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Abstract: This paper uses a finite volume algorithm to address the numerical modeling of fluid
flow around moving bodies. The Navier–Stokes equations, which describe the flow of viscous
compressible gas, along with key boundary conditions and discretization schemes, are presented. As
the motion of boundaries typically leads to changes in the control volumes, the basic discretization
schemes need to be adapted. This paper provides a detailed discussion on the adaptation of the
initial system to deforming boundaries while preserving communication topology. The method for
calculating the boundary velocity is a crucial element of the numerical scheme. The paper proposes an
approach to reconstruct the boundary velocity vector using deformation analysis and the condition of
geometric conservation. This approach ensures correct simulation results for arbitrary unstructured
computational grids. A comparison of two approaches to reconstructing the boundary velocity
vector for characteristic aviation problems in the direct formulation is presented. It is shown that the
proposed approach allows for more accurate modeling of object motion on arbitrary grids using the
“invariant” principle of the computational domain topology.

Keywords: computational fluid dynamic; unstructured grids; deformation; geometric conservation law

1. Introduction

Problems in hydro-aerodynamics that involve the motion or shape alteration of bound-
aries require special attention to formulate correct boundary conditions for numerical
simulations [1]. Accurately dividing the boundaries into classes based on motion is a
key step that affects the speed and accuracy of the calculation. The selection of moving
boundaries is determined solely by the physical formulation of the problem [2–4]. However,
in practice, attention should also be paid to boundaries that remain “fixed” throughout
the calculation. Fixed boundaries include model surfaces (computational grids), for which
invariance is guaranteed in both the numerical experiment and physical model. In addition,
often the open boundaries of the computational grid should remain stationary in order to
simplify the problem definition.

In some cases, it may be necessary to define open boundaries (boundaries of the
computational domain or subarea) as movable [5]. This is particularly practical when the
computational model (grid) includes one or more boundaries that move as a unit without
varying the distance between any two points on the surface being examined. With this
configuration, the entire computational grid can be moved according to the set of moving
boundaries without using deformation algorithms, resulting in a significant reduction in
simulation time and required computational power.
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However, this approach becomes inapplicable if at least one of the boundaries is
fixed or moves independently. In cases where the relative motion of the boundaries is
insignificant, the widely used method involves grid deformation with the preservation of
the communication topology [6]. This approach is suitable for modeling the “direct” motion
of an object. Unlike the conventional method of determining aerodynamic characteristics,
where the flow runs over a stationary body, this method assumes that the body is moving
in a stationary medium. Such problems arise during the design stage of aircraft when
determining the aerodynamic characteristics (ADC) for complex flight modes. These
problems are currently solved using finite volume methods with arbitrary unstructured
grids [7]. Such grids are selected in view of the fact that unstructured grids are usually
used in engineering practice at the present time because of their higher flexibility and
a possibility to build more complex models [8]. This choice, in turn, requires adapted
numerical schemes implemented in the code to ensure that the results obtained are correct.
So, this fact gave an impetus to the research in this area that allowed improving various
methods for computations on unstructured grids [9].

The methodology for modeling the interaction between a moving body and a viscous
compressible gas is based on the Navier–Stokes simultaneous equations. However, the
movement of nodes not only affects the inherent characteristics of the discrete model but
also modifies the underlying equations. This paper presents an adaptation of classical equa-
tions for solving numerical aerodynamics problems on deformable grids while preserving
the communication topology. The key component of the updated numerical scheme is the
boundary velocity vector. Although different methods can be used for its reconstruction,
for arbitrary deformations of the computational grid, they typically rely on the condition
of geometric conservation [10]. However, to obtain accurate simulation results, it is neces-
sary to analyze the deformation of the computational grid together with the condition of
geometric conservation, as further demonstrated in this paper.

This paper discusses the adaptation of the Navier–Stokes equations for the numerical
modeling of fluid flow around moving bodies on deformable grids while preserving the
communication topology. The algorithm for reconstructing the boundary velocity vector is
given special attention. The proposed formula, which is based on the deformation analysis
of the discrete model and the condition of geometric conservatism, ensures accurate results
for regular and unstructured grids.

The efficiency of the developed numerical algorithms is demonstrated on typical prob-
lems of fluid flow around bodies, such as the NACA0012 and AGARD 445.6 airfoils [11].
The numerical simulation of these problems is performed in the direct formulation, where
the body is moving. The correctness of the developed methods is shown through the
analysis of the lift and drag forces, which are accurately simulated by the proposed
numerical schemes.

2. Basic Equations, Method of Discretization, and Boundary Conditions

The unsteady three-dimensional turbulent flows of viscous heat-conducting gas are
described by the Reynolds-averaged Navier–Stokes equations [12]. These equations, in
their conservative form and expressed in Cartesian coordinates, are given below (averaging
signs are omitted):

∂ρ
∂t +∇ ·

(
ρ
→
u
)
= 0

∂
(
ρ
→
u
)

∂t +∇ ·
(
ρ
→
u
→
u
)
= −∇p +∇ · (τµ + τt)

∂(ρE)
∂t +∇ ·

(
ρ
→
u h
)
= ∇ ·

[→
u · τv −

(→
q µ +

→
q t

)] , (1)

The simultaneous equations (1) use generally accepted designations: ρ—density;
→
u—flow

velocity vector with components u, v, and w; p—pressure; E = CvT + 0.5
(
u2 + v2 + w2)—total

energy of gas; h = CpT + 0.5
(
u2 + v2 + w2)—total enthalpy of gas; τµ and τt—molecular

and turbulent components of the tangential tensor of shearing strain, respectively; qµ and
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qt—molecular and turbulent components of heat flow density, respectively; T—temperature;
Cv =

(
CpT− R/m

)
—specific heat capacity at constant volume; Cp—specific heat capacity

at constant pressure; R—universal gas constant; m—molar mass of gas; and τv—viscous
stress tensor.

The molecular component of the tangential strain tensor of a Newtonian fluid obeys
Newton’s law of viscosity, which relates the viscous strain tensor to the strain rate tensor.
The components of the heat flow density vector are related to the local temperature gradient
through Fourier’s law [10].

τµ = 2µ(T)
(

S− 1
3

I∇→u
)

, S =
1
2

(
∇→u +

[
∇→u

]t
)

, qµ = λ(T)∇T, (2)

The dynamic viscosity coefficient µ(T) and heat transfer coefficient λ(T), which vary
with the flow temperature, are determined using the Sutherland formula [13]:

µ = µ0

(
T
T0

)0.5 T0 + Ts

T + Ts
, χ = χ0

(
T
T0

)0.5 T0 + Ts

T + Ts
, (3)

where µ0 and χ0—dynamic viscosity and heat transfer coefficient, respectively, at tempera-
ture T0; and Ts—Sutherland coefficient.

The simultaneous equations (1) are incomplete due to the unknown relationship
between variables τt and qt of the system and the averaged parameters of the flow. This
relationship is established using additional relations, known as turbulence models. In
engineering, linear differential turbulence models [14,15] are commonly used, which utilize
empirical relations for the turbulent viscosity coefficient µt, as well as eddy-resolving
models such as Large Eddy Simulation (LES) and Detached Eddy Simulation (DES) [16,17].

To solve this system, boundary conditions of various types should be added to the
Navier–Stokes equations. A description of these conditions can be found in works [12,13].

The control volume method is used to numerically solve the simultaneous equations (1).
Arbitrary polyhedrons that cover the computational domain without gaps or overlaps
are used as control volumes (grid cells). Each polyhedron is bounded by an arbitrary
number of faces with vertices corresponding to the grid nodes. Figure 1 depicts the general
configuration of a cell.
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Figure 1. General view of a grid cell.

Let us clarify Figure 1. Here, P—center of a cell; F—one of the cells faces highlighted
in color; and

→
n f —normal to the face F.
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To apply the finite volume method for numerical solution, the Navier–Stokes equa-
tions for the three-dimensional flow of a heat-conducting viscous gas can be expressed in
vector form: d

dt

∫
∆V

WdV +
∮

∆ ∑P

(F− G)dS =
∫

∆V

H dV, (4)

where vector W—vector of conservative variables; F and G—vectors of convective and
diffusive flows; and H—source term.

W =


ρ

ρu
ρv
ρw
ρE

 , F =


ρun

ρuun + pnx
ρvun + pny
ρwun + pnz
ρhun + pun

, G =


0

τnx
τny
τnz(→

τ n,
→
u
)
+ q

 (5)

where un—normal component of velocity; q—heat flow; and τnj—normal components of

the viscous stress tensor,
→
τ n =

(
τnx, τny, τnz

)
.

The mean value theorem is used for the integration. The value in the center of the cell
is taken as the mean value over the volume, whereas the value in the center of the face is
taken as a mean value over the face. Hence, Equation (4) can be expressed as follows:(

∂W
∂t

)
P

∆VP +
n

∑
f=1

[F(W)− G(W,∇W)] f ∆S f − (H(W,∇W))P∆VP = 0, (6)

or in the operator form (
∂W
∂t

)
P

∆VP + L(W) = 0, (7)

where

L(W) =
n

∑
f=1

[F(W)− G(W,∇W)] f ∆S f − (H(W,∇W))P∆VP, (8)

The difference operator L(W) includes approximations of convective and diffusive
flows, as well as sources, and is formed on the basis of the implicit approximations of these
flows. One-sided differences are typically used to approximate convective flows. Therefore,
the approximation of a differential operator by a difference operator is of first order with
respect to the spatial variable. As the equations are nonlinear, iterations over nonlinearity
can be used to determine the solution at a new time layer. Let us use γ index to denote the
parameters found at the previous iteration. Consequently, the value of operator (8) can be
represented in the following form:

L
(

Wγ+1
)
= L

(
Wγ+1

)
− L(Wγ) + L(Wγ) = ∆L1

(
Wγ+1, Wγ

)
+ L2(Wγ), (9)

where

L2(Wγ) =
n

∑
f=1

[F(Wγ)− G(Wγ,∇Wγ)] f ∆S f − (H(Wγ,∇Wγ))P∆VP, (10)

∆L1
(
Wγ+1, Wγ

)
=

n
∑

f=1

[
∂F
∂W − ∂G

∂W ]
γ

f
(
Wγ+1 −Wγ

)
f ∆S f−

− ∂H
∂W

γ

P

(
Wγ+1 −Wγ

)
P,

(11)

The resulting delta form of the difference equations is as follows

∆VP
∆t

∆WP +
n

∑
f=1

[
∂F
∂W
− ∂G

∂W

]γ
f

∆W f ∆S f −
∂H

∂WP
∆WP∆VP = R(W), (12)
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The right-hand side of the equations represents the residual of the balance equations

R(W) = −
W

γ

P −W
n

P
∆t

∆VP −
n

∑
f=1

[F− G]
γ

f ∆S f + H
γ

P ∆VP, (13)

and the widely used Godunov-type schemes for computing convective flows are the
Roe [18] and AUSMPW [19] schemes that have a clear physical interpretation. In these
schemes, the solution is first reconstructed, which results in the calculation of the primary
flow parameters to the left and right of the cell face. To calculate the diffusion flows using
the explicit scheme, the parameters and derivatives defined on the inner faces are obtained
through interpolation from their values in the cells.

To solve practical problems involving movable boundaries, the simultaneous equations (6)
must be supplemented with boundary conditions that account for the motion of the boundary
faces in the discrete model, in addition to those generally accepted [12].

The boundary condition for a “solid” wall undergoes a crucial modification to account
for boundary mobility. When the boundary faces are fixed, implementing the “solid” wall
boundary condition practically involves introducing a “fictitious” velocity (in the fictitious
cell) that is related to the velocity vector in the real cell by a given equation [12,13]:

→
V′ =

→
V − 2

→
n
(
→
n ,
→
V
)

, (14)

Geometrically, Equation (14) creates a mirrored copy of the velocity vector
→
V with

respect to the plane of the face, which results in zero convective flows (Figure 2).
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The situation becomes more complicated when the face in the boundary condition
“solid wall” is mobile. In such cases, it is necessary to consider not only impermeability but
also the contribution to the momentum of the cell due to its motion, in accordance with

Newton’s third law. In this scenario, the expression for velocity in the fictitious cell
→
V′ will

take the following form:
→
V′ =

→
V − 2

→
n
(
→
n ,
→
V
)
+ 2
→
Vwall , (15)

where
→
Vwall—velocity of the face for the boundary condition “solid wall.”

Equations (14) and (15) are applicable to walls with both adhesion and sliding.
Boundary division into subsets based on deformation is typically determined by the

problem formulation. Special attention should be given to both movable and fixed bound-
aries since they influence the deformation process of the computational grid. Although
open boundaries are often fixed to simplify problem formulation, this is only a recommen-
dation. It is important to note that there may be multiple correct methods to subdivide grid
boundaries into subsets for a given physical process. Ultimately, the decision to subdivide
boundaries into classes is left to the discretion of the researcher.
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In addition to stationary and moving boundaries in a discrete model, some boundaries
can or should be modified during computation without affecting the simulation result or
the physics of the process. The nature of the modification of the shape and position of
such boundaries is usually undetermined in advance. Such boundaries are referred to as
free boundaries, which adjust to variations in the computational grid. Free boundaries
can be used to simplify problem formulation, as well as open boundaries for problems
with the predetermined motion of one or a set of boundaries, as discussed earlier. Free
boundaries should be used when the moving surface is coupled to a boundary such as
a symmetry plane. The fixation of the symmetry plane when moving with the coupled
surface will inevitably lead to the degradation in the quality of the computational grid due
to the extensive formation of reversed, overlapped cells in the contact area of the surfaces.

It is important to note that a surface such as the symmetry plane must accurately
reflect the physical meaning of such a boundary condition, which is only possible when the
surface is planar. Therefore, such boundary conditions must be defined as free boundaries
with a shape restriction, which prohibits the normal component of the increment in the
coordinates of the surface nodes. In other words, the nodes belonging to the symmetry
plane can only move within that plane.

3. Discretization of Basic Equations with Moving Boundaries While Preserving
Coupling Topology of a Computational Domain

The discretization method described in the previous paragraph is only valid if the
computational grid remains stationary. To solve aerodynamic problems that involve mov-
ing structural elements, it is necessary to employ specific algorithms in addition to the
presented method. These algorithms are based on deformable grid approaches that pre-
serve communication topology and use overlapping grids technology to handle solid
boundaries belonging to different regions that intersect or contact. The implementation of
these methods should meet the quality requirements of the deformed computational grid,
as well as ensure the convergence and stability of the numerical algorithm when using
interpolation methods for overlapping grid problems.

In this document, the terms ‘motion’ and ‘deformation’ refer to changes in the co-
ordinates of one or more surfaces during the calculation. These changes can include the
translational motion or rotation of the entire computational grid, as well as motion or
alteration of individual boundary conditions resulting in compression, stretching, bending,
or other forms of deformation. Whenever there is potential ambiguity in the use of these
terms, additional clarifications will be provided.

The discretization of the simultaneous equations (1) is applicable only for stationary
computational grids. To solve aerodynamic problems involving moving structural elements,
particularly when the boundaries of the control volume are in motion, it is recommended
that the presented method be supplemented by specific algorithms.

The variations in the control volumes should be taken into account when constructing
numerical calculation schemes to accommodate the motion of the boundaries. The basic
law can be modified using the differential identity [1]:

∂

∂t

∫
Ω(t)

WdV =
∫

Ω(t)

∂W
∂t

dV+
∫

Ω(t)

W
(→.

x ·→n
)

dS, (16)

where
→.
x —velocity of the face.

The left-hand side of Equation (16) indicates that the control volume can vary with
time, as shown by the second term on the right-hand side. When the boundaries move, the
nodes of the computational grid move, resulting in a transformation of the control volume.
By substituting Equation (16) into (4), the discrete equations take the following form:

∂

∂t

∫
Ω(t)

WdV +
∫

∂Ω(t)

(
F(W)−

→.
x W

)
·→n dS−

∫
∂Ω(t)

(G(W)) ·→n dS =
∫

Ω(t)

HdV, (17)
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The first term in the equation above represents both the time variation in conservative
variables and the rate of variation in the control volume. In the case of convective flows,
the face velocity must also be considered. If all boundaries are stationary, the basic Navier–
Stokes equation can be obtained from Equation (17).

However, to ensure the accuracy of numerical schemes in calculating Equation (17),
further restrictions are imposed on the face velocity. In the simulations of flows on moving
grids, errors in discretizing time derivatives and flows that depend on the velocity of cell
faces can lead to a reduction in the order of accuracy of the difference scheme.

The paper [1] showed that in order to achieve at least first-order accuracy in time, it is
necessary to satisfy the Geometric Conservation Law (GCL) condition. This condition was
extensively discussed in works such as [10,20,21]. The GCL requires that the discretization
scheme satisfy geometric conservation when the vector W = const is an exact solution for
equations like Equation (17).

The velocity of the boundaries of the control volume is a key factor in constructing a
discretization scheme for equations such as Equation (17). However, accurately determining
this velocity can be challenging. One approach is to use GCL condition [18,19].

To simplify the forthcoming calculations, let us consider Equation (17) without includ-
ing the sources on the right-hand side. Let us analyze how the expression will change if it
is assumed that the computed fields are constant at every point in space, or W = const. By
substituting W = const into Equation (17), we obtain the following expression:

W
dV
dt

+
∫

∂Ω(t)

(
F(W)−

→.
x W

)
dS = 0 (18)

In Equation (18), no diffusion term is present since no viscous (shear) stresses are
observed in an unperturbed medium, and, therefore, it can be assumed that G(W) ≡ 0.

On the other hand, the condition W = const indicates that the total mass, momentum,
and energy flows through the faces of the control volume are equal to zero. Therefore,
Equation (18) can be simplified as follows:

dV
dt
− R∗

(
x(t),

→.
x (t)

)
= 0, (19)

or in a discrete form by applying the Euler scheme:

Vn+1
i −Vn

i
∆t

= ∑
f

→.
x f ∆S f , (20)

From Equation (20), it can be concluded that the variation in the volume is the sum of
the “swept” volumes of each face, which can be expressed as:

Vn+1
i −Vn

i = ∑
f

∆Vf , (21)

On the other hand, the “swept” volume can be expressed as:

∆Vf =

tn+1∫
tn

∫
f

→.
x
→
n dSdt, (22)

Given Equation (20), the limitation imposed on the face velocity can be written as:

→.
x
→
n =

∆Vf

∆t∆S f
, (23)
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It is important to note that Equation (23) allows only the amplitude of the face velocity
to be calculated, rather than its direction, as it is impossible to accurately reconstruct one
of the vectors from the scalar product. The accurate estimation of the direction of the face
velocity vector will be discussed later. Equation (23) expresses the velocity magnitude of a
given face as the volume swept by it over time ∆t = tn+1 − tn.

The major challenge in using Equation (23) is determining the swept volume of a
moving face, which can undergo arbitrary deformations. Here, “deformation” stands for
the change in the area and shape of the face, rather than in the edge–node topology. This is
due to the nodes of the face moving in arbitrary ways, making it difficult to apply standard
methods for calculating the volume of the prism. However, the swept volume can be
determined using the method described below [21].

Let an arbitrary cell of the control volume (Figure 3) vary over time.
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Figure 3. Face motion. (a) General view of cell and face and (b) face splitting and deformation.

Let us attempt to find the swept volume of the face selected in Figure 3 using the
algorithm based on the approach of average normal reconstruction, which involves the
following steps:

• Calculating the new node position and face center;
• Splitting the face into triangles with a common vertex at the center of the initial face;
• Calculating and summing the volume of each triangular prism.

Subsequently, let us illustrate the variations in the position of a single prism (Figure 3b)
over time (Figure 4).
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Here, the time tn+ 1
2

corresponds to the intermediate position of the face, based on
which the swept volume is calculated.

Let us introduce the following notations:

AC = A− C; BC = B− C
∆A = An+1 − An; ∆B = Bn+1 − Bn; ∆C = Cn+1 − Cn;

(24)

Then, the swept volume can be expressed as follows:

Vf =
1
3
(∆A + ∆B + ∆C) · η, (25)

where

η =
1
6

(
[ACn, BCn] +

[
ACn+1, BCn+1

]
+

1
2

([
ACn, BCn+1

]
+
[

ACn+1, BCn
]))

, (26)

By using Equations (24)–(26), it is possible to calculate the numerical values of the
velocity for each face in the control volume. This enables numerical modeling of hydro-
aerodynamics problems involving moving boundaries.

The movement of boundaries necessitates the development of nonstationary computa-
tional schemes for equations such as Equation (17). A commonly used approach assumes
that the flow is stationary at each moment [22]. As a result, instead of solving equations
such as Equation (17), modified equations are considered:

∂

∂t

∫
Ω(t)

WdV +
∂

∂τ

∫
Ω(t)

WdV +
∮

∂Ω(t)

(
F− .

xW − G
)
dS =

∫
Ω(t)

HdV, (27)

where τ—pseudo time.
In Equation (27), the first two terms can be formally discretized. The first-order

accurate scheme for time can be expressed as follows:[
Vn+1

∆τ + 2Vn+1−Vn

∆t

]
∆Wk+1 +

∮
∂Ω(t)

[
F− .

xW − G
]
dS =

=
∫

Ω(t)
HdV − 1

∆t

(
Wk(2Vn+1 −Vn)−WnVn+1

)
,

(28)

where Vn+1, Vn—cell volume at times tn+1, tn, respectively.
As mentioned earlier, Equation (23) allows only the amplitude of the face velocity to

be calculated, whereas its direction remains uncertain. The incorrect determination of the
face velocity vector can result in unphysical values due to the inaccurate computation of
momentum contributions [1]. Due to the unique aspects of computations on unstructured
grids, such inconsistencies can significantly degrade the solution and stability of the
numerical method.

The direction of face motion can be determined by introducing additional characteris-
tics of the face, such as its previous state, which can help to monitor the movement of the
entire face system.

Determining the velocity vector of a face becomes more complicated if its motion in-
volves processes like rotation or compression/tension, especially on unstructured grids. If
the face motion is close to plane-parallel shear, the velocity vector can be easily determined.
However, due to the use of arbitrary polygons as faces in unstructured grids, ensuring their
planarity is generally impossible. To calculate the swept volume, the faces are triangulated
as described above, and the value is subsequently calculated using Equation (26). Addi-
tionally, it should be noted that grid deformation increases the probability of grid model
degradation, which further complicates the determination of the face velocity vector. The
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following experimental algorithm is proposed to determine the velocity vector of a face for
an arbitrary unstructured grid:

• Calculating the swept volume, node displacements, and displacements of the face
center based on the algorithm (24)–(26);

• Averaging the calculated displacements and normalize the averaged displacement vector;
• Scaling the normalized averaged displacement vector using Equation (23).

The introduction of an averaging step for the calculated movements of the face nodes
facilitates determining the key information about the direction of the face velocity for arbi-
trary unstructured grids. This mechanism, along with the scaling defined by Equation (23),
helps to preserve the validity of the numerical scheme, crucial for the accuracy and stability
of the solution.

As a result, the modified formula for determining the velocity vector takes the form:

→.
x =

∆Vf

∆t∆S f
·

k
∑

k=1
d
→
Rk + d

→
Rc

‖
(

k
∑

k=1
d
→
Rk + d

→
Rc

)
‖

, (29)

where d
→
Rc, d

→
Rk—displacement of the face center and nodes.

Equation (29) defines a vector with a magnitude of
∆Vf

∆t∆S f
, which satisfies the condition

of geometric conservatism and ensures the appropriate field distribution by accurately
determining the direction of the examined vector.

The above equations are applicable for any type of boundary conditions where faces
are movable. It is worth noting that these assumptions have no effect on the number
of geometric entities in the discrete model or the ratio of cells or nodes through a face,
i.e., the topology of the grid, enabling efficient solutions of aerodynamics problems with
movable boundaries while using computational power and memory. The algorithm can be
illustrated using a flow chart shown in Figure 5.
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As shown in Figure 5, the calculation of the face velocity commences with the “De-
termination of face characteristics” block. This block performs the initial processing of
information about the face based on the problem statement. When the entire computa-
tional domain is shifted, determining the face velocity is a typical problem. In the case of
deformation, the volume of the observed face is calculated and used to scale the averaged
direction of the face motion.

The discretization methods discussed above enable calculations with moving bound-
aries, independent of the grid deformation algorithms. However, it is important to note
that the accuracy of the obtained results depends directly on the quality of the deformed
grid. Hence, another critical aspect of the methodology for solving problems involving
time-varying boundaries is the grid deformation algorithm.

4. Numerical Experiments

The methods and algorithms described above are implemented in the Russian computer-aided
engineering (CAE) software package LOGOS version number 5.3.21, which is designed to solve a
wide range of industrial problems [23–25]. All calculations presented in this article were performed
using the LOGOS software package.

4.1. Direct Flow around NACA0012 Airfoil Profile

The numerical experiment in this study examines the problem of unsteady flow around
the NACA0012 airfoil profile using a viscous compressible gas flow. The analytical relation
defines the shape of the airfoil profile:

y
c
= ±0.21

0.2

(
0.2969

√
x
c
− 0.1260

x
c
− 0.3516

( x
c

)2
+ 0.2854

( x
c

)3
− 0.1015

( x
c

)4
)

, (30)

where y(x)—profile surface coordinate; and c—chord airfoil length.
The problem is solved in two stages. In the first stage, the ADC in the stationary

formulation is determined to obtain appropriate quantitative characteristics, which will be
used for comparison with various algorithms for calculating the geometric characteristics
of the “solid wall” boundary condition in the direct non-stationary calculation (where the
body moves in the medium).

In the second stage, a direct non-stationary calculation is carried out using two ap-
proaches to determine the face velocity:

• Approach 1, which assumes collinearity of the face velocity vectors and the normal;
• Approach 2, which involves reconstructing the face direction.

The purpose of this numerical experiment is to demonstrate the significant deviation
of ADC from the stationary solution, even in the first few time steps, when an incorrect
algorithm is used to calculate the face velocity.

A discrete model containing approximately 160,000 cells was used for the calculations
(Figure 6).

In order to solve the steady-state problem, the flow of a viscous compressible gas with the
following parameters was considered: M∞ = 0.184893—Mach number; α = 4◦—incidence angle;
T∞ = 245.35; K—total temperature; P∞ = 95,610 Pa—static pressure; and V∞ = 58.1 m/s—inlet
velocity.

The results of the steady-state calculation are as follows. Figure 7 illustrates the
distributions of turbulent viscosity and velocity amplitude of the convergent solution of
the stationary problem, respectively.
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The presented figures illustrate the turbulent wake formation and the characteristic
distribution of the velocity field for this flow regime. In the steady-state calculation, the
solid wall was kept fixed throughout the simulation.

In order to ensure the resumption (restart) of the iterative process in the stationary
calculation corresponding to the dual process of airfoil motion in an unperturbed medium,
the velocity field and open boundary conditions were modified. At each point in space, the
resulting velocity field was calculated using the following formula:

→
Vnew =

→
Vold −

→
V f ar_ f ield, (31)

where
→
Vnew—new velocity vector for direct calculation of airfoil motion;

→
Vold—velocity

vector at the position obtained in the stationary calculation; and
→
V f ar_ f ield—velocity vector

at the open boundary.
In addition to varying the velocity field, it is necessary to modify the parameters of

the open boundary conditions by setting the velocity of the incoming flow to 0 m/s.
In order to ensure consistent calculation results, the grid deformation approach with

preserved communication topology was used. Accordingly, all open boundaries were
fixed, and a stationary velocity was imposed on the NACA0012 airfoil profile boundary.
The symmetry plane neighboring the open boundaries and the moving wall was treated
as a free boundary, and its nodes were moved using the inverse weighted interpolation
approach [6].

Figure 8 shows the discrete model at the final moment of the simulation.
During the non-stationary calculation, the direct problem is solved, i.e., the ADC of

the airfoil profile is calculated during its motion. In this case, the “solid wall” boundary
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condition is characterized by the velocity, which is calculated using two algorithms (23)
and (29) for each calculation case.
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Figures 9–12 show a comparison of turbulent viscosity distributions when using two
different approaches to calculate the face velocity at different times.
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Figure analysis reveals that approach 1 (based on the collinearity assumption) leads
to a detachment of the turbulent viscosity, whereas the modified approach 2 avoids such
detachment. Using the modified approach to calculate face velocity results in a qualitatively
and quantitatively accurate preservation of turbulent viscosity, correctly describing the
underlying physics of the process. This is evidenced by comparing velocity distribution in
the direct formulation at the same time (Figure 13).
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As shown in the figure, the modified approach preserves the qualitative distribution
of the velocity field at the trailing edge of the wing.

On the other hand, the detachment of turbulent viscosity affects the ADC of the airfoil
profile, specifically the drag and lift forces, as shown in Figure 14.
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It should be noted that, unlike the modified approach, the uncorrected calculation
exhibits a discontinuity in drag force at the restart point (Figure 15).
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The above graphs show the distribution of aerodynamic forces for two simulation stages:

• Stationary calculation of up to 5000 iterations, corresponding to the profile bleeding;
• Nonstationary calculation, corresponding to the direct problem.

It is evident from the graphs that both curves corresponding to Method 1 exhibit failure
at the restart. However since the dual-step approach is employed to solve non-stationary
problems, the numerical value of the lift force at the first step converges to a stationary
solution, unlike the drag force, which remains incorrect throughout the calculation.

4.2. Direct Flow around AGARD 445.6 Airfoil Profile

The simulation of the AGARD 445.6 airfoil [11], whose geometry is shown in Figure 16,
is considered.
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A discrete irregular 3D model containing approximately 2.3 million polyhedral cells
was used for the calculations (Figure 17).
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Figure 17. Schematic of a calculation model.

The open boundaries corresponding to the free flow were at a distance of 20 wing
chords. The simulation was carried out in two stages, similar to the NACA0012 airfoil flow
problem. In the first stage, the flow parameters were characterized by a Mach number
of M∞ = 0.678, corresponding V∞ = 227.54 m/s, a total temperature of 280.255 K, the
static pressure of P∞ = 20,781.6 Pa, and an incidence angle of zero. The second stage of
the simulation corresponded to a direct problem, where the initial field distributions are
obtained by transforming the results of the first stage calculation. The time step was set
to 0.0001 s. Figure 18 depicts a cross-section of the computational grid at the initial and
final times.
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Figures 19 and 20 depict a comparison of the distributions of turbulent viscosity
obtained using two different approaches for calculating velocity at the initial and final times.
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It can be observed from the above figures that using approach 2 preserves the qual-
itative distribution of turbulent viscosity, unlike Method 1. In order to compare the two
approaches quantitatively, a comparison of aerodynamic loads is presented in Figure 21.
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Similar to the NACA0012 problem, a discontinuity in the solution is observed at the
restart point of the calculation (1000 iterations).

This highlights the significance of accurately calculating the velocity vector of the face.
Merely adhering to the condition of geometric conservatism fails to ensure precise results.

4.3. Analysis of the Results Obtained

The numerical simulation results for typical aerodynamics problems demonstrate a key
difference of the considered methods used to calculate the velocity of an arbitrary moving
face. Thus, the streamlined body ADCs obtained with Method 1 experience discontinuity
at the restart point, whereas Method 2 allows maintaining the load continuity.

The ADC calculation for AGARD 455.6 wing differs from that for the airfoil in view
of a significant 3D flow and the use of an unstructured computational grid. The combi-
nation of these factors complicates the given problem solution and, as a result, leads to
a pronounced discontinuity of the ADC curves at the restart point and invalid results in
further calculations.

An invalid solution is caused by the significant flow reconstruction near moving walls
because of inconsistent vector directions of the face velocity and the velocity calculated
from expression (23). The proposed approach to calculating the face velocity in the form
of relation (29) allows preserving the boundary layer of the streamlined body generated in
the steady computation stage. This advantage provides the ADC constancy for streamlined
bodies and turbulent trace in the problem restart process, as shown in Figures 9b, 12b and 20.

This fact clearly demonstrates the importance of the correctly calculated face velocity
vector because the requirement of the geometric conservativeness alone does not ensure
the result validity.
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5. Conclusions

This paper explores the unique aspects of modeling object motion within an arbitrary
unstructured grid using the invariant principle of computational domain topology, with
a focus on the finite-volume method. The paper describes the key elements of the calcu-
lation method for nonstationary problems with moving boundaries and investigates the
correctness of a numerical scheme for moving grid boundaries. Based on an analysis of
modified conservation laws, an improved scheme for calculating face velocity that ensures
the correctness of the numerical scheme is proposed.

The presented approach for calculating the face velocity considers the direction of the
face motion while adhering to the condition of geometric conservatism. This approach
ensures the accurate calculation of the velocity vector of the face motion for various
deformations of the computational grid, leading to high accuracy in simulating the flow
around an object with movable boundaries. The proposed algorithm for reconstructing
the velocity vector of the face velocity yields qualitative results on both structured and
unstructured computational grids, providing a realistic representation of the physics of the
flow process of viscous compressible gas around moving bodies.

The validity and efficiency of the proposed method were demonstrated on the prob-
lems involving the flow around NACA0012 and AGARD 445.6 airfoil profiles. The results
emphasized the importance of correctly calculating the face velocity vector, particularly
for three-dimensional irregular grids, as such grids are susceptible to strong solution
dissipation.
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