].
Referring to Figure 2, an anti-symmetric central crack existing within the cylindrical

panel has a crack length a and the inclination angle α to the shell axis, where the center of
crack coincides with the center point of cylindrical panel. The cracked cylindrical panel is
subjected to the external in-plane pressure p in the circumferential direction and allowed to
move in the shell axis direction. The polar coordinates (r, θ) are introduced to two ends
of central crack in order to define the singular functions which will be given later. The
buckling load by the external in-plane compression is predicted, and its dependence on
the angle and length of the crack, the panel geometric dimensions, and the amounts and
patterns of GPLs are investigated. Thus, the crack angle α and length a and the panel length
L and width S are taken as variables for the parametric investigation.
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Based on the first-order shear deformation shell theory [38], the displacement
u =

{
ux, uy, uz

}T is expressed as
u
v
w


(x,y,z)

=


u0
v0
w0


(x,y)

+ z ·


βx
βy
0


(x,y)

, (9)

with the translation part r = {u0, v0, w0}T and the rotational part d =
{

0, βx, βy
}T . This

theory provides an accurate solution for the relatively thin cylindrical panels which are
dealt with in the current study. Denoting b =

{
u0, v0, w0, ϑx, ϑy

}T
= (r, d) as the nodal

vector at the panel neutral surface, the compatibility relations are expressed as [38,39]


εxx
εxy

2εxy

 = ε =


∂u0
∂x + w0

r
∂v0
∂y

∂v0
∂x + ∂u0

∂y

+ z ·


∂βx
∂x

∂βy
∂y

∂βy
∂x + ∂βx

∂y

 = Lb, (10)

{
γyz
γzx

}
= γ =

{
βy +

∂w0
∂y

βx +
∂w0
∂x −

u0
r

}
= Lsb, (11)

with r = R + z ≈ R. Here, L and Ls are the (3× 5) and (2× 5) partial differential matrices
defined by [2]

L =

Lx 0 1/r z · Lx 0
0 Hy 0 0 z · Ly
Ly Hx 0 z · Hy z · Lx

, (12)

Ls =

[
0 0 Ly 0 1
−1/r 0 Lx 1 0

]
, (13)

with Lx = ∂/∂x and Ly = ∂/∂y. Then, one can obtain the constitutive relations given
by [38] 

σxx
σθθ

σxθ

 = σ =
EC

1− ν2
C

 1 νC 0
νC 1 0
0 0 (1− νC)/2


εxx
εθθ

2εxθ

 = DLb, (14)

{
τyz
τzx

}
= τ =

[
GC 0
0 GC

]{
γyz
γzx

}
= DsLsb. (15)
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3. Natural Element Buckling Load Approximation

In this section, the numerical approximation of critical buckling load of cracked FG-
CNTRC cylindrical panel is addressed. The displacement field is expressed by combining
the non-singular L/I functions in 2-D NEM and the crack-tip singular functions. The
numerical approximation is performed on the 2-D planar NEM by transforming the real
curved panel neutral surface to 2-D planar NEM grid. The concept of MITC3+ shell
element is adopted to suppress the shear locking phenomenon of bending-dominated
thin structures.

For the buckling analysis of cracked FG-GPLRC cylindrical panel by 2-D NEM, the
panel neutral surface v is firstly discretized into a finite number of 3-node Delaunay
triangles, as depicted in Figure 3. In the current study, the central crack is modeled by
separating the nodes lying on the crack except for two crack tip nodes. As an extended
natural element method (XNEM), the displacement u(x, y, z) is approximated as

ˆ
u

h
(x) =

N

∑
J=1

(
rJ + z dJ

)
ΨJ(x, y) +

2

∑
I=1

4

∑
k=1

(
ˆ
r

k

I + z
ˆ
d

k

I

)
Qk

I (r, θ)
Qk

I (r, θ)
Rk

I (r, θ)

, (16)

with L/I functions ΨJ(x, y) [32,33] and enriched by adding the crack-tip singular functions
Qk

I (r, θ) and Rk
I (r, θ) which are defined by [29,30]{

Qk
I (r, θ)

}
=

{√
r sin

(
θ

2

)
,
√

r cos
(

θ

2

)
,
√

r sin
(

θ

2

)
sin(θ),

√
r cos

(
θ

2

)
sin(θ)

}
, (17)

{
Rk

I (r, θ)
}
=

{√
r sin

(
θ

2

)
, 0, 0, 0

}
. (18)

Here, two distinct polar coordinates (r, θ) are defined at two crack tips (I = 1, 2), as
depicted in Figure 2, and the subscript J indicates the J-th node within the NEM grid =C
composed of N nodes and M Delaunay triangles; bJ =

(
rJ , dJ

)
indicates the non-singular

nodal vector at node J and sk
I =

(
r̂k

I , d̂k
I

)
denotes the singular nodal vector corresponding

to the k-th singular function at two crack tip nodes.
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Figure 3. The L/I functions φJ(ζ1, ζ2) defined on the cracked 2-D planar NEM grid and their mapped
functions ΨJ(x, y) to the cracked cylindrical surface.
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The derivation of the L/I function and its manipulation on the real cylindrical sur-
face are complicated. To overcome this problem in the current work, the physical NEM
grid =C = [0, S]× [0, L] on the real cylindrical surface and the computational NEM grid
=R = [0, θ0]× [0, L] on the planar rectangle are correlated by newly introducing a geometry
transformation TC defined by

TC : (ζ1, ζ2) ∈ =R → (x, y) ∈ =C. (19)

Then, L/I functions ΨJ(x, y) are transferred to φJ(ζ1, ζ2), and the relations of x = R · ζ1 and
y = ζ2 introduce the inverse Jacobi matrix J−1 given by

J−1 =

[
∂ζ1/∂x ∂ζ1/∂y
∂ζ2/∂x ∂ζ2/∂y

]
=

[
1/R 0

0 1

]
. (20)

The partial derivatives Lx and Ly in Equations (12) and (13) defined on the cylindrical
surface are switched to

∂

∂x
= Lx =

1
R

∂

∂ζ1
=

1
R

L1,
∂

∂y
= Ly =

∂

∂ζ2
= L2, (21)

on the 2-D planar NEM grid according to the chain rule.
Introducing Equation (21) into Equations (12) and (13) results in L̂ and L̂s in which Lx

and Ly are replaced with L1 and L2:

T−1
C : L, Ls →

~
L,

~
Ls. (22)

Then, the present enriched NEM approximations of the bending-membrane strain ε in
Equation (10) and the transverse shear (T/S) strain γ in Equation (11) lead to

ε̂h =
N

∑
J=1

~
LφJbJ +

2

∑
I=1

4

∑
k=1

L Φk
I sk

I =
N

∑
J=1

BJbJ +
2

∑
I=1

4

∑
k=1

Hk
Isk

I , (23)

γ̂h =
N

∑
J=1

~
LsφJbJ +

2

∑
I=1

4

∑
k=1

LsΦk
I sk

I =
N

∑
J=1

BJ
sbJ +

2

∑
I=1

4

∑
k=1

Hk
sIs

k
I , (24)

with Φk
I =

{
Qk

I , Qk
I , Rk

I

}
. Here, BJ and Hk

I denote
~
LφJ and LΦk

I , respectively, and the
former is computed on the 2-D NEM grid while the latter is computed directly on the shell
surface (Similarly for BJ

s and Hk
sI).

However, the proposed NE approximation (24) of the non-singular T/S strain γh using
C0− L/I functions φJ (i.e., the first term on the right hand side in Equation (24)) may cause
shear-membrane locking [8,9]. One effective way to suppress the locking is to indirectly
interpolate the T/S strains using the idea of MITC3+ shell element [40], as described in
Appendix A. The analytic calculation of Equations (A1) and (A2) in the Appendix A using
Equations (11) and (15), together with the chain rule between the physical and master
coordinates (x, y) and (ξ, η) in Figure 3, leads to

γh
e = B̂ebe. (25)

Here, B̂e are the (2× 15) element-wise matrices expressed in terms of ξ, η, z and R, and
be = {be

1, be
2, be

3} are the (15× 1) non-singular element-wise nodal vectors.
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Meanwhile, the matrix equations of linear buckling problem can be obtained from the
virtual work principle given by

δU − δ Wext = 0 (26)

where the virtual strain energy δU and the virtual work done δ Wext in our problem are
defined by [29]

δ U =
∫ h/2−e

−h/2+e

∫
v

δεTσ dAdz, (27)

δ Wext =
∫

v
δ

{
w,x
w,y

}T

z=e

[
p 0
0 0

]
δ

{
w,x
w,y

}T

z=e
dA (28)

with the external buckling load p and the deviation e of the neutral surface from the
mid-surface.

Then, substituting the previous Equations (14) and (15) and (23)–(25) into Equation
(26) results in the linear eigenvalue equations given by[(

Kσ +
M

∑
e=1

Ke
s

)
− λ̂ KG

](¯
b,

¯
r
)
= 0, (29)

to compute the critical buckling loads
{

λJ
}N

J=1 and the corresponding buckling modes{¯
b J

}N

J=1
. Here, three stiffness matrices introduced in this paper are defined by

Kσ =
∫ h/2−e

−h/2+e

∫
v
(B + H)TD (B + H) dAdz, (30)

Ke
s =

∫ h/2−e

−h/2+e

∫
ve

(
B̂ + Hs

)TD̂s
(
B̂ + Hs

)
dAdz, (31)

KG =
∫

v
(Bw + Hw)

T
[

p 0
0 0

]
(Bw + Hw) dA, (32)

where,
¯
d =

[¯
d1,

¯
d2, · · ·,

¯
dN

]
,

¯
r =

[
¯
r

1

1,
¯
r

2

1, · · ·¯r
3

2, r4
2

]
, B = [B1, B2, · · ·, BN ],

H =
[
H1

1, H2
1, · · ·H7

2, H8
2
]
, B̂ =

[
B̂1, B̂2, · · ·, B̂M

]
,Bw = {L1/R, L2}T1̂φ,Hw = {L1/R, L2}T1̂Φ

with 1̂ = {0, 0, 1, 0, 0}.
Meanwhile, the matrix D̂s in Equation (31), which is modified from Ds introduced in

Equation (15) is defined by

D̂s =
κ

1 + ϑ · (Le/h)2

[
GC 0
0 GC

]
, (33)

with the shear correction factor κ = 5/6, the largest side length Le of Delaunay triangles,
and a positive shear stabilization constant ϑ(ϑ > 0) [41]. The shear modulus matrix Ds was
modified to stabilize further the MITC3+ shell element, and the value of ϑ is determined
through the preliminary experiment [42]. Figure 4 shows a flowchart for the buckling
analysis of cracked FG-GPLRC cylindrical panel by the present 2-D XNEM.



Symmetry 2023, 15, 2162 9 of 19

Symmetry 2023, 15, x FOR PEER REVIEW 9 of 20 
 

 

( )









+
=

C

C

e

s
G

G

h/L

ˆ
0

0

1
2




D , (33) 

with the shear correction factor 65 /= , the largest side length eL  of Delaunay trian-

gles, and a positive shear stabilization constant ( )0  [41]. The shear modulus matrix 

sD  was modified to stabilize further the MITC3+ shell element, and the value of   is 

determined through the preliminary experiment [42]. Figure 4 shows a flowchart for the 

buckling analysis of cracked FG-GPLRC cylindrical panel by the present 2-D XNEM. 

 

Figure 4. A flowchart for the cracked buckling analysis by the proposed 2-D XNEM-based locking-

free numerical method. 

4. Results and Discussion 

The numerical formulae in Section 3 were coded and combined into the previously 

developed NEM program [29] for the buckling analysis of plates. Two stiffness matrices 

K  and GK  in Equations (30) and (32) were constructed with 7 Gauss points while e

sK  

was constructed with 1 Gauss point. Referring to Figure 2, the density of the NEM grid 

was chosen as 2121   from the benchmark experiment, which will be given later. The 

density and pattern of the NEM grid was slightly altered in order to effectively model the 

inclined central cracks [43], and a total of twelve lowest buckling modes were extracted. 

The computed buckling loads 
J̂   were calibrated as

mJJ D/Lˆ 2 =   with 

Figure 4. A flowchart for the cracked buckling analysis by the proposed 2-D XNEM-based locking-free
numerical method.

4. Results and Discussion

The numerical formulae in Section 3 were coded and combined into the previously
developed NEM program [29] for the buckling analysis of plates. Two stiffness matrices
Kσ and KG in Equations (30) and (32) were constructed with 7 Gauss points while Ke

s was
constructed with 1 Gauss point. Referring to Figure 2, the density of the NEM grid was
chosen as 21× 21 from the benchmark experiment, which will be given later. The density
and pattern of the NEM grid was slightly altered in order to effectively model the inclined
central cracks [43], and a total of twelve lowest buckling modes were extracted. The com-
puted buckling loads λ̂J were calibrated as λJ = λ̂J L2/Dm with Dm = Emh3/12

(
1− ν2

m
)
.

Three kinds of boundary conditions, free (F), simply supported (S), and clamped (C) are
considered in this paper, where the latter two are enforced as

S : v0 = w0 = ϑy = 0, (34)

C : u0 = v0 = w0 = ϑx = ϑy = 0, (35)

at θ = 0 or θ0. Note that u0 is excluded from Equation (35) when the clamped condition is
applied to the edge at y = 0 or L, to allow for movement along the shell axis.

First, the convergence of the present method to the grid density of the NEM was ex-
amined using a clamped intact aluminum cylindrical panel with the geometric dimensions
of R = 0.1 m, S = L = 0.2 m and h = 0.005 m. The material properties of aluminum are
Em = 70 GPa and vm = 0.3. As given in Table 1, the first non-dimensional critical buckling
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loads show a uniform convergence to the grid density. A 21× 21 NEM grid leads to the
relative percentage difference λrel

1 less than 5.0%, so this grid density was used for the
remaining numerical experiments, unless otherwise specified.

Table 1. Convergence of first non-dimensional critical buckling load of intact aluminum cylindrical
panel (L/R = 2, S/L = 1, R/h = 20, CCCC).

Items
Grid Density

11×11 13×13 15×15 17×17 19×19 21×21 23×23

λ1 333.36 285.52 256.11 236.35 222.14 211.44 203.13

λrel
1 (%) 64.11 40.56 26.08 16.35 9.36 4.09 -

Next, the reliability of the present method was examined by comparing it with the
results obtained by the phase field formulation (PFF) [44,45]. A clamped metal–ceramic
FG cylindrical panel with the geometric dimensions was used for the above convergence
test. These geometry dimensions were used to maintain consistency with the reference [44],
and the above aluminum was used for metal and alumina with the material properties
Ec = 380GPa and vc = 0.26 is taken for ceramic. The ceramic volume fraction Vc(z)
is governed by the power-law function given by Vc(z) = (0.5− z/h)r. Intact and three
different crack angles and five different ceramic power-law indices were considered, where
the relative crack length a/S is set by 0.3. The NEM grid density was set by 21× 21 through
the preliminary test. The shear stabilization parameter ϑ in Equation (33) was determined
as ϑ = 0.65− (0.65− 0.08)× α/90 according to the change of NEM grid pattern along the
crack inclination angle, and the computed calibrated buckling loads (CBL) are compared in
Table 2 and Figure 5. The developed method shows a reasonable agreement with PFF such
that the maximum relative differences are −6.573% in λ1 and 7.713% in λ2. Meanwhile,
the first and second buckling loads show a uniform decrease when increasing the value of
power-law index r because the panel structural stiffness decreases as the relative volume of
relatively stiffer ceramic reduces in proportion to r.

Table 2. Comparison of first two non-dimensional critical buckling loads of FG cracked cylindrical
panel (L/R = 2, S/L = 1, R/h = 20, a/S = 0.3, CCCC).

Method α (deg) CBL
r

0 0.2 0.5 1 5

PFF [44]

Intact
λ1 896.21 739.69 589.83 456.89 293.36
λ2 1034.66 855.02 682.26 528.50 338.72

0
λ1 624.52 514.50 409.52 316.63 202.72
λ2 1030.11 851.56 679.88 526.91 336.65

45
λ1 826.08 681.53 543.20 420.56 269.69
λ2 1021.45 843.85 673.15 521.30 334.09

90
λ1 857.26 706.91 562.89 435.41 280.80
λ2 1023.02 845.07 674.02 521.88 334.56

Present

Intact
λ1 916.85 758.12 604.18 464.34 297.71
λ2 1025.20 843.15 667.27 508.09 332.64

0
λ1 624.28 523.97 425.01 332.89 203.84
λ2 1054.42 879.79 707.95 550.78 346.69

45
λ1 771.78 644.99 519.25 404.32 252.76
λ2 1019.26 848.31 682.25 529.94 336.25

90
λ1 855.52 704.49 556.60 422.59 277.56
λ2 1080.01 901.52 726.01 559.74 359.09
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Figure 5. Comparison of λ − r curves for difference crack inclination angles (Intact/PFF [44]):
(a) first buckling mode; and (b) second buckling mode.

Next, ceramic and metal in the above FG cylindrical panel was replaced with an
Epoxy matrix and GPLs. The elastic moduli and Poisson’s ratios of matrix and GPLs are
Em = 3.0GPa, vm = 0.34, EGPL = 1.01TPa and vGPL = 0.186, and the geometry dimensions
of GPLs are lGPL = 2.5 µm, wGPL = tGPL = 1.5 µm, respectively. The buckling loads were
computed for different values of GPL mass fraction g∗GPL, crack inclination angle α , relative
crack length a/S and GPL distribution pattern, and the stabilization parameter ϑ was
chosen by ϑ = 0.45− (0.45− 0.01)× α/90. The non-dimensional fundamental buckling
loads λ1 are represented in Table 3, and two lowest buckling modes of four different crack
inclination angles are represented in Figure 6. The influence of the crack inclination angle
on the buckling mode shape can be clearly observed.

Table 3. Non-dimensional fundamental buckling loads of FG-GPLRC cylindrical panels (L/R = 2,
S/L = 1, R/h = 20, CCCC).

g∗GPL (%) α (deg) a/S
GPL Distribution Pattern

FG-U FG-O FG-X FG-Λ

0.4

0
0.3 316.77 271.86 356.96 302.75
0.6 152.32 130.05 173.50 155.12

30
0.3 366.94 306.21 420.80 343.82
0.6 214.71 184.49 242.64 198.83

60
0.3 413.23 338.52 480.32 383.46
0.6 362.90 305.70 415.85 335.89

90
0.3 424.03 345.90 497.97 393.26
0.6 374.39 308.85 436.16 349.08

0.8

0
0.3 496.85 405.29 558.78 456.70
0.6 239.29 194.36 281.43 238.49

30
0.3 576.37 452.59 682.77 519.28
0.6 337.31 275.97 392.74 297.36

60
0.3 649.06 497.25 781.48 578.72
0.6 570.04 454.20 675.06 502.39

90
0.3 666.03 508.43 812.90 598.02
0.6 588.09 466.46 702.20 530.33
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Figure 6. Buckling modes of clamped FG-GPLRC cylindrical panel for four different crack inclination
angles (FG-U, g∗GPL = 0.4%, a/S = 0.3): (a) first mode; and (b) second mode.

Next, the fundamental buckling load was parametrically investigated with respect
to the major parameters. The geometry dimensions are L/R = 2, S/L = 1, R/h = 20, the
pattern and mass fraction g∗GPL of GPL are 0.4% and FG-U, and the relative crack length a/S
and the boundary condition are 0.3 and CCCC, unless otherwise stated. Figure 7a represents
the λ1 − g∗GPL plots for the different crack inclination angle α, where the magnitude of
λ1 increases in proportion to the GPL mass fraction g∗GPL. This is because the buckling
stiffness of cylindrical panel increases when increasing the amount of GPLs. Meanwhile,
it can be observed that the fundamental buckling load increases proportionally to the
crack inclination angle, because the more horizontal the crack alignment is, the higher the
buckling stiffness is. Figure 7b represents the effect of the GPL distribution pattern on
the fundamental buckling load, where FG-X shows the highest level while FG-O displays
the lowest level. This is because the buckling stiffness of panel becomes larger as GPLs
with relatively higher elastic modulus become biased at the top and bottom surfaces. This
explanation can be justified by the fact that the fundamental buckling loads of FG-U and
FG-Λ with uniform or linearly varying GPL distributions are positioned between FG-X
and FG-O.

Figure 8a,b represents the λ1 − α plots for different boundary conditions and differ-
ent GPL distribution patterns, respectively, where a combination of four characteristics
composed of C and S denotes a combination of boundary conditions specified to the panel
sides 1©, 2©, 3© and 4©, referring to Figure 3. It is seen that the increase in the fundamental
buckling load proportional to the crack inclination angle is slightly saturated for CCCC, and
this saturation trend appears at all the GPL distribution patterns. Meanwhile, regarding
the effect of the boundary conditions, CCCC and SSSS produce the highest and lowest
levels, respectively. However, the differences among CCCC, CSCS and SCSC are shown to
be insensitive as the crack alignment becomes horizontal.
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Figure 9a represents the λ1− a/S plots for different crack inclination angles, where the
fundamental buckling load uniformly decreases in proportion to the relative crack length.
This is because the buckling stiffness becomes smaller as the cracked length becomes longer,
which becomes more apparent as the crack alignment becomes vertical. Figure 9b represents
λ1 − R plots for different crack inclination angles, where the fundamental buckling load
shows a decrease trend along with the increase in the shell radius. This is because the
buckling stiffness in the circumferential direction becomes smaller proportionally to the
shell radius R.

Next, the dependence of fundamental buckling load on the panel aspect ratio S/L
was investigated with L being kept at 0.2 m. It can be observed from Figure 10 that the
fundamental buckling load becomes smaller proportionally to the aspect ratio. It is because
the increase in circumferential width S reduces the panel buckling stiffness when the
external in-plane pressure is applied in the circumferential direction, as shown in Figure 2.
Meanwhile, it can also be observed that the reduction rate becomes dull as the aspect ratio
becomes larger.
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Figure 10. Variation of the non-dimensional fundament buckling load to the crack inclination angle
(FG-X) for: (a) S/L = 0.75; (b) S/L = 1.0; (c) S/L = 1.25; and (d) S/L = 1.5.
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Finally, the fundamental buckling loads were also computed by replacing the GPLs
with CNTs (carbon nanotubes) with the matrix material remaining unchanged. The (10, 10)
single-walled CNTs [46] with the orthotropic material properties given in Table 4 were
used, where it is assumed that Ecnt

3 = Ecnt
2 , νcnt

23 = νcnt
31 = 0, and Gcnt

23 = Gcnt
31 = Gcnt

12 [16].
The effective mechanical properties of FG-CNTC cylindrical panel are calculated as:

E1 = η1Ecnt
1 fcnt + fmEm,

η2

E2
=

fcnt

Ecnt
2

+
fm

Em
, (36)

η3

G12
=

fcnt

Gcnt
12

+
fm

Gm
, ν12 = fcntν

cnt
12 + fmνm, (37)

using the modified linear rule of mixtures (MLRM). Here, ηi(i = 1, 2, 3) indicates the CNT
efficiency parameters which depend on the CNT total volume fraction V∗CNT [47].

Table 4. Material properties of (10, 10) single-walled CNTs (1, 2, 3 = x, y, z).

Young’s Moduli (GPa) Poisson’s Ratios Shear Moduli (GPa)

Ecnt
1 Ecnt

2 Ecnt
3 νcntT

12 νcnt
23 νcnt

31 Gcnt
12 Gcnt

23 Gcnt
31

5646.6 7080.0 7080.0 0.175 0 0 1944.5 1944.5 1944.5

Figure 11 comparatively represents the λ1 −V∗GPL and λ1 −V∗CNT plots for different
crack inclination angles, where the fundamental buckling loads for both cases linearly
increase when increasing the GPL and CNT volume fractions. In addition, the relative
orders in the magnitude of λ1 among four different crack angles are the same for both
FG-GPLRC and FG-CNTRC. However, the absolute magnitudes of λ1 are quite different,
such that the fundamental buckling load of FG-CNTRC is almost five times as small as
that of the FG-GPLRC. Thus, it has been found that FG-GPLRC is much effective for the
buckling resistance design than FG-CNTRC for the same volume fraction.
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Figure 11. Comparison of non-dimensional fundamental buckling loads between GPLRC and CNTRC
(FG-U): (a) GPLRC; and (b) CNTRC.

The numerical results demonstrate that the buckling loads of cracked FG-GPLRC
cylindrical panels were reliably predicted, and their characteristics were investigated in
depth. However, the crack was modeled by separating the nodes lying on the crack, so the
crack inclination angle and length are slightly subjected to the density and pattern of the
NEM grid.
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5. Conclusions

The buckling response of FG-GPLRC cylindrical panel with an anti-symmetric central
crack was investigated in depth by introducing an extended natural element method
(XNEM). The numerical method was developed by combining L/I functions and the crack-
tip singular functions in the framework of a 2-D planar NEM without grid refinement
around the crack tips. The developed XNEM-based numerical method was validated
through a benchmark test, and the effects of major parameters on the buckling behavior
of cracked FG-GPLRC cylindrical panels were examined in depth. The numerical results
provide us the following main findings:

• The developed 2-D XNEM effectively analyzes the buckling of FG-GPLRC cylindrical
panel having a central crack, with reasonable numerical accuracy;

• The fundamental buckling load linearly increases proportional to the amount of GPLs,
regardless of the crack inclination angle. The relative order in the fundamental buck-
ling loads among the four GPL distribution patterns is FG-X > FG-U > FG-Λ > FG-O;

• The fundamental buckling load increases proportionally to the crack inclination an-
gle, but this increase trend is slightly saturated for CCCC, regardless of the GPL
distribution pattern. However, it uniformly decreases proportionally to the crack’s
relative length.

• For the same volume fraction, the buckling stiffness of the cylindrical panel reinforced
with GPLs is almost five times as large as that of a CNT-reinforced cylindrical panel.

The present method successfully and reliably predicts and investigates the buckling
behavior of FG-GPLRC cylindrical panels. Thus, the developed 2D-XNEM and the nu-
merical results could be useful for the buckling analysis and buckling-proof design of
cracked cylindrical nanocomposites reinforced with GPLs and CNTs. However, the crack
inclination angle and length are somewhat restricted by the NEM grid; a grid-independent
crack modeling approach, such as phase field formulation (PFF), would merit further study
as a research topic in future work.

Funding: This work was supported by the National Research Foundation of Korea (NRF) grant
funded by the Korea government (MSIT) (RS-2023-00240618, 2020R1A2C1100924).

Conflicts of Interest: The author declares no conflict of interest.

Nomenclature

R, θ0, h Radius, subtended angle and thickness of the cylindrical panel
S, L Width and length of the cylindrical panel
v, e Neutral surface and its radial distance from the panel midsurface
fGPL, fm Volume fractions of GPL and the matrix
V∗GPL, V∗CNT Total volume fractions of GPLs and CNTs
EC, Em, EGPL Elastic moduli of GPLRC, matrix and GPL
lGPL, tGPL, wGPL Length, thickness and width of GPL
νC, νm, νGPL Poisson’s ratios of GPLRC, matrix and GPL
ρC, ρm, ρGPL Densities of GPLRC, matrix and GPL
a, α Length and inclination angle of central crack
u0, v0, w0 Translation components at the neutral surface of cylindrical panel
βx, βy Rotational components at the neutral surface
bJ =

(
rJ , dJ

)
Non-singular nodal vector at node J

sk
I = (r̂k

I , d̂k
I ) Singular nodal vector corresponding to the k-th singular function

εxx, εθθ , εxθ In-plane strain components
σxx, σθθ , σxθ In-plane stress components
γθz, γxθ , τθz, τxz Transverse shear strains and stresses
=C,=R Physical and computational NEM grids
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λ̂J ,
¯
b J J-th critical buckling load and buckling mode

κ(= 5/6) Shear correction factor
ϑ(ϑ > 0) Shear stabilization parameter
S/L, a/S Panel aspect ratio and relative crack length
ηi(i = 1, 2, 3) CNT efficiency parameters
r, λJ Power-law index and calibrated J-th critical buckling load

Appendix A

Referring to Figure 3, each triangle ve in the physical NEM grid =C is mapped
to the 3-node master element v̂ depicted in Figure A1. Next, using the Lagrange-type
bilinear shape functions {NL(ξ, η)}3

L=1 [48], the triangle-wise non-singular nodal vectors

be
K =

(
ue

0, ve
0, we

0, βe
x, βe

y

)T

K
, the NEM approximation of non-singular displacement part is

re-expressed. Then, according to the notion of MITC3+ shell element, the element-wise
non-singular T/S strains γh

e are indirectly interpolated as(
γh

e

)
xz

=
2
3

[
γ
(B)
xz −

1
2

γ
(B)
yz

]
+

1
2

[
γ
(C)
xz + γ

(C)
yz

]
+

δ

3
(3η − 1) (A1)

(
γh

e

)
yz

=
2
3

[
γ
(A)
yz −

1
2

γ
(A)
xz

]
+

1
2

[
γ
(C)
yz + γ

(C)
xz

]
+

δ

3
(1− 3ξ) (A2)

with δ = γ
(F)
xz − γ

(D)
xz + γ

(E)
yz − γ

(F)
yz . Where, A, B, C, D, E and F indicate six tying points

shown in Figure A1.
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