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Abstract: In this paper, we propose using quiver representations as a tool for understanding artificial
neural network algorithms. Specifically, we construct these algorithms by utilizing the group algebra
of a finite cyclic group as vertices and convolution transformations as maps. We will demonstrate
the neural network using convolution operation in the group algebra. The convolution operation
in the group algebra that is formed by a finite cyclic group can be seen as a circulant matrix. We
will represent a circulant matrix as a map from a cycle permutation matrix to a polynomial function.
Using the permutation matrix, we will see some properties of the circulant matrix. Furthermore, we
will examine some properties of circulant matrices using representations of finite symmetric groups
as permutation matrices. Using the properties, we also examine the properties of moduli spaces
formed by the actions of the change of basis group on the set of quiver representations. Through this
analysis, we can compute the dimension of the moduli spaces.

Keywords: quiver representations; finite cyclic group; group algebra; moduli space; dimension

1. Introduction

In the modern age, artificial intelligence has seamlessly woven into our daily lives.
Whether it is the video assistant referees in football matches or the autonomous cars
navigating our city streets, artificial intelligence’s presence is undeniable [1]. At its core,
artificial intelligence often relies on the remarkable capabilities of artificial neural networks,
a technology that mirrors the workings of the human brain, enabling object recognition,
tracking, and much more [2].

The human brain, a marvel of complexity, processes information through the intricate
interplay of neurons, transferring signals with astonishing precision. In artificial neural net-
works, these neurons find their mathematical counterpart as nodes, and the transmission of
information takes on the guise of maps. We craft a mathematical model that employs quiver
representations to better understand and manipulate these networks. In this model, nodes
become vertices, and the transfer of information is akin to connecting paths between them.
Quiver representations offer a visual means of grasping the intricate connectivity between
artificial neurons, facilitating our exploration of information flows within neural networks.

Crucially, within this framework, the activation function emerges as the arbiter of
information significance, determining which data are worthy of propagation through the
network. Yet, this is only the beginning of our journey into the captivating world of artificial
neural networks.

To further enrich our understanding and empower our analysis, we introduce the
concept of Group algebra. It is a mathematical construct formed by mapping a group onto
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a field—in our case, the complex number set. This addition becomes particularly essential
when dealing with situations where a single neuron must process multi-dimensional
information, such as colors. Group algebra’s functional properties offer a versatile toolkit
for convolution and transformation, allowing us to explore the intricate relationships
between different functions within the neural network.

In our exploration, we particularly focus on applying group algebra in the context
of cyclic groups, finite groups, with cyclic properties. This choice becomes especially
pertinent when creating a quiver group algebra representation, where we draw connec-
tions with neural networks. These representations provide us with the means to com-
pare and contrast various artificial neural networks through the lens of morphisms of
quiver representations [3-5] .

As we traverse this intricate web of mathematical constructs, neural science, and data
analysis, our journey leads us to the intriguing concept of moduli spaces. These spaces offer
a glimpse into the diverse dimensions and possibilities within neural networks, shedding
light on their potential and limitations.

In this paper, we will embark on a comprehensive exploration of the interplay between
artificial intelligence, quiver representations, group algebras, cyclic groups, and moduli
spaces. By the journey’s end, it will become evident that these seemingly disparate threads
are tightly woven into a unified tapestry that reshapes the landscape of mathematics, neural
science, and data-driven discovery.

2. Quiver Representation from Convolution Group Algebras
2.1. Quiver Representation

Let Q = (V,E,s,t) bea quiver where V is a set of vertices, E is a set of arrows and
s,t : E — V map every arrow € € E to its source vertex s(e€) € V and target vertex t(e) € V,
respectively. A quiver can have loops. An arrow € € E is aloop if s(€) = t(€) [4]. Quiver Q
is said to be arranged by layers if it satisfies the following conditions:

e Allvertices v € V can be arranged in columns from left to right;
. There are no arrows from vertices in the right columns to vertices in the left columns;
¢ There are no arrows between vertices in the same column [4].

A quiver Q is called a network quiver if it satisfies the following conditions:
e (Qisarranged by layers;
e  Every input, output, and bias vertex does not have any loop;
e  Every hidden vertex has exactly one loop [4].

Now, we will describe a quiver representation.

Definition 1. Let Q = (V, E,s, t) be a quiver. A quiver representation is defined by a tuple (W, T)
where W = {W, }yev is a sequence of vector spaces that indices by vertices in V and T = {T¢ }ecE
is a sequence of linear maps that indices by arrows in E, such that for every €, Te : Wy(e) = Wy
is a linear map [6].

Definition 2. Let (W, T) and (U, S) be two quiver representations of a quiver Q. A morphism of
representations is defined by T = {7y }yev a sequence of linear maps where T, = W, — U, satisfy

T,
Wsie) — Wie)

lTs(e) J{Tt(e)

Use) — Usey,

S

if T, is a bijection for every v € V, we say that T is an isomorphism and (W, T) and (U, S) are
isomorphic to each other [6].
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2.2. Convolution Representation

Now, we will see a quiver representation that uses group algebra and a convolution
operation that induces linear transformation.

Definition 3. A non-empty set G, is called a group if there exists amap - : G x G — G, that is
called an operation of the group, such that

e (a-b)-c=a-(b-c)foralla,b,cec G,
* Thereise € Gsuchthate-a =a=a-eforalla € G, called the identity of G;
e Foreverya € Gthereisa™' € Gsuchthata-a~' =e=a"la.

If there is n € N such that |G| = n, then G is called a finite group.
Definition 4. Let G be a finite group. Define
CC={f:G—C}

where

e Forevery f,g € CCand x € G, we have (f + g)(x) = f(x) + g(x);
e Forevery f € CC, z € C,and x € G, we have (zf)(x) = z(f(x));

*  Forevery f,g € CO, we define (f,8) = Lrec f(¥)8(x);

e Forevery f,g € CC, we define (f  g)(x) = Yyec f(y)g(y~'x) (convolution operation)
[71.

Using the group algebra, we will define the Fourier transformation as follows.

Definition 5. Letn € Z and G = 7Z,,. Let w,, = e Define

F:CC —CC
a—a

where 4(g) = Y pega(h)wy, 8" The transformation F is called a Fourier transformation [7].

From the definition, the Fourier transformation can be represented by the Fourier
matrix

1 1 1 e 1
1 wy w? wi=1
F= |1 @ e

1wl wi(;z—n wgn—i)(n—l)

Now, we obtain group algebra with a Fourier transformation and convolution opera-
tion. Using the group algebra, we will define a quiver representation that is called a
CC-representation.

Definition 6. Let Q = (V, E, s, t) beaquiver and G bea finite group. Let W = ({Wy }vev, {We }ecE)
be a representation of Q. The representation W is called a CC-representation if W, = C© for every
v € V where CC is the group algebra related to G and C.

Definition 7. Let W = ({CC},cv, {We }eer) be a CC-representation of a quiver Q = (V, E, s, t).
The representation W is called a CC-convolution representation if for every € € E there is we € CC
such that
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W, :CC¢ — CC©
a > We * 4a.

We can compare two representations using a transformation called a morphism in
quiver representation. The morphism of representations is defined as follows:

Definition 8. Let U, W be two CC-representations of a quiver Q = (V,E,s,t). A morphism of
CC-representations T : W — U is given by T = {7y }yey, where T, : Wy — U, is a linear map
such that for every € € E, we have

Tt(s)w‘g = USTS(S)‘

If for every v € V, T, is invertible then T is an isomorphism and W is isomorphic to U.
Define H(Q) as the set of all morphisms of CC-representations.

Theorem 1. Let Q = (V,E,s,t) be a quiver. Let CS(Q) be the set of all CC-representations of Q.
Define

rQ) = {T € H(Q)|3U, W € CC(Q) such that T : W — U is an isomorphism}

where for every T,0 € I', we have
T-0 = {10y }vev.

The set I under operation - forms a group. Furthermore,

r(Q) = [] 6L(CY).

veV

Proof. It is easy to see that for every 7,0 € I'(Q), -0 € I'(Q) because 1,0, is invertible for
every v € V and T - ¢ commutes with the representations. Next, we will see the associative
property of the operation - inI'(Q). Let 7,0, p € I'(Q). We have

(t-0) - p = {(T00)p0}vev = {Tw0uPs foev = {T(0v00) }oev = T (0 - p).

The identity morphism id = {idqc }yev is the identity element in I'(Q). It is easy to see
that every T € I'(Q) has an inverse because for every v € V, T, is an isomorphism and
commutes with the representations. Therefore I'(Q) forms a group. Now, we will prove that
rQ=J1 GL(C®). Itis clear that T(Q) C I GL(C®). Let T = {Ty}vey € 11 GL(CO).
veV veV veV
We know that T has an inverse, thatis 7~! = {7, !},cy because 7, € GL(C®). We only
need to show that T is a morphism of CC-representation. Let W be a CC-representation and
define a CC-representation
U=twr!

where for every ¢ € E, we have

-1
Ug = Tt(E)WgTS(E).

This means that T € T(Q). Therefore, T(Q) = [ | GL(C®). O
veV

Now, we will define a C®-representation that uses convolutions as linear transforma-
tions.
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Definition 9. Let W = ({C®}yev, {We }ecr) bea CC-representation of a quiver Q = (V, E, s, t).
The representation W is called a convolution representation if for every e € E there is w, € C°
such that

W, :C¢ — C©

a v We * a.

Definition 10. Let W, U be two CC convolution representations of a quiver. A morphism of
convolution representations T : W — U is a morphism of CC-representation. Furthermore, if T is
an isomorphism of CC-representation, then T is an isomorphism of convolution representations, and
we say W is isomorphic to U.

Let G be a finite group. We write Cc (Q) for the set of all convolution representations
of a quiver Q and C(Q) for the set of all isomorphisms of convolution representations of
quiver Q. Obviously C(Q) C I'(Q). Define

er(Q) = {T € C(Q)TWT ! € Coc(Q), YW € CCG(Q)}.

If |G| = n then CC is isomorphic to C" as a C-vector space. From now on, we assume
that G is cyclic. Let w € C® and write w = (wp, w1, wy, - -+ ,wy)T. Define a linear map

W :C® — C©
a— w*a.
By definition, (w *a)(x) = Y w(y)a(y 'x) for all x € G. Under the standard basis

yeG
{0g}gec where dg(x) = 1if x = gand dg(x) = 0if x # g, we can write

Wy Wp-1 - W1 ao
w1 wo e W2 ay
W(a) =
Wp—1 Wnp—2 -+ Wo Ap—1,

It means that the matrix representation of a convolution linear map is a circulant matrix.
Circulant matrices have a nice property.

01 0 0
o o1 ---0
Lemma 1. Let T = circ(0,1,0,---,0)= | . . . |. Let A be n x n matrix, then A
1 0 0 0
is circulant if and only if
Am =1mA

Proof. We know that 7t is the permutation matrix of ¢ = (1,2,--- ,n). So, we can get
n~! = ¥ where 7" is the conjugate transpose of 7. Let A = (a;;). We know that

TTA 7'[* = (atr(i),(f(j) )

We know that A is a circulant matrix if and only if 4;; = 4,(;) o(;)- S0, we can conclude

mAm* = Aifand only if A is a circulant matrix. Because of 7* = 71!, we can get TA = Ar
if and only if A is a circulant matrix. O

Lemma 2. Let A, B be two invertible matrices. If ACB is a circulant matrix for every circulant
matrix C, then A, B are also circulant.



Symmetry 2023, 15,2110

6 of 14

Proof. Let A, B be two invertible matrices and 7 = circ(0,1,0,---,0). Let ACB be a
circulant matrix for every circulant matrix C. We have

n(AIB) = n(AB) = (AB)nt 1)
where I is the identity matrix. From Equation (1), we have 7A = ABmB~!. Now we have
(AnB)t = t(AnB)
AnBm = (nA)nB
AnBr = (ABnB~ 1) B
nBm = (BB~ 1) mB
B = n*BnB 'nBr*.
We get B = m*BrB~ ! tB7t*. Notice that
BnB~! = (n*BnB 'nBr*)nB
= m*BrnB .
Hence BB~ ! is a circulant matrix. From the diagonalization of circulant matrices, we get
BnB~! = F*DF
where F is a Fourier matrix and D is a diagonal matrix. Now, we have
BrB~! = BF*QFB~! = F*DF
FBF*QFB™'F* =D

where Q) = diag(1, wk, w ... ,w(”’l)k). Let D = diag(dy,dy,d3,- - - ,dy) and

miy Mmip M3 mi
N mp1 Mz M3 Man
M = FBF* = . .
My My Myj3 Mu,n
MQO = DM.
ml,l ml,z ml,n 1 0 0
Myy  Maj Mo, 0 wk 0
My1 Myp Mu,n 0 O w =Dk
d 0 0 myp mip myy,
0 d 0 myy Mo m,y,
0 0 dn my1 My Mp,n
k 1)k
my wmyp =Dk dymyy  dymyp dymy
myy  whmyy W=Dk domyy  doymyp dymy
= . .
My 1 wkmn,z wn=Dky dymy 1 dymyo dpthy n
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We know d; # 0 for alli € {1,2,---,n} because D is invertible. Now, let us see the
component of the matrices in the last equation. For column j we get that d; = wU~1* for
everyi € {1,2,--- ,nyorm;; =0fori#j Ifd; = w(j— 1)k foreveryi € {1,2,---n}, we
must get m;; = 0 for | # j but that is impossible because M is an invertible matrix. So,
we can get m; ; = 0 for i # j. It means that M must be a diagonal matrix and D = Q). So,
we have

FBF*QFB 'F* =D
FBE*QFB IF* = QO
BnB~ ! = F*QF

BnB~! = 7.
Therefore, B is a circulant matrix. Notice that

n(AB) = (AB)mt
mAB = A(Bm)
)

(mA)B = A(nB because B is circulant .

We conclude that 1A = A and A is a circulant matrix. [

Let Cir(C") be the set of all n x n invertible circulant matrices over C.

Theorem 2. Let G be a cyclic group of order n. The set Cr(Q) under the operation - forms a
subgrup of I'. Furthermore,

Cr(Q) = [ cir(C")

veV

Proof. Let T € Cr(Q) and W € Cc(Q). From the definition, we know that TW7 ! in
Cec(Q). Let tWt ! = U, then for every € € E we have

-1
ue' - Tt(E) WeTS(E')

We know that U, We € C (CG), so from Lemma 2 we get that T(e)s Ts_(el) must be in Cpc too

because the inverse of a circulant matrix is a circulant matrix. We have that every v € V

T, must be a circulant matrix, so we have Cr(Q) € [ Cir(C®) = [ ] Cir(C"). Now, we
will see [ [ Cir(C") C Cr(Q). We know that the mtjlet;/plication of tz;i‘c/) circulant matrices
must alszfgecome a circulant matrix. So we must have | [ Cir(C") C Cr(Q). It is easy to
see Cr(Q) is a group because | | Cir(C") forms a groupvi‘I/\der - operation. [

veV

3. Moduli Space of Neural Networks from Convolution Group Algebras

3.1. Neural Network Function

Definition 11. Let Q = (V,E,s,t) be a quiver. The delooped quiver is the quiver Q° =
(V°,E®,s°,t°) where V° =V, E° = {e€ € E|s(e) # t(€)},s° =5 [po, and t° =t [po[4].

Definition 12. Let Q = (V,E, s, t) be a network quiver. The hidden quiver is the quiver Q =
(V,E,8,F) where V is a set of all vertices in the hidden layer, E is a set of all arrows between hidden
vertices, 5, : E — V induced by s, t [4].

Definition 13. Let Q be a network quiver. Let Q° be a delooped quiver of Q. A neural network over
quiver Q is a pair of (W, f) such that W is a convolution representation of Q° and f = {fo} ey
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where for every v € V we have f, : CG — CC is a differentiable function. The function f, is called
the activation function [4].

Now, we will define a neural network function using the vertex output function.

Definition 14. Let (W, f) be a neural network over quiver Q. Define {, = {e € E|t(e) = v}
and a function a(W, f), : (CC)? — CC where

Xo if v is an input vertex
1 if v is a bias vertex

a(W, fo(x) = f (Zeegv wea(W, f)se(e) (x)) if v is a vertex that has activation function’
Yeeg, Wea(W, f)so(e) (%) if v is an output vertex

Define the function ¥(W, f) : (C©)* — (CC)* where every x € (CO)? is mapped to ¥ (W, f)(x)
= {a(W, f)o(%) } {oev,,} With Vour = {v € Vv is an output vertex} [4].

Using the concept of morphism of quiver representations, we can define a morphism
of neural networks.

Definition 15. Let (W, f) and (W', f') be two neural networks over a network quiver Q. A
morphism of neural networks is a morphism of convolution representations T : (W, f) — (W', f')
that satisfies

o T,=1foreveryv ¢ V;

o Foreveryv € V, we have this commutative diagram:

cé ., c6

l'['v lTv
cs F, co

where V is a set of all vertices in the hidden layer. If for every v € V, T, is bijective, then T is an
isomorphism and (W, f) is isomorphic to (W', f') [4].

Now, we will see the similarity of neural network functions from two isomorphic
neural networks.

Theorem 3. If (W, f) and (V,g) are two isomorphic CC-neural networks then
FW, f)(x) =¥ (V, g)(x).

Proof. Let (W, f) and (V, g) be two isomorphic CS-neural networks. It means that there is
an isomorphism 7 such that T ¢ (W, f) = (V, g). Let € : s(¢) — t(€) be an arrow in Q. Let
x € (C%)“ be an input vertex for (W, f) and (V, g). If v is an input vertex, we have

Xy ©isaninput vertex

1 ovisabias vertex

a(W, fo(x) = a(V,8)o(x) = {

because T, = id.
If v is in the first hidden layer, we have
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a(V,g)o(x) = gv( )3 Ve“(vrg)s(e)(x)>

€Ely

=T fo (Tvl Z Vea(V/g)s(e)(x)>

€€y

=Tfo (Tv_l Z Tt(e)wé?Ts(e)a(V/g)s(e) (X))

€€y

=Tofo ( YT lTUWEa(VIg)s(e)(x)> because Ty(e) =1

ecly

= Tofo ( Z Weu(vrg)s(e)(x)>'

€<y

Since s(€) is an output vertex, then a(V, g);(¢) (x) = a(W, f)s()(x). Hence, we get

a(V,8)o(x) = T fo < Z We”(w’f)s(e) (x))

€€y

Therefore, we get
a(V, 8)o(x) = wa(W, f)o(x). 2

For v in the second hidden layer, we have

a(V,8)o(x) = go ( )3 Vea(V,g)s(e)(X)>

€€0y

= vaz; (Tvl 2 Vea(V/g)s(e)(x)>

€cly

= vav (Tvl Z Tt(e)WSTs(g)a(V/g)s(e)(x)>

€<y

= vaz,< ) szlrz,WeTs_(el)Ts(e)a(W,f)s(e)(x)) because € € {,

€€ty

= vav( 2 Wea(wlf)s(e)(x)>

€€ty
= a(W, f)u(x) from the definition of (W, f).
It means if v is in the second hidden layer, we get

a(V,8)o(x) = wa(W, f)o(x).

Inductively, we will get a(V, §)o(x) = wa(W, f),(x) for every v in the hidden layer. If v is
an output vertex, we have
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a(V,8)o(x) = ) Vea(V,8)s(e) (%)

€€y

= ) e WeTs(e)a(V, 8)s(e) (%)
€€y

=) vaers_(el)rs(e)a(w,f)s(e)(x) because s(€)is in hidden layer
€€0y

= ) Wea(W, f)g(e)(x) because T, = 1 forv € V'.
€€l

Therefore, we get
a(V, 8)o(x) = a(W, f)o(x).

It means for every output vertex v we get
YW, f) =¥(V.g)-
O

3.2. Moduli Spaces of Neural Network

The last theorem tells us two isomorphic neural networks will have the same neural
network function. The moduli spaces can be defined by the isomorphic classes of neural
networks as follows.

Definition 16. Let G be a group and X be a set. An action of Gon Xisamap - : G x X = X,
denoted by a - x such that

* e-x=xforevery x € X where e is the identity in G,
e a-(b-x)=(a-b)-xforalla,be Gandall x € X.
The set O = {a - x|a € G} is called an orbit of the action [8].

We know that T'(Q) is a group of isomorphisms. Let C¢(Q) be a set of all C®-
representation of Q. Define a map

-:T(Q) x C4(Q) — C%(Q)
(T-W)—1-W.

where T- W = tTWt~!. We know that the map - is an action of I'(Q) on C%(Q) because we
have I = {idcc }vev € T(Q) and IWI~1 = [WI = W for all W € C®(Q). We also have

T-(c-W)=1-(cWo ') =10Wo l1-1= (1) W(10) L = (1-0) - W

forall 7,0 € T(Q) and all W € C%(Q). Now, we can define M(Q) as the set of all orbits
of the action of T on C%(Q). The set M(Q) is the moduli space of CC-representations (see
also [9]). We will apply the same group action to Cr(Q) as a subgroup of I'(Q) and Cc (Q)
as a subset of C(Q). We know that the map - is also a group action of Cr(Q) on Ccc (Q).

Definition 17. Let Q = (V, E, s, t) be a network quiver. Define an action of Cr(Q) on Ccc (Q) as
T-W = tWt~L. The moduli space M(Q) of the convolution representation is the set of all orbits
from the group action.

Let W be a convolution representation of Q. We can fix a family of vector spaces
{U,},cp indexed by v € V and given V;, = (CC)¥ if v is an output vertex in Q and V, = 0
for any other vertices in Q. A choice of convolution representations W of hidden quiver Q

and a linear map h, : W, — V,, for each v € V determines a pair (W, h) where h = {ho} ey
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that is known as a framed quiver representation of Q by the family of vector spaces {V, }
From the definition, we can say ker(h) = {ker(h)y},cp-

Dually, we can fix a family of vector spaces {Uy},. indexed by v € V and given
U, = (C%)? when v is an input vertex of Q and U, = 0 for any other v € V. A choices
of convolution representation W of hidden quiver Q and a linear map I, : U, — W for
each v € V determines a pair (I, W) where | = {I,},.y, that is known as co-framed quiver
representation of Q by the family of vector spaces {U, }, . From the definition we can say

Im(l) = {Im(D)o},ep-

veV:

Definition 18. A double-framed convolution quiver representation is a triple (I, W, h) where W is
a convolution representation of quiver Q, (W, h) is a framed quiver representation of Q, and (1, W)
is a co-framed quiver representation of Q [4].

Now, we will see the stability of the double-framed moduli space.

Definition 19. A double-framed quiver representation (I, W, h) is stable if

®  The subrepresentation that contained in ker(h) is only zero sub representation;
o The subrepresentation that contains Im(l) is only W [4].

From this definition, we can get this lemma.

Lemma 3. Let (I, W, h) be a double-framed convolution representation. We say (I, W, h) is stable
if

e For every output vertex v, ker(hy) = N5, ker((hz,)i holds;

e For every input vertex v, Im(ly) = span(US_, Im((I,);) holds.

This lemma only gives us a sufficient condition for the stability condition. Not all
double-framed convolution representations are stable. Nevertheless, we can see the dimen-

sion of the moduli space. Let us see this example first.

Example 1. Let Q be a network quiver that is drawn like this:

f1 f4
asz -€7 —r dg
/ ‘516
L4 xes \ N
a €17 ag
e 2 €10 2 \ A
€3 \ Q/ \ Q €18
as €1y— ay
€4\ A \ €9
/.es p
a / €20 aip
“es N €14 /8 A
\ €

as €15 — ag

We can make the delooped quiver from Q as Q°
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-€7 — g
/ \
. \
\ /\ 618
LZ4 €11/ — 617

\/

€4
65
an
614 /

a5 €15 — ag

After that, we will make a new quiver as follows:

a3 —€7— dg

A
€1
e
a1
ag —€n - ay
A
€5
ap
€6
AN

as —€15~> ag

The quiver will be denoted as Q°. The CC quiver representation of Q is as follows:

(CG We74> (CG

\We 16

We,; (o
We2 Wflo \ A
Wes G c Weyg
(C WE - (C
€
Weyg
/ W€5 Wel3

N
CcG \ / Weyy  CG
W, Weyy /A

1N\ e

(C Wsl5 - (CG

We can also choose a morphism of representation T such that T,, = We, -1 = W€51, = Weél,
-1_-1 -1 -1 -1 -1
s = We, TW , =Wes Wey, ) Tag = We, Weys , and 7, = ’l’,12 =Tog = Tg0 = 1

such that quiver QV has weight equal to identity for all arrows:



Symmetry 2023, 15,2110

13 of 14

-1— CC
\ %161—“;1
Wes T N
We]7T,;6l C6
\Tu We Tag Weyo Tof, \ /
Ta5 / \ XI W€18 ﬂ7
(CG -1~ CC©
Tas W€4 Weyo T, l\/
/I %me/ N
Cc6 / Vo WeyT'  CC
S Tay Weyy Tas' /o

\ // \/X/ W€21 Ta_sl

CC -1— CC

So, we will get that the dimension of double-framed convolution representation is proportioned
by the number of arrows that are not equal to identity.

Theorem 4. Let Vj, be the set of input vertices of Q and Vi, be the set of output vertices from Q.
Define

CF(Q) = {I}vevm X H Cir((CG) X T} oV,
veV
Let M(Q) be the set of all orbits from the action of Cr(Q) on Crc (Q), then the set M(Q) will
form the moduli space. Furthermore, the dimension of the moduli space is |G|(|E°| — |V|).

Proof. Let Q be a network quiver with Q as the hidden quiver and Q° as the delooped
quiver. Let W be a convolution representation of quiver Q°. Let v € V. We know that there
is € € E° such that t(e) = v. We only choose one € € E° that t(e) = v for every v € V to
build a new quiver Q. Because of the construction, no two arrows have the same target.
This implies that Q” is a union of trees, and the intersection of any two trees can only be a
source vertex of Q. Furthermore, for any of those trees, only a vertex that is hidden is a
unique source corresponding to that tree. Now, we will construct a morphism of quiver
representations T = {7, } {vevy- If v is the input vertex, set the 7, = 1. If v is not the input
vertex, we have an arrow a € Q” such that t(a) = v. So, we can set 7, = W, 1TS(,X). Using
the recursive formula, we can get a new convolution representation of QY such that every
arrow in QY will be represented as identity linear maps from C to C®. From that fact, we
can conclude that the number of free choices of quiver representation will be the same as
the number of arrows in Q° that have not been set to identity. Consider

c6 e, G

Using Fourier transformation, we know the dimension of C = {T : C¢ — C%|3a ¢
CC > T(f) = a= f} is equal to |G|. Therefore, the dimension of the moduli space is
IGI(IE°[=[V]). O

4. Conclusions

We have defined a neural network function from an artificial neural network formed
by CC representation, especially for convolution representation. We can also see some
moduli space properties formed by the action of the isomorphism group on the set of all
convolution representations. From this work, we can minimize the complexity of the neural
network algorithm.

In further research, we will explore the moduli spaces from recurrent neural networks
and the topology of moduli spaces. We will see some properties of neural network func-
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tions with some types of activation functions and their effect on the continuity of neural
network functions.
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