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Abstract: In this paper, the formulation of Quantum Mechanics in terms of fuzzy logic and fuzzy
sets is explored. A result by Pykacz, which establishes a correspondence between (quantum) logics
(lattices with certain properties) and certain families of fuzzy sets, is applied to the Birkhoff-von
Neumann logic, the lattice of projectors of a Hilbert space. Three cases are considered: the qubit, two
qubits entangled, and a qutrit ‘nested” inside the two entangled qubits. The membership functions
of the fuzzy sets are explicitly computed and all the connectives of the fuzzy sets are interpreted
as operations with these particular membership functions. In this way, a complete picture of the
standard quantum logic in terms of fuzzy sets is obtained for the systems considered.
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1. Introduction

In Mackey’s approach to Quantum Mechanics [1], the description of a physical system
is done in terms of certain axioms. We are given two abstract sets: the set of states of
the system denoted by S and the set of physical quantities or observables, denoted as O.
The results of measurements on the physical system are assumed to be real numbers, so
one considers B(R), the family of Borel subsets of the real line. We are given a function

OxSxBR) ——  [0,1]

(A,0,E) —— p(A,pE)

that is interpreted as the probability that the measurement of the observable A with the
system in the state p is contained in the Borel subset E. The first six axioms regard properties
of the probability function, p. These axioms are natural or have physical interpretation.
The first conclusion is that the physical system is described in terms of its logic £, together
with a convex family of probability measures on L. All these terms are going to be defined
in Section 2 (other sources are, for example, Refs. [2,3]).

A particular example of logic is the logic of propositions of a classical system. Proposi-
tions are such as ‘the observable A has a value in E’. If S is the phase space or space of states
of the classical system, the observables are functions f : S — R and the proposition will
be true if the system is in a state inside f~!(E). In this way, physically sensible statements
about the system are essentially subsets of S. The logic of Classical Mechanics is the
Boolean algebra of subsets of a set S. This is the standard relation between sets and the
propositional logic. Let U be a set and consider the subsets of it. Let A be one such subset
and x an element in U. Then A can be defined as the collection of elements such that the
proposition ‘x € A’ is true.

So the first six axioms apply to Quantum Mechanics, but also to Classical Mechanics.

The next axiom of Mackey (Axiom VII) is that the logic of a quantum system is,
among all possible logics, the Birkhoff-von Neumann logic of projectors of a Hilbert space.
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Quoting Mackey [1], “This axiom has a rather different character from Axioms I-VI. These
all have some degree of physical naturalness and plausibility. Axiom VII seems completely
ad hoc”.

In parallel to these logics, the many valued logics of Lukasiewicz [4] and others,
where propositions are not always totally true or false, but have some degree of truth,
were being developed. Intuitively, they seem related to a probabilistic theory such as
Quantum Mechanics.

The same relation that the classical, two valued logic, has with set theory, has the
many valued logic with fuzzy sets [5]. A fuzzy subset A of a set U, called the universe of
discourse, is given by a map 4 : U — [0,1] called the membership function, which associates
to any element of U a ‘degree of membership” with respect to A. The value pi4(x) =1
means that x belongs totally to A and p4(x) = 0 means that x does not belong to A.
In between, we can have any degree of membership. If A is a ‘crisp’ set, then y 4 is the
characteristic function

)0 ifx ¢ A,
ATV ifxe A

The relationship between fuzzy sets and many valued logic was made explicit by Giles [6].
Since the introduction of both concepts, fuzzy logic has been widely used in science sys-
tems and decision making problems. In this area, for example, Ospanov et al. [7] proposed
methods for the development of mathematical models to control operating modes of tech-
nological objects in the face of uncertainty, based on fuzzy information. The mathematical
formulation of the problem was obtained by modifying several optimization principles
centered on fuzzy sets theory.

A theorem by Pykacz [8,9] makes, finally, the connection between fuzzy sets and
Quantum Mechanics. Essentially, it says that giving a logic (in the sense used before) is
equivalent to giving a family of fuzzy sets with certain properties. So any logic does have a
‘representation’ in terms of fuzzy sets. Adding properties to such representation allows to
further distinguish between logics. In particular, one can consider the universe of discourse
to be the set of density matrices in some Hilbert space, and compute the membership
functions in terms of a self-adjoint operator on such Hilbert space and a Borel subset of R.
Then we recover the Birkhoff-von Neumann logic. This choice is, then, equivalent to the
choice of Mackey in his Axiom VIIL

The aim of the present work is to clarify these abstract concepts, by giving explicitly
the membership functions corresponding to the Birkhoff-von Neumann logic for different
systems, all with a finite dimensional Hilbert space. The paper is organized as follows.
In Section 2 we go over the definition of logic, and of observable and state over that
logic. In Section 3 we deepen the understanding of the axioms of Mackey and the work of
Maczynski [10,11] with his experimental functions (that later will become the membership
functions). In Section 4 we specify all these concepts for the Birkhoff-von Neumann logic.
Section 5 is the section where the main results are reported. We compute the Maczyniski
experimental functions for different systems. In Section 5.1 we compute the experimental
functions for the qubit and in Section 5.2 we do the same for two qubits entangled, in the
formalism of the Bloch matrix [12,13]. In Section 5.3 we exploit the decomposition of the
Hilbert space of the two entangled qubits in terms of eigenvectors of the angular momentum
operator to see how a qutrit, ‘nested” in the system of two entangled qubits, arises [14]
and easily compute its experimental functions in terms of the Bloch matrix. At this point
we make a detour to study the unitary transformations of the qutrit in terms of orthogonal
symmetric Lie algebras, inherited from the two entangled qubits [15]. In Section 6 we turn
to the fuzzy set picture. We interpret the connectives of fuzzy sets for the case of the
Birkhoff-von Neumann logic. Logic gates, essential part of quantum computers, can also
be written in terms of the membership functions. We deal with a few examples and an
interesting result is obtained with respect to the square root of NOT. Finally, in Section 7,
we state our conclusions.
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2. Logics

This section is devoted to give, briefly, the basic definitions of logic, observable and
state, following some standard references [2,3,9].

Definition 1. A partially ordered set or poset, is a set L together with a binary relation, ‘<,
satisfying

o Reflexivity: a < aforalla € L;

e Transitivity: forall a,b,c € Lsuchthata < band b < cthena <¢;

»  Antisymmetry: ifa,b € L are such thata < band b < athena =b.

The binary relation does not need to be defined for all pairs of elements in L. When it is so, it is
a completely ordered set or simply an ordered set.

Example 1. The set of all the subsets or power set of a three element set {x,y,z} partially ordered
by the inclusion relation is a poset (see Figure 1).

{1z}

Figure 1. Partial order in the power set of a three element set.

Definition 2. If L is a poset, there exists, at most, one element called zero and denoted as *0’, such
that 0 < a Va € L. In addition, there exists, at most, and element called one that will be denoted as
‘1" such that a < 1Va € L.

In Example 1, the empty set @ is the 0 and the set {x,y,z} is the 1.

Definition 3. For S a finite subset of a poset L, the meet of S is, if it exists, an element \ S
that satisfies

1. AS <sforalls € S.
2. Ifxe€Lissuchthatx <s Vs &S, then x < AS.

If S has only two elements a and b, then the meet will be denoted as a N\ b.
For S and L as above, the join of S is, if it exists, an element \/ S that satisfies:

1. s<VSforalseS.
2. Ifxe€Lissuchthats < x Vs &S, then\/ S < x.

If S has only two elements a and b then the join will be denoted as a \V/ b.
The meet and the join, if they exist, are unique.

Definition 4. A poset L such that

1. Oand1exist,0 # 1,
2. for any finite subset F C L, A S and \/ S exist,

is a lattice.
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Definition 5. A complementation in a lattice L is a map

L L

such that:

1. L is bijective

a < b= bt < al (order reversing property)
(a+)* = a (involutivity)

anat =0andaVat =1 (complementarity).

S

If x < y*, we will say that x Ly.
Definition 6. When a lattice L has a complementation, we say that L is a complemented lattice.

Definition 7. An orthomodular lattice is a complemented lattice such that, for any x,y € L with
x <ytheny=xV (y Axt) (orthomodular law).

Definition 8. We will say that an orthomodular lattice is o-orthocomplete if, for every countable
set {aj,ap,...,ay,...,} of pairwise orthogonal elements, the join \/; a; exists.

Definition 9. We will say that an orthomodular, o-orthocomplete lattice is a logic.

Example 2. Boolean algebra of subsets of a set: classical logic. Let L be the set of subsets of
a certain set X with partial ordering given by inclusion, join given by the intersection, meet by
the union, and complement by the standard complement in S. The meet and the join satisfy the
distributive law

an(bVve)=(anb)V(aic),
aV(bAc)=(aVDb)A(aVe), 1)

which implies, together with the definition of complement, the orthomodular property. L is a logic
called the classical logic.

Example 3 (Closed subspaces of a Hilbert space: Birkhoff-von Neumann logic [16]). Let H
be a Hilbert space, possibly of infinite dimension, and consider L be the set of its closed subspaces.
There is a partial ordering given by the inclusion; then the meet is the intersection and the join
the closure of the sum of vector spaces. The complement is the orthogonal complement inside the
Hilbert space.

When the closed subspaces are orthogonal, the join is the direct sum of vector spaces, which is
also closed.

One can show that the orthomodular law is satisfied, thus L is a logic called the standard or
Birkhoff-von Neumann logic.

L does not satisfy the distributive law, which is the main difference with the classical logic.

When the Hilbert space is finite dimensional, all the subspaces are closed and the orthomodular
law (Definition 7) can be replaced by the more general modular law:

x,y,z€ L, xCy, x®(yNz)=(xdz)Ny.

Definition 10. A probability measure in a logic L is a map p : L — [0, 1] such that

1. p(1)=1
2. p(Via;) = ¥ p(a;) for any sequence of pairwise orthogonal elements of L.
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Later, we will interpret a probability measure on the Birkhoff-von Neumann logic as a
state of the system. There is an important property that the states of the system must satisfy:

Definition 11. A set of probability measures S for a quantum logic L is said to be ordering (full,
order determining) if and only if

p(a) <p(b) Vpe8S = a<hb.

Definition 12. Let L be a logic and B(R) the set of Borel sets of the real line. Amap A : B(R) — L

is an L-valued measure if

1. A@)=0, AR) =1,

2. ifE,F € B(R) are such that ENF = @ then, A(E) LA(F),

3. ifE; € B(R) is a sequence of pairwise disjoint Borel sets, then A(Ey UE; U ---) = A(E1) V
A(Ep)V---.

L-valued measures in the Birkhoff-von Neumann logic play the role of the observables
of the quantum theory. Since we can identify a subspace of a Hilbert space with its
orthogonal projection, an L-valued measure is, in that case, a projection valued measure.

Definition 13. A family My, t € T of L-valued measures is surjective if for each f € L there exists
t € Tand E € B(R) such that M;(E) = f.

3. The Mackey Axioms and the Maczyriski Theorem

In Ref. [1], Mackey describes Quantum Mechanics as a rigorous mathematical sys-
tem in terms of nine axioms that are, as much as possible, plausible and natural from
physical considerations.

One starts with the assumption that, for each quantum system, there exists a set of
states S, a set of observables O, and a function p such that

OxSxBR) ——  [0,1] o
(A,p,E)  —— p(Ap,E),

where B(R) denotes the family of Borel subsets of the real line. The function p has to be
interpreted as the probability that the measurement of the observable A, when the system
is in the state p, leads to a value in the Borel set E, so

BR) —4  [0,1]
E —— p(ApE),

is a probability measure for each pair p, A. We refer to Ref. [1] for the explicit formulation of
the nine axioms. The first six axioms describe properties of the function p, based in physical
considerations. We are not detailing those axioms here, as they are stated very clearly in
the original reference [1]. Additionally, for a more modern treatment of the subject, see,
for example, Ref. [3]. For example, the o-orthocompleteness of Definition 8 is assumed as
Axiom V. We have that p(A, p, E) defines a logic in the sense of Definition 9.

Axiom VIl is, as we mentioned in the Introduction, ad hoc and does not arise from
any natural, physical consideration. It says that the logic of a quantum system is the
Birkhoff-von Neumann logic of closed subspaces of a Hilbert space.

Axiom VIII deals with certain observables called guestions (see below) and Axiom IX,
with the unitary time evolution of the system.

It is worth to mention here the definition of guestion by Mackey. A question is an
observable Q such that pg takes only the values 0 or 1. It corresponds to a proposition that
can be answered with ‘yes’ (1) or ‘no’ (0). Let A be any observable and E any Borel set in R.
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Then the question QF, is the observable that yields 1 whenever a measurement of A is in E
and 0 if the measurement of A is not in E.

Let p be any state and Q any question. Then the function pg({1}) = s, s € [0,1],
defines an ordering in the space L of questions: Q1 < Q, if and only if pg, ({1}) < po, ({1})
forall p € S. In particular, it is clear that

oge ({1}) = p(A, 0, E). ®)

In the space of questions, we have an obvious complementation, Q- = 1 — Q, which
takes the value 0 when Q takes the value 1 and vice versa. We will say that two questions
are orthogonal if Q; < Qf, that is,

po, ({1}) £1—pg, ({1}) or po, ({1}) +pg, ({1}) <1

for eachp € S.
In the language of Maczynski [10], the functions

filp) = p(A,p,E) @

are called experimental functions. Notice that experimental functions are defined on the
equivalence classes of pairs (A, E) under the equivalence relation

(AE) ~ (A, E') ifand only if p(A,p,E) = p(A',p,E')  Vpe€ES.

The experimental function f%(p) is associated to the experimental proposition ‘The result of
the measurement of A lies in E’, which is one of the questions of Mackey.

In the following, we will consider finite or infinite countable sums of experimental
functions, the infinite case meaning that the series is convergent. Maczynski introduces
two convenient definitions:

Definition 14. A finite or countable sequence f1, f2, f3,. .. of experimental functions is orthogonal
if there exists an experimental function g such that

fi+th+fat+-+g=1

Definition 15. A finite or countable sequence f1, fa, f3, ... of experimental functions is pairwise
orthogonal if, for each pair (i,j), i # j, we have that f; + f; < 1. A one element sequence is,
by definition, orthogonal.

Clearly, an orthogonal sequence is pairwise orthogonal, but the contrary is not always
true. Nevertheless, if an experimental proposition in an orthogonal sequence is ‘true’ in
some state, that is, its experimental function takes the value 1 at such state, all the other
experimental functions have to take the value 0, so the rest of the experimental propositions
are ‘false’. This is the same also if the sequence is only pairwise orthogonal. Hence,
according to Maczynski, it makes sense to require that the set of experimental functions
satisfies the postulate that both concepts are equivalent for such set. This is called by
Maczynski the orthogonality postulate. It is equivalent to Mackey’s fifth axiom and it allowed
Maczyniski to prove that L is a complemented lattice. We have the following theorem by
Maczyniski (version adapted by Pykacz [9]):

Theorem 1 (Maczynski'73 [10]). Let O, S, and p be given as above, let L be the set of experimental
functions defined by p, and assume that they satisfy the orthogonality postulate. Then,

1. Lisalogic with respect to the natural order of real functions, with complementation f+ =

1-f, felL
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2. Each observable A determines a unique L-valued measure My : B(R) — L defined as
Mu(E) = f5,  VE e B(R).

The family {M4, A € O} is surjective
3. Eachstate p € S determines a unique probability measure m, : L — [0, 1] defined as

mp(f) = flp)  VfeL

The family {m,,p € S} is ordering.
4. Foreach A€ O,p € Sand E € B(R)

p(A,0,E) =mpoMu(E).

Conversely, if L is a logic admitting an ordering set of probability measures S and O is a
surjective set of L-valued measures, then the function defined by

p(A,p,E) :=poA(E)

withp € Sand A € O is a probability function that satisfies the orthogonality postulate and whose
logic, LY, of p is isomorphic to L. Note that two logics are isomorphic if there is a bijection between
them preserving the order relation and the orthocomplementation.

4. Quantum Mechanics

The VIIth axiom of Mackey says that the quantum logic is isomorphic to the Birkhoff-
von Neumann logic £ of closed subspaces (or the projectors over such subspaces) of a
certain separable Hilbert space . We saw in Example 3 that the partial ordering is given
by the inclusion, the meet is the intersection, and the join is the sum. The complement is
the orthogonal complement inside the Hilbert space with inner product (-, - ).

We follow closely the argument of Mackey [1]. Let ¢ be a unit vector on the Hilbert
space and let P be a projector. It is clear that

P —— my(P) = (Pp, )

is a probability measure on L representing the pure state . One can prove that a convex
linear combination of these probability measures

m =

M=

Il
—

N
aimy,, a; € R+, Zai =1
i=1

defines also a probability measure on £, generically corresponding to a mixed state. Now,
by a theorem of Gleason [17], one can also prove that in a dimension bigger than 2, these
are all the probability measures if we assume the reasonable condition that, for each non
zero projector, there exists at least a vector ¢ € H such that my(P) # 0. Observables are
defined as £ valued measures, that is, projection valued measures. By the spectral theorem,
there is a one-to-one correspondence between projection valued measures and self adjoint
operators. Hence observables are self-adjoint operators.

We will focus on finite dimensional Hilbert spaces. General (mixed or pure) states are
described by density matrices, that is, self-adjoint, non negative matrices with trace 1. If p is
a density matrix, A a self adjoint operator, and E a Borel subset of R, and the probability
function p(A, E, p) is the trace of the corresponding projector times the density matrix.
In any case, 0 < p(A, E,p) < 1, since in the standard formulation of Quantum Mechanics
this quantity is a probability. We will extract some consequences from this fact.
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5. The Maczyriski Experimental Functions
5.1. The Qubit

We want to describe the qubit system with the BvN (Hilbert space or standard) logic
in terms of Maczyriski functional representation of Quantum Mechanics.

We then consider the Hilbert space H = C2. The set of observables is a subset (Not
all self-adjoint operators have a clear meaning as observables. For example, those that
violate a selection rule cannot be considered as observables of a physical theory) of the set
of self-adjoint operators

@:{AeA@ﬂmn|A:A*}

In the basis of the Pauli matrices

10 0 1 0 —i 1 0
o=Id=1, 1) a=1; o) 2=\ o) *={p 1

a self-adjoint operator A can be written as A = 2;34:0 ayoy ,ay € R

ag+az ay—iap 2 2 5 9
A= . , det A = a5 — a7 — a5 — a5. 5
(a1 +1ap; 4 —113) 0 1 2 3 ®)

The set of states S consists of the density matrices, that is, 2 x 2 self-adjoint matrices
that are non negative (the eigenvalues are non negative) and with trace 1:

S = {p € Mayx2(C) | p = p', p is non negative and trp = 1 }

We will write a density matrix as

_ (pPotps PliP2>: 4138 6
P (P1+ipz £o — P3 pordrp-a ©)

with p,, real. The trace condition implies that py = 1/2. From the characteristic equation

det(p — AId) =0

P+ = po 1/ pT + 03+ 03,

and taking into account that o+ > 0, the non negativity of p is equivalent to detp > 0, that is,

we obtain

1
PLtp+es< g @)

so they can be represented as a ball of radius 1/2, the Bloch ball (see Figure 2).
The pure states correspond to density matrices satisfying

trp2 =1

They form a sphere of radius 1/2, the Bloch sphere. For these states the equality in (7) holds.
Antipodal points represent mutually orthogonal states. The points inside the Bloch sphere
represent mixed states and its center represents the maximally mixed state.
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Figure 2. Bloch ball of states and vector associated to the observable.
The eigenvalues of A in (5) are also
Ar :aoi‘ﬁl, ia= (ﬂ],az,ﬂg,), (8)
and the eigenvectors are given by the conditions
= ()
02
Ay (a3 — |d|)vr = — (a1 —ia2)v2
A (a1 +iaz)vy = (az — |d])v2 9

Let B(IR) denote the set of Borel subsets of the real line. We then have four types of
sets with respect to the eigenvalues A+:

e  Borel sets Ej such that A+ ¢ Ej;

e Borelsets E4 suchthat A € Ex and A_ ¢ E;
e Borelsets E_suchthatA_ € E_and Ay ¢ E_;
e Borelsets Ex suchthat A4, A_ € E..

The projector Pﬁ on the subspace of eigenvectors in H that correspond to eigenvalues
contained in E is the same inside of each of the above four classes. We have:

1 [|d|+as a1 —iap
P% =0, Pl = . S ,
A AT 24| (m +iay |d| — a3

_ 1 |d| —az  —ap +iay
P =1d, Py = — : . .
4 4 20d (—al —iay  |d|+ a3 (10)
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Remark 1. If the two eigenvalues coincide, then |d| = 0 so ay = ay = ag = 0, the observable is
just apld and the projector is the identity. In that case only Ey and E+ are possible.

The experimental functions:

f5

S —— [0,1]

p —— fi(p) = p(AEp),

represent the probability that the outcome of the measurement of the observable A in a
state p is in the Borel subset E. This is computed as the trace of the projector times the
density matrix tr(Pkp):

1 1
falp) =0, falp) =5+ W(”lpl + az02 + a3p3),
+ _ 1 1
fa () =1, fa (p) = 5 W(alpl + ax05 + azp3)

Notice that changing 7 by — we switch from f} to f,, so if A is arbitrary it will be enough
to consider the functions, say, f 1.

Indeed, we see that the experimental functions, other than 0 and 1, depend only on
the unit vector @ = /|d|, with @ = (a1, a;, a3). We will denote those functions as

o T, . 1
fﬁ(P):§+a'P:§+|P|C059/ (11)

where § = (p1,02,03), |f| < 1/2 (see (7)) and 6 is the angle between g and 4. There is no
dependence on the azimutal angle.

Let us consider the vector 4 fixed. The function f; only depends on cos 6 and |g|. When
|6| = 1/2 we have a pure state and the set of pure states with 6 constant is represented in
the Bloch sphere of Figure 2 by the blue circles. The green vector represents an arbitrary
state. One can check directly that 0 < f;(p) < 1.

If we fix |g|, we obtain the functions f; in terms of 6 only. In Figure 3 we have
represented some of these functions for different values of |g|. The function for pure states
|6| = 1/2 corresponds to the blue curve.

Probability

: L . I ~ Qinradians
-1.5 -1.0 -0.5 F

Figure 3. Experimental functions of the qubit in terms of the angle between the Bloch vector and the
unitary vector associated to the observable A [18].
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The orthogonality condition is
fatfo=1+@+d)p<1 = (a+d) <o, (12)

which is only possible, for all g, if & = —4’.
We thus conclude that the only types of pairwise orthogonal sequences are:

{0,1},

{0, fa},

{fa f-a},

{0, fa, f-a}-

We recall here that a one element sequence is, by definition, orthogonal and that (7)
implies that f;(p) < 1 (as it should be for a probability). We observe then, that all pair-
wise orthogonal sequences are also orthogonal sequences, so the orthogonality postulate
is satisfied.

We can restrict the experimental functions to pure states only. Let

{10),11)}
be the standard basis in #, and let ¥) € H. We choose

L

%) = Wol0) +¥4[1) € X with  (¥[¥) = [¥o>+ [¥1> = 1.

Then
1 1 . . Yol? — |¥1/?
f;(‘lfo,lf’l) = 5 + ﬁ <a1Re(‘I’0‘I’1) — llzlm("}foqfl) + a3|0|2|1|> .
If Yo and ¥ are real, then we can parametrize the state as
Yy = cosa, Y, =sinug, a € (0,27

and the experimental functions take the simple form

1 1 1
fala) = 5 + Zz’(al COSOCSiI‘llX—FlZg,E(COSZtX—SinZ )) :

If we choose a reference frame in which only a3 = 1 and the rest 0, we get
fa(a) = cos®a.
(This equation holds even if there is a phase between ¥ and ¥1).

5.2. Two Qubits Entangled

We have now a Hilbert space that is a tensor product of the Hilbert spaces of the two
qubits, H =~ C? ® C2. We will work with the basis of the matrices M3 (C) formed as
products of the Pauli matrices (Dirac basis):

{ou® UV}Z,V:O (13)

We will use Einstein’s convention, so the sum over repeated indices should be understood.
Greek letters will represent indices that run from 0 to 3, while Latin letters will represent
indices that run from 1 to 3. We will use the notation for the density matrix in terms of the
Bloch matrix [r,y] (see Ref. [12])

t

) 1)

b

1 1
p= 17’]41/0}: oy, [rpn/] =\z
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which is real. One has immediately that trp = 1 since tro; = 0 . The vectors § and 7 can be
interpreted as the Bloch vectors of the first and second (respectively) qubits. In fact, tracing
out (see property 3 below) the second (first) subsystem, one obtains

01 = trpp = %Id +5.-0, p2 = trip = %Id +7-0, (15)
which, comparing with (6), gives
§=p1, 7 = pa. (16)
R = [r;j] is called the correlation matrix.
Using the fact that tr(0},0,) = 26,, and the property 3 below, one has that
fu = tr(o -0y @0y).

The eigenvalues of the sum of two operators have no easy expression in terms of the
eigenvalues of each operator, so we will restrict our analysis to factorizable operators, that
is, operators of the form C = A ® B. We recall that:

1. C'=A"@BY

2. det(A® B) = (det A)?>(detB)?%;

3. tr(A®B)=trA trB;

4. If Ais an eigenvalue of A with eigenvectors 1, where a runs over the multiplicity of

A, and  is an eigenvalue of B with eigenvectors v?, b running on the multiplicity of y,
then Ay is an eigenvalue of A ® B and u” @ v" are eigenvectors of Ap.

According to (9), we have eigenvalues A+ = ag + || for A and p+ = by % |b| for B, so
we have 4 eigenvalues (some of them may coincide) for A ® B,

Ny = )L+]/l+, Ky = /\+]/l_, N4 = )L_]/l+, N__ — /\_‘Z/l_.

Example 4. Let us consider the simple case

posma- (b 0)

Then
1.0 0 0
0 -1 0 0
C=nwn=|y o 1 of
00 0 1

which has two eigenvalues, 1, each one with degeneracy 2. Given the operator C, the decomposition
C = A ® B is not unique, since, by the properties of the tensor product, one can rescale A" = rA,
B' = B/rand C = A’ ® B’ too. It may happen that there is a natural choice, as for this example.
Otherwise we have to choose one such decomposition. The operators A @ Id and Id ® B determine,
in this case, uniquely, a unitary vector of the standard basis by giving their simultaneous eigenvalues,
that is, A = £1 of A, u = £1 of B. Whenever there is no possibility of confusion, we will denote
(as usual)
ARId — A, Id ® B — B.

Operators A and B represent the local properties of the system, that is, properties of each qubit.
So we will assume that we have chosen one such decomposition C = A ® B, since we

are limiting our study to decomposable observables. The following analysis will have an
equivalent one for every such decomposition.
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It is useful to classify the Borel sets according to the eigenvalues A+, yi+ that they en-
close. Below we list the following types of Borel sets (for each type the projector is similar):

Sets that do not contain any eigenvalue,

Sets that contain only one eigenvalue,

Sets that contain only the two eigenvalues of the same subsystem,
Sets that contain only two eigenvalues, one of each subsystem,
Sets that contain only three eigenvalues,

Sets containing the four eigenvalues.

oG W=

See Remark 1 for the case in which one of the operators has a degenerate eigenvalue.
This would reduce the number of possibilities.
We compute the experimental functions for each type of Borel set:

1.  Fortype 1 wejust have Py ® Py =0,
Type 2 corresponds to a projector Py in one subsystem times a projector over the
eigenspace of A4 (pi+) in the other. There are four posible combinations but the result
is always 0,

3. Type3correspondstold ® Py = 0, Ph ®Id =0,

4. For type 4, let us consider Pjg% = P} ® Py, the projector onto the subspace of eigen-
vectors in ‘H that correspond to the eigenvalues A, j, that is, we are considering a
Borel subset E that contains only A and 4 where, according to (10), we have:

pt — 1 <|ﬁ|+a3 aliQZ)’ P+ 1 <|E|+b3 blib2>'

AT 2d[ \m +iay  |d] — a3 B _ﬁ by +iby |b| — bas

We denote as 4, b the respective unit vectors for 4 and b. The experimental functions
on an arbitrary density matrix (14) can be explicitly computed as:

(o) = tr(pPy ).

a,b AR®B
After some algebra we get
1 - A
+ 4= 2 _ L 2 A7, ~t
EER) = (145 a+7-b+a'Rb). (17)

This can be read as the probability for the observables A and B getting the values A4
and jiy, respectively. The observable A ® B gets the value w4 = A .
Unlike for the qubit, it is not straightforward to check here that 0 < f:b+ (5,7, R) <1,

but since this is a probability, according to the Hilbert space machinery, the inequalities
must be satisfied. At the end of the section we will check it for pure states. These
inequalities should be related to the positivity conditions for the matrix p, obtained,
in the formalism of the Bloch matrix, in Ref. [13].
To get the rest of the experimental functions for type 3, we only have to change in the
projectors & for —a to obtain A_ and b for —b to obtain .

5. Type 5 are projectors of the form P*—* = Id ® Py or P+~ = P7 ®Id. The experi-
mental function of, say, ptt- = PX ® Id reproduces the result of (11)

s 1
6 = 550 (18)

6. Type 6 is just the identity.

A series of experimental functions is orthogonal if its sum is less or equal than one. This
happens, for all density matrices, when we sum probabilities of events without intersection.
For example,

P [
G TERR) T GRR) =S +5 <1, (19)

ab
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according to the Hilbert space formalism. We can extract, as a consequence, the inequalities

<F-a<

N =
N —

In particular, choosing appropriately 4, we get

1
*ESSz‘S

NI~

The same can be said about the components of 7.
Another case is the following sum

1/, .
EER) 4+ f GRR) =545 (abe) <1, (20)

ab

which implies
-1 <a'Rb < 1.

In particular, choosing the axes & and b appropriately, we have that all the entries of the
correlation matrix satisfy
-1<R; <1

We can also choose 4 = (1,0,0) and leave b arbitrary; then:
At by 2 2 2 \1/2
a'Rb = (R117R12/ R13) : bZ - (Rll + R12 + R13) COS’B S 1,
b3
where B is the angle between the vectors (Ry1, R12, R13) and b. This implies

R} + R, + R < 1.

The same reasoning can be done with @ = (0,1,0) or 4 = (0,0,1). We then obtain that the
vectors corresponding to the rows of R, (Rj1, Rjp, R;3), satisfy inequalities

Ry +RL+RL<1, i=1,23. (21)

If instead we leave 4 arbitrary and choose for b the unit vectors of the three perpendicular
axes, we will obtain that the columns of R satisfy similar inequalities,

R} +R%+R5 <1 i=1,23. (22)

Again, (21) and (22) are inequalities constraining the space of the density matrices,
independently of any observable.

In Ref. [13] the conditions of positivity for the matrix p are investigated in terms of the
decomposition that we are using here. One such condition is

tr(R'R) + |5]> + |7> < 3.

However
w(RR) = (R} + Ry + REy) + (RS, + Ry + Ry ) + (RE + Ry + R, ) =
(R3 + R, + R:,) + (R3 + Re, + RS, ) + (RE + Ry, + RS, ),

hence, conditions (21) and (22) imply, in particular, that tr(R'R) < 3, which is consistent
with the fact that [3]? + |F|> > 0. For the case where the equalities in (21) and (22) are
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fulfilled, one has that tr(R'R) = 3, which implies that |[§| = |7| = 0so§ = 7 = 0. This
condition is known as the two qubits being locally maximally entangled, i.e., when tracing
out one of the subsystems, the other is left in a maximally mixed state, so its density matrix
is proportional to the identity (see Equation (15)).

Pure States

Let {|u1),|u2)} and {|v1), |v2) } be standard basis in C? and let |¢)) € H = C?> @ C? be
a unit vector representing a pure state:

p) =Y Ajlmy @), (@lp) =), NlP=1, (23)
ij=1.2 ij=1,2
for )\l-]- € C. Asbefore, we consider the observable A ® B with

ag+az ap—iap bp+bs by —iby
A= . , B = . .
a) +1a; ag—as by +iby by — b3

We also have the projectors onto the eigenspaces of A, i1 (see (8)), given in terms of the
unitary vectors

2 2 2 2
(ﬂl,a2,ﬂ3>, a :al +ﬂ2+ﬂ3,

x>
Il

SO
Il
S = Q|-

(bl/b27b3)/ bz = b%+b§+b§,
pr_ L[ 1+as a4 —id pt_ 1 AH’A’% 191_1}32
A 2\a1+idy 1—4a3 B by +iby 1—-1Db3 )°
We consider now the case 4 = (0,0,1). Notice that, by a change of the reference frame,

we can always choose our basis in the three dimensional space, such that this condition is
satisfied. Therefore we are not loosing generality. B is still general. Then we have

A_( 0 a0—1>’ Pa = 0 0/
We compute the probability that a measurement of an observable A @ B gives the
eigenvalue A4 p4 . To facilitate the writing, we make some definitions:

Mi=An, A= Ap
A= (MA3 + AL, =i(AAs = A2AT), A2 = [Aaf?).

One can prove that |A| = \/A1|% + [A2]2. Then it results that
Fit = Wwip @ B gy = 2 (1P + a2 +5-7)
b G 2
Let 6 be the angle between A and b. Since, according to (23), |Aq |2 + |A2 |2 <1,

f++ < (|A 2+ (A2 )21 4 cos ) <

The function f Ft:F is the restriction to pure states of the function f ++in (17) and we
are able to check dlrectly that it satisfies the inequalities

+
O<B<1
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5.3. The ‘Nested” Qutrit

In C? we consider the spin operators

In H = C% ® C? we consider the spin operators 51, = S; ® Id and Sy, = 1d ® S,. The stan-
dard basis is the ordered basis of eigenvectors of these operators and it is denoted as

00) = [0) ©10), |01) = 0) @ 1),
10) = [1) @0), [11) = 1) @ 1), (24)

where the indices 0, 1 denote the eigenvalues +1/2 and —1/2, respectively.
The total angular momentum S = S; + 5;, modulus squared, is given in terms of this

basis as
1 0 0 0

f @ @, @ |0 12 120
$-8=853+5j+52 =0 15 172 ol
0 0 0 1

with eigenvalues A = 0 (multiplicity 1) and A = 1 (multiplicity 3). A basis of eigenvectors is

1 .
|00), |gs) = \ﬁ(|01) +110)), [11), (eigenvalue ),
and
|9a) = \2(|01> - [10)), (eigenvalue0). (25)

Following Ref. [14], we denote this basis as the entangled basis.
As in (14), we express the density matrix of the entangled qubits in the standard
basis as

P11 P12 P13 P44

stn _ Pl P22 P23 P2 :1 _ 1 7t
P Pl3 P23 P33 P34 4w ® v, (7] <§ R

Pla P24 P34 Pa4

Developing the last term, containing the Bloch matrix, one finds (see Ref. [13])

1+R33+s3+73 R31—iR3p+r1—irp Ri3—iRp3+s1—isp R11—1R1p—iRy1 —Rp»

stn 1 R31+iR3p+r1+irp 1—R33+s3—13 Rq1+iR12—1R1+R2» —Rq3+iRp3+5s1—isp

= 4| Ryz+iRp+sy+isa  Ryp—iRpp+iRy+Rp 1-Rs3—s3+13 —R31+iRzp+r1—irp
Ri1+iR1p+iRp1 =Ry —Ryz—iRps+si1+isy  —Rs1—iRgp+ry+ir 1+Rs3—s3—13

To change the basis from the standard to the entangled one, we compose the vertical
array of unit vectors with the unitary matrix A:

00) 00) 1 0 0 0
|gs) 4| 101 4 0 1/vV2 1/v2 0
111) 110) |’ 0 0 0 1
|qa) 11) 0 1/v2 —1/v2 0
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Then, the density matrix in the entangled basis is p™8! = AfpS" A. We will denote it as

T Tz T3 P

ntgl _ | T2 T2 T3 Y
* * 7

Ty T3 W0

'B* ,)/* (5* o

One could prepare a state with « = § = v = = 0. Then, it represents a qutrit inside
the two entangled qubits. In Ref. [14], this ‘nested” qutrit is studied in the context of the
dipolar coupling of the two qubits. There, a family of Hamiltonians are given, for which
time evolution of the system preserves the constraints defining the qutrit.

Writing the constraints in terms of the Bloch matrix, one can see that the conditions
for the qutrit become simply

[ T+ T2+ ta=1

7=5, R =R (26)

Hence, the experimental functions (17) are simplified. Notice that we are giving the
experimental functions of a qutrit for observables that are factorized in terms of two qubits.
In Ref. [14], only factorizable density matrices are studied, but with the Bloch matrix
method, an arbitrary density matrix is allowed.

Unitary Transformations

It is worthy to stop here to see the form of (special) unitary transformations for the
nested’ qutrit.

In Ref. [15], a decomposition of the group SU(4) (special unitary transformations of
the two qubit system) is given in terms of a structure oforthogonal symmetric Lie algebra of
the Lie algebra of SU(4), su(4). We give here the definition [19]:

’

Definition 16. Orthogonal symmetric Lie algebra. Let [ be a Lie algebra over R and s an involutive
automophism of | (that is, s> = 1d and s # 1d). Let u be the set of fixed points of s and suppose
that w is a compactly embedded subalgebra of . Then, the pair (1,s) is an orthogonal symmetric
Lie algebra.

The Lie subalgebra u is the eigenvector set of eigenvalue 1 of 5. The eigenvector set of
eigenvalue —1 is denoted by p and it is, in general, just a vector space. One has

[wu] Cu, [wp] Cp, [pp] Cu

The Lie algebra su(4) = { antihermitian, traceless, 4 x 4 matrices } has different structures
of orthogonal symmetric Lie algebra. The structure that is of interest here is the one whose
involutive automorphism is s(X) = X. Then

u = s0(4) = { real, antisymmetric 4 x 4 matrices },

p = { symmetric, purely imaginary 4 x 4 matrices }. (27)

A maximal abelian subspace of p is the set of 4 x 4 diagonal matrices. A basis of su(4) is
given in terms of the Dirac matrices (13)

i i i
—0;®09, =00Q0;, =

5 5 2c7i®¢7j, z,]:1,2,3}. (28)



Symmetry 2023, 15, 2103 18 of 25

These correspond to the standard basis of C? ® C? (24), which is a basis of eigenvectors of

10 0 O
0 -1 0 0
BEB=1o 0 -1 0
0 0 0 1
Performing a change of basis from the standard one to the Bell basis (see for example
Ref. [15])
1) = = (100) + 1)
1 \/i 7
i
by) = —(]10) +(01)),
1b2) = = (110) +101))
1
b3) = —=(]|10) —[01)),
1b3) = 75 (110) = |01))
i
by) = —=(]00) — |11)),
s) = 75((00) ~ 1)
one can deduce directly the above decomposition. Let
10 0 1
B— 110 i i 0
20001 -1 o0
i 0 0 —i

and let
T = Boy BT,

Then, by an elementary calculation, one obtains
u= SPaH{TOL T02, T03, T10, 20, Tso},

since they are all real antisymmetric matrices. The rest

p = span{Ti1, Ti2, T13, T21, T22, T23, T31, T32, T33 },

are symmetric, purely imaginary matrices. An abelian subset of p is the subset of diagonal
matrices

a = span{’rll, T22, T33}.

This coincides with the decomposition given in Ref. [15] in the standard basis, where the
commutation relations among the generators are explicitly exhibited.
On the other hand, it is well known the isomorphism

50(4) 2 50(3) B s0(3) = su(2) @ su(2).

There is a theorem (see Ref. [19], Chapter V, Theorem 6.7) that gives a decomposition of a
group whose Lie algebra has the structure of an orthogonal symmetric Lie algebra. This
theorem, applied to our case, asserts that SU(4) admits a decomposition

SU(4) ~ (SU(2) x SU(2)) exp a(SU(2) x SU(2)). (29)
The factor exp a is a 3-torus. A unitary transformation can then be cast in the form
u= k1U(lX, B, ’)/)kz, ki,kr € SU(Z) X SU(Z) with

U(w,B,7) = (@ +HPTR+YT33) — ofT11 B2, T3 — Uy () Uz (B)Us (7).
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The transformations k1, k; are interpreted as local transformations, that is, transformations
involving, separately, the two subsystems of one qubit. The transformations U(«, B, ) are
instead genuine non local transformations. In Ref. [13], Appendix C, the general form of
such U(a, B, ) is given in terms of the Bloch matrix. For example, U (a) will transform

ol = (3 7)

into
1 S1
"= | rpcosa+ Ryzsina |, s’ = | spcosa + R3zysina |,
r3cos — Ripsina s3cos i — Rpp sinw
and
Ri1 r3sina + Ripcosa  —rpsina + Ryzcosa
R' = | szsina+ Ry coswa Ry Ros
—spsina + Rap cosa Rap R33

Such transformations preserve the qutrit condition (26), and so does a general transfor-
mation U(a, B, 7). Apparently, these transformations have three parameters, «, f, and 7.
Nevertheless, one can check with Ref. [13] that, if one assumes the qutrit condition, only
differences among these parameters occur. So we have a two dimensional abelian group
A of non local transformations. For completeness, we write here the transformations. We
denote 81 = B —a and 6, = v — «. Then:

1 = r1cos(8; — 62) + Roz sin(6; — 65), rh = rpcos 0y — Ryzsin b,
15 = r3cos 01 + Rypsinfy, Rj; = Rypcos 6y + r3sin 6y,
Rl = Rpzcos(y — 6p) — rq sin(6; — 6,), Ri3 = Ryzcos b, +rysin b,
Rj; = Ry, Ry, = Ry, R33 = R,

The local transformations are reduced to ki,k; € SU(2) = diag(SU(2) x SU(2)), so
from (29) we are left with a decomposition of unitary transformations of the qutrit as

SU(2) x A x SU(2).

This is a subgroup of SU(4) with 8 parameters. Since the unitary transformations for the
qutrit are SU(3), the formula above is a decomposition of SU(3). The group A is a 2-torus,
isomorphic to the subgroup of exp(a) with « = 0.

At the infinitesimal level, the two (commuting) vectors fields, generators of the action
of A on the set of Bloch matrices, satisfying the qutrit condition, are

Py .
891 - 2381’1 1281’3 38R12 18R23’
) ) 0 0 )

= —Ry3— — Riz=— 4+ r=—— + 12—,
892 s ar1 13 81’2 tn 8R23 Tt 8R13

6. The Fuzzy Set Picture

Fuzzy sets were introduced by Zadeh [5] in a different context and soon they were
used in many practical applications.

Definition 17. A fuzzy set is a pair A = (U, pi4) where U is a set called the universe of discourse
and 4 is a function
pa:U—10,1], (30)
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called the membership function. The number y 4(x) indicates the degree of membership with which
the element x belongs to A, 0 meaning no membership and 1 full membership. We will indistinctly
use the notation A or 4 to refer to a fuzzy set.

Definition 18. Let A and B be two fuzzy sets in the same universe of discourse U.
1. A=Bifanonlyifus(x) = up(x) ¥x € U.

2. ACBifanonlyif uy(x) <up(x) Vx € U.

3. The bold union AU B is defined as

paus(x) = min{p 4 (x) + pp(x), 1}

4. The bold intersection AT B is defined as

Hang(x) = max{p4(x) + pp(x) — 1,0}

5. The complementation of A is

) =1-pa(x)  Vxel,

6.  One defines the empty set @ by pg(x) = 0, and its complement is U itself with py(x) =1,
7. Aand B are weakly disjoint if AN B = @.

The bold union and intersection [6,20] are not the union and intersection originally
introduced by Zadeh, that is,

Haus(x) = max{pa(x), us(x)},
Hang(x) = min{p4(x), pp(x)}. (31)

The union and intersection (31) do not satisfy the law of excluded middle and the law of
contradiction,

ANA =0, AuA =U,

but they are distributive (see Equation (1)); then they are not well suited to describe a
quantum system.

Instead, the bold union and intersection satisfy the law of excluded middle, the law of
contradiction and are not distributive.

On orthogonal sets, A B = @, one can see that the bold union is just

paus(x) = pa(x) + pp(x).

Our aim is to interpret them in the context of the Birkhoff-von Neumann (standard) logic.

In the fuzzy approach to Quantum Mechanics by Pykacz [8,9], the experimental
functions of Theorem 1 are interpreted as membership functions of fuzzy sets in the
universe of discourse formed by all the possible states of the quantum system. We quote
here the theorem of Refs. [8,9], which allows for such an interpretation.

Theorem 2. Any logic L with an ordering set of probability measures S can be mapped isomor-

phically to a logic formed by a family of fuzzy subsets of S, L (S), that satisfies the following

properties:

1. @ belongs to the family L (S).

2. If Abelongs to Lf(S), so does its complement A’.

3. Given a countable family {A;}:c; of fuzzy subsets inside L (S) which is pairwise weakly
disjoint, A; "V Aj = @ for i # j, then U;c [ A; belongs to L (S).

4. IfANA=Qthen A= Q.
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Conversely, any family of fuzzy subsets of a universe U, satisfying properties 1-4 above, is
a logic where the partial order is the inclusion of fuzzy sets and the orthocomplementation is the
complementation of fuzzy sets. The notion of orthogonality coincides with that of weak disjointness.
The set of ordering measures is given by elements of the universe U as

mo(A) =pualp) VYoel. (32)

The universe of discourse U is the set of states S. As stated before, given two member-
ship functions p 4(p) and ug(p), the bold intersection being the empty set, implies that the
bold union is

palpus=patps =1,

and then, the function m,, : L£f — [0,1] above satisfies the conditions to be a probability
measure. The same is true for an infinite countable succession of 4;; this is guaranteed by
property 3 in Theorem 2.

In Quantum Mechanics, each state is represented by a density matrix, therefore the
universe of discourse is

S= {p € Muxu(C) | p = p', p is non negative and trp = 1 }

By stating this we have already introduced the Hilbert space. The membership functions (4)
are determined by an observable A and a Borel set E C R

f£(p) = p(A,p,E) = tr(pPf)),

where p(A,p,E) is the probability map of Mackey (2) and P# is the projector on the
subspace of H that is the sum of the eigenspaces of A in H with eigenvalue in the Borel set
E. So the membership function j4(p) = f%(p) contains information about the observable
A and the Borel subset E.

6.1. The Fuzzy Bit

For the qubit, the membership (experimental) functions (11) are labelled by a unit
vector 4

where

plus the constant functions 0 and 1.

They are functions f : i/ — [0, 1] that, according to Theorem 2, can be interpreted as
membership functions of fuzzy sets. These functions are orthogonal if the bold intersection
of fuzzy sets is the empty set, so

D

paNug=max{a-g+b-p,0}=0 < a-g+b-g<o.

Since this relation has to be satisfied for all p € S we recover the result in (12), that is,
a=—b.
If the fuzzy sets are orthogonal, then its bold union is

paUppg =min{pg +ug 1} =1,

that is, the union is the universe of discourse S, which makes sense, since it is the probability
that the eigenvalue of A is +1 or —1, which exhausts all the possibilities.
We now give some examples that help to clarify the role of the fuzzy sets for the qubit.
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Example 5. The gate NOT.We consider a qubit. Let { |0), 1) } be the ordered basis of H ~ C? of

eigenvectors of 03,
1 0
03 = 0 -1/

Let |[¥) = v9|0) + v1]1) € H a vector representing a pure state, so |vg|? + |v1|> = 1. Thereis a
transformation that flips the two basis states (the NOT gate). It is represented in this basis by the
unitary matrix

1
u—<0 )—01, U[¥) = v, ]0) + vp1).

10
Notice that det U = —1. Its action on a density matrix is
o= (fzoo P01> s uput = (Pn (501).
po1 P11 po1 oo
In terms of the sigma matrices we have that
Ualqu = 01, U(TzuTL = —02, U(T3u+ = —03,

so the flip transformation takes § = (01,02, 03) to ' = (01, —p2, —p3). In the Bloch sphere, this
is a rotation of 180° around the x, axis.
The probability of finding the system in a state “+" with respect to an arbitrary axis 4 is

T . ; R
fi () = 5 T mp1 + o0z + d3p03.
Effecting the NOT transformation changes the probability to
L 5 R
fi (o) = 5 T hp1 = dap2 = d303. (33)

Notice that applying the NOT gate to the fuzzy bit is not the same than computing its complement
fi (o) =1- 13" (p) as a fuzzy set. This has been the cause of some confusion in the literature.
However, in the particular case that 4 is the x3 axis, 4 = (0,0, 1), then one has that

W) =5 -ps
which is equal to its complement as a fuzzy set

1= fi (o) = % —ps3-
This probability coincides with f; (o) = f*,(p).

Example 6. The gate v/ NOT. In the same setting than the example above, one defines the square
root of the gate NOT, v/ NOT, as a unitary transformation such that

VNOT - V'NOT = NOT. (34)

This transformation is not unique, but it is usual to choose the following one:

11+ 1-i
u‘z@-11+0'
(Notice that det U = i.) The sigma matrices behave, under this transformation, as

U01U+ =0, u0'2u+ = 03, LI03LI+ = —0y,
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s0 = (01,02,03) goes to 3" = (01,3, —p2). In the Bloch sphere, this is a rotation of 90° around
the x1 axis. It is clear that (34) is satisfied. The membership functions then change as

1 R R
faJr(Pl) = 5 +a101 + d203 — d3po.

N

It is known [21,22] that the negation in fuzzy logic (orthocomplementation of fuzzy sets) does
not have a square root. Particularly, Lemma 17.1.12 in Ref. [21] reads: “There is no continuous
function f : [0,1] — [0,1] such that for any x € [0,1], f(f(x)) = 1 — x”. The authors then
provide an example of square root in which the function f is not continuous.

In our approach, since the NOT gate sending the fuzzy set fi (p) to f(0)" = f;  (0') does
not coincide with the negation, f; (p)/ # 1 — £, (p) in general, a continuous square root of the
gate NOT is allowed.

6.2. The Entangled Fuzzy Bits

For the entangled fuzzy bits, the membership functions of £ = A x B are given in
terms of the two unit vectors 4 and b (17):

1 . A
22 n\ — (27 R) — & 2 AL At
ue(s,7,R) 7fﬁ/}; (5,7,R) = 4(1—1—5 a+7-b+4a Rb).
In the two examples (19) and (20) one can check directly that the orthogonality of the
membership functions implies that the bold union is again a membership function:

e +—(27 R) — FHt—(2 7
ab (5,7, R) + ab (5,7, R) = fﬁ,l? (87 R) <1,
. S,

o GTR)+f (57, R) <1,

that is, the sum is again a probability.

Example 7. The CNOT gate.The Controlled NOT gate has an input of two qubits. In the ordered
basis of H ~ C? ® C? used above, the CNOT transformation acts as

{]00), 01), [10), |11) } } CNOT,

It is represented in this basis by the unitary matrix

{100),[01),11),[10) }

(Id 0
_00'1'

Notice that det U = —1. We want to see how the membership functions change with this transfor-
mation, so we will compute first the change in the density matrix. Let us remind the notation (14):

S O O
S O = O
_ o O O
(= M)

1 ro re2 703 t
1 . 10 711 T2 T13 1 7
P = 1wy ® 0y, with [ruw] = = )

4 20 To1 T2 723 s R

3o 731 T32 733

For the transformed matrix

/_uu’r_}/ ® r (1 7/t
10 - p - 47”“/0—}[ Oy, [r}ﬂ/] - =/ Rl 4
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we obtain [18]:

gt ot
7' = (ro1,132,133), §" = (r11,121,730),
o 723 —TI22
!/ /
Ri=|ro -r3 r2 |, Too =too = 1.

31 T2 103

Let us consider A = B = 03,50 4 = b = (0,0,1). Suppressing & and b from the notation in (17),
we get

1 ++ 1
f++ = Z(1+7’30+7’03+733)/ fl = 1(14-7’30-0-1’334—1’03),
_ 1 -1
f+ = 1(1—}—1’30—1’03—1’33), fﬁL = 1(1_’_730_733_703)1
_ 1 — 1
f +:Z(1_r30+703_r33)/ f/ +21(1—730+1’33—1’03),
1 1
f7m =g =r30 — 103 +133), = 1 (1= 730 =733+ 103).

As expected, since the first qubit is a control qubit, we have

A A A A T A e

7. Conclusions

In this paper the meaning of the relationship between Quantum Mechanics, logics, and
fuzzy sets has been clarified. It results that a particular family of fuzzy sets, with universe
of discourse the density matrices in a Hilbert space, can actually faithfully represent the
Birkhoff-von Neumann logic of projectors of a Hilbert space. This choice is the same as
the “ad hoc’ choice of Mackey in his Axiom VII. The membership functions of the fuzzy
sets (or, equivalently, the experimental functions of Maczynski) have been computed for
three different systems: the qubit, two entangled qubits, and a qutrit ‘nested’ inside the
entangled qubits. A decomposition of SU(3), the special unitary transformations of the
qutrit, inherited from the orthogonal symmetric Lie algebra structure of su(4), has been
found. With the aid of the membership functions, we have proven that a continuous square
root of NOT exists for the qubit.

We have obtained families of probability distributions for different physical systems.
A possible application of our formalism would be to compute the classical Fisher informa-
tion that arises in the context of parametrized probability distributions. The classical Fisher
information measures the quantity of information that an observable random variable
carries, conditioned to the value of the external parameters (see Ref. [23] for a pedagogical
exposition of the subject). It gives the ‘distance’” between two probability distributions that
are separated by a slight perturbation of the parameters. Computing this distance in terms
of the distance between quantum states gives the quantum Fisher information. They are
both of interest in the field of quantum information.
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