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Abstract: In this paper, we consider how to find new exact solutions for nonlinear partial differential
equations using the extended Kudryashov method. This method mainly uses the Riccati equation and
the Bernoulli equation where there are some underdetermined constant parameters. And we also use
the concept of symmetry to study its reduction equation, Lie transformation group, self-adjointness,
and conservation laws. This paper mainly studies the Boussinesq class and the shallow water wave
equation in (1 + 1) dimensions and tries to find new exact solutions and symmetry properties of them.
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1. Introduction

As a matter of common knowledge, many methods for finding the exact solutions of
nonlinear partial differential equations have been derived in recent years. In addition, the
research in this area is of great significance to the isolation theory, which describes natural
selection as a mechanism for ensuring the adaptation of organisms to their environment,
their morphological diversity, and partial differential equations. For example, the methods
for finding exact solutions include the F-expansion method [1,2], the truncated expansion
method [3,4], the sine-cosine function method [5], and so on [6,7]. The idea of this paper is
to use an efficient and direct method, that is, the extended Kudryashov method [8-12], to
find the exact solution of nonlinear partial differential equations. This method presupposes
the general solution form of the equation, takes the simple form of the Riccati equation and
Bernoulli equation, and simultaneously obtains the exact solution of the objective equation
using the reduction of the coefficient equation.

In the second part of this work, we consider how to explore other properties of the
classical Boussinesq equations [13] and the shallow water wave equation [14], and use the
Lie method to obtain their symmetric infinitesimal generators, Lie transformation groups,
and corresponding invariant solutions [15-21]. Wu and Zhang [22] derived the (1 + 1)-
dimensional classical Boussinesq equation, which is used to simulate nonlinear dispersive
long gravity waves propagating along two horizontal directions in shallow water of a
uniform depth. In recent years, many scholars have studied the equation [23-25]. In the
third part, we calculate the self-adjoint properties and their conservation laws [26-33].

2. Simple Description of the Method

In this section, we first briefly introduce how to use the extended Kudryashov method
to obtain the exact solutions of the objective equation. The idea of this method is to substi-
tute the form of the presupposed exact solution into the objective equation to determine
the form of the solution according to the determining equation of the coefficient. The
principle of the earliest proposed Kudryashov method [8-10] is to use the polynomial form
of the solution of the Riccati equation to find the exact solution of the target equation. The
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modified Kudryashov method [11] proposed by Kabir et al. used a similar principle, but
used the polynomial of the exp(#) form solution. However, the extended Kudryashov
method [12] combines the above two methods to obtain a more general formal solution,
and the fractional form of the solution of the Riccati equation is added. On this basis, we
improve the extended Kudryashov method and add the derivative term of the Bernoulli
solution to further obtain some new exact solutions of the equation.

First, we consider the nonlinear equations

Fl (u/ U, Ut, Ot, Ux, Oy, . - ) = Or

Fy(u,v,u,vp,uy, vy, ...) = 0.

Step 1. Firstly, we give the general form of the preset exact solution

A0+2 Y. Ag(E EBKv,b +ZC¢ )
K=1i+j=K
N .
o(x,t) =ao+ Y. Y. ai¢ (&) (1) + Z by () + Z cj¢p”/ )
K=1i+j=K

where Ay, Aij(i,j =0,1,2,3,...,N),aq, ai]'(i,j =0,1,2,3,..., M), Bg, bk, Cy, c are constants
to be determined; ¢ = x1x + w1t = KX + wat, where k1, K2, w1, w; are also underdeter-
mined constants; and ¢(&) and ¢(#) are the solutions of the Bernoulli and Riccati equations

dz = Re9”(0) = Rig(8), Ra 0, ©)
j‘,’;:stp( )+ 1) + S0, 82 £ 0. @

Each derivative of ¢(¢), (1) can be expressed by the power of ¢, ¢, for example,

d2 / !

o “2Ra0¢’ — Rug
=2Rp¢(R2¢” — Rip) — Ri(Re¢” — Rip) 5)
=2Ry¢® — 3R Ry¢p* + R2¢,

d3¢ 2 2 !/ ! 2 !

a =6R3¢°¢ — 6R1R2p¢p + Ri¢
=6R3¢p* — 6RR3 — R1¢°> — 6R1R3¢> + 6RIR, + RIR¢p* — R3¢ (6)
=6R3¢* — 12R R3¢ + 7RZR2¢* — R3¢,

d2 : ,

Gz 25+ 5
=2S534° + 251 So1p + 250521 + S1S24 + STy + SoS1 )
=252 l[) + 351521,0 + 250521 + 511,0 + 5051,

d3 ! / ! /

G5 =65 = 65152y + 2505y + Shy

=6531p* + 651S39° + 65053 |p? + 651S39° + 6525, 4 8)
+ 65051521 + 25051529 + 2538 + S2Soy* + S3p + S S3
=6S3y* +125,S5¢° + 850S5¢* + 753So* + 85051521 + S5 + S0S3,
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where Ry, Ry, So, 51, S2 are constants to be determined. As a matter of common knowledge,
the solution of Equation (3) has the following form:

Rq
o(7) = Ry j-lRlexP(Rlé‘i‘ CO)/Rl #0
R+ T

where ¢ is a constant of integration. Similar to the above, we know that the solutions of
Equation (4) have the following forms:

—51_ W tanh(\/ﬁ

1 +10), 1 >0,

25, 25, 2
P(n) =
=StV gV
-S /1 Y=y
L ytan( yﬂ+170),]/l<0,
o) = 25, 25, 2
—51 V- VvV H

where y1 = S — 4505, and 779 is an integration constant. And the solution has a special form

-1

=—,5,=5=0.
S+’ 0 7!

$n)

Step 2. Secondly, we need to use the homogeneous balance method to balance the
nonlinear term with the highest derivative term in the equation, so as to determine the
value of M and N and determine the form of the exact solution.

Step 3. After obtaining the general form of the solutions, we substitute them into
Equations (1) and (2), and the derivative terms of ¢ and ¢ are replaced by the polynomial
forms of ¢ and ¥ using the above differential equation. Then, the obtained polynomial is
used to separate the power coefficients of ¢ and ¢, and a series of determining equations con-
cerning parameters Ay, Al-]-(i,j =0,1,23,...,N),ay, ul-]-(i,j =0,1,2,3,...,M), Bk, bx, k1, %2,
w1, wy are obtained.

Step 4. After proposing the coefficient equation of ¢ and i, we can obtain the relation-
ship between the parameters x1, kp, w1, wa, Ao, Al-j(i,j =0,1,2,3,...,N), Bk, bk, ag, al-]-(i,j =
0,1,2,3,..., M) by solving the equation simultaneously; thus, we can obtain the general
expression of the solution u, v.

3. Exact Solutions of the Boussinesq Class

In the following sections, we will use the extended Kudryashov method to deal with
some different partial differential equations and obtain their exact solutions. We first study
the (1 + 1)-dimensional Boussinesq class for the evolution of two horizontal nonlinear
dispersive long gravity waves propagating in shallow water of uniform depth:

©)

Ut + [(1 + v)“]x =+ %uxxx =0,
Uur + uty + v, = 0.

In order to obtain the exact solutions of the (1 + 1)-dimensional Boussinesq class, we can set

N . ) N N ;
u(x,t) = Ao+ L L Ay’ (¢ (1) + L Bxyp~ (n) + LCip (),
K=1i+j=K =1 j=1 (10)

i M M
o(x,t)=ap+ ¥ ¥ w’(é)tpf(n)+K21b1<¢*1‘<r7>+,Zlc]-w*fm
~ =

K=1i4+j=K
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Firstly, we need to apply the homogeneous balance method to the target equation to
determine the values of M and N. Then, by calculation, we can conclude that N =1, M = 2.
Therefore, we can determine the exact solution of the following general form:

w(n) T 9(8)’
o(x,t) = ag+ a1d(&) +any(n) + axd* (&) + anp?(n) + ang(&)yp(y) (A1)
_~_b71_|_ by _~_‘371+ (%)
v T ) Q) T 92D’

where ¢ = x1x + w1t = Kox + wyt, and the coefficients encountered in the calculation
process k1, k3, wi, wa, Ao, A1, Ao1, B1,a0, a01, 202, a10, a11, 20, b1, by are underdetermined
constants. And ¢(&) and (1) are the solution of the Bernoulli and the Riccati equations,
respectively. After bringing the preset exact solution form (11) into the target equation, i.e.,
Equation (9), we obtain a series of algebraic equations by extracting the coefficients. By
solving these algebraic equations, we can obtain a series of exact solutions of Equation (9).
We list some results as follows:

ui(x,t) = Ao,

c1(Rz + Ryexp(R1G + Go)) n ¢2(Ry + Ryexp(Rq€ + &) )? (12)

01 (xr t) = 4ap + Rl R% ’

where ¢ = x1x — k1 Apt, 1§ = KX + wot,

Mz(x, t) =Ay,

02(x, 1) = — by (Sa11 + 170) + c1(Rz + Ryexp(Ri¢ + &o)) " ca(Ryexp(Rig + &o))?

Ry R? (13)
2Ry
R3’
where ¢ = x1x + wit, ] = Kkpx — C1K1R2A°+h2’izs§2A0+clwlR2 t,
C1(Ry 4+ Ryexp(R
us(x, £) =Ag + 1(Ro + Ry RP( 1C+§o)),
1
c1x1Ag + Cixg +crwr | c1(Ra + Ryexp(Rig + o))
t) =—
Z]3(3{/ ) ClKl + Rl (14)
c2(Ry + Ryexp(Rq1€ + &) )?
+ 3 ,
Rj
where ¢ = xK1X + w1 t, kpx + wot,
c1w1 Ry + bywss ¢1(Ry + Riexp(Ry¢ +
uy(x, 1) = — S101Ro 122++1(2 1exp(Rqi¢ Co)),
b1K282 Rl (15)
B c1(R2 + Riexp(Ri€ + o)) | ca(Ra 4 Riexp(Rié + Go))?
va(x, t) = ag+ + 5 ,
Ry R
where ¢ = wit, ) = Kox + wot,
R R
us(x,£) Ao + Ci( 1expl({ 18+80)
1
B 25,b; c1(Ra + Ryexp(R1¢ + Go))
vs(x,t) =ag — N R (16)
S1 + V2 tanh( Y5 + 179) 1

c2(Ry + Ryexp(Rq€ + &) )?
+ R2
1

7
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where & = x1x + wit, §j = wl, Sy = _Rz(c1K1Ao+aobC11£;+C1K1+c1w1)I
C1(Riexp(R
g, £) =Ag + 1(Ryexp( 1§+§0))I
Ry
4c1x1Agby — b%Clxl + 4crwq by 25,b1
ve(x, t) = — -
4Cibary S1+v2tanh(¥T + ) a”
17
452b, c1(Ra + Reexp(R1¢ + o))
+ N R
(S1 4 v2tanh (¥ +179))? 1
2(Ra + Ryexp(Rig + &o))?
+ 2 7
Rj
_ _ _ _GRobyry
where & = K1x + wit, )] = KX + wat, Sy = — =27

Figures 1 and 2 show the geometries of the solutions u1 (x, t), v1 (x, t) and uy(x, t), va(x, t)
as determined by (12) and (13), respectively. Figures 3 and 4 show the geometries of the
solutions us5(x, t), v5(x, t) and ue(x, t), ve(x, t) as determined by (16) and (17), respectively.
As shown in Figures 1-4, the single lumps are localized in the (x,¢) plane and they are
permanent lumps.

IOOOOO(}T

800000—] __—]

600000—

Figure 1. Plot of u1(x, t),v1(x,t) for parameters Ag =ap =¢; = =Ry =Ry =11 =) = w1 =
1,{:0 =MNo = 0.

Figure 2. Plot of up(x,t),vy(x, t) for parameters Ag = b1 =Sy =c1 =Ry =Ry =K1 =wy =Kk =
1,80 = o = 0.
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Figure 3. Plot of us5(x, t), vs(x,t) for parameters Ag =4y =C; =c1 = =Ry =Ry =% =51 =
Sp=wi=wy =18 =1 =0.

Figure 4. Plot of ug(x,t),vg(x, t) for parameters Ag =C; =1 =by =bp, =Ry =Ry =11 =w; =
SlszZKzzl,C():ﬂO:O.

4. Exact Solutions of the Shallow Water Wave Equation

In this section, we study the shallow water wave equation:
Ut + Uy — Uyxt — 400 — 20x8;1vt =0. (18)
We will make a potential transformation on it first, i.e.,
v(x,t) = ux(x,t).
Equation (18) can be transformed into
Ut + Uyy — Uyxxt — 4yl — 2Uyytty = 0. 19)

We study Equation (19) next. The shallow water wave equation plays a significant role
in the field around the soliton. Then, we obtain some new general solutions of Equation (19)
using the extended Kudryashov method. First let

N ) . N N .
u(x,t) = Ao+ Y, Y, Ay’ @)y (n) + Y Bxy () + Y_Cip (). (20)
K=1i+j=K K=1 j=1

Then, we also determine the value of N using the homogeneous balance method. If N =1,
we can obtain the following general solution of Equation (19):



Symmetry 2023, 15, 2122 7 of 21

B1 C1
ORI

After substituting Equation (21) into (19), we can obtain a series of coefficient equations
concerning the constant coefficients x1, xp, wy, wy, Ao, A10, Ao1, B1- Then, these equations
are solved simultaneously, and the exact solution expression of u can be obtained. We list
some results as follows:

u(x,t) = Ao+ A10p(S) + Aot (1) + (21)

C1(Ry + Riexp(R+C +
iy (1) = A+ 1(R2 + Ryexp(Ri & 50))/ (22)
Ry
here & = &1 + L, = 0¥ + wt, C; = Rpd—!
where ¢ = x1x prer ] =KX +wat, G = =,
u(xt)—A—2Rw# (23)
2\A, = 40 2 1R2€+COI
where ¢ = —wix + w1t = K2x + wot,
Rq
us(x,t) = Ag — 2Rk , 24
3(x 1) 0 >Ry + Ryexp(RiZ + Go) 29
s _
where é = K1X -+ W%R]Kﬁ’l)th = KoX + C(]Zt,
2S5,B C1(Ry + Riexp(R & +
g (x, 1) = Ag — 2B 4+ G1(Ra + Ryexp(Reg ﬁo))l (25)
S1 + V2 tanh(1p) IS
5R?x%—1
where ¢ = x1x + wqt,C; = 6}€21x1 ,
C1(Ry 4+ Riexp(R1¢ +
us(x,t) = Ag — B1(San +10) + 1R ¥ Ry Rf( 16 éO))/ (26)
2 2 Ep2.2
where § = #x + 741{1%@ t,n=wt,Cy = _8K13152a1621§211(1 ditazy
C1(Ry 4+ Riexp(Rq¢ +
ug(x,t) = Ag — B1(S217 +10) + 1R ¥ Ry Rf( 16 60»/ (27)
Ep2.2
where § = #x + 74121%;:1 t,n =rxox, By = ——SRlKlisii;RzKﬁl,
25,B C1(Ry 4+ Riexp(R1C +
r(x, 1) = Ag — 2 1\/ﬁ 1(Ry 1RP( 16 +%0)) (28)
S1 4+ V2 tanh (Y5 +179) 1
1 5R%K%—1
where ¢ = x1x + Mt,n =1xx,C1 = oRoxy
4S,%,S
ug(x,£) = Ag — 25220 , (29)
Si+ ﬁtanh(@ +10)
where ¢ = x1x + wit, ] = KX + wot,
45,25
ug(x,t) = Ag — 20 — C1(Rag + &), (30)

Sy + V2 tanh(¥27 4 50)

o 482K%SOW2+K2+(A]2 o
Where é’ - le - Wt,ﬂ — sz + wzt,
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45555 C1(Ry + Riexp(R1¢ +
tio(x ) = Ay — 2 2\2W L, G1(Re 1RP( 16 Co))’ (31)
S1 + V2 tanh (Y3 + 179) 1
where ¢ = x1x + w1t = Kx + woyt,
45,%7S C1(Ry 4+ Riexp(Rq¢ +
gy (x, 1) = Ag— 2 2§W n 1(Rz 1RP( 16 ﬁo))l (32)
S1 + V2tanh(¥5 + 779) 1
where ¢ = ——252312’%‘1‘}%;';2“"2 t, ] = KX + wot,
457K S Ci1(Ry + Riexp(R
(5, 1) = Ao - o Gl RewRiEta) - )
St + v2tanh(Y4" + 1) 1
where ¢ = k1 x + o t n= —2R2 K{wrx + wot,
45555 C1(Ry + Riexp(R1¢ +
wia () = Ag— 2 25% 4 Gi(Re 1RP( 16 50))’ (34)
S1 + V2 tanh (Y3 + 179) 1
where ¢ = _2C}7R2t’77 = KX,
45,18 C1(Ry+R R
t1a(x, 1) =Ag — 2%250 1(Ra + Ryexp(Ri& + &o))
S1+ ﬁtanh(@ +10) Ry (35)
B 25,B;
S1+ ﬁtanh(@ + 770)’
where § = KX + b= —2R2Kk2wyx 4 wat,
By = — 4RootOf (—1568w3kSREST — 5883k RES? + 5883 Rk} S? + 98RIk]
+ 49R3K? — 49 + (18,816R7x3 S3w3 — 896w3 Rix{ST — 168R3xZ + 168)2>
+ (768R1x1 1wy — 128)2%),
C1=5 1; (8RootOf (—1568wixS REST — 588w3x§RYS? + 588wa Rt S?
2K1
+ 49R3x3 — 49 + (18,816R3K3 S3ws — 896w§R‘f;{‘115§ — 168R3x% + 168)z* (36)
+ (768R K1 S1wy — 128)24)? + 28w3 Rk} S? 4 14R3x3 — 7) 4 98R 7«7,
1
Sy = m(Rooto £(—1568wsks RIST — 588w3k§ROS? 4 588w3KFR}S?
+ 98R}K} + 49RZkF — 49 + (18,816R3K; S3w3 — 896w3RIK}S? — 168R2K?
+ 168)2 + (768R1K151w2 — 128)2 )),
where RootOf denotes the solutions of the polynomial f(z) = 0.
+14+/2iS,S Ci1(Ry +R R
s (x, 1) = Ag— V2i$58, 1(R2 + Ryexp( 1C+§o)), (37)
Sy + V2 tanh(¥27 4 5) Ry
where ¢ = i@t,ﬂ = KX + wyt,
+145,/2iS
u16(x, t) = AO - Z\TZ ! ’ (38)
Si+ \/Etanh(@ +10)

K 2i
where y = x1x + wit, 1 = Kox — WZ%H’SZ = i%,
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+141/2i5,5; Ci(Ry + Riexp(Rié + &)
u17(x,t) = Ap — o &
S1 + V2 tanh (Y3 +179) 1
Ry 25,B1

ulg(x, t) = Ay — 2RrK

o K
where & = x1x + Wt'

Ry+Riexp(Ri&+80) Sy + v2tanh(y)’

7

1 4S5,%,S
urg(x,t) = Ap — Ao — 22 \%,7 = Ci(Go),
0 51+ V2tanh(¥2L 1 pp)
where & = x1x + wit, 7 = Kox + %{ﬁt,
2
1 +141/2iS51,S
ugo(x,t) = Ag — Aoz — 2\/;,7 L —C1(8o),
S S+ V2 tanh (Y5 + 179)
- ey — K2 g g 4 V2i5
where ¢ = 11X + wqt, 7 = KX 6K%52%+1t,52 = £ Y&,
Ry Ci1(Rp + Ryexp(Rq1& + o))
ur(x,t) =Ag+ A
21(xt) =Ao+ A Ry + Ryexp(R1& + &o) Ry
— B1(S211 +10),
where & = k1%, = koX + wpt, Sy = 72311—“)2,
uxp(x,t) = Ag — 2Rk Ry — B1(San +10)
2(X,1) = Ay 2 1R2+Rlexp(R1§+§0) 1(2211 T Ho),
_ 22
where ¢ = k1x + wit, ) = — KllelJrjgig;fflwﬁKﬁwl X + wot,
R 45-,%,S
uz3(x,t) ! ==

. C1(R2 + Ryexp(8o))
Rq ’

_ _Kotwy
4K%50w2 ’

where y = kX 4 wyt, So =

Rq

—Ag+ A -
0 R, + Ryexp(&o) S+ ﬁtanh(@ +10)

i14\6i521{2 Sl

Upy(x, )

n C1(R2 + Ryexp(8o))
Ry !

where 7 = Kxpx — t,5, = :I:@,

K2
6K353+1

Vi

S
u25(x, t) =Ap— AOl(il + — tanh(ﬂo)) +

25, | 25,

. 1 . SR%K%—l
where ¢ = K1x + iR t,C1 = T

=Ap+ A -
0 0R, + Riexp(&o) S+ ﬁtanh(@ +10)

C1(Ra + Ryexp(Ri¢ 4 o))

Rq

7

(39)

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(47)
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Figures 5 and 6 show the geometries of the solutions us(x,t) and uyy(x,t) as deter-
mined by (24) and (44), respectively. As shown in Figure 5, the single lump is localized in
the (x, t) plane and it is a permanent lump. And as shown in Figure 6, we observe that
the breather in the (x,t) plane is intermittent along the t direction and localized in the
x direction.

Figure 5. Plot of u3(x,t) for parameters Ag = Ajg =Ry =R =x1 =Ky =w1 =B =C; =w; =
1, 50 =Moo = 0.

Figure 6. Plot of uy;(x, t) for parameters Ag = Ajg=C; =Ry =Ry =K1 =w; =Sy =wp = 1,8y =
1o = 0.

5. Lie Symmetry Analysis

5.1. Lie Symmetry and Lie Group

In this part, we will analyze the Lie symmetry and the invariant solutions of the
shallow water wave equation and the Boussinesq class. In this section, Lie symmetry
analysis is performed and we consider one Lie group of the transformation parameter

t—t+efl(x, t,u,0),x = x+ e (x,t,u,0),
u—u-+ e§3(x,t,u,v),v — o+ enl(x, tu,v),
with a tiny parameter € < 1. In addition, we consider the corresponding infinitesimal

generator of the Lie group transformation of the form

0 ) 0 0
1 2 1 2
X=¢ (t,x,u,v)—at + &(t, x, u,v)—ax +7(tx, u,v)—au +71°(t,x,u,0) (48)

%.
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and the corresponding Lie-Backlund symmetry

(49)

0
X = ﬂl(t/xlulvlui/vi) +172(t/xlulvl Mi,vi)%,

ou
where u;, v; denotes any order derivative of u, v with respect to the independent variables
x, t. Note that Xx = &2(t,x,u,v) (see [25-28]). Using Maple, we obtain the infinitesimal
generators of Equation (9):

X = %,X2 = %,
X3 = t% + %, (50)
Xy = g%+t% = %%— (1—1—0)%,
and the Lie-Backlund symmetries
X5 =~z Xe = _ux%/
Xe = (1— tux)%, (51)
Xy = (—% - %ux — tut)% +(-1-v-— gvx — tvt)%.
In addition, we obtain the infinitesimal generators of Equation (19)
=g+ 2 42
Zy =t o) o+ (1) 45+ 5 )

where f;(t) is an arbitrary function related to ¢ and the Lie-Backlund symmetries

d J
Zy = uﬁ,z5 = Uty
Ze = uxi Z7 = (—2tu; + if)i (52)
ou’ ou’
d 1
Zg = (3u)2( + um)a,zg = (—fup + xuy — Ex—f— u).

The Lie transformation groups corresponding to the infinitesimal generator of
Equation (19) are shown in the following, where Z; corresponds to the group

dx* _

de — 1,

aw —t, (53)
du* _ t

de — 2/

where x* = x,t* = t,u* = u, at ¢ = 0. Then, we can obtain

x*=x+¢,

P = tef, (54)
_tef t

ut =% +u—y,
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when fi(t) = t. The transformation group calculation method corresponding to the
remaining infinitesimal generators is similar. For example, when fz(t) = t, Zy corresponds
to the group

x* = x,

t* = tef, (55)

ut = % +e—t+u

When f3(t) = t, Z3 corresponds to the group

x* = xef,
= tef, (56)
= (72t732+4u)es + (t+2§)e '

And the calculation method for Equation (9) is similar. For example, X, corresponding to

€
x* = xez,
t* = te€
. (57)
u* =uez,

v =(1+0v)e €—1.

5.2. Canonical Coordinates and Invariant Solution

Definition 1. The change of coordinates y = Y (x) = (y1(x),y2(x), ..., yn(x)) defines a set of
canonical coordinates for the one-parameter Lie group of transformations x* = X(x; €). According
to such coordinates, the group becomes

yi=vy,i=12,...,n-1,
{yi@:yﬁe. )

Thus, we know that every symmetric infinitesimal generator can derive the corre-
sponding canonical coordinates by computing

Xr=0,Xs=0Xv=1,

where X denotes the symmetric infinitesimal generator of the target equation. Next,
we apply it to Equation (19). For the infinitesimal generator Z;, when fi(t) = t, the
corresponding canonical coordinate is

or ar
er—a‘i‘t&—o,
ds 0s
718 = t—m 4 — = 59
T ©9)
v
Z10=t— =1.
0=

We can obtain one canonical coordinate corresponding to Zj, i.e.,
t
r:—lnt—i—x,s:u—i,v:lnt. (60)
Similarly, the canonical coordinate corresponding to Z, is
t
r:x,s:u—i—lnt,vzlnt. (61)

And when f3(t) = 1, the canonical coordinate corresponding to Z3 is

x(2t +x —4u)

1 ,0=Inx. (62)

r=—-lnx-+ts=—
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Then, we consider a k-order differential equation. Its form is as follows:
F(x,u,u(l),...,u(k)) = 0, (63)

where u represents the dependent variable, x = (x1,x2,...,x,) represents n indepen-
dent variables, and u ;) represents all j-order derivatives of u with respect to x. Thus,
Equation (58) gives the infinitesimal generator

d d
X = &)z + (0 69
Definition 2. u = 0(x) is an invariant solution of Equation (63) corresponding to (64) as given
by Equation (63) if, and only if,

(i) u = 0(x) is an invariant surface of Equation (63);
(i) 1 = 0(x) solves (63). It follows that u = 0(x) is an invariant solution of (63) under (64) if,
and only if, u = 0(x) satisfies X(u — 0(x)) = 0 when u = 6(x), i.e.,

a0
(5, 0(0) 22 = (x,0(v)); (69
1
_ . afe(x) . .
(ii) F(x,u,u(l),...,u(k)) = 0, where irin, ..y = dxawr b = 1,2,...nforj=1,2,...,k
11 Ij

Then, Equation (65) is an invariant surface of the invariant solution of (63).

Then, we will consider some invariants and invariant solutions of the equations using
the above method. First, we learn that Equation (9) has the following form of symmetry

x 0 0 uad d
T iy 66
X=ga a2 0% (66)
Then, the corresponding characteristic equations are
dr _di_du _ do
5t =5 -1+

We obtain the similarity variables and the similarity forms as follows:

us) , Q) (67)

X

s=—,u ,0 =
Vi Vit t

After substituting (67) into Equation (9), we can obtain an ordinary differential equation

as follows:

U
_ Qss _Q+Q(us)+ sss -0,
Us U (
Ty T TUl TR =0

Then, it can be derived by calculation that Equation (68) has the following general solution:

U=s,Q=C,
30% 343 152 C-1 373
Uzg(f)/%— g2f+( 8f - )gz(f)+(_gff_%"’le)g"“o’fff
lez gj% (69)

T—i-?—gf—l-Cz:O,

_ —6UsUs + 3Uss? 4 3Us — 4Usss
- 12U, — 12 '

Q
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We choose the first solution for convenience. Bringing U and Q back to Equation (68), we
can obtain

u = ,’():7—1_ (70)

Then, Formula (70) is an invariant solution of Equation (9).
Next, we use the same method to deal with Equation (19). We choose the infinitesimal
generator Z; as an example. When f,(t) =1,

0 39

z =239
2= 5 T 2 au

The characteristic equation corresponding to this symmetry is as follows:

dr _dt _du

= —=—. (71)
3
0 1 5
Its similarity variables are
x:r,u—% = Q(r). (72)
Coming back to Equation (19), we can obtain
—2Qxx = 0. (73)
After solving (73), we have an invariant solution of Equation (19)
Q(r) = Qx) = Cux + G5, (74)
ie.,
3t
u=——+GCx+GCs, (75)

2

where C;(i = 1,2,3) denotes the arbitrary constants.
In addition, we find that the concept of symmetry can be used to reduce the order.
First, we use transformation

v(z) = u(x,t),z=x—kt,

where k is an arbitrary constant. Then, Equation (19) can be transformed into the following
ordinary differential equation form:

—kv 40 +kv +6kvo =0. (76)
It has symmetries
U IV )
1= aZ’ 2 = a'()’
0 3kv—kz+z o
-9 -~ 77
BEEptt T e 7
d 0
Yo=—+ —.
+ 7oz + v

If we select Y3 as the symmetry used to reduce the order, then we can obtain the re-
duced equation

100, 1503
baau :(Ta + 1Ob)baa - bTa
+ (30a — 50)b* — 18b°,

— 3002 4 [(6a — 35)b* — 6b]b, + (—124° + 24a)b° 78)
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6kv—kz+z)z 3k [ bda+C
where g = (©kv=kz+2)z | S—— 1
ere 6k ’ b(u) 2(320" k+3ko—kz+z)” z=¢ ’

— [ bda—C bda+C bda+C
o= bt 1”k+k86fk Fel MG e e select Y, as the symmetry used to reduce the order,
then we can obtain the reduced equation

10bsbs, 1563 (5k 4+ 1)b?
=~ T

— 6b)by, (79)

wherea = v — z,b(a) = %Jrv,,z = [bda+Cy,v=a+ [bda+Cy.

Figures 7 and 8 show the geometries of the invariant solutions (70) and (75) for
Equation (9) and Equation (19), respectively. From Figure 7, we observe that the invariant
solution u, v is symmetrical about a point in space. And from Figure 8, we observe that the
invariant solution (75) is a plane solution.

Figure 7. Plot of the invariant solution for Equation (9) for parameters C; = 1.

i

w

||||§||J|?1|1|Tllll

| ‘%

Figure 8. Plot of the invariant solution for Equation (19) for parameters C; = C3 = 1.

6. Self-Adjointness and Conservation Laws

In this section, we will calculate the self-adjoint properties and conservation laws of
the objective equations using the Ibragimov method [29-33]. First, let us introduce some
notations and definitions

X = (xl,xz,...,x"),

uy = Di(ua),u’l?; =D;Dj(u")--- ,vf = Di(va),v’f} = D;Dj(v") -,
where D; represents the total derivative operator concerning the independent variable and
xg(k=1,2,...) represents the independent variables, i.e.,

9
= o

2]

d d
« o « g
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Next, we deal with a system of m differential equations. It has the following form:
Fa(x,u,u(l),...,u(s)):0,0c:1,2,...,m, (80)

which has the form of an adjoint equation

F;(x,ul,uz,uh),ufl), . ..,u%s),u%s)) =0,a=1,2,...,m, (81)
where
B ot o2, ik ) = S
”%1) = uf‘,u%s) =uf ., (82)
ufyy = o uly = i

where £ denotes the formal Lagrangian for Equation (80), i.e.,
m .
L= Zv’Fi(x,u,u(l),...,u(s)), (83)
i=1

and ﬁ denotes the variational derivative. It has the following form

- d
fur = et LD D

Definition 3. We can state that Equation (80) is strictly self-adjoint if the adjoint from Equation (81)
is equivalent to Equation (82) upon the transformation

W =uta=1,2,...,m.
This shows that the equation
F;(X, u,o, u(l),v(l), ey M(S),U(s)) = Fa(x, u,o, u(l),v(l), . r”(s)rv(s))' (84)

Definition 4. Equation (80) is said to be quasi self-adjoint if the adjoint equations from
Equation (81) are satisfied for all solutions u of the original equation, i.e., Equation (80) upon
the substitution

vt =¢"(u),a=1,...,m, (85)

such that
P() #0.

In other words, Equation (81) holds after the substitution (85), where not all ¢*(u) vanish
simultaneously.

Definition 5. Equation (80) will be called nonlinearly self-adjoint if the adjoint from Equation (81)
is satisfied for all solutions u of Equation (80) upon the substitution

vt =¢*(x,u),a=1,2,...,m,

such that
¢*(x,u) #0.
This shows that
Fy(xu, p(xn), ... ug), ) = )LgF/g(x, W), U(s)), (86)

where
¢ =¢*(x,u),¢p = Dj--- Dr(p*(x,u))k=1,...,s.
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Next, we use the above method to prove that

vt + [(1 + U)U]x + %uxxx =0,
ur + uuy +ovy =0,

is strictly self-adjoint.
The formal Lagrangian equation of the (1 + 1)-dimensional classical Boussinesq reads

L= wlFl + w2F2

1 (87)
= wl(vt + [(1 + U)u]x + guxxx) + (UZ(ut + uuy + Ux)~
Then, F;} = %, ie.,
) 1
F = 5—£ = wly — wi(1+0) — vl — gwixx — W} + Wy — Wiy — wi,
" (88)
«_ 0L 4 Uy~ byt wluy — w?
2=, T W W — Uy — Wyl + @l — W
Let
w'=—u,w? = —v,
then

1
F =v+[(14+0)ulx + guxxx =F,

F =u+uuy+ou,=5.

According to Definition 3, the (1 + 1)-dimensional Boussinesq class is strictly self-adjoint.
Similarly, we can prove that

Uyt + Uyx — Uxxt — Fylyr — 2Uyyty = 0,

is nonlinearly self-adjoint.

It is not difficult to verify that the (1 + 1)-dimensional shallow water wave equation
does not satisfy the strictly self-adjoint condition, so we will not show this in this section.
But, if we change the shallow water wave equations into the following equivalent form, we
can verify its self-adjointness:

1
a(uxt + Uyx — Uxxt — FUxUyt — 2Mxxut) =0, (89)
where p(x,u) = % Then, the its Lagrangian has the following forms:

[
L= a(uxt 4 Uxy — Uyxxt — dUxlyr — zuxxut). (90)
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Then, we calculate its variational derivative and find

OL  Uyyxly  3Uxxlpy  SOxlpyy  20U2  Upexyx | AVUZ gy 204Uy
Su 2 Wz TS T Yt T T
_ vnuy | 60y | BUnity | Sl | Vit A0nity  40xli
u3 ut u? u? u? u u
vut;xx n vizx n 2oupity  20xxUp  OVUpxxllx  OVUpxUyx  20Upllxxy
u u

u2

+
u? u u3 u3 u3

B 24vuu3 N Boytiylly 120u2u;  Svuylsyy  AVUyyl; 60Uyl 1)
ud u? u3 u? u? u
6Uylstlyy  18VUUS Vg Ullgy Uyl Olyy | 180Uty
e ut w w2 w22 ut
. U(”tx + Uyyx — Upxxy — dUyllpy — zuxxut) . 120 1y uy . 205Uy
u2 u3 u?
180y U2 6UxyUslly
A B

Let v = —u, we obtain

. ooL 1
F = 57 = a(uxt 4 Uxy — Uxxt — dUxlyt — 2Mxxut) =F. (92)

Then, Equation (89) is nonlinearly self-adjoint according to Defination 5.

Theorem 1. Any Lie point, Lie—Bicklund, and nonlocal symmetry

d

i d o
X=¢ (x,u,u(l),...)—, +7 (x,u,u(l),...)w,

ox!
of Equation (80) derives to the conservation law Di(Ci) =0,ie.,

L L L

au? — D](iauf;) + D]D](iauf;k) — .. ]

aL oL oL

= Dyl | DD W) [ =]

o
ij ijk Oy

Ch = L+WY

(93)

+ Dj(WH)[

with Lie-Bicklund symmetry W* = n* — §f u;?‘,zx =1,...,m.

According to the above content, we know that the (1 + 1)-dimensional Boussinesq
class has a symmetry as follows:

x 0 Jd uoa d

X Jv

Thus, we can discuss the symmetry X;. According to the calculation, it can be known that

1 U XUy 2 4 XUx
W' = 5 > tug, W 1—v >

— i’?]t.



Symmetry 2023, 15, 2122

19 of 21
Then,
1 1
ct zgﬁ + WA +v)w! + Sw;x) + uw?] + W2 uw! 4+ wy] + W,}(fgw,lc)
1
+’vv;x(§‘01)
x[w(vr + vxu + (14 0)ux + 252) + w?(ur + uniy + vy)] U Xy
= +(—= -
2 2 2
1
— tug)[(1 4+ v)w! + % +wu] + (-1—v— xzﬁ — tor) (uwy + wy)
Styy  XUxxx w! Xlyy wl (94)
+ (= 5 T - t“xxx)? + (—ux — 2 - t”tx)(_?x)
7w,1(ux n w,lcxuxx " 3w}ctutx B w,lcuxx B W iy _ Buw! B 3wlou
3 6 3 2 3 2 2
1 1
—uwltoy — w? — wv — Wrtop — Wty — wlotuy — Gl Lx"‘()xux
w?u? 5 ww?x vl
- —wutuy + ——— + ,
2 2
C? =tL + W2w'! + W'w?
1 XUy
=tlwq (vt + [(1+0)u]x + gumx) + wy(up +uny + o)+ (-1—v— >
2 xu
_ 1 (2 _x _ — W2
tog)w™ + ( . 5 tup) — w (95)
1
=—w —wlo— W XOx + utht + uuxwzt + vxwzt + uwilt + uxwlt
el S 2

After eliminating w! and w? of C! via the substitution

w'=—u,w? = —v,
we have
2 2
u Uytu 2uu utu 3u
Clz—?x— x3 fx 3xx 3txx —|—7—|—2uzv+u2tvt+v—|—vz—|—vtvt—|—utut
UyxlUp  UOX  DiUX
2uvtu — — ,
+ t+ 3 5 5
3uv  uxv UypxUt  vXU
C? =u+ X Duu vt — v ot — vxuzt —uut — 2 X

2 2 32
We thus obtain the conservation law of the (1 + 1)-dimensional shallow water wave equations
[DxC' 4+ DiC?] =0,
and we can simply verify it as follows:

D.C! + D,C2 = ”’é’“‘ 4 2uDly + Uy + Uy + 2ty + 120y 4 Vit 4 Oy + 10

= u (v + Uy + Uy + vy +

Uyxx

3

)+ o(ur + vy + vy) + (U + tiy + vy)
=0.

Then, the (1 + 1)-dimensional Boussinesq class has the following symmetry:

X = jz,_+_tjz + f,sz
9x ot 29u’
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References

therefore, we can calculate

t
Wzi—ux—tut.

Then, we discuss the symmetry X. According to the calculation, it can be known that

cl=c+ W]—4vuy — (v — 4oty ) — (0 — 2us)y — (—0) xxt) + Wi[0 — 410 + (—0) xx]
+ Wylv — 2u40 + (—0) xt] + Wi [(—0)¢] + Wit [(—0) x] + Waxt[—7]

Uyt
=0vxtuy — o> 2uxUpy — OtUp — Opyxtlly + OxxtUpt + Opxtibpy + Uptlhpxx + Otppry

% Uxx
+ 2uvtupy 4 tupye + Oty + 575 20U tuy 4+ Vplly + Ol + 204Ut

[Uxx
2

2
— 4oy + — UpxxUx + UxxUxt + UxxUt + OpxUyxx + Uplhxxx + OxUtxx

Utt (96)
+ vetuy + Uy + d0Uruy — > 4osuxtuy + 4ouytuy — vtusy + Uxlity,
C?=tL+ W[—2uxx0 — v — 4(ux0)x — (—0) xxx] + Wi [0 — 410 + (—0) xx]
+ Wxxx[*v] + Wxx[f(fv)x]
=0VlUyxy — OxUyxx — Uxtlpyy — Ollyy + 20Uxx Uy + Uxxlxy + Uxxtilpy + 2Uyxtv

Vxxxt

Uyt
— 2 vrtup + 205Ut — 4vxu,25 —4vutuy + >

2
— AUy UptD + Oy Uy,

— UxxxUx — Uxxxtilt

7. Conclusions

In this paper, we mainly apply the improved extended Kudryashov method to the
shallow water wave equations and the Boussinesq class to find some new exact solutions by
presetting the general solution form of the objective equation. This method is convenient to
apply to various nonlinear partial differential equations. This method uses the new exact
solutions of the objective equation obtained when the Riccati equation and the Bernoullli
equation are the simplest forms of solutions. We improve the form of the preset solution on
the basis of the original method and add the C; term to make the form more general so as
to obtain more exact solutions of the target equation.

In other parts of this paper, we can map one solution to another using the point
symmetry and Lie-Bdcklund symmetry of the shallow water wave equations and the
Boussinesq class solved using the Lie method. In addition, the invariant solution of the
equation can be obtained using the infinitesimal generator. In the last part, we use the
idea of symmetry to determine the self-adjointness of two equations and use infinitesimal
generators to calculate the conservation laws of the two groups of equations.
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