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Let A represent the collection of all analytic functions, u, defined on E and fulfill the criteria
u(0) = 0 and 4/(0) — 1 = 0. Thus, each function, u, in class A has the following Taylor
series expansion:

u(z) =z+ ) a,z", z€E. 1)
n=2

The various subclasses of .4 have been studied intensively, for instance, Ref. [1].
Further, let S denote a subfamily of .4, whose members are univalent in unit disk E. Let
S*(a) and C(w) be the subfamilies of A for 0 < a < 1, where S*(«) represents starlike
functions of order «, and C(«) represents convex functions of order «. Analytically, these
families are represented by

S*(a) = {u cA: Re<ZZ;S)) > oc},

and

Copyright: © 2023 by the authors.
Licensee MDPI, Basel, Switzerland.

Cla) = {u e A: Re((zz’((;)))’) > uc}.

In particular, if « = 0, then we can observe that S*(0) = §* and C(0) = C are well-known
families of starlike functions and convex functions, respectively.

Moreover, for two functions, uq,u; € A, the expression u7 < up denotes that the
Attribution (CC BY) license (https://  function uq is subordinate to the function u; if there exists an analytic function, y, with the
creativecommons.org/ licenses /by / following properties:

40/). [n(z)| < |z| and pu(0) =0
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such that
up(z) =up(u(z)) Vvze E

In addition, if uy € S, then the aforementioned conditions can be expressed as follows:
uy < up if and only if u1(0) = up(0) and u3(E) C up(E).

In 1992, Ma and Minda defined [2]

!

zu ()

u(z)

with Re(¢) > 0in E. Additionally, the function ¢ maps E onto a star-shaped region, and
the image domain is symmetric about the real axis and starlike with respect to ¢(0) =1,
with ¢'(0) > 0. The set S*(¢) generalizes several subfamilies of the function class .A. Here
are seven examples.

1. The class S*[L, M] of Janowski starlike functions (see [3,4]) can be viewed by

S*(¢) = {uEA: <¢>(z)} (2)

1+ Mz

where -1 < M < L <1 and ¢(z) = {-5£.

2. For ¢(z) = V/1+ z, the family S} = §*(1/1 + z) was established by Sokél et al. [5].

3. For ¢(z) = 1 + sin(z), the class S, = S*(1 + sin(z)) was introduced and studied
by Cho et al. [6].

4. Considering the function ¢(z) = 14z — 123, we get the family Spep = S* (1 +z— %23) ,
which was introduced and investigated recently by Wani and Swaminathan [7]. The image
of E under the function ¢(z) =1+z — %23 is bounded by a nephroid-shaped region.

5. For ¢(z) = €7, the class S; = S*(¢*) has been defined and studied by Mendiratta [8].

6. Taking ¢(z) = z + V1 + z2, we then get the family Sf,,, = S* (z +V1+ 22), which
maps E to a crescent-shaped region and was given by Raina et al. [9].

7. The function ¢(z) = 1 +sinh ! z gives the following class introduced by Kumar
and Arora [10]:

8y =8 (1+sinh'z).

The natural extensions of differential inequalities on the real line into the complex
plane are known as differential subordinations. Derivatives are an essential tool for under-
standing the properties of real-valued functions. Differential implications can be found
in the complex plane when a function is described using differential subordinations. For
example, Noshiro and Warschawski provided the univalency criteria for the analytical func-
tion theorem, which showed such differential implications. The range of the combination
of the function’s derivatives is frequently used to determine the properties of a function.

Let /1 be an analytic function defined on E, with /1(0) = 1. Recently, Ali et al. [11] have
investigated some differential subordination results. More specifically, they studied the
following differential subordinations for some particular ranges of a.

azh' (z)

1+ W (z)

<+V1+z, n=0,1,2

which can ensure that

h(z) < V1+z.

Similar type results have been investigated by various authors. For example, the articles
contributed by Kumar et al. [12,13], Paprocki et al. [14], Raza et al. [15] and Shi et al. [16].
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In this paper, we consider the following two subfamilies of analytic functions.

. zu'(2) z2
Sca,—{uE.A. ) <1+z+2} zeE, 3)

and () .

Zu 4z  z
= : 1 E 4
Sir {ME.A (z)< —1—5—1-5} z €[, 4)

where the family defined in (3) was introduced by Kumar and Kamaljeet [17], and the
family defined in (4) was introduced by Gandhi [18].
The lemma below underlies our considerations in the following sections.

Lemma 1. [19] For the univalent function q : £ — C and the analytic functions A and v in
q(E) C E with A(z) # 0 for z € q(E), define

O(2) = 24/ (2)M(q(2)) and g(z) = 0(g(z)) + ©(z), z € E.

Suppose that
1. g(z) is convex, or ©(z) is starlike.
'(2)
2. Re(zg(zz) ) >0,z€E.
Ifh € S with h(0) = q(0), h(E) C E, and

v(h(z) + 2K (2)A(h(2))) < 0(q(2) +2q'(2)A(q(2))),

then h < q, and q is the best dominant.

2. Subordination Results for the Class &7,
Theorem 1. Let h be an analytic function with h(0) = 1 in the unit disc E and satisfy

72

1+,Bzh’()<1+z+ = ¢car(z), z € E.
Then, we have the following
1. he&y, forp = (\[ ok
2. he8g,, forp=> m
3. he Sy forp=> E.
4. heSip, forp > m.
5. he Sk, for > 4(2 f)
6. heS;,fOV‘B_m_l(l)-
Proof. Consider the analytic function
4z + 22
aﬁ(z) =1+ i
which is a solution of the differential subordination equation
22
1+ Bzh (z) < 1+z+ 5

Let us take z € E, q(z) = ag(z), v(z) = 1, and A(z) = B in Lemma 1. Then,
the function ® : E — C is given by O(z) = a;;(z)/\(a/g(z)) = ¢ear(z) — 1, 50 h(z) =
14 O(z) = ¢ear(z). Since the function ¢4 (z) maps E into a starlike region (with respect
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to 1), the function h is starlike. Further, 1 satisfies Re(zg((zz))) > 0. As an application to

Lemma 1, we possess the following property:
14 Bzh'(z) < 1+ Bzag(z) = h(z) < ap(z).
Each subordination of Theorem 1, is similar to
h(z) < w(z),
for each subordinate function in the theorem, which is valid if ag(z) < w(z), z € E. Then,
w(=1) < ag(=1) <ag(1) < w(1). ®)

This yields the necessary condition for which h(z) < w(z), z € E. Looking at the geometry
of each of these functions w(z), it is noticed that the condition is also sufficient.
1. Let w(z) = V1 +z, then

ag(—1) >0 and ag(1) < V2,

and these inequalities can be reduced to f > 3 = By and g > i \/;7 0= B2. We note that

B1 — B2 < 0, and hence the following subordination holds.
ag(z) < V1+z, if B> max{f, B2} = P2

2. Let w(z) = 1+ sin(z), thenby (5),

3
- > — si > = B.
ag(—=1) > 1-—sin(1), Wheneverﬁ*4sin(l) B1
5
< i > —— = fBo.
ag(l) < 1+sin(1), whenever g > Zsin(1) B2

Notice that 81 — B2 < 0. Thus, the following subordination holds.
ag(z) < 1+sin(z), if B > max{py, B2} = Ba

3. Letw(z) =14z — %, then the inequality ag(—1) > } gives B > B for By = 3,

and ag(1) < % gives B > By for B = 1@5. Moreover, since 81 — B2 < 0,

ag(z) <1+z— i, if B > max{B1, B2} = Bo-

3
4. Let w(z) = €%, then
ag(—1) > e”! and ag(1) <e,

and these two inequalities yield g > ﬁ =pfrand g > ﬁ = fB». Thus,
aﬁ(z) <V1+z, lfﬁ > max{ﬁl,ﬁz} = ,Bl-
5. Let w(z) = z+ V1 + 22, then by Equation (5), we have

ag(—1) > —1+ V2, whenever >

5
1+v2, whenever g > —— = B,.
;B 4 \/E ,32

IN

ag(1)
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Therefore, the subordination ag(z) < z 4 V14 22 holds if B > max{B1, B2} = B1-
6. Let w(z) = 1+sinh~'(z), then

ag(—1) > 1 —sinh~!(1) and ag(1) <1 +sinh~'(1).

Thus, two inequalities above yield g > 487

- =pfrand g > 481% B2, and hence

hi(1
ag(z) <1 +sinh~!(z), if B > max{B1, B2} = 2.
O

Corollary 1. Let u € A that satisfies the following subordination:

zu'(z) <(zu’(z))/ B zu’(z)) B 2z + 72

M(Z u’(z) u(z 2/3 = ¢car(z),2 c E.

Then, we have the following results.

1 ueSﬁ,forﬁ_4(\[ 1 ~ 3.0178.

2 uESsm,for[324sn() ~ 1.4855.

3. u€Sy, forp> ~1.875

4. u€ Sy forp> %) ~ 1.1865.
*

5  ueSk,, for> 4(2 \[) ~ 1.2803.

6

ues;, forﬁ_4 ()~14182

Theorem 2. Let h be analytic with h(0) = 1 in unit disc E and assume that

2 (2)
)

1+8 <1+z+ = ¢ear(2), z € E.

Then, we have the following

heSg, forp = ( Vi)

he Sk, forp> m
h € Snep, forp= ( n(3)’
h € Sip, forp = 2.

h € Skes, for B> m.

. 5
€Sy, for B2 i )

w\m

S vk L b=

Proof. Consider the analytic function bg : E — C, defined by

4z + 72
bp(z) —exp( ip ), z € E.

Then, bﬁ is a solution of the differential equation

/ 2
ZZ((é) = 1+Z+ % - (Pcar(z), z e E.

If we take z € E, q(z) = bg(z), v(z) = 1,and A(z) = é in Lemma 1, then the function
©:E — Cisgivenby O(z) = zb’ﬁ(z))\(bﬁ(z)) = Pear(z) — 1,50 h(z) =1+ O(z) = Pear(2).

1+8
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Since the function ¢4 (z) maps E into a starlike region (w.r.to 1), the function # is

starlike. Further, /i satisfies Re (Zg(f)) ) > 0. Applying this to Lemma 1, we possess that

zh (2) zb;}(z)
+pB ) <14+p bﬁ(z)

= h(z) < bg(z).

Each subordination of Theorem 1 is similar to
h(z) < w(z),

for each subordinate function in the theorem, which is valid if bg(z) < w(z), z € E. Here,
we use the same technique as in Theorem 1, omitting the rest of the proof. O

Corollary 2. Let u € A that satisfies the following subordination:

(zu'(z)) zu/(2) 2z 22
( M’(Z) _M(Z ><2,B+2ﬁlZ€E.

Then, we have
u € Sy, for > m ~ 3.6067.
ue Sk, forp> # ~ 2.0473.

u € Spop, forp = 41n R 2.447.

ue Sexp, for B> 3 LS 1.25.
* 5 ~
U € Syess for B> (i) 1.4182.

* 5 ~
ue Sy, for b2 gty ~ 19778

S k=
/\
v

Theorem 3. Let h be an analytic function with h(0) = 1 in unit disc E and satisfy that

/ 72
—i—ﬁzl/é((;)) <14z —F* ¢car( ) z € E.

Then, the following results.
1. heS;, forp=; 5v2

A(va-1)’
2. he S, forp> 2t
3. heS, forp>%.
4. he Sk, 551).
5. heSkh, forf> %
6. heS;,forﬁ2%

Proof. Consider the function cg : E — C, defined by

cp(z) = (1 - 42;322)_1,

which is the solution of the differential equation:

l 2
1+ﬁZhI’;((ZZ)) *1+Z+ —¢cur( )



Symmetry 2023, 15, 2004

7 of 14

InLemma 1, letz € E, q(z) = c4(z), v(z) = 1, and A(z) = Zﬁz Then, the function
®: E — Cis given by ©(z) = zcj(z)A(cp(2)) = ¢ear(z) — 1,50 h(z) =1+ O(2) = Pear(2).
Since the function ¢cqr(z) maps E into a starlike region (w.r.to 1), the function  is starlike.
Further, h satisfies Re(zh'(z)/©(z)) > 0. Therefore, from Lemma 1, we possess that

zh'(z) zc’ﬁ(z)
1+ 8 ) <1+8 ) = h(z) < cp(2).

Each subordination of Theorem 2 is similar to
h(z) < w(z),

for each subordinate function in the theorem, which is valid if sg(z) < w(z), z € E. Here,
we use the same technique as we used in Theorem 1, so we omit the rest of the proof. O

Corollary 3. Let u € A that satisfies the following subordination:

(zu’(z))‘l ((zu’(z))’ 3 zu'<z>> (2.2 g

26 2p

Then, we have

1 ueSh forp> 22~ ~4.2678.

(f 1)
2. ue S, for p> I ~ 27355,
3. u€Sy, forp> % ~3.125.
4. u€S&p, forp> % ~ 1.9775.
. 5(1+v2
5. U € 8, for B> (4\[)N2 1339.
» (1+s1nh (1 )) -

At the end of Section 2, as a geometric approach to the problems in differential
subordination theory, the following figures in Figure 1 graphically represent the results in
the section.

Boundary curve of 1 +

(z)

~ Boundary curve of'\."l l+z -
Boundary curve ofbﬁ[z)

sit
Boundary curve of @ (2)

Boundary curve of @, (Z) b
B Boundary curve of b_ ()
)

B

Boundary curve of ¢ (2

B

Boundaty curve ofc‘B(Z)

Figure 1. Cont.
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— Boundary curveof 1 + 2 — —
- Boundary curve of'a'B(Z]
Boundaty curve off)ﬁ(z)

Boundary curve ofcﬁ (2)

3

Boundary curve of exp(z) -
Boundary curve ofbﬁ(z)

Boundaty curve of o

Boundary curve och (z)

o)

Boundary curve of z + \."II 1+ 2
Boundar curve ofaﬁ(z)

Boundaty curve ofbﬁ (z)

Boundany curve och (z)

— Boundary curve of | + sinh
Boundaty curve ofaﬁ(z]

Boundaty curve ofbﬁ {z)

Boundary curve DfCB (2)

z)

Figure 1. Graphical Representation of Results in Section 2.

3. Subordination Results for Class S; -

Theorem 4. Let h be an analytic function with h(0) = 1 in unit disc E and satisfy that

4

4
1+ﬁzh’(z)<1+£+z—,z€E.

Then, we have the following.

S

he Sy, forp> 20(\[ 1)
he S:III’ fO?‘ ﬁ 2051n
he Sy for p= i

h e Sip, forp = 15

h € Sékrew forlB > 20(2 f)

*
>/
he SP’ for = ZOsinh’ )

')

5 5
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Proof. Consider the differential equation
4 4
14l (z) =1+ = + 2. (6)
5 5
It is easy to verify that the analytic function tg : E — C, defined by

16z + z*
208 7

f‘B(Z) =1+

is the solution of Equation (6). In Lemma 1, letz € [, q(z) = tg(z), v(z) = 1,and A(z) = B.
Then, the function ® : E — C is given by ©(z) = zt’ﬁ(z))x(t/;(z)) = ¢ear(z) — 1, 50
h(z) =1+ ©O(z) = ¢ear(z). Since the function ¢4 (z) maps E into a starlike region (w.r.to
1), the function # is starlike. Further, h satisfies Re(zh'(z)/©(z)) > 0. It follows from
Lemma 1 that

1+ Bzh'(z) < 1+ Bzty(z) = h(z) < tp(z).

Each subordination of Theorem 1 is similar to
h(z) < w(z),
for each subordinate function in the theorem, which is valid if t5(z) < w(z), z € E. Then

w(=1) < tg(=1) < t5(1) < w(1). @)

This yields the necessary condition for which h(z) < w(z), z € E. Looking at each of
these functions” w(z) geometry, it can be seen that this condition is also sufficient.

1. Let w(z) = V1 + z, then
ts(—1) >0 and tg(1) < V2,

and the above inequalities reduce to g > 15 =prand B > 0(va1) \[ 0= B1. We note that

B1 — B2 < 0. Thus,
tl;(Z) <V1+z, lf‘B > max{ﬁl,ﬁz} = ‘BQ.

2. Let w(z) = 1+ sin(z), then from Equation (5), we have

15

20sin(1) P
17

20sin(1) P2:

tg(=1) > 1-—sin(1), whenever g >
tg(1) < 1+sin(1), whenever g >

We observe that 81 — B2 < 0. Therefore the subordination #5(z) < 1+ sin(z) holds if

p = max{py, fa} = pa- ,
3. Let w( ) =142z — %, then the inequality tg(—1) > 3 ! gives B > By, where 1 = 32,

and tg(1) < 3 gives B > B, where B, = 3j. Further, we note that f1 — B, < 0. Therefore,

i’lg(Z) <1+z-— ?, if g > max{ﬁ1,ﬁ2} = Ba.

4. Let w(z) = €7, then
t/g(*l) > e ! and f’g(l) <e,

and these two inequalities yield to 8 > (17«31) =pfrand g > 20( = By. Thus,

tg(z) < e*, if B > max{B1, B2} = B1.
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5. Let w(z) = z + V1 + 22, then from Equation (5),

15

tg(—=1) > —1+ /2, whenever > M = B1.

17
tz(1) < 1+ \f whenever > = Bo.

Therefore, the subordination tg(z) < z+ v1+2? holds if B > max{p1, B2} = B1,
where 1 — 2 < 0.
6. Let w(z) = 1+ sinh~'(z), then

tg(—=1) >1— sinh (1) and tg(1) <1 +sinh ™' (1),

and these two inequalities yield p > — = Bo. Thus,

15
=pfrand g >
20sinh~1(1) ﬁl 'B 20 smh

tg(z) <1 +sinh~Y(z), if B > max{B1, B2} = Bo.

O

Corollary 4. Let u € A that satisfies the following subordination:

(zu’(z)> <(ZM/(Z))/ _ Z“/(z)> gl + = z zeE.

u(z) u'(z) u(z) 56 5p

uedSy, forp>

ue S, forp>

20({ ) ~2.0521.
WNl 0101.
U € Sy, forp> 3~ 1 275.

1

2

3.

4. u € Sgp, forp= ﬁ ~ 1.1865.

5. U € s, for B> 20(2 f) ~ 1.2803.
*

6. ueS;, forp= mh 0enn T 0.9644.

Theorem 5. Let h be an analytic function with h(0) = 1 in open unit disc E and satisfy that

e g 2,2 ek

ST 575

Then, we have the following results.
he Sy, forp> m.

h e Sk, for B> m
heS,,, forB> 20101;(%).

he S for =1,

I € Scres, for p = 201og(117+f)

17
"€ Sp, orB 2 ieglirsmb D)

S kb=

Proof. Consider the analytic function sz : E — C, defined by

1 4
sp(z) = eXp( 6;;'[;2 ), z € E.
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Then, s B is a solution of the differential equation:

) _ g 2,7 ek

1+ﬁh() 575

Letz € E, q(z) = sp(z), v(z) = 1,and A(z) = g Applying for Lemma 1, the function
® : E — Cis given by ©(z) = zs5(2)A(sp(z)) = Pear(z) — 1, and so h(z) = 1+ O(z) =
¢car(z). Since the function ¢4, (z) maps E into a starlike region (w.r.to 1), the function & is
starlike. Further, h satisfies Re(zh'(z)/©(z)) > 0. Applying Lemma 1, we possess that

() 26(2)
i P SE

1+p = h(z) < 55(2).

Each subordination of Theorem 1 is similar to
h(z) < w(z),

for each subordinate function in the theorem, which is valid if sg(z) < w(z), z € E. Here,
we use the same technique as in Theorem 1, omitting the rest of the proof. [

Corollary 5. Let u € A that satisfies the following subordination.

(w'(z))  =l(2) 4z
(v o) & 2

Then, we have

u€ Sy, for B> gy ~1.2263.

U E S for B> spienremmy ~ 1-3922
U € Spop, for p = m ~ 1.6640.

u € Sip, for p > iz ~085

U € Skpss for/% > 2010g(1+f) ~ 0.964 4.

* 17

S R L b=

Theorem 6. Let h be an analytic function with h(0) = 1 in unit disc E and satisfy that

zh' (z2) _<1+4z+z4

(z) 5 t5 ek

1+po7

Then, we have the following.

* 172
1. heSﬁ,for‘B>m.

fOT’ B> 17(1+sin(1 ))

heSg ZOSm(l)

sin’/
he Snep/ for.B >
h € Sk, for p> 20176 Ty
17(1+v2
he Scresr for:B > (207\/5)
17(1+sinh (1))
20sinh (1)

S

heS;,forrBz

Proof. Consider the function dg : E — C, defined by

16z—|—z4>_1

d,g(Z) = (1 — W
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which is the solution of the following differential equation.

zh'(z) 4z  z*
1B Tt s

Letz € E, take q(z) = dg(z), v(z) = 1,and A(z) = ZEZ in Lemma 1. Then, the function
® : E — Cis given by ©(z) = zd(2)A(dp(2)) = ¢ear(z) — 1, and so h(z) = 1+ O(z) =
$ear(z). Since the function ¢4 (z) maps E into a starlike region (with respect to 1), the

function h is starlike. Further, & satisfies Re(zh'(z)/®(z)) > 0. Applying this to Lemma 1,
we find that
zd;3 (z) N

Z(2) = h(z) < dy(2).

1+p nz) —<1+‘Bdﬁ(z)

Each subordination of Theorem 2 is similar to
h(z) < w(z),

for each subordinate function in the theorem, which is valid if dg(z) < w(z), z € E. Here,
we use the same technique as in Theorem 1, omitting the rest of the proof. [

Corollary 6. Let u € A that satisfies the following subordination.

2l (2)\ (2 (z)) 2 (z) 4z 4
(u(z)) ( e u<z>><5ﬂ+5ﬁ’

Then, we have the following results.

1. ueSs forp> 20(17ff1) ~2.9021.
uE Shy for p> Tt ~1.8601,

ueSnep,forﬁ>—5N2 125.

2

3.

4. u € Seps f0r,B>207)%13447
5

B 17(14+v2
U € Syess for B> (20f ) ~ 1.451.

17(1+smh (1 ))

T~ 18144

6. ueds;, forp=>

We finish Section 3 with the following figures in Figure 2, graphically illustrating the
results in this section.
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g \\\
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—— Bousndary curve vaﬁm = - Boundaty cuve ofa‘E(Z) Boundary curve ofbﬁ(zzl
Boundary curve ofbﬁ(z) Boundary curve ofCE(Z) Boundary curve ofCE(Z)

Figure 2. Cont.
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Boundary curve ofbﬁ(z)

Boundaty curve of o
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Boundary curve och (z)

z)

Boundary curve of z + \."II 1+ 2

Boundaty curve ofa'B (z)

Eoundary curve of & _ (2

B )
Boundany curve och (z)

— Boundary curve of 1 + sinh ™! (z)
Boundary curve ufas(z)

Boundaty curve ofbﬁ {z)

Boundary curve DfCB (2)

Figure 2. Graphical Representation of Results in Section 3.

4. Conclusions

In this article, we have studied the first-order differential subordination for two sym-
metric image domains, namely the cardioid domain and the domain bounded by three
leaf functions. Further, we examined some graphical interpretations of these results. More-
over, this concept can be extended to meromorphic, multivalent, and quantum calculus
functions.
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