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Abstract: This article introduces the novel concept of an extended parametric S,-metric space, which
is a generalization of both S,-metric spaces and parametric S,-metric spaces. Within this extended
framework, we first establish an analog version of the Banach fixed-point theorem for self-maps.
We then prove an improved version of the Banach contraction principle for symmetric extended
parametric S,-metric spaces, using an auxiliary function to establish the desired result. Finally, we
provide illustrative examples and an application for determining solutions to Fredholm integral
equations, demonstrating the practical implications of our work.
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1. Introduction

The study of the metric fixed point theory is only a little over a century old, but its
applicability is relevant in all the branches of science and engineering. Within the context
of an axiomatic framework, it is justifiable to attribute the genesis of the notion of distance
to Euclid, and conceivably even to a period preceding him. Frechet [1] proposed the
introduction of systematic and standardized measures for distance in the realm of abstract
mathematics. The concept of metric space has been employed not only in the field of
mathematics but also in the qualitative sciences. For example, one notable generalization
of metrics, known as partial metrics, was introduced by Matthews [2] to address specific
challenges in the field of domain theory in computer science. In addition to these abstract
formulations, the concept of metrics has been expanded and diversified through numerous
diverse approaches. Among the various concepts, it is important to draw attention to
some of the generalizations that are widely recognized and particularly captivating (refer
to [3-9]).

One of the earliest generalizations is the quasi-metric one, which is produced by elimi-
nating the standard metric’s symmetry property. Another notion that was presented early
on is the concept of semi-metric (proposed by [10]). This type of metric satisfies only the
properties of self-distance and symmetry, which are characteristic of the Euclidean metric.

An alternative formulation of the metric concept was derived by substituting the
triangle inequality with a modified version. The concept under consideration is referred to
as quasi-metric in certain references [11], and as a b-metric in other references [12,13].

Definition 1 ([13]). Let 20 be a nonempty set, define a real-valued function p : 20 x 20 — [0, o)
such that for a given b (real number) > 1, it satisfies the following conditions:
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L p(ge)=0ifandonlyif g =e;
I p(ge) =p(eg);
1aI. p(g,e) <blp(g h)+p(he)l, forall g e h € 2.

Then, p is said to be b-metric and the pair (20, p) is said to be b-metric space.

It is imperative to note that, in a broad context, the b-metric does not exhibit continuity.
Moreover, it is important to note that not every b-metric space may be considered a metric
space. In an alternative scenario, assuming the value of b to be equal to 1, one can see that
every b-metric space would therefore be considered as metric space.

Branciari [14] proposes a novel approach by altering the triangular inequality in metric
spaces to a quadrilateral inequality.

Definition 2 ([14]). Let 20 be a non-empty set, define a real-valued function p : 20 x 20 — [0, o0)
such that for all g,e € 20 and all distinct h,oc € 20, where h and o are different from g and e,
which satisfies

L p(ge)=0ifandonlyif g =e;

ILp(g,e) = pleg);

L. p(g,e) < p(g,h) +p(h,c) +p(o,e).

Then p is called a generalized metric (a Branciari distance), and the pair (20, p) is known as GMS
(generalized metric space) in the sense of Branciari.

Remark 1. In general, a Branciari distance may not be continuous. The topologies of Branciari
distance space and metric space are incompatible. Furthermore, every metric is a Branciari distance
but the converse does not need to be true.

Example 1. Let U = {0,2}, V = {1 :n > 1} and 0 = UU V. Define p : 202 — [0, c0) by

ifg=e

if g # eand either g,e € Uorg,e #V,
ifgeUandecV,

g ifgeVandec U.

p(ge) =

LS )

Then, p is a Branciari distance on 20 but not a metric.

In the last three decades, another emerging technique in the field of metric extension
involves the utilization of the geometric properties of three points, as opposed to the
conventional approach which relies on only two points, such as ® : 20 x 20 x 20 — [0, +c0).
The idea of D-metric [15] and G-metric [16] are the most famous examples of this trend. All
the authors have derived the analogue version of the most celebrated result in the history
of fixed point theory, precisely known as Banach contraction principle (BCP) [17] in such
spaces (see [18-20]). This theory only began to emerge as a distinct field in the late 19th
century and early 20th century, when important developments took place, and several new
metrics were introduced.Some of them are new, and a few are the generalization of the
existence of previous spaces.

Sedghi et al. [21] introduced a new type of generalized metric space, by relaxing the
symmetry property, known as S-metric space.

Definition 3 ([21]). Let 20 be a non-empty set. Then, a function S : W3 — [0, 00) is said to be
S-metric on 20 if for each g,e,h,t € 20 the following conditions hold:

(i). S(g,eh)>0;

(ii). S(g,e,h) =0ifandonlyifg =e=h;

(iii). S(g,e,h) <S(g,8t)+S(eet)+S(hh,t).

The pair (20, S) is called an S-metric space.



Symmetry 2023, 15, 2136

30f13

Example 2. Let 20 = R" and ||.|| be a norm on Q5; then, S(g,e,h) = ||e+h —2g| + |le — h|| is
an S-metric space.

Sedghi and Dung [22] made the observation that every S-metric space can be con-
sidered topologically equal to a metric space. Several researchers have studied the S-
metric space as well as developed a number of results pertaining the presence of fixed
points [23-25].

On taking motivation from the research conducted by Bakhtin [12] and Sedghi et al. [21],
Souayah and Mlaiki [26] initially proposed the notion of an S,-metric space. Subsequently,
Rohen et al. [27] made modifications to the definition of 5;,-metric spaces as follows:

Definition 4 ([27]). Let 20 be a non-empty set and b be a real number > 1. A function Sy, 23 —
[0, 00) be such that for all g, e, h,t € 20, it satisfies the following conditions:

(i). Sp(g,e,h) =0ifandonlyifg=e=h;

(ii). Sp(g,e,h) < b[Sy(g, g t)+ Sp(e e t)+ Sy(h, h,t)].

Then, Sy, is said to be Sy-metric on 20 and the pair (20, Sy) is said to be Sy-metric spaces.

Hussain et al. [28] gave a definition and analysis of parametric spaces. Subsequently,
a year later, the authors extended their study by introducing the concept of parametric
b-metric space [29]. In another incremental advancement, Tas and Ozgtir [30] proposed
the concept of a parametric S-metric space as an extension of the parametric metric space,
as follows:

Definition 5 ([30]). Let 20 be a non-empty set. Define a function P, : 23° x (0,00) — [0, 0)
such that for all g,e,h,c € W and A > 0, it satisfies the following conditions:

(i). P/(gehA)=0ifandonlyifg=e=h;

(ll) P}’(g/ e/h/ /\) S Pr(g/g/(T, /\) + P}’(e/e/ U/ A) + Pr(h/ h/U/ A)

Then, the function Py is said to be parametric S-metric on 20 and the pair (20, Py) is called parametric
S-metric space.

Moreover, Tag and Ozgiir [31] improved their own idea and introduced the concept of
parametric S,-metric space in 2018.

Definition 6 ([31]). Let 20 be a non-empty set and let b > 1 be a given real number. Define a
function N : 3% x (0,00) — [0, 00) such that for all g,e,h,c € W and A > 0, it satisfies the
following conditions:

(i). N(gehA)=0ifandonlyifg =e=h;

(ii). N(g,eh,A) <b[N(g g 0,A)+N(eeco,A)+N(hh,o,A).

Then, the function N is said to be parametric Sy-metric on 20 and the pair (20, N) is called
parametric Sy-metric space.

Example 3. Let W = {v | v: (0,00) — R is a function}. Define a function N : 20° x (0,00) —
[0, 00) by
1 2
N(v,er,0) = 5(|v(o) —e(o)| +[v(e) —1(e)] + le(o) —r(0)])
for each o > 0 and for all v,e,r € 20. If b = 4, then (X, N) is a parametric Sy-metric space;
nonetheless, it is not a parametric S-metric space.

Mlaiki [32] followed the work of Rohen et al. [27] to introduce the concept of extended
Sp-metric space as follows:
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Definition 7 ([32]). Let 20 be a non-empty set and N : 2% — [1,00) be a positive real-valued
function. Define a function Ry : 2% — [1,00) such that for all g,e,h,c € 20, it satisfies the
following conditions:

(i). Rn(g,eh)=0ifandonlyifg =e=h;

(ii). Rn(g,e,h) < N(g,e,h)[Rn(8, 8, 0)+ Rn(ee,0)+ Ry(h,h,0)].

Then, the function Ry is said to be extended Sy,-metric on 20 and the pair (20, Ry ) is called extended
Syp-metric space.

Remark 2. Every S,-metric space is an extended S,-metric space (N(g,e,h) = b > 1), but the
converse not always true.

Furthermore, counter-examples and associated findings regarding the aforementioned
spaces are available in [33-39].

As an expansion of the parametric metric space and the S;-metric space, we present in
this article a novel metric space called the extended parametric S,-metric space. Section 2
contains the definition of an extended parametric S,-metric space, proof of two Lemma’s
along with two illustrative examples. In Section 3, analogues of the some well-known fixed
point theorems are proved in both extended parametric 5;-metric spaces and in symmetric
extended parametric S;-metric spaces. At last, in Section 4, we make use of our result in
order to find the existence of a solution to a Fredholm integral equation.

2. Extended Parametric Sy-Metric Space

This section commences with the definition of the extended parametric Sy-metric
space.

Definition 8. Let 20 be a non-empty set and N : 20° — [1, c0) be a positive real-valued function.
Define a function Ry : 0% x (0,00) — [0, 00) such that for all g,e,h,0c € Wand A > 0, it
satisfies the following conditions:

RN-1.RN(g,e,h,A) =0ifand only ifg = e = h;
RN-2.RN(g,e,h,A) < N(g,e,h)[Rn(g,8,0,A) + Rn(e,e,0,A) + Ry(h, h,0,A)].

Then, the function Ry is said to be extended parametric Sy-metric (EPSy) on 20 and the pair
(20, Ry) is called extended parametric Sy-metric space.

Example 4. Let 20 = R. Define function N : 20° — [1,00) by
N(geh) =1+ |g[+|e]
and a function Ry : 20° x (0,00) — [0,00) by
Rn(g e hA) =Nl g—e|+|e—h|+[g—h]]
foreach g,e,h € Rand A > 0. Then, Ry is an extended parametric Sy-metric space.

Example 5. Let 20 = Cla, b] be the set of all continuous real-valued functions on [a, b]. Define
function N : 20 — [1,00) by

N(g(0),e(0), h(e)) = max{| g(v) |, | e(e) [}+ [ k(o) | +2
and function Ry : 20° x (0,00) — [0, 0) by

Rn(8(0),e(0),h(e),A) = P(A) sup | max{g(c),e(c)} —h(o) |*

o€la,b]

for each ¢,e,h € R, where P : (0,00) — (0, 00) is defined as P(A) = A.
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Then, the pair (20, Ry) is a complete extended parametric Sy-metric space.

Definition 9. Let (20, Ry) be a extended parametric Sy-metric space and let {t,} be a sequence
in 20. Then,

(i).  {tn} converges to g if and only if there exists ng € N such that Ry(ty, tn, §,A) < € for all
n>ngand A > 0;

(ii). {tn} is called a Cauchy sequence if limy, ym—00 RN (fn, tn, tm, A) = 0. for all A > 0;

(iii). (20, Ry) is called complete if every Cauchy sequence is convergent in 20.

Lemma 1. Let (20, Ry) be a extended parametric Sy-metric space. Then, for each g,e € 20 and
forall A >0,

Rn(g,8,e,A) < NRy(e,e,g,A) and Ry(ee g, A) < NRy(g g€ A)
Proof. Using the condition (Ry-2) of Definition 8, we obtain

Rn(8,8/¢,A) < N[Rn(8,8/8 M) +Rn(8/ 8 8 A) + Rulee g A)]
< N[2Rn(g,8/8A) + Rn(ee,8,A)]
< NRn(e,e,g, A7)

and

RN(e/elg//\) S N[RN(e/e/e//\) + RN(e/e/e//\) + RN(g/g/er/\)]/
< N[2Rn(e,e,e,A) + Rn(g,8,e,A)]
<N

Rn(g,8/e,M)

Hence, the proof. O

Lemma 2. Let (20, Ry) be a extended parametric Sy-metric space. If {t, } converges to g, then g
is unique.

Proof. Since {t,} converges to g, lim, . t, = g. On the contrary, assume that the limit
g is not unique. Therefore, there exists some e € 20 such that lim, . t;, = ¢, with g # e.
Thus, for each € > 0 and for all A > 0, we can choose n1,n, € Nand n > {n1,ny} such that

Ru(tu, tn, g, A) and Ry (fn tu e, A) < — 1)

< £
4N 2N

Let us set nyp = max{ny, ny}, and the condition (Ry-2) of Definition 8 and Lemma 1

implies that
RN(g/g/ e/ /\) S N[ZRN(g/g/ tl’l/ )\) + RN(@, e/ tl’l//\)]

< N[2RN(tn, tn, & A) + R (tn, tn, €, A)]

€ € .
< N[Zﬁ + ﬁ} [on using (1)]

€ €
which implies that Ry(g,g,e,A) = 0. Thus, wehave g =e. [

This leads to the following important result.

Lemma 3. Let (20, Ry) be a extended parametric Sy-metric space. If {t,} converges to g, then
{tn} is Cauchy.

Definition 10. Let (20, Ry) be a extended parametric Sy-metric space. Then,
(i).  The diameter of a subset ) of 20 is defined as

diam(Y) := sup{Rn(g,e,h,A) | g,e,h € W, A > 0}.
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(ii). For g € Wand e > 0, we can define a ball B(g, €) as follows:
B(g,e) ={e€ X|Rn(g, g e, A) <€, A>0}

3. Main Results

In this discussion, we will begin by presenting and demonstrating the analogous form
of the Banach fixed point theorem in the context of extended parametric S;-metric space.

Theorem 1. Consider a complete extended parametric Sy-metric space (20, Ry), where Ry is
a continuous function. Let f be a self-mapping on 20 satisfying the following condition: for all
g eheWand A >0

RN(fg fe fh,A) <ORNn(g e h A), )
where 0 < 0 < § and for any go € W, we have
. 1
,Hm  N(f"go, f"80. f"80) < 55 ®)
Then, f has a unique fixed point v € 208. Moreover, for every h € 20, we have limy, 00 f"h = v.

Proof. Since 20 is a non-empty set and f is a self-map on 20, we can choose a g9 € 20 such
that fgo = g1. Continuing like this, we can define a sequence {g, } of iterates as follows:

g1 = f8o,
$2 = fg1 = f%0,

gn = f&u-1=f"g0. 4)
Let us substitute g = g,_1, ¢ = §,—1 and h = g, in Equation (2), and we have

Ry (&ns 8ns§ns1,A) = Rn(f€n—1,f&n—1, f&u, A)
S QRN(gi’l—ll gn—lrgnr/\)'

Again, from Equation (2), we have

RN(8n-1,8n-1,8n,A) = RN(f8n—2, f&n—2,f8n-1,7)
S GRN(gn—ngn—ngnfll/\)'

Combining the above two inequalities and repeating the process n times, we obtain
RN(8n, &ns g1, A) < RN (8n-2,8n-2,8n-1,A) < -+ < 0"Rn (g0, 80,81, 7)

This implies that
RN(g'rlrgnrg}’H—l/)L) S enRN(gOrgO/gl//\) (5)

This proves that the sequence {g,} is a Cauchy sequence in 20. Indeed, for all m > n,
m,n € N, and when using inequality (2), condition (Ry-2) of Definition 8; we obtain

RN(gH/ gn/ ng/ A) S N(gnrgnrgm) (26)HRN(gO/gOIgl/ A)
+ N(8n, gn, §m)N(ns1, §n1,§m) (20)" ' RN (80, 80,81, A)

+ N(8n, 81, §m)N(gn+1,8n+1,8m) - - N(Sm—1,§m—1,8m)
(26)m71RN (gO/ 80,81, A)

Consequently, we obtain
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RN(gnrgn/gmr A)

N(g1,81,8m)N(82,82,8m) - - -
N(8n-1,8n—1,8m)N(gn, gn, gm)(20)"

+ N(g1,81,8m)N (82,82, 8m) - - - )

< Rn(90,80, g, A) | N(8n8n m)N(8nt1,8nt1,8m) (20)" (6)

+ N(g1,81,8m)N(82,82,8m) - - - )
L N(gm—2,8m—2,8m)N(Sm-1,8m—1,8m)(20)"* |

m—1

L
< Rn(80,80,81,A) Y (20) TI N(8i, &ir &m)
j=n i=1

Suppose we have a series

[ee] n
B =) (20)"TN(gi 8i gm)
n=1 i=1
and its partial sum
n o
By =3 (20) TIN(8i, 8ir gm)-
j=1 i=1

When using Equation (3) and when applying ratio test, we obtain that the series

1 (20)" [TN(so 80.80)

i=1
converges. Hence, from (6), for m > n we have
RN(ng/ng/gm//\) S RN(gO/ gOIgll A) [Bm,1 - Bn]
Thus, Rn(gn, gn, §m, A) — 0 as n,m — oo. The completeness of 2 implies that there
exist some v € 20 such that

lim gn =v = fgn_1. (7)

n—oo

Next, we prove that v is a fixed point of f. Again, from Equation (2) and when using
condition (Ry-2) of Definition 8, we obtain
Ry, v, fv,A) < N(v,v, fv)2RN (v, v, 01, A) + RN (fV, fV, 8nt1, A)]
< N, v, fv)2Rn (v, v, 8us1,A) + RN (fV, fv, fgn A)] ®)
< N, v, fv)2RN(V, v, gut1,A) + KRN (v, v, gn, A)]-

Taking the limit as n — co, we obtain
Rn(v,v, fv,A) =0.

This is possible only if fv = v. Hence, v is a fixed point of f.

Further, assume that there exist e, v € 20, with e # v such that fv = v and fe = e and
we claim that e = v. Then, suppose not.
Therefore, from Equation (2) for all A > 0, we have

0 < Rn(v,v,e,A) = Rn(fv, fv, fe,A)
< ORn(v,v,e,A)
< Rn(v,v,e,A)
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which leads to a contradiction. Hence, e = v. This establishes the uniqueness of fixed point
and hence the result. O

Example 6. In continuation with Example 5, let us define a self-map f on 20 by

_ 38
fe=r
forall g € 20. Then, f satisfies the inequality (2) with 8 = 1/5.
Moreover, we define for every g € 20 g
n — 2
fle=gr

Thus, 5
lim N(f'g f'g, f"g) = lim (5 +2 12)<2.

n,1M—00 n,m—oo 2N 2m 2

Thus, all the conditions of Theorem 1 are satisfied. Also, O is the unique fixed point of f.
Example 7. Let 20 = [0,1). Define function N : 20° — [1,0) by
N(g,e,h) =max{g, e} +h+1
and a function Ry : 20° x (0, 00) — [0,00) by
Ry(g,e,h,A) = A(max{g,e} — h)?

for each g,e,h € Rand A > 0. Then, Ry is an extended parametric Sy-metric space. Define a
self-map f on X, by
fe=g"
Note that

Rn(g,e h).

Q| =

R (fg, fe. f1,A) = A(max{g’, &>} — h°)? <
On the other hand, for every g € X, define
fn _ g3n
Thus, 3
: n n m Y
Hm 0(f"g, f'8, f"g) < 3
Therefore, all the conditions of Theorem 1, are satisfied. Here, O is the fixed point of f, which
is unique.
3.1. Symmetric Extended Parametric S,-Metric Space

Let us first start with the definition of symmetric extended parametric 5;-metric space
as follows:

Definition 11. An extended parametric Sy-metric space (X, Ry) is said to be symmetric if it
satisfies the following condition:

Rn(g,8¢,A) = Rnl(ee,g,A) forall g,e € X, A > 0. )

We next present a nice refinement of the Banach contraction principle in symmetric
extended parametric S,-metric space with the help of an auxiliary function ¢.

Theorem 2. Consider a symmetric complete extended parametric Sy-metric space (20, Ry ), where
Ry is a continuous function. Let f be a self-mapping on 20 that satisfies the following condition:

Rn(fg fe, fh,A) < ¢[Rn(g e, A)] (10)
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forall g,e,h € Wand A > 0, where ¢ : [0, +00) — [0, +00) is an increasing function such that
for each fixed o > 0, lim, 0 ¢ () = 0.

Furthermore, assume that there exist v > 1 such that for every g, go € 20, we have

. r
lim N(gn, 91, 8) < =-

n—oo 2

Then, f has a unique fixed point in 20.

Proof. Assume g € 2. Fore > 0and n € N, let ¢"(e) <

€
2r*

Furthermore, for € N, let G = f" and g; = G'(g). Clearly, G is continuous. Then, for
any g,¢, € 20 and a = ¢", we have

Ryn(Gg,Gg,Ge,A) = Rn(f"8, f"'8, f"e, A)
<¢"(Rn(g 8 e A))
=ua(RN(g, g e A).

Thus, as I tends to infinity, this implies that R (g;+1,81+1,81,A) tends to zero. There-
fore, assume that [ such that

€
RN (811, 8141, 81,4) < 5 (11)
Also, g; € B(g;,€) implies that, B(g;,€) # ¢. Therefore, for all h € B(g;,€), we have

RN(Gh, Gh, Ggl,/\) S UC(RN(h,h,gl,/\))
<ua

(RN(gl/gl/h,/\)) (12)
£ €
r

<ale) = ¢"(e) < 5

<

Thus,

Rn(81,81,Gh,A) < N(g1,8,Gh) | +Rn(g1, 81,8141, 1)

+Rn(Gh,Gh, 141, M)

= N(g1,81,Gh)[2RNn(81, 81,8141, A) + Rn(Gh, Gh, 8141, A)]

€ €
< 49,
< N(gl,gl,Gh)[er + r]

RN(Slrglngl/A) ]

When taking the limit in the above inequality as I — oo, we obtain
RN(gl/ 8l Gh/ /\) <e

Hence, G maps B(g;, €) to itself.

Since g; € B(g, €), this implies that Gg; € B(gy, €).
Consequently, for all m € N, we obtain

G"gn € B(g1,€)

Therefore for all p > 1, g, € B(g;,€). Hence, Rn(gm, §m, 81, A) < € forallm, p > L.
This results in g, being a Cauchy sequence. When using the completeness of 20, we can
find v € 20 such that g; = vas! — oo.

Since G is continuous, . .
v=lim g1 = lim gy = G(v).

[—00 l—o0

Furthermore, assume that v and v; are two distinct points of 27 such that G(v) = v
and G(v1) = 1. Since a(0) = ¢" (o) for all o > 0, from (10)
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Ry (v,v,v1,A) = Rn(Gv, Gy, Gy, A)
< ¢"Rn(v,v,vq,A)
= a(Ry(v,v,v1,A))
< Rn(v,v,v1,A).

Thus, Ry(v,v,v,A) = 0 thatis v = v;. Alternatively, f**7(g) = G'(f"(g)) — v as
I — o0, and so f"g — v as m — oo for every g. Thatis, v = lim, e fgm = f(v). Hence,
the proof. O

3.2. Fixed Point Result for Orbitally Lower Semi-Continuous Function

Definition 12. Let f be a self-map defined on non-empty set 20 and go € 2. Define the orbit of
g0 as
O(0) = o, f80, f*g0, -
A function P : 20 — R is said to be f-orbitally lower semi-continuous at ¢ € 20 if
< gn >C O(go) and g, — 0 as n — oo implies P(0) < liy_ye0 if P(gn).

Theorem 3. Consider a complete extended parametric Sy-metric space (20, Ry ), where Ry is a
continuous function. Let f be a self~-mapping on 20U satisfying the following assumptions:

R (f8, fe, f2h,A) < O[Rn (g, e, f1, A)] (13)

forall g,e,h € ;A > 0, where 0 < 0 < % and for every go € 20 we have

n,gr_r}oo N(gn, &n, gm) < 59

Then, the sequence { f"(go)} converges to some v € 20.

Moreover, v is a fixed point of f if and only if P(§) = Rn(8,8, fg) is f-orbitally lower
semi-continuous at v.

Proof. Since 20 is a non empty set and f is a self-map on 20, we can therefore choose a
Q0 € W such that fgo = g1. Continuing like this, we can define a sequence {g, } of iterates
as follows:

g1 = fgo,
$2 = fg1 = f80,

gn = f&n—1= f"go-

Building upon the previous argument presented in the proof of Theorem 1, it can be
derived that the sequence {g,} is a Cauchy sequence. The completeness property of 20
means that < g, > converges to some v € 20.

P is f-orbitally lower semi-continuous at v. Therefore,

Rn(v,v, fv,A) =P(v) < }}gr;oinfp(gn)

= nlgrolo RN(gn/gn/gn+1/)‘)

IN

. . n —
nlgrt}OmfG RN(gO,gO/glz/\) =0.

Thus, fv =v.
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Conversely, assume that fv = v and < g, > C O(go) with g, — vasn — oo.
Therefore,

P(v) = Rn(v,v, fv,A) = 0 < RN(gn/gn/ nv1,A) = lim P(gy).
This completes the proof of the Theorem 3. [J

Remark 3. Our following proved results should be noted:

1. Theorem 1 is a generalization of the result of Banach [17] in extended parametric Sy-metric
space.

2. Theorem 2 and Theorem 3 are the extension of the result obtained by Boyd and Wong [40] and
Mlaiki [32] in extended parametric S,-metric space.

4. Application: Existence of the Solution of Fredholm Integral Equations

In this section, we examine the presence of a solution for a Fredholm integral equation
utilizing the outcomes established in Section 3.

Let 20 denote the set Cla, b] consisting of all real-valued continuous functions defined
on the closed and bounded interval [a, b] in the real number system R.

For arealno A > 0 and for all g,e,h € [a,b], define Ry : 23 x (0,00) — [0, 0) by

Rn(g(0),e(0),1(0),A) = A sup | max{g(c),e(c)} —h(0) [

o€la,b]
and N : 20° — [1, ) by
N(g(e),e(0),h(0)) = max{| g(0) |, | e(e) [} + k(o) + 1.

It is evident that (20, Ry) is a complete extended parametric S,-metric space. We
apply Theorem 1 to establish the existence of the solution of Fredholm type defined by

b
§(0) = P(@) + [ Lier,(n) (14
forall o, 7 € [a,b]. Function g(o) € [a, b] is a solution of Equation (14).

Theorem 4. The inteqral equation defined in (14) has a unique solution (o) € [a, b], if it satisfies
the following assumptions:

(i). P:[a,b] — Ris continuous;
(ii). L:[a,b] x [a,b] x R — Ris continuous;
(iii). for every o,r € [a,b],

1
| L(o,1,8(r)) = L(o,7, f8(r)) |< 5 [ 8(r) = f8(r) |-
Proof. 20 = C[a, b] consists of all real-valued continuous functions defined on the closed

and bounded interval [4, b] in the real number system R.
Define amap f : 20 — 20, for all 0, v € [a,b] by

b
f3(0) = [ L(@,r,g(n)dr+P(o)

Also,
F(f5(@)) = [ Llovr, f3())ir + P(o)

Therefore,



Symmetry 2023, 15, 2136

12 0f13

b

b
f3(0) = f(f3(0)) = | Lie,r,g(r)dr+P0) = [ Lio,r, f5(r))dr - P(o)
-/ "1L(o, 7, g(r))dr — L(o,r, £5(r)))dr. (15)

Consider

Ry (£8(0), £8(0), fx(0), 1) = M| fg(0) = f(f3(@) I
b
<A([ | Lo g(r) = Lior, f3(r)) I
(3 180) ~ f30) 2

Rn(g(0),8(e), f8(0), 7).

>

IA
I

For every A, 0 < A < 4, A/4 < 1 and hence all the conditions of Theorem 1 are
satisfied. Therefore, map f has a unique fixed point. Thus, there exists a unique solution
for (14). O

5. Conclusions

In the present study, we started with the novel concept of extended parametric S-
metric space, supported by suitable examples. Furthermore, three lemmas were proven in
order to establish the convergence, uniqueness, and Cauchy behavior of sequences in these
spaces. Additionally, we proved three theorems. Theorem 1 is the analogous counterpart
of the Banach fixed point result, Theorem 2 is a refined form of the Banach fixed point
result in symmetric extended parametric S,-metric space, and Theorem 3 is derived for
orbitally lower semi-continuous maps. Lastly, the obtained results are utilized to establish
the existence and uniqueness of a solution for an integral equation.

Author Contributions: All authors; conceptualization, N.M. and S.B.; methodology, N.M.; validation,
R.S., S.B. and M.P; formal analysis, N.M.; investigation, S.B.; resources, R.S.; writin—original draft
preparation, S.B.; writing—review and editing, R.S.; visualization, M.P.; supervision, N.M.; project
administration, R.S. All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.

Data Availability Statement: No new data were created or analyzed in this study. Data sharing is
not applicable to this article.

Acknowledgments: We extend our sincere appreciation to the reviewers for their constructive
comments and invaluable suggestions, which have proven instrumental in enhancing the quality of
this paper. The third author is thankful to the National Research Foundation (NRF), South Africa, for
their support, grant no. 150858.

Conflicts of Interest: The authors declare no conflict of interest.

Fréchet, M. Sur quelques points du calcul fonctionnel. Rend. Circ. Mat. Palermo 1906, 22, 1-74. [CrossRef]

Matthews, S. Partial Metric Topology. Ann. N. Y. Acad. Sci. 1994, 183-197. [CrossRef]

Kramosil, I.; Michalek, J. Fuzzy metrics and statistical metric spaces. Kybernetika 1975, 11, 336-344.

George, A.; Veeramani, P. On some results in fuzzy metric spaces. Fuzzy Sets Syst. 1994, 64, 395-399. [CrossRef]

Branciari, A. A fixed point theorem for mappings satisfying a general contractive condition of integral type. Int. J. Math. Math.

Ran, A.C.M.; Reurings, M.C.B. A fixed point theorem in partially ordered sets and some applications to matrix equations. Proc.
Am. Math. Soc. 2004, 132, 1435-1443. [CrossRef]

Nieto, J.J.; Rodriguez-Lépez, R. Contractive mapping theorems in partially ordered sets and applications to ordinary differential
equations. Order 2005, 22, 223-239. [CrossRef]

References
1.
2.
3.
4.
5.
Sci. 2002, 29, 531-536. [CrossRef]
6.
7.
8.

Gupta, V.; Jungck, G.; Mani, N. Some novel fixed point theorems in partially ordered metric spaces. AIMS Math. 2020,

5,4444-4452. [CrossRef]


http://doi.org/10.1007/BF03018603
http://dx.doi.org/10.1111/j.1749-6632.1994.tb44144.x
http://dx.doi.org/10.1016/0165-0114(94)90162-7
http://dx.doi.org/10.1155/S0161171202007524
http://dx.doi.org/10.1090/S0002-9939-03-07220-4
http://dx.doi.org/10.1007/s11083-005-9018-5
http://dx.doi.org/10.3934/math.2020284

Symmetry 2023, 15, 2136 13 of 13

10.
11.

12.

13.
14.

15.
16.
17.
18.
19.
20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.
31.
32.
33.
34.
35.

36.
37.

38.

39.

40.

Mani, N.; Sharma, A.; Shukla, R. Fixed point results via real-valued function satisfying integral type rational contraction. Abstr.
Appl. Anal. 2023, 6, 2592507. [CrossRef]

Wilson, W.A. On Quasi-Metric Spaces. Am. J. Math. 1931, 53, 675-684. [CrossRef]

Berinde, V. Generalized contractions in quasimetric spaces. In Seminar on Fixed Point Theory; “Babes-Bolyai” University:
Cluj-Napoca, Romania, 1993; Volume 93, pp. 3-9, preprint.

Bakhtin, I.A. The contraction mapping principle in almost metric space. In Functional Analysis; Ul'yanovskiy Gosudarstvennyy
Pedagogicheskiy Institute: Ulyanovskiy, Russia, 1989; pp. 26-37.

Czerwik, S. Contraction mappings in b-metric spaces. Acta Math. Inform. Univ. Ostrav. 1993, 1, 5-11.

Branciari, A. A fixed point theorem of Banach-Caccioppoli type on a class of generalized metric spaces. Publ. Math. Debrecen
2000, 57, 31-37. [CrossRef]

Dhage, B. Generalized Metric Spaces and Mappings with Fixed points. |. Math. Anal. 1992, 84, 329-336.

Mustafa, Z.; Sims, B. A new approach to generalized metric spaces. |. Nonlinear Convex Anal. 2006, 7, 289-297.

Banach, S. Sur les opérations dans les ensembles abstraits et leur application aux équations intégrales. Fund. Math. 1922,
3, 133-181. [CrossRef]

Shukla, R.; Sinkala, W. Convex («, B)-generalized contraction and its applications in matrix equations. Axioms 2023, 12, 859.
[CrossRef]

Shukla, R. Some fixed-point theorems of convex orbital («, §)-contraction mappings in geodesic spaces. Fixed Point Theory
Algorithms Sci. Eng. 2023, 2023, 12. [CrossRef]

Shukla, S.; Rai, S.; Shukla, R. Some fixed point theorems for a-admissible mappings in complex-valued fuzzy metric spaces.
Symmetry 2023, 15, 1797. [CrossRef]

Sedghi, S.; Shobe, N.; Aliouche, A. A generalization of fixed point theorems in S-metric spaces. Mat. Vesnik 2012, 64, 258-266.
Sedghi, S.; Dung, N.V. Fixed point theorems on S-metric spaces. Mat. Vesnik 2014, 66, 113-124. [CrossRef]

Rezaee, M.M.; Sedghi, S. Coupled fixed point theorems under nonlinear contractive conditions in S-metric spaces. Thai |. Math.
2021, 19, 1519-1526.

Asil, M.S.; Sedghi, S.; Lee, J.R. Partial S-metric spaces and fixed point results. J. Korean Soc. Math. Educ. Ser. B Pure Appl. Math.
2022, 29, 401-419.

Ozgiir, N.; Tag, N. On S-metric spaces with some topological aspects. Electron. . Math. Anal. Appl. 2023, 11, 1-8.

Souayah, N.; Mlaiki, N. A fixed point theorem in Sy-metric spaces. J. Math. Comput. Sci. 2016, 16, 131-139. [CrossRef]

Rohen, Y.; DoSenovi¢, T.; Radenovi¢, S. A note on the paper “A fixed point theorems in S,-metric spaces”. Filomat 2017,
31, 3335-3346. [CrossRef]

Hussain, N.; Khaleghizadeh, S.; Salimi, P.; Abdou, A.A.N. A new approach to fixed point results in triangular intuitionistic fuzzy
metric spaces. Abstr. Appl. Anal. 2014, 16, 690139. [CrossRef]

Hussain, N.; Salimi, P.; Parvaneh, V. Fixed point results for various contractions in parametric and fuzzy b-metric spaces. ].
Nonlinear Sci. Appl. 2015, 8, 719-739. [CrossRef]

Tas, N.; Ozgiir, N.Y.L. On parametric S-metric spaces and fixed-point type theorems for expansive mappings. J. Math. 2016, 6,
4746732. [CrossRef]

Tas, N.; Ozgiir, N.Y. Some fixed-point results on parametric N,-metric spaces. Commun. Korean Math. Soc. 2018, 33, 943-960.
[CrossRef]

Mlaiki, N. Extended S,-metric spaces. J. Math. Anal. 2018, 9, 124-135.

Bota, M.; Molnér, A.; Varga, C. On Ekeland’s variational principle in b-metric spaces. Fixed Point Theory 2011, 12, 21-28.

Aydi, H.; Bota, M.E; Karap1 nar, E.; Mitrovi¢, S. A fixed point theorem for set-valued quasi-contractions in b-metric spaces. Fixed
Point Theory Appl. 2012, 2012, 88. [CrossRef]

Shatanawi, W.; Pitea, A. Some coupled fixed point theorems in quasi-partial metric spaces. Fixed Point Theory Appl. 2013, 2013,
153. [CrossRef]

Mukheimer, A. x-p-¢-contractive mappings in ordered partial b-metric spaces. |. Nonlinear Sci. Appl. 2014, 7, 168-179. [CrossRef]
Roy, K.; Saha, M. Branciari S;-metric space and related fixed point theorems with an application. Appl. Math. E-Notes 2022,
22,8-17.

Singh, YM.; Khan, M.S. On parametric (b,6)-metric space and some fixed point theorems. In Metric Fixed Point
Theory—Applications in Science, Engineering and Behavioural Sciences; Springer: Singapore, 2021; pp. 135-157.

Okeke, G.A.; Francis, D.; de la Sen, M.; Abbas, M. Fixed point theorems in modular G-metric spaces. J. Inequal. Appl. 2021,
2021, 163. [CrossRef]

Boyd, D.W.; Wong, ].5.W. Another proof of the contraction mapping principle. Canad. Math. Bull. 1968, 11, 605-606. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1155/2023/2592507
http://dx.doi.org/10.2307/2371174
http://dx.doi.org/10.5486/PMD.2000.2133
http://dx.doi.org/10.4064/fm-3-1-133-181
http://dx.doi.org/10.3390/axioms12090859
http://dx.doi.org/10.1186/s13663-023-00749-8
http://dx.doi.org/10.3390/sym15091797
http://dx.doi.org/10.5666/kmj.2014. 54.1.113
http://dx.doi.org/10.22436/jmcs.016.02.01
http://dx.doi.org/10.2298/FIL1711335R
http://dx.doi.org/10.1155/2014/690139
http://dx.doi.org/10.22436/jnsa.008.05.24
http://dx.doi.org/10.1155/2016/4746732
http://dx.doi.org/10.4134/CKMS.c170294
http://dx.doi.org/10.1186/1687-1812-2012-88
http://dx.doi.org/10.1186/1687-1812-2013-153
http://dx.doi.org/10.22436/jnsa.007.03.03
http://dx.doi.org/10.1186/s13660-021-02695-8
http://dx.doi.org/10.4153/CMB-1968-075-1

	Introduction
	Extended Parametric Sb-Metric Space
	Main Results
	Symmetric Extended Parametric Sb-Metric Space
	Fixed Point Result for Orbitally Lower Semi-Continuous Function

	Application: Existence of the Solution of Fredholm Integral Equations
	Conclusions
	References

