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Abstract: By using Gronwall’s inequality and coincidence degree theory, the sufficient conditions
of the globally exponential stability and existence are given for a Hebbian-type network with time-
varying delays. The periodic behavior phenomenon is one of the hot topics in network systems
research, from which we can discover the symmetric characteristics of certain neurons. The main
theorems in the present paper are illustrated using a numerical example.
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1. Introduction

In the past few decades, Hopfield-type neural networks has been investigated by
engineers, physicists, computer scientists and mathematicians. Gopalsamy [1] considered
a second-order Hopfield-type neural network with constant lags and an unsupervised
Hebbian-type learning algorithm as follows:

wi(t) = —aui(t) + g bijfj(ui(t — ;) + Tiq Xy T (i (8 = 75))
SeCu(t = vi)) + Di iy mij(H)pj + L, 1)
mi(t) = —aimy(t) + Bifi(u 1( )P

All coefficients of system (1) are constants. However, in nature, dynamic systems
are inevitably influenced by external environments, and variable coefficient systems are
more capable of depicting real-world situations. Hence, we study a neural networks with
variable coefficients and lags as follows:

wi(t) = —ai(t)u(t) + Ty by () f; (i (t — 7; (1)) + g Ty Tije(£)
it — (1) fie e (t — vk (t))) + Di(t) T miyj () pj + L), )
mi(t) = —a;(t)my(t) + Bi(t) fi(ui () pj,

wherei =1,2,--- ,n, u;(t) is the state of the system; a;(t) > 0 is the feedback rate of the
system; m;j(t) represents the synaptic vector; D;(t) represents the acceptance rate of the
input signals; b;;(t) and Tjjx(t) are synaptic weights; B;(t) and a;(t) > 0 are disposable; p;
is learning the signal vector; ;(t) > 0 is the time-varying lag with 'y]’-(t) < 1; Ij(t) is the
external input signal vector; and f;(+) is the neuronal activation function. Let

Ui(t) = 2]7;21 ml]( ) j and ):n 1 P] =c>0.
We rewrite (2) into

wi(t) = —ai(t)u;(t) + Tiq by (1) £ (u(t — (1))
+ 201 Y Tije () £ (i (8 = 75 (8) fie (e (8 = vie(£))) + Di(H)vi(¢) + Li(t),  (3)

j
vi(t) = —a;(t)vi(t) + Bi(t)cfi(ui(t)),
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where t > 0. The initial conditions of system (3) are given by
{ ui(s):(i){;(s)l S [_,)//0]/1‘:1/2/"'/”/ (4)
Ul‘(S)):lPl‘(S), s € [_7/0]1 i=12--,n,

|flo = max

_ 1 /T
LT =5 [0 2= mex

where ¢;(-) and ¢;(+) are continuous and bounded functions on [—7,0], and 7 is defined
by (5).

From the models proposed by Amari [2,3], we obtain system (3) which belongs to a
higher-order network system. A high-order neural network system can simulate complex
neuronal changes, and many scholars have been dedicated to this research. A method for
defining an unknown nonlinear system was presented by Gonzalez, Basin and Vargas [4].
Huang and Cao [5] studied bifurcation problems regarding different lags of high-order
fractional networks. Liu et al. [6] obtained fixed-time combined control for high-order
multi-agent networks with variable failures. For more results regarding high-order neural
networks, please see, e.g., references [7-11].

The periodic phenomenon widely exists in nature, and its research can deepen the
understanding of the changing patterns of neurons, promoting the development and
utilization of network systems. Over the past decades, there are many profound results
for the periodic solution research of high-order network systems. A stochastic Cohen—
Grossberg neural network with variable lags has been studied by Wu, Yang and Ren [12].
Zhang and Liu [13] dealt with global exponential stability and the existence of a periodic
solution for a BAM neural network with multiple lags on time scales. From the Lyapunov
functional method and some inequality techniques, Luo, Jiang and Wang [14] studied the
anti-periodic solutions of a Clifford-valued high-order neural network with proportional
lags. The almost periodic solution problem for a quaternion-valued neural networks has
been investigated by Li and Xiang [15]. For more results for high-dimensional dynamic
systems and networks systems, please see, e.g., references [16-20] and related references.

Affected by the existing research results, in the present paper, we will study the peri-
odic solution for a Hebbian-type network with time-varying lags. The main contributions
of this paper are as follows:

(1) There is not much research on the periodic solution research of system (3), and this
study expands its research scope.

(2) On the basis of fully considering the variable delays and coefficients, this article
constructs a new function, which can conveniently obtain the stability of system (3).

The remaining parts of this article are arranged as follows. Section 2 gives some
preparations. Section 3 gives some existence results of a periodic solution for the system (3).
Section 4 gives the stability results of a periodic solution for system (3). In Section 5, we
give an example to illustrate the correctness of Theorems 1 and 2. The conclusions are
given in Section 6.

In the whole paper, the following notations are listed:

1 ,
-7 Y= tfefE&)T(] v, =12 ,n (5)

0,T !

Furthermore, the following assumptions hold.

(Hl) In SYStem (3)/ fOI' i/j/k = ]-/2/ e, n, ai(')/ bl]()/ Tl]k()/ r)/j(')/“i(')/ ﬁi(')/ Di(')/ Il() are
T —periodic continuous functions.

(Hz) There is constant /; > 0 such that

lfiwl <1, j=12---,n VyeR.
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V1 = min
1<i<n

(Hs) There is constant m; > 0 such that

() — fi(z
ng§m]-,fj(y):O,j:1,2,---,n,Vy,zER.

2. Preliminaries

Let A and IT be two Banach spaces. Let £ : D(L) C A — IT be a Fredholm operator
with index zero, which means that Im/.L is closed in I'T and dimKer L = codimImL < +oo.
Let projectors P : A — A, Q : IT — IT such that ImP = KerL, ImL = KerQ. Furthermore,
Lpynkerp * (I — P)A — ImL is invertible. Denote using K, the inverse of Lp.

Let I' be an open bounded subset of A. Let the operator N : I' — I1 be L-compact
in I which means that QN (T') is bounded and the operator K, (I — Q)N () is relatively
compact. The following lemma is the famous Mawhin’s continuation theorem.

Lemma 1 ([21]). Assume that A and 11 are two Banach spaces, and L : D(L) C A — 11, isa
Fredholm operator with index zero. Furthermore, T C A is an open bounded set and N : T — Il is
L-compact on T. If all the following conditions hold:

(1) Lx#ANx,Vxedl' ND(L), VA€ (0,1),

(2) Nx¢&ImL,Vx € 0T NKerL,

(3) deg{QN,TNKerL,0} #0.

Then equation Lx = N 'x has a solution on T N D(L).

Definition 1. Let w*(-) = (uj(-), -+, uy(-),v5(-), -~ ,v5(-))" be a periodic solution of (3)
with initial conditions ¢* € C([—,0],R?"). and w(-) = (u1(-),- -+, un(:),01(:), - , 02 (:))T
be a solution of (3) with initial conditions ¢ € C([—,0],R?"). The periodic solution w*(-) is
called globally exponentially stable, if there are o« > 0 and M > 1 such that

2n

Y lwe(t) — wi(B)] < Mllp — ¢ ||, t >0,
k=1

where ||¢ — ¢*|| = TR maxse( 0 [9r(s) — ¢ (5)].

3. Existence of Periodic Solution

Theorem 1. Suppose that (H1)-(H3) satisfy. There exists for system (3) at least one periodic
solution, provided that

n n n
— Y 1bjilmi = Y Y [ Tijillm; — |.Bi|Cmi} >0, 1 = min {541' - |Di|} > 0. (6)
=1 j=1k=1 1sizn
Proof. Let

A={w(-) e C(R,R*™) :w(t+T)=uw()}

where w(-) = (u1(-),uz(-), -+ ,un(-),01(:),02(:),+ -+ ,0n(-))T. Define the norm of A by
l|lw|| = Xiq (|uilo + |vilo) for w € A. Obviously, A is a Banach space. Define projectors P
and Q by, respectively,

P:A - Kerl, (Pw)(t) = %/{;Tw(s)ds

and
1 T
Q: A — A/ImL, (Pw)(t) = f/o w(s)ds.

Set

(Lw)(t) : Dom(L) € A = B, (Lw) () = (i (), uy (), uy (), 05(),05(), -+, 04 ()T @)
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Nw)() =

and N : A = A,
(Nur)(-), Nua) (), -+, (Nuw) (), (No1) (+), (No2) (4), -+, (Nwa) ()T, ®)
where

(Nu;)(t) = ui(t) + qu )fi(uj(t— (1))

+if Ty () a5 (£ — 7)) e (£ — 72(6))) + Dy(E)os(t) + L(0),
L

(Nvi)(t) = —ai(B)oi(t) + Bi(t)efi(ui(t)).
Obviously, the operator L is a Fredholm operator with index zero. Consider the following
operator equation:

(Lw)(t) = ANw)(E), t €R, A € (0,1), )

L and N can be found in (7) and (8), respectively. We first prove that the solution of the
operator system (9) is bounded. Using (9), we obtain

i(t) = —Aa(Bui(t) + A i by (1) f (¢ = 7,(1)

(10
+A Z E Tije (1) £ (uj (8 = vj(£)) fie (urc(t = yx())) + ADi(t)vi(t) + ALi(t),
j=1k=1

vi(t) = —Aa;(£)v; () + ABi(t)cfi(ui(t)). (11)

From (11), (H;) and (Hj), we obtain

T o= f;/\txi(u)du
v;(t) :/0 W)\ﬁi(s)cfi(“i(s))ds
and

L S——— (12)

1—¢ jOT a;(u)du
From (10), (12), (Hy) and (Hj3), we have
e fst Aa;(u)du

T
i) = | W(Azbl] (s = 7(5))

+A Z Z Tijk(s) fj(uj(s —v(s))) fic(ux(s — vk(s))) + AD;(s)vi(s) +Mz'(5))d5

j=1k=1

and

1 n n n
lui(t)] < TM(Z 1bijl; + Y, Y | Tijkloljlk + IDilop: + |1i|0> =q;.

1—e Jo mlwdu \ 5 j=1k=1

Obviously, p; and g; do not depend on A. Let

n
M=Y (pi+q)
i=1
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Here, we select K > 0 that is sufficiently large such that
~ n —
vM =Y _|I] >0,
i=1

where v = min{vy, v, } is defined by (6). Let

E= {(u,v)T eA:||(u,0)7)] < M}

where u = (u1(-),ua(-), -+, un ()T, v = (v1(-),v2(-), -+ ,vu(-))T. Tt is easy to see that
condition (1) in Lemma 1 satisfies. For (u,v)T € 92 NR?", then u; and v; are constants with
Yy (lui| + |vi]) = M. From (6), (Hz), and (H3), we obtain

Y 101 fi(uj) — @
+ X Y Tl]kf]( )fk(uk) + Dy + L

N(u, T_— 2;12_1 En]f](u]) — dplp B )
Qo) + X1 Yiemr Tjifj () fie(uie) + Dyow + I
—r101 + Brcfr(ur)

—&yUpy + ,Encfn(un)

and
T n n _ n n
QN (u,0) || =Y | Y bijfi(u;) — ZZ Tiirfi(uj) fi () + Dyvi + I

i=11j=1 j=1k=1
n -

+Z — a;v; + Bicfi(u;)
i=1
n

> Zaz|uz| - Z 2 |bl]|m]|u]| - Z 2 Z |T11k|l my|ug|
i=1 i=1j=1 i=1j=1k=
n

=) Dilloi] — || + szlvzl - Z |Bilem|u;]
i=1 i=1
n n _ n n _

=) (ﬁz‘ — Y bjilmi = Y Y | Tyjillmi — |5i|sz‘) |ui
i=1 j=1 j=1k=1
n _ n

+ 3 (w - 1Di ) oid - Y- 10
i=1 i=1

n n _
>v ) (Juil +[oi]) = Y |L]
i=1 i=1
n
=vM—) |Ij] >0
i=1
Consequently,

QN (u,0)T # 0 for (u,0)T € 902 NR*"
which means that condition (2) in Lemma 1 satifies. Define ®(u, v, it) : KerL x [0,1] by

D(u,0,u) = —p(ayuy, - -+, A1y, R107, - - - ,Eclvn)T +(1- ‘u)QN(u,v)T.
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For (u,v)T € 92N KerL, (u,v)T is a 2n-dimensional constant vector. Thus,

1©G00,0)]| =)

i=1

n

L~
71 n n n _

> Y ailu| — Z 2 Byjlmjluj| =Y YN | Tjel L |
i=1

i=1j=1 i=1j=1k=1

n n n
— Y IDillvil — |Gl + Y &loil = Y | Bilem|u;|
i=1 i=1

i=1

_ﬁi”i_(l_ﬂ)(igijﬁ(“j)+i i T fj(uj) fi uk)+DUz+1>‘
iz

j=lk=1

— w)Bicfi(ui)

n
ZVM—Z“H >0
i=1

and
®(u,v,1) # 0 for (u,v)" € 92 N KerL.
Hence,
deg(QN (u,0)T,2NKerL,0)

= deg(—u(ayuy,--- , @y, 801, -+ ,&10,) ", ENKerL,0)

#0.
Therefore, all conditions of Lemma 1 satisfy and there exists a periodic solution for system
3). O

Remark 1. Usually, the Lyapunov—Kravsovskii functional method is the main method for studying
the stability of equations, and a large number of stability results are obtained using this method. But
constructing a suitable Lyapunov function is very difficult. In this article, we use the basic theory of
differential equations and Gronwall’s inequality to obtain the dynamical behaviors of system (3).
The method presented in this article is easier to understand and the proof process is not complicated.

4. Globally Exponential Stability

Theorem 2. Assume that all conditions of Theorem 1 satisfy. Then, the periodic solution of
system (3) is globally exponentially stable, if

¢ > p2, (13)

where

£ = min {a(t),a owrmm{z%wm+zzmmwmﬂm+wWﬁ

1<i<n 1<i< j=1k=1

Proof. Using Theorem 1, (3) has a periodic solution w* () = (u*(t),v*(t))T, where u*(-) =
(i () uz (), un()T, 0" () = (01(),03(), -+, oa())". Letw(t) = (u(t),o(t))" be

any solution of (3). Let
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Obviously gj(ﬁ]-( t)) satisfies (H3). System (3) can be rewritten as follows:

n

() = —a;();(t) + ) bij(£)g; (#;(t — (1))

j=1

- (14)
+ Zl kzl Tij(£)gj (i (t — vj (1)) &k (Fk (t — vi(t))) + Di(t)3i(t),
fa
i(t) = —a;(t);(t) + Bi(t)cgi((t)). (15)
For t > 0, using (14) we obtain
(6) = = B0, 0) 4 o oo [ (zbq (r = 7(r)))
(16)

n n
+ L L T8~ 3)gs Al = () + D)3 ))elb oty
j=1k=1
Furthermore, for t > 0, using (15) we obtain

Bu() = e B0, 0) e B0 [ (g )cgi(i(r) el S0ar. (12

Using (14), (Hy), and (Hs3), we have

t t g
)] < e B [0)+ [ (3 Iglom = 1,00)
L

# 3 3 Tyl — () + Dol )] el
]: k=1

E=;(t) ‘ﬁj(r)|e|ui\o(r+|7j|0)dr

< e )i (0)] + ¢ Zlbzﬂom])c]/
=1 [7ilo

non t=;(t)
+e Yy |Tikj|olkmj)(j/ | (r)[elloH710) g
j=1k=1 =lo (18)

t
+e Dy [ [i(r)levar

geéf[ !+<Z|bz]|0m]7€€|a’0|7/|°+zZ|le]|olkmj?€€”’°|%|0) max |1 >]

=1 k= —1<s<0

t
#e B (Lo + 1 52 oty ) [ oo oar

j=1k=1

+e iy [ [l ar.
JO
From (15) and (H3), we have

t
15:(8)| < e~ ¢|5;(0)| + e~ | B |ocm; /O |i1;(r)| el dr., (19)
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From (18) and (19), we obtain
o(t) = }_(l@(t)] + [8:()])

t
<pill =41l +pa [ ()0
0

where

o1 = 2+ max < Z I om; eIl 2 E ITiloleme alolmo)
j=1k=

02 is defined by (13). Using Gronwall’s inequality, we obtain

= Y (l@(®)] +[3:(1)]) < p1l|¢p — ¢*||e” EP2)t,

i=1

Due to Definition 1, there exists a globally exponentially stable periodic solution for system
3. O

Remark 2. Usually, the Lyapunov—Kravsouvskii functional method is the main method for studying
the stability of equations, and a large number of stability results are obtained using this method. But
constructing a suitable Lyapunov function is very difficult. In this article, we use the basic theory of
differential equations and Gronwall’s inequality to obtain the dynamical behaviors of system (3).
The method presented in this article is easier to understand and the proof process is not complicated.

5. Example
Consider the following Hebbian-type networks:

uj(t) = —(12 —sint)uq (t) + sintf1 (uq (1 — %sint)) +sintfo(up(1 — %sint))
+costfy(up(1l— %sint))fl(ul(l - %sint)) +sintfy(ug (1 — %sint)) +sintfo(up(1 — %sint))

1sint)) + (1

+ costfr(up(1— 1sin 1) f1(ur (1 — 1sint)) + costfr(up(1— 1sin 1)) fa(ua(1— 2 z

2 2 2
o () = —(10 — cos )y (£) + %sintfl(ul(t)),

cost)vy(t),
1 1 (20)
uh(t) = —(12 — sint)uy (t) + sintf1 (uq (1 — Esint)) +sintfo(up (1 — 5 sint))

+costfy(ur(l— %sint))fl(ul(l — %sint)) +sintfy(u(1— %sint))dt +sintfp(up(1 — %sint))

+ cos Hfy(ua(1 — %sint))ﬁ(ul(l - %sint)) + cos Hfy(ua(1 — %sint))fz(uz(l - %sint)) + (écost)vz(t),

o () = — (10 — cos )oa(t) + %sin tolua(t),

where
1
i,j,k=1,2, a;(t) =12 —sint, a;(t) = 10 — cost, fi(x) = fa(x) = Etanhx,
1 . . 1
7i(t) =1— 5 sint, I;(t) =0, b;j(t) = sint, D;(t) = gcost, c=1,

1
Bi(t) = Esmt Tij = cost.
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After simple calculations, we have

1 3

1 1
li=mj=_—, 7= 5 Xi=2 |bijlo = | Tijklo = 1, [Dilo = 5 |Bilo = 5

n n n
vi = min {ﬁi — Y bjilmi = Y Y | Tyillm; — |,Bi|cmi} =

j=1 j=1k=1

V) = min {0_(1' - |D1|} =10, é’ = min {Lli(t),ﬂéi(t)} =

1<i<n 1<i<n

n n n
p2 = max { Y biilomix; + Y Y [Tjlolemixj, |Dilo + |Bilocm;
=

lsi< j=1k=1

} = 0.51.

We obtain vy, v, > 0 and § > p,. From selections of f1(x) and f,(x), it is obvious that there
exists a periodic solution for system (20) (0,0). Furthermore, using the above calculations,
we confirm that all conditions of Theorem 1 and Theorem 2 satisfy. Hence, there exists a
globally asymptotically periodic solution for system (20) (0,0). Figures 1 and 2 show the

evolution of the solution of system (20).

\

Uy

5 | | | | | |

0 10 20 30 40 50 60 70 80
t
Figure 1. Evolution for the solution (u1(t),v1(t))T of system (20).
4
u
2 vV, |
'_A
2 or
>
-4 —
6 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80

t

Figure 2. Evolution for the solution (uy(t),v2(t))T of system (20).

6. Conclusions and Discussions

We study a class of Hebbian-type networks with variable lags. More precisely, we
obtain some criteria for the existence of a periodic solution. Also, we examine the globally
exponential stability analysis of system (3). Finally, we provided an example to show the
analytical results. We can further investigate the dynamic behavior of system (3) under
different environmental interference factors. One aspect future research is the stochastic

Hebbian-type networks.
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