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Abstract: This paper introduces two novel concepts of mappings over soft topological spaces: “soft
somewhat-r-continuity” and “soft somewhat-r-openness”. We provide characterizations and discuss
soft composition and soft subspaces. With the use of examples, we offer numerous connections
between these two notions and their accompanying concepts. We also offer extension theorems for
them. Finally, we investigated a symmetry between our new concepts with their topological analogs.
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1. Introduction

In 1999, Molodtsov [1] introduced soft set theory as a novel technique for dealing
with partial information problems. This concept has been applied in a variety of fields,
including the “smoothness of function”, “Riemann integration”, “measurement theory”,
“probability theory”, “game theory”, and others. The nature of parameter sets, which give
a broad framework for modeling uncertain data, is critical to soft set theory. This has
made a significant contribution to the development of soft set theory in a relatively short
period of time. Maji et al. [2] thoroughly investigated the theoretical foundations of soft
set theory. They created operators and operations between soft sets, particularly for this
purpose. Then, other mathematicians rebuilt and proposed new kinds of the operators and
operations between soft sets provided by Maji et al.’s work; for a list of recent contributions
employing soft operators and operations, see [3].

Shabir and Naz [4] established the structure of the soft topology in 2011 as an extension
of the general topology. Following that, several generic topological ideas were expanded to
incorporate the soft topology. The soft continuity of functions was described by Nazmul
and Samanta [5] in 2013. Then, in the literature, many types of the soft continuity and soft
openness of functions were developed in [6-16], and others.

Different types of generalized continuity are explored in various branches of mathe-
matics, particularly in the theory of real functions. Our paper’s goal is to introduce soft
somewhat-r-continuous functions as a new type of generalized continuity in soft topologi-
cal spaces, as well as soft somewhat-r-open functions as a new type of soft open functions
in soft topological spaces.

This article is organized as follows:

Section 2 provides some basic ideas and results that will be utilized in the next sections.

Section 3 defines soft somewhat-r-continuous functions. We show that this class of
soft functions lies strictly between the classes soft complete continuity and soft somewhat-
continuity and independent of the class of soft 6-continuous functions. Moreover, regarding
soft somewhat-r-continuity, we introduce several characterizations, soft subspaces, soft
composition, and soft preservation theorems. In addition, we investigated the links between
this class of soft functions and its analogs in the general topology.
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Section 4 defines soft somewhat-r-open functions. We show that this class of soft
functions is a subclass of soft somewhat-open functions. With the help of examples, we
introduce various properties of this new class of soft functions.

Section 5 contains some findings and potential future studies.

2. Preliminaries

In this section, we introduce some essential concepts and outcomes that will be used
in the sequel.

Let L be an initial universe and S be a set of parameters. A soft set over L relative to S
isa function K : S — P(L). SS(L,S) denotes the collection of all soft sets over L relative
toS. Let K € SS(L,S). If K(s) = @ for all s € S, then K is called the null soft set over L
relative to S and denoted by 0s. If K(s) = L for all s € S, then K is called the absolute soft
set over L relative to S and denoted by 1s. K is called a soft point over L relative to S and
denoted by ay if there exista € S and x € L such that K(a) = {x} and K(s) = @ for all
s € S—{a}. SP(L,S) denotes the collection of all soft points over L relative to S. If for
somea € Sand Y C L, we have K(a) = Y and K(s) = @ forall s € S — {a}, then K will
be denoted by ay. If for some Y C L, K(s) = Y for all s € S, then K will be denoted by
Cy. If K(s) is a countable subset of L for all s € S, then K is called a countable soft set. If
K e SS(L,S) and ay € SP(L,S), then ay is said to belong to K (notation: a,€K) if x € K(a).

For the sake of clarity, we employed the concepts and terminology from [17,18]
throughout this study.

Definition 1 ([4]). Let L be an initial universe and S be a set of parameters. Let T C SS(L, S).
Then, T is called a soft topology on L relative to S if:

(1) 05, 15 eT;
(2) T is closed under an arbitrary soft union;
(3) T is closed under a finite soft intersection.

The triplet (L, T, S) is called a soft topological space. The members of T are called soft
open setsin (L, T, S), and their complements are called soft closed sets in (L, T, S).

From now on, the topological space and the soft topological space are abbreviated as
TS and STS, respectively.

Let (L,x)bea TS, (L,T,S)bean STS, W C L,and T € SS(L,S). Then, the closure of
Win (L, «), the interior of W in (L, &), the soft closure of T in (L, T, S), and the soft interior
of Tin (L,T,S) will be denoted by Cly (W), Int,(W), Clp(T), and Intp(T), respectively,
and the family of all closed sets in (L, a) (respectively, soft closed sets in (L,T, S)) will be
denoted by «a¢ (respectively, I'‘).

Definition 2 ([18]). Let {as:s € S} be an indexed family of topologies on L.  Then,
{K € SS(L,S) : K(s) € as forall s € S} defines a soft topology on L relative to S. This soft topol-
ogy is denoted by Dgcgas.

Definition 3 ([18]). For any topological space (L,«) and any set of parameters S, the family
{K € SS(L,S) : K(s) € a forall s € S} defines a soft topology on L relative to S. This soft topology
is denoted by T(w).

Definition 4 ([19]). Let (L, «) be a TS, and let W C L. Then, W is called a:

(a)  “Regular open set in (L,a)” if W = Into(Cly(W)). RO(a) denotes the collection that
includes all reqular open sets in (L, ).

(b)  “Regqular closed set in (L,«)” if L — W is a regular open set in (L, ). RC(«) denotes the
collection that includes all reqular closed sets in (L, ).
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Definition 5. A function q: (L,a) — (M, ¢) between the TSs (L, a) and (M, ¢) is called:

(a)  [20] “Somewhat-continuous” (s-c) if, for every W € ¢ such that g~ (W) # @, we find
V €a—{Q} suchthat V.Cq L (W).

(b)  [20] “Somewhat-open” (s-o0) if, for every V € a — {@}, we find W € ¢ — {D} such that
W C gq(V).

(c) [21] “Completely continuous” if g~ (W) € RO(a) for every W € ¢.

(d) [22] “5-continuous” if for every x € L and W € RO(¢) such that q(x) € W, we find
U € RO(a) such that x € U and q(U) C W.

(e)  [23] “Somewhat-r-continuous” (s-r-c) if, for every W € ¢ such that =1 (W) # @, we find
V € RO(a) — {@} such that V C g~ (W).

(f)  [23] “Somewhat-r-open” (s-r-o) if, for every V- € a — {@}, we find W € RO(¢p) — {D} such
that W C q(V).

Definition 6 ([24]). Let (L,T,S) bean STS, and let H € SS(L,S). Then, H is called a:

(a)  “Soft reqular open set in (L,T,S)” if H = Intr(Clp(H)). RO(T) denotes the collection that
includes all soft reqular open sets in (L,T,S).

(b)  “Soft reqular closed set in (L,I',S)” if 1¢ — H € RO(T'). RC(T') denotes the collection that
includes all soft regular closed sets in (L,T,S).

Definition 7. A soft function fg, : (L,T,S) — (M, F,T) between the STSs (L,T,S) and

(M, F,T) is called:

(a)  [25] “Soft 5-continuous” if, for each a, € SP(L,S) and G € RO(F ) such that fy,(ax)€G,
there exists H € RO(T') such that ax€H and fu,(H)CG.

(b)  [26] "Soft somewhat-continuous” (soft s-c) if, for each K € F such that fq’vl(K) # Og, there
exists N € T — {0s} such that NC fq’Ul(K)

(c) [26] “Soft somewhat-open” (soft s-0) if, for each K € T — {0g}, there exists H € F — {07}
such that HC fu,(K).

(d) [27] "Soft completely continuous” szq’vl(K) € RO(T) foreach K € F .

Definition 8. An STS (L,T,S) is called:

(a)  [28] "Soft locally indiscrete” if I C T°.
(b)  [29] A “soft D-space” if, for every G,H € T — {05}, GNH # 0.

Definition 9 ([11]). Let (L,T,S) and (L,Y,S) be two STSs. Then, we say that “T is soft weakly
equivalent to Y” if, for each A € T — {0g}, we find B € Y — {0s} such that BC A and, for each
A €Y —{0s}, wefind B €T — {0s} such that BCA.

3. Soft Somewhat-r-Continuous Functions

In this section, we define soft somewhat-r-continuous functions. We show the soft
somewhat-r-continuity between the soft complete continuity and soft somewhat-continuity
and independent of the class of soft J-continuity. Moreover, regarding soft somewhat-r-
continuity, we introduce several characterizations, soft subspaces, soft composition, and
soft preservation theorems. In addition, we investigated the links between this class of soft
functions and its analogs in general topology.

The basic concept of this section is defined as follows:

Definition 10. A soft function fg : (L,T',S) — (M, I, T) is called soft somewhat-r-continuous
(soft s-r-c) if, for each K € F such that fq_vl(K) # 0g, there exists N € RO(I') — {0g} such that

NC f5'(K).

In Theorems 1 and 2 and Corollaries 1 and 2, we investigate the correspondence
between the concepts soft somewhat-r-continuity and soft somewhat-continuity with their
analogous topological concepts:
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Theorem 1. Let {(L,Ts):s € S} and {(M,F):t € T} be two collections of TSs. Let q :
L — Mandv : S — T be functions where v is bijective. Then, fg : (L, ®sesl's,S) —

(M, ®tetF +,T) is soft s-r-c if and only if g : (L, T's) — (M, FU(S)) is s-r-c for all s € S.

Proof. Necessity: Assume that fy, : (L, @gesls, S) — (M, @terF +, T) is soft s-r-c. Let
s € S. Let W € F () such that g~ (W) # @. Then, (v(s))y € Srerf + and f‘ﬁ,l((v(s))w) =
Sq-1(w) # Os. Then, we find N € RO(sesl's) — {0s} such that NC Sg-1(w)- Thus, N(s) €

(sy-10w) ) (5) = 471 (W). Since foralli € S — {s}, N(i) € (5,-1w) ) (i) = @, then N(s) # .

Also, by Theorem 14 of [30], N(s) € RO(Is). This shows thatq : (L, Ts) — (M, FU(S))
is s-r-c.
Sufficiency: Assume that g : (L, Is) — (M, F v(s)> issr-cforalls € S. LetK €

@rerh + such that f;! (K) # Os. Choose a € S such that ( fq;,l(K)> (a) = g 1(K(v(a))) # D.
Since K € @erf +, then K(v(a)) € F (). Since g : (L, I,) — (M,Fv(a)) is s-r-c, then

there exists X € RO(I';) — {@} such that X C (fq’vl(K)) (a). Then, we have axéfq’vl (K)
and ax # 0Os. Also, by Theorem 14 of [30], ax € RO(®scsIs). This shows that fy, :
(L, ®sesls, S) — (M, Brerh +, T) is soft s-r-c. O

Corollary 1. Let g : (L&) — (M, ¢) and v : S — T be two functions where v is a bijection.
Then, q : (L, &) — (M, ¢) is s-r-c ifand only if fgo = (L, T(a),S) — (M, T(¢), T) is soft s-r-c.

Proof. For eachs € Sandt € T, putIs, = a and F; = ¢. Then, 7(a) = Psesls and
T(¢) = PterF t. We obtain the result by using Theorem 1. [

Theorem 2. Let {(L,Is):s € S} and {(M,F):t € T} be two collections of TSs. Let q :
L — Mand v :S — T be functions where v is bijective. Then, fg : (L, ®sesls,S) —

(M, ®terF ¢, T) is soft s-cifand only if g : (L, Ts) — (M, FU(S)) is s-c forall s € S.

Proof. Necessity: Assume that fg, : (L, ©sesTs,S) — (M, DrerfF t, T) is soft s-c. Lets € S.
Let W € F () such that g7 (W) # @. Then, (v(s))yy € Grerf+ and fr,! ((0(s))yy) =
Sq-1(W) # 0s. So, we find N € @scsIs — {05} such that NC Sg-1(W)- Then, N(s) € I's and

N(s) C (Sq’l(W)) (s) = g 1 (W). Since, foralli € S — {s}, N(i) C (sqfl(w)) (i) = @, then
N(s) # @. This shows thatg : (L,Is) — (M, Fz,(s)) is s-c.

Sufficiency: Assume thatq: (L, I's) — (M, FU(S)) iss-cforalls € S. Let K € @terfF ¢
such that fq_z,1 (K) # 0g. Choose a € S such that <fq_v1(1<))(a) =g Y(K(v(a))) # @. Since
K € ®terFt, then K(v(a)) € F y(q)- Since g : (L, Tp) — (M, Fv(a)) is s-¢, then there exists
X eI, —{@}suchthat X C (fq’vl(K)) (a). Then, we have ax € ®gegl, uxifq’vl (K), and

ax # Og. This is shown to be softs-c. [

Corollary 2. Let q: (L,a) — (M, ¢p) and v : S — T be two functions where v is a bijection.
Then, q : (L,a) — (M, ¢) is s-c if and only if fgo = (L, T(a),S) — (M, 7(¢), T) is soft s-c.

Proof. For eachs € Sandt € T, putIs = w and F; = ¢. Then, 7(a) = Syesls and
T(¢) = PterF t. We obtain the result by using Theorem 2. [

In Theorem 3 and Example 1, we discuss the relationships between the classes of soft
completely continuous functions and soft somewhat-r-continuous functions:

Theorem 3. Every soft completely continuous function is soft s-r-c.
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Proof. Let f;p : (L, I,S) — (M, F,T) be soft complete continuous. Let K € / and
f:ﬁl (K) # 0s. Since fgy is soft complete continuous, then f;fvl (K) € RO(T). PutN = fq’vl(K)
Then, N € RO(T') — {0s} and N = fq_v1 (K)C fq_z,1 (K). As aresult, f is soft s-r-c. [

In general, Theorem 3’s inverse does not have to be true.

Example 1. Let L = R, M = {c,d}, a be the standard topology on L, and ¢ be the discrete
topology on M. Define q : (L) — (M, ¢) and v : Z — Z as follows:

g(x) = { 2 Z:i ;g and v(z) = z forall z € Z.
To see that q is s-r-c, let U € ¢ such that -1 (U) # @. If U = {c}, then (—o0,3) €
RO(&) — {@} and (—0,3) C (—00,3) = g~ (U). IfU = {d}, then (3,00) € RO(a) — {@}
and (3,00) C [3,00) = g~} (U). IfU = M, then R € RO(a) — {@} and R C R = g~ }(U).
Since {d} € ¢ while g~ ({d}) = [3,0) & RO(«), then q is not completely continuous.
Therefore, by Corollary 1 and Corollary 1 of [27], f4o : (L, T(), Z) — (M, T(¢),Z) is soft
s-r-c, but not soft completely continuous.

In Theorems 4 and 5 and Example 2, we discuss the relationships between the classes
of somewhat-r-continuous functions and soft somewhat-continuous functions:

Theorem 4. Soft s-r-c functions are soft s-c.

Proof. Let fg : (L,T,S) — (M, F,T) be soft s-r-c. Let K € /- and fz;!(K) # Os. Then,
there exists N € RO(T) — {05} such that NC fq;l(K). Since RO(T') C T, then N € I'. This
ends the proof. [

The opposite of Theorem 4 does not have to be true.

Example 2. Let L = {1,2,3,4}, M = {5,6,7}, « = {@,L,{1,3}, {4}, {3},{3,4},{1,3,4}},
and ¢ = {0, M, {6},{7},{6,7}}. Defineq: L — Mandv:N — Nbyg(1) = gq(4) =5,
q(2) =q(3) =7,and v(n) = n foralln € N.

To see that q : (L, &) — (M, ¢) is s-c, let U € ¢ such that g~ (U) # @. Then, {7} C U
and g~ 1({7}) = {2,3} C g~ Y(U), and thus, we can choose {3} € a — {@} such that {3} C
g (U).

Since {7} € ¢ — {@} such that =1 ({7}) = {2,3} # @ while there is no W € RO(a) —
{D} such that W C {2,3}, then q is not s-r-c.

Therefore, by Corollaries 1 and 2, fao : (L, T(«),N) — (M, T(¢), N) is soft s-c, but not soft
s-r-C.

Theorem 5. If f,, : (L, T,S) — (M, |, T) is soft s-cand (L,T, S) is soft locally indiscrete, then
fqo is soft s-r-c.

Proof. Let K € F such that f,;vl(K) # 0s. Then, we find N € T — {05} such that NC
f;fvl (K). Since (L, T, S) is soft locally indiscrete, then ' = RO(T'), and so, N € RO(I'). This
shows that f;; is soft s-r-c. [

From the above theorems, we have the following implications. However, Examples 1
and 2 show that the converses of these implications are not true.

Soft complete continuity — soft somewhat-r-continuity — soft somewhat-continuity.

In Theorem 6 and Corollary 3, we investigate the correspondence between the concept
of soft -continuity with its analogous topological concept:
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Theorem 6. Let {(L,Ts) :s € S}and {(M,F¢) : t € T} be two collections of TSs. Let g : L —
Mand v : S — T be functions. Then, fgo : (L, ®sesls,S) — (M, @erkF 1, T) is soft

d-continuous if and only if g : (L, Ts) — (M, Fv(s)) is d-continuous for all s € S.

Proof. Necessity: Assume that fqv 2 (L, ®gesTs, S) — (M, SrerF +, T) is soft 6-continuous.
Lets € S. Letx € L, and let W € RO (FU(S)> such that g(x) € W. Then, we have
fqo(sx) = (v(s)) 4(x) € (v(s)), and by Theorem 14 of [30], (v(s))y € RO(Berf +). So, we
find N € RO(sesTs) such that fi,(N)C(v(s)),y and, thus, g(N(s)) € (fo0(N))(v(s)) €
W. Moreover, by Theorem 14 of [30], N(s) € RO(TIs). This shows thatq : (L,I's) —
(M, FU(S)> is 6-continuous.

Sufficiency: Assume that g : (L, Ts) — (M, F U(S)> is d-continuous for all s € S. Let
ax € SP(L,S), and let K € RO(Bter/ ) such that fg,(ax) = v(a),(,)EK. Then, we have
g(x) € K(v(a)), and by Theorem 14 of [30], K(v(a)) € RO (Fv(a)). Since q : (L, T,) —

(M,FU(,Z)> is -continuous, then we find W € RO(T,) such that x € W and g(W) C
K(v(a)). Now, we have ay€ayp, and by Theorem 14 of [30], ayy € RO(T,). Also, it is not

difficult to check that fqv(aw)iK. Therefore, fgo : (L, ®sesls, S) — (M, ®serF +, T) is soft
J-continuous. [

Corollary 3. Let q: (L,a) — (M, ¢p) and v : S — T be two functions. Then, q : (L,a) —
(M, ¢) is o-continuous if and only if fgo = (L, T(a),S) — (M, T(¢), T) is soft 6-continuous.

Proof. For eachs € Sandt € T, putIs, = a and F; = ¢. Then, 7(a) = Psesls and
T(¢) = @terF t. We obtain the result by using Theorem 6. [

The following two examples demonstrate the independence of the concepts of soft
s-r-c and soft J-continuous:

Example 3. Let fo : (L, T(a),Z) — (M, T(¢),Z) be as in Example 1. Then, fg, is soft s-r-
c. Since {d} € RO(¢) while g=*({d}) = [3,00) & w, then q is not é6-continuous. Thus, by
Corollary 3, fg is not soft 5-continuous.

Example 4. Let L = {1,2,3}, « = {Q,L,{1,2},{3}}, and ¢ = {O,L,{3}}. Define q :
(L,a) — (L,p)and v : N — Nby g(1) =2,q(2) =3,9(3) =1, and v(n) = nforalln € N.
IfU € RO(¢p) = {@, L}, then g~1(U) € {®,L}. Hence, q is 5-continuous. Since {3} €
¢ — {@} such that q~1({3}) = {2} # @ while there is no W € RO(a) — {@} such that
W C {2}, then q is not s-r-c.
As a result of Corollaries 1 and 3, fgo : (L, T(a),N) — (L, 7(¢), N) is soft 6-continuous,
yet not soft s-r-c.

In the following result, we give a sufficient condition for soft J-continuous functions
to be soft somewhat-r-continuous:

Theorem 7. If f4, : (L,T,S5) — (M, F,T) is soft -continuous and (M, -, T) is soft locally
indiscrete, then fqy is soft s-r-c.

Proof. Let K € F such that fq’vl(K) # 0g. Since (M, F,T) is soft locally indiscrete, then
K € RO(F). Choose a,& f ;' (K). Then, fy(ax)EK. Since fy, is soft §-continuous, we find
N € RO(T) such that axEN and f;,(N)CK. Thus, we have N € RO(T) — {05} such that
NCf! (foo(N)) Cfor! (K). This shows that fgy is soft s-r-c. [



Symmetry 2023, 15, 2056

7 of 14

Definition 11. Let (L, T, S) be an STS, and let H € SS(L, S). Then, H is called soft r-dense in
(L,T,S) if there is no K € RC(T') — {1g} such that MCK.

In Theorem 8 and Example 5, we discuss the relationships between the soft dense sets
and soft r-dense sets:

Theorem 8. In any STS (L,T,S), soft dense sets are soft r-dense sets.

Proof. Assume, on the other hand, that a soft dense set H exists in (L, T, S) that is not soft
r-dense in (L,T,S). Then, we find K € RC(T') — {15} such that HCK. Since RC(T') C I¢,
then K € I'“. Hence, H is not soft dense in (L, T, S), which is a contradiction. O

The following example demonstrates that the inverse of Theorem 8 is not true:

Example 5. Let L =R, S =R, and I = {0g, 15, K}, where K(s) = {s + 1} for every s € S. Let
H = 15 — K. Since RC(T') = {0g, 15}, then H is soft r-dense in (L,T,S). On the other hand,
since H € T¢, then H is not soft dense in (L,T,S).

The following result characterizes soft r-dense sets in terms of soft regular open sets:

Theorem 9. Let (L,T,S) be an STS, and let H € SS(L, S). Then, H is soft r-dense in (L, T, S) if
and only if, for any G € RO(T') — {05}, GNH # 0.

Proof. Necessity: Assume that H is soft r-dense in (L, I, S) and, on the contrary, that there
exists G € RO(T') — {0s} such that GN'H = 0s. Then, we have 13 — G € RC(T') — {15} and
H ils — G. Hence, H is not soft r-dense in (L, T, S), which is a contradiction.

Sufficiency: Assume that GNVH # 0g for each G € RO(T') — {0s}. Assume, on the
other hand, there exists K € RC(T) — {15} such that HCK. Then, we have 15 — K €
RO(T') — {0s} and (15 — K)H = 05, which is a contradiction. [

In Theorems 10 and 11, we give sufficient conditions for the soft composition of two
soft somewhat-r-continuous functions to be soft somewhat-r-continuous:

Theorem 10. If f;,5, : (L,T,S) — (M, F,T) and f4,0, : (M, F,T) — (R, Y, B) are soft s-r-
¢ functions and fg,, (1s) is soft r-dense in (M, F, T), then f L,T,S) — (RY,B)
is soft s-r-c.

720q1)(02001) * (

-1 1 (-1 _ 1
Proof. Let H € Y such that f(qzoql)(vzov1)(H) # 0s. Then, f, o (fqzvz(H)) = f( 2001) (#2001)
(H) # 0s, and thus, fq’z}]Z(H) # Or. Since fy,0, is soft s-r-c, we find G € RO(F ) — {07}
su~ch that GC quzlzz(H ). Since fy,0,(1s) is soft r-dense in (M, f,T), then by Theorem 9,
GNfyy0,(1s) # Or, and thus, f, 3 (G) # Os. Since fg,0, is soft s-r-c, we find K € RO(T) —
{05} such that KC fq’lzl,l(G)i fq’ﬂl,1 (fq’zzl)z(H)) = f(;iopl)(uzoul)(H)' This shows that

flg201) (0300y) 18 sOft s-r-c. [

Theorem 11. If fg,0, : (L,T,S) — (M, F,T) is soft s-r-cand fg,0, : (M, F,T) — (R, Y, B)
is soft continuous, then f :(L,T,S) — (R,Y, B) is soft s-r-c.

720q1) (v2001)

Proof. Let H € Y such that f(_q zloql) (vzovl)(H ) # 0s. Since fg,0, is soft continuous, then

fq’Zzl,z(H) € [ . Since fg,0, is soft s-r-c and fq’ﬂl,] (fq’ﬂl,z(H)) = f@;oql)(vzovl)(H) # 0g, then
we find G € RO(T) — {05} such that GC far (fq_zzl,z(H)) = f(;zloql)(vzovl)(H). O

The soft composite of two soft s-r-c functions is not necessarily soft s-r-c:
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Example 6. Let L = {1,2,3}, 0« = {Q,L}, ¢ = {O,L,{2},{1,3}},and p = {O,L,{1,2}}.
Define g1 : (L,a) — (L,¢), g2 : (L, ¢) — (L,p),and v : N — Nbyg1(1) =1, 41(2) =3,
71(3) =3, q2(1) = I forall I € Land v(n) = n for all n € N. Then, clearly, q, is continuous
and qy is s-r-c while g2 0 q1 : (L, &) — (L, p) is not s-r-c. So, by Theorem 5.31 of [18], fg,0, :
(L, t(a),N) — (L, 7(¢),N) is soft continuous, and by Corollary 1, fz,0, = (L, T(¢),N) —
(L, T(p),N) is soft s-r-c, but f : (L, t(a),N) — (L, t(p), N) is not soft s-r-c.

92041)(v2001)

The following result gives two characterizations of soft somewhat-r-continuous surjec-
tive functions:

Theorem 12. Let fg : (L, T,S) — (M, F, T) be surjective. Then, the following are equivalent:
(@) fqv is soft s-r-c.

(b)  Foreach A € F“ such that f;,' (A) # 1, we find B € RC(T') — {15} such that f.,! (A)CB.
(c)  For each soft r-dense set H in (L,T,S), fso(H) is a soft dense set in (M, F, T).

Proof. (a) — (b): Let A € F € such that fq’vl(A) # 1g. Then, 17 — A € F and fq’vl(lT —
A) =15 — f! (A) # 0s. Based on (a), we find R € RO(T) — {05} such that RC f! (17 —
A) =15 — ;! (A). Let B =15 — R. Then, B € RC(T) — {15} such that f;' (A)CB.

(b) — (c): On the contrary, assume a soft r-dense set H exists in (L,I,S) such
that fg,(H) is not soft dense in (M, F,T). Then, there exists A € F ¢ — {11} such that
fqv(H)éA. If fq’vl(A) = 1g, then 17 = fp(1s) = foo (fq’vl(A))éA, and hence, A = 1.
Therefore, f,,'(A) # 1s. So, by (b), we find B € RC(T) — {15} such that fq’vl(A)QB, and
so, HC fqgl (fo(H))C fq’v1 (A)CB. This conflicts with the statement that H is a soft r-dense
setin (L,T,S).

(c) — (a): On the contrary, assume that fg; is not soft s-r-c. Then, we find H € f
such that f,,!(H) # O, but there isno G € RO(T) — {0s} such that Gifq_yl(H). O

Claim 1. 15 — fq’vl(H) is soft r-dense in (L, T, S).

Proof of Claim 1. Assume, however, that 15 — fq_z,1 (H) is not soft r-dense in (L, T, S). Then,
by Theorem 9, there exists G € RO(T') — {0s} such that GN (15 —fq_z,l(H)) = 0g, and
hence, GC fq_z,1 (H), a contradiction. O

Thus, by the above Claim 1 and (c), f;u(1s — fq’vl (H)) = fgol fﬁl (17 — H)) is soft dense
in (M, F,T). Since fqy(fq’vl(lT — H))C17 — H, then 17 — H is soft dense in (M,F,T),and
thus, 1t — H = Cly (1t — H) = 1. Therefore, H = Or, and hence, fq’vl(H) = 0s. Thisisa
contradiction.

Theorems 13 and 14 discuss the behavior of soft somewhat-r-continuous functions
under soft subspaces:

Theorem 13. Let (L,T,S) and (M, F,T) be any two STSs. Let U C L such that C; € RO(T).
If foo : (U, Ty, S) — (M, I, T) is soft s-r-c such that fz,(Cy) is soft dense in (M, F,T), then
for each extension q; : L — M, fg,0: (L,I,S) — (M, I, T) is soft s-r-c.

Proof. Let G € [ such that fq’ﬂl,(G) # 0s. Since f;,(Cy) is soft dense in (M, F,T),
fqo(Cu)AG # Or. Then, CyNfy,' (G) # 0s, and so, Cufify,! (G) # 0Os. Since fgo = (U, Ty, S)
— (M, F,T) is soft s-r-c, then there exists H € RO(T'y;) — {0s} such that Hgfq’vl(G)
Since H € RO(I'y) and Cyy € RO(T), then H € RO(T). This shows that fg,5 is soft
s-r-c. [

Theorem 14. Let (L,T,S) and (M, F,T) be any two STSs, and let L = AU B, where C4,Cp €

RO(T). If fgo : (L,T,S) — (M, F, T) is a soft function such that the soft restrictions (fgo) Cy
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(A, T4, S) — (M,F,T) and (fqy)‘cg : (B,Tg,S) — (M, F,T) are soft s-r-c, then fgy is
soft s-r-c.

Proof. Let G € 2 such that fq’v1 (G)

-1
# 0s, then ((fqy)‘cA) (G) # 0Os or ((fﬂ”)\cg) (G) # 0s. We can assume, without
-1
loss of generality, that ((fqv)ch) (G) # 0s. Then, we find K € RO(T'4) — {05} such

~ -1 ~
that KC ((fqv) Ca ) (G)Cfy' (G). Since K € RO(T4) and C4 € RO(T), then K € RO(T).
This completes the proof. [

Definition 12. An STS (L, T, S) is soft r-separable if there exists a countable soft set H € SS(L, S)
such that H is soft r-dense in (L,T,S).

By Theorem 8, soft separable STSs are soft r-separable. The following is an example to
show that soft r-separability does not imply soft separability in general:

Example7. Let L=1R,S = {a},andT = {0s} U {ay : U C Rand R — U is countable}. Then,
RC(T) = {0s,1s}. So, any H € RC(T) — {0s} is soft r-dense. In particular, agy, is a countable
soft set and soft r-dense in (L,T,S), and hence, (L, T, S) is soft r-separable. On the other hand, it is
not difficult to show that (L, T, S) is not soft separable.

The following result shows that the soft somewhat-r-continuous image of a soft -
separable space is soft separable:

Theorem 15. If fp : (L, T,S) — (M, F,T) is soft s-r-c and (L,T, S) is soft r-separable, then
(M, F,T) is soft separable.

Proof. Let f, : (L,T,S) — (M, F,T) be soft s-r-c such that (L,T, S) is soft r-separable.
Choose a countable soft set H € SS(L, S) such that H is soft r-dense in (L,T,S). Then,
fqv(H) is a countable soft set, and by Theorem 12 (c), f;o(H) is soft dense in (M, -, T).
Therefore, (M, , T) is soft separable. [J

Definition 13. Let (L,T,S) and (L,Y,S) be two STSs. Then, T is called soft r—zi)eakly equivalent
toY if, for each A € RO(T') — {0Os}, we find B € RO(Y) — {0s} such that BCA and, for each
A € RO(Y) —{0g}, we find B € RO(T') — {0g} such that BCA.

Theorem 16. Let (L,T,S) and (L,Y,S) be two STSs. Let g : L — Land v : S — S denote the
identities. Then, the following are equivalent:

(a) T is soft r-weakly equivalent to'Y.
(b)  The soft functions fg, : (L,T,S) — (L,Y,S) and fp, : (L,Y,S) — (L,T,S) are both
soft s-r-c.

Proof. Obvious. O

Theorem 17. Let fgo : (L, T,S) — (M, F, T) be soft s-r-c. If (L, Y, S) is an STS such that T is
soft r-weakly equivalent to Y, then fg, : (L,Y,S) — (M, F,T) is soft s-r-c.

Proof. Let H € [ such that fq_vl(H) # 0g. Since fg : (L, T,S) — (M, F,T) is soft
s-r-c, then we find K € RO(T) — {05} such that KC fp_ul(H ). Since I is soft r-weakly

equivalent to Y, then we find G € RO(Y) — {05} such that GCKC foii (K). This shows that
fqo: (L,Y,S) — (M, F,T)issofts-r-c. [
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Theorem 18. Let fg, : (L,I,S) — (M, F,T) be soft s-r-c and surjective. If (L,Y,S) and
(M, ¥, T) are STSs such that T is soft r-weakly equivalent to Y and F is soft weakly equivalent to
Y, then fg : (L,Y,S) — (M, Y, T) is soft s-r-c.

Proof. Let G € Y such that fp_u1 (G) # 0Os. Since F is soft weakly equivalent to ¥, then
we find R € F — {07} such that RCG. Since fy, is surjective, then fol (R) # 0s. Since
foo : (LT,S) — (M, F,T) is soft s-r-c, then we find H € RO(T') — {0s} such that
HC f;;ul (R). Since I is soft r-weakly equivalent to Y, then we find K € RO(Y) — {0s} such
that KiHifp_ul (R)ifp_u1 (G). This completes the proof. [I

Definition 14. An STS (L,T,S) is called a soft r-D-space if, for every G,H € RO(I') — {0s},
GAH # 0s.

Soft D-spaces are soft r-D-spaces. However, we raise the following question about
the converse:

Question 1. Is it true that every soft r-D-space is a soft D-space?

The following result shows that the soft somewhat-r-continuous image of a soft r-D-
space is a soft D-space:

Theorem 19. Let fg, : (L,T,S) — (M, F,T) be soft s-r-c and surjective. If (L, T, S) is a soft
r-D-space, then (M, I, T) is a soft D-space.

Proof. Let fy, : (L,I,S) — (M, F, T) be soft s-r-c and surjective such that (L, T, S) is a soft
r-D-space. To the contrary, assume that (L, T, S) is not a soft D-space. Then, we find K, H €
F — {07} such that KNH = Or. Since fg, is surjective, then fqgl(K) # 0s and f,,' (H) #
0s. Since fgo : (L, I,S) — (M, F,T) is soft s-r-c, then we find G,R € RO(T) — {0s}
such that GCf;! (K) and RC ' (H). Therefore, GNRC fo,' (K)o (H) = fo5! (KAH) =
fq_v1 (0r) = 0g. This shows that (L,T, S) is not a soft r-D-space, a contradiction. [

4. Soft Somewhat-r-Open Functions

In this section, we define soft somewhat-r-open functions. We show that this class of
soft functions is a subclass of soft somewhat open functions. With the help of examples, we
introduce various properties of this new class of soft functions.

Definition 15. A soft function fg, : (L, T,S) — (M, I, T) is called soft somewhat-r-open (soft
s-1-0) if, for each K € T — {0g}, there exists H € RO(F ) — {07} such that HC fo,(K).

In Theorems 20 and 21 and Corollaries 4 and 5, we investigate the correspondence
between the concepts of soft somewhat-r-openness and soft somewhat-openness with their
analogous topological concepts:

Theorem 20. Let {(L,Is):s € S} and {(M,F¢):t e T} be two collections of TSs. Let q :
L — Mandv : S — T be functions where v is bijective. Then fg : (L, ®sesls, S) —

(M, ®terF+, T) is soft s-r-o if and only if q : (L, T's) — (M, FZ,(S)> is s-r-0 forall s € S.

Proof. Necessity: Assume that fy, : (L, ®sesTs,S) — (M, ©rerF 1, T) is soft s-r-0. Let s €
S.LetU € T's — {@}. Then, si; € GsesTs —{0s}. So, we find H € RO(@erF ) — {01} such

that HC fyo(su) = (v(s))g(u)- Thus, we have H(v(s)) € ((U(S))q(u)) (v(s)) = q(U), and
by Theorem 14 of [30], H(v(s)) € RO(FU(S)). This shows that g : (L, T's) — (M, FU(S))
is s-1-0.
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Sufficiency: Assume that g : (L, Ts) — (M,F U(S)) iss-r-oforalls € S. LetK €
@sesls — {0s}. Choose a € S such that K(a) # @. Since g : (L, T;) — (M, FU(H)) is s-r-0,

then we find W € RO (Fv(u)> — {®} such that W C g(K(a)). Then, (v(a)),, # Or, and

by Theorem 14 of [30], (v(a))y € RO(DierF ¢). Moreover, it is not difficult to check that
aw C fq0(K). This shows that fg : (L, ©sesTs, S) — (M, @serh +, T) is soft s-r-o. [

Corollary 4. Let q: (L,a) — (M, ¢) and v : S — T be two functions where v is a bijection.
Then, q : (L,a) — (M, §) is s-r-o if and only if foo : (L, T(x),S) — (M, T(¢), T) is soft s-r-o.

Proof. Foreachs € Sandt € T, putI's = aw and F; = ¢. Then, 7(a) = Syesls and
T(¢) = PterF t. We obtain the result by using Theorem 20. [

Example 8. Let L = {1,2,3}, « = {@,L,{1}}, and ¢ = {O,L,{2},{3},{2,3}}. Define
g:L— Landv:Z — Zbyq(1) =3,9(2) =1, 9(3) =2, and v(x) = x for every x € Z.
Then, q : (L,&) — (L, ¢) is s-r-0, and by Corollary 4, fo : (L, (&), Z) — (L, T(¢), Z) is soft
§-1-0.

Theorem 21. Let {(L,Is):s € S} and {(M,F¢):t e T} be two collections of TSs. Let q :
L — Mandv : S — T be functions where v is bijective. Then, fg : (L, ®sesTs,S) —

(M, ®terF ¢, T) is soft s-o if and only if g : (L, T's) — (M, FU(S)> is s-0 forall s € S.

Proof. Necessity: Assume that fg : (L, ®sesT's,S) — (M, DrerF 1, T) is soft s-o. Let s € S.
Let U € Ts — {@}. Then, sy € @sesl’s — {0s}. So, we find H € @7l + — {01} such

that HC fyo(su) = (0(5)) (1) Thus, we have H(o(s)) C ((v(s)) q(u)) (v(s)) = q(U) and
H(v(s)) € RO(FU(S)). This shows that g : (L,Ts) — (M, FU(S)) is s-o.

Sufficiency: Assume that g : (L,Ts) — (M, FU(S)) iss-oforalls € S. LetK €
®sesTs — {0s}. Choose a € S such that K(a) # @. Since q : (L, I;) — (M, Fv(a)> is
s-0, then we find W € F ;) — {@} such that W C q(K(a)). Then, (v(a))y € ®rerF ¢ —

{0r}. Moreover, it is not difficult to check that (v(a))yC fyo(K). This shows that fg, :
(L, ®sesTs, S) — (M, BrerF+, T) is softs-o. O

Corollary 5. Let g : (L&) — (M, ¢) and v : S — T be two functions where v is a bijection.
Then, q : (L,a) — (M, ¢) is s-o if and only if fo : (L, T(x),S) — (M, T(¢), T) is soft s-o.

Proof. For eachs € Sandt € T, putIs, = a and F; = ¢. Then, 7(a) = Psesls and
T(¢) = PrerF +. We obtain the result by using Theorem 21. [

In Theorems 22 and 23 and Example 9, we discuss the relationships between the classes
of somewhat-r-open functions and soft somewhat-open functions:

Theorem 22. Every soft s-r-o function is soft s-o.

Proof. Let f5, : (L,I,S) — (M, F,T) be soft s-r-o. Let K € T — {0s}. Since fg, is soft
s-r-0, then we find H € RO(F) — {07} such that HC f,, (K). Since RO(F) C F, then
H € F —{0r}. Therefore, fy is softs-o. [

The converse of Theorem 22 does not have to be true in all cases.

Example 9. Let o be the cofinite topology on R. Consider the identities q : (R,a) — (R, a)
and v : [0,1] — [0,1]. Consider fg : (R, 7(a),[0,1]) — (R, 7(«),[0,1]). Then, fg is soft
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s-0. Since Cg_1o) € T(a) while there is no H € RO(t(a)) — {0[011]} = {1[0,1]} such that
Hifqv(CR_{O}) = Cr_{0y, then fyo is not soft s-r-o.

Theorem 23. If fo, : (L, I,S) — (M, F,T) is soft s-o and (L,T,S) is soft locally indiscrete,
then fgo is soft s-r-o.

Proof. Let K € I' — {0s}. Since f;y is soft s-o, we find H € F — {07} such that HC f,(K).
Since (M, F, T) is soft locally indiscrete, then H € RO(f ). This shows that f;; is soft
s-r-0. [

In Theorem 24, we give a sufficient condition for the soft composition of two soft
somewhat-r-open functions to be soft somewhat-r-open:

Theorem 24. If f,0, : (L,T,S) — (M, F,T) is soft open and fg,0, : (M, F,T) — (R, Y, B)
is soft s-r-0, then f(4,0q,)(v001) * (LT, S) — (R, Y, B) is soft s-r-o.

Proof. Let K € T — {0Og}. Since f;,5, is soft open, then f;,,, (K) € F — {0r}. Since fg,0,
is soft s-r-o, then we find H € Y — {0} such that HC fy,0, (fa,0,(K)) = £ K).
This shows that f is soft s-r-o. [

2041) (v2001) (
q2041)(v2001)

In Theorems 25 and 26, we give characterizations of soft somewhat-r-open functions:

Theorem 25. Let fo : (L,T,S) — (M, I, T) bea soft function. Then, the following are equivalent:
(a)  fgo is soft s-r-o.
(b)  If H is soft r-dense in (M, I, T), then f.,! (H) is soft dense in (L, T, S).

Proof. (a) => (b): Assume, on the other hand, that we find a soft r-dense set Hin (M, F, T)
such that fq_z,l(H) is not soft dense in (L, T, S). Then, 15 — Cly (fq_vl(H)) €I —{0s}. So, by
(a), we find K € RO(F) — {Or} such that
K C f(ls—Clr(fp'(H)))

foo(1s — fﬁl(H))
fqv(fq?zl(lT — H))
- 17 — H.

Thus, HNK = Ot. Therefore, by Theorem 9, H is not soft r-dense in (M, F, T), which
is a contradiction.

(b) => (a): Assume, on the other hand, that there exists H € I' — {0g} such that, if
K € RO(F) such that KC fyy (H), then K = 07. [

A NN

Claim 2. 17 — f;(H) is soft r-dense in (M, I, T).
Proof of Claim 2. Suppose to the contrary that 17 — f;,(H) is not soft r-dense in (M, F, T).
Then, by Theorem 5, there exists K € RO(F ) — {Or} such that KN\ (17 — foo(H)) = O, and
hence, KC fq0(H), a contradiction.

Thus, by the above Claim 2 and (b), f,,' (17 — f4o(H)) is soft dense in (L, T, S). Since
foo' (1 = fqu(H)) = 15 — foo! (fo(H))C1s — H, then HNf,' (11 — fgo(H)) = 0g, which
implies that fq’vl (17 — fqo(H)) is not soft dense in (L, T, S), which is a contradiction. [J

Theorem 26. Let fgo : (L,T,S) — (M, I, T) be bijective. Then, the following are equivalent:

(@) fqo is soft s-r-o.
(b) If A € T¢suchthat fg,(A) # Or, then there exists B € RC(F ) — {07} such that fz,(A)CB.

Proof. Since fg, is bijective, then fg, is soft s-r-0 if and only if f,-1,-1 is soft s-r-c. So, we
obtain the result by using Theorem 12. [J
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References

Theorems 27 and 28 discuss the behavior of soft somewhat-r-open functions under
soft subspaces:

Theorem 27. If fy : (L,T,S) — (M, F,T) is soft s-r-0o and W C L such that Cyy € T, then
the soft restriction (fo) ey W, Tw,S) — (M, F,T) is soft s-r-o.

Proof. Assume that f, : (L,I,S) — (M, F,T) is soft s-r-o, and let W C L such that
Cw €T. Let H € Tyy — {0s}. Since Cy € T, then Ty C T, and thus, H € T — {0s}.
Since fg : (L, T,S) — (M, F,T) is soft s-r-o, then we find K € RO(F ) — {07} such that

KCfyo(H) = (fqv)|cW(H)~ O

Theorem 28. Let (L,T,S) and (M, F, T) be any two STSs. Let U C L such that Cyy is soft dense
in (L, T,S). If foo : (U, Ty, S) — (M, F, T) is soft s-r-o, then for any extension q1 : L — M,
fao s (L, T,S) — (M, F,T) is soft s-r-o.

Proof. Let H € T — {0s}. Since Cy; is soft dense in (L,T,S), then HNCy # 0s. Since
foo © (U, Ty, S) — (M, F,T) is soft s-r-0 and HNCy € I'y — {0s}, then we find K €
RO(F) — {07} such that KC f,,, (HNCy;) C fg,0(H). This completes the proof. [

Theorem 29. Let fg : (L, I,S) — (M,F,T) be soft s-r-o. If (L,Y,S) and (M, ¥, T) are
STSs such that T is soft weakly equivalent to Y and [ is soft r-weakly equivalent to ¥, then
fqo: (L,Y,S) — (M, Y, T) is soft s-r-o.

Proof. Let H € Y — {0s}. Since I' is soft weakly equivalent to Y, then we find G €
I' — {05} such that GCH. Since f, : (L,T,S) — (M, I, T) is soft s-r-o, then we find R €
RO(F) — {07} such that RC f,,(G). Since F is soft r-weakly equivalent to ¥, then we find
K € RO(Y) — {07} such that KCRC f0(G)C fpu (H). This shows that f : (L,Y,S) —
(M,Y,T) is softs-r-o. O

5. Conclusions

The concepts of “soft somewhat-r-continuity” and “soft somewhat-r-openness” for
mappings over soft topological spaces were introduced in this research. We examined soft
composition (Theorems 10, 11, and 24) and soft subspaces (Theorems 13, 14, 27, and 28) and
presented characterizations (Theorems 12, 25, and 26). We provided several linkages
between these two concepts and their associated concepts in soft topology (Theorems 3,
4, and 22). We also provided soft preservation results (Theorems 15 and 19). Finally, we
looked at the correspondence between them and their topological analogs (Theorems 1, 2,
20, and 21 and Corollaries 1, 2, 4, and 5). Future research might look into the following
topics: (1) defining soft semi-continuity; (2) defining soft pre-continuity; (3) finding a use
for our new soft topological principles in a “decision-making problem”.
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